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Summary. The linear rate-independent damping model is non-causal. But its mathematical form is so attractive

that this model and its enhancements are still considered as contemporary research. The linear band-limited

hysteretic vibrator (LBLHV) is one such suggested modification for suppressing the non-causality effect.

However, its response properties have not been delineated. One of the properties, the unitary impulse response

function, will be investigated systematically by the residue theorem here. It was shown that, first, the LBLHV is

still non-causal, and the asymptotic rate of the impulse response precursor (IRP) is O(1/t) as time approaches

negative infinity. Second, the IRP is no longer monotonic, but composed of two oscillating components. Third,

the response at t ¼ 0 can be set to zero by appropriately combining the lower and upper limits of the pass band.

1 Introduction

Consideration of damping is fundamental to vibration and wave analysis [1], [2]. Thus, a simple

but accurate damping model is needed. A linear viscous damping model is the simplest from a

theoretical point of view. This model stipulates that the energy loss per cycle of vibration is

proportional to the vibration frequency [3]. A more general damping model assumes that the

energy loss per cycle varies with the vibration frequency [4]–[7]. Extensive experiments showed

that the simplest form – a frequency independent model – could follow the damping properties of

many materials, e.g., those of soil [8] and two contacting surfaces of elastic solids [9]. This

frequency-independent or rate-independent damping model has other names such as the linear

hysteretic damping, structural damping, material damping, complex stiffness [10], [11], and

internal damping.

The rate independent model is linear. The unitary impulse response function (UIRF) is another

description of a linear system. The UIRF is the response after the system is excited by a unitary input

at t ¼ 0. For a physical realizable system, no response occurs before t ¼ 0, that is the UIRF is zero

for t \ 0. The system possessing this property is called the causal system. The hysteretic model is
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the mathematical revision from the viscous damping model, which is causal. The UIRF of a

hysteretically damped vibrator is shown in Fig. 1, where the UIRF is not zero for t \ 0. This non-

causality phenomenon has been proved rigorously [10]–[18]. In some literature, the nonzero UIRF

for t \ 0 is termed the impulse response precursor (IRP).

The IRP is somewhat inconsistent from the physical viewpoint. One strategy to avoid the non-

causality is to replace the rate-independent damping model with a revised one. Makris [19] had

instrumented such kind of model. However, the new model stiffness is no longer a constant anyhow.

Muravskii [20] has constructed a model with nearly frequency independent complex stiffness which

can lead to causal behavior. Maia et al. [21] attempted to eliminate the non-causality by introducing

both the complex response in the time domain and complex initial conditions. However, the physical

meaning of the imaginary part of the response needs further clarification. Nakamura [22] presented a

practical hysteretic damping model which satisfies the causality condition recently.

Another strategy is just to ignore the IRP, which is achieved either implicitly or explicitly. For

example, if the impulse response function is used explicitly, the IRP is simply regarded as zero. For

an implicit way, for example, in frequency domain analysis, the contribution from non-causality is

minor for a lightly damped system, and can be neglected from a practical point of view [23].

Sometimes, the hysteretic damping is replaced with viscous damping to facilitate analysis [24]–[26].

Approximating the hysteretic damping matrix with a viscous matrix was studied systematically by

Henwood et al. [27]. But, it has also been shown that in some cases the inaccuracy associated with

the use of an equivalent viscous damping model is rather significant [28].

The band-limited hysteretic damper, proposed by Bishop and Price [29], is also one of such

remedies, made to suppress the non-causal behavior. Crandall [30] has verified that this band-limited

damper itself is non-causal. However, a vibrating system usually has a mass and a spring in addition

to the damper.

It still needs to be clarified whether a band-limited system with rate-independent damping is

causal or not. If the model is non-causal, can we manipulate some conditions to make the non-causal

degree as small as possible? This arises another question, how can we quantify the non-causal size?

For the ideal case, the IRP maximizes at t ¼ 0. This paper answers the following question: does this

property still hold for the band-limited case? If this does not, then can we find the maximum of IRP?

Moreover, is the IRP still monotonic?

In this paper the UIRF will be derived through the residue theorem. The important properties of

UIRF will be investigated at great length.

2 The mathematical model

The governing equation of a single-degree-of-freedom vibrator with a viscous damper is

m€xþ c _xþ kx ¼ f ðtÞ: ð1Þ

Here m, c and k are the system’s mass, viscous damping coefficient, and stiffness, respectively,

f (t) is the excitation and x(t) the response. Its frequency response function is

Impluse Response Precursor

h(t)

t

O
Fig. 1. The unitary impulse response

function of the hysteretic model and

the impulse response precursor (IRP)
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HðjxÞ ¼ 1

�mx2 þ jcxþ k
: ð2Þ

The Coulomb friction force is a good model under a low velocity condition, and its mathematical

expression is ~c _x=j _xj; where ~c is the coefficient of friction. If this model takes over the viscous model

in Eq. (1), the following nonlinear model results:

m€xþ ~c _x=j _xj þ kx ¼ f ðtÞ:

It can be proved that the damping contribution in this model is independent of the excitation

frequency if the system is excited by a harmonic input. As mentioned before and experimentally

verified, this frequency independent damping model is valid for many kinds of material. But the

nonlinear model is not easy to analyze, therefore some researchers replaced the contribution term of

viscous damping jcx with j~c signðxÞ; leading to the following transfer function:

HðjxÞ ¼ 1

mðjxÞ2 þ ~c j signxþ k
: ð3Þ

Crandall [30], [31] called this the ideal hysteretic model. Just as shown in Fig. 1, this model is non-

causal, and several modifications have been proposed as cited in the Introduction Section. The linear

band-limited hysteretic vibrator (LBLHV) is one such revision, and the corresponding transfer

function follows as

HðjxÞ ¼
1

mðjxÞ2 þ kð1þ jgsignxÞ
XL\jxj\XH

0 jxj\XL or jxj[XH

:

8
><

>:
ð4Þ

g > 0 is the dimensionless loss-factor. XH and XL are the upper bound and lower bound of the pass

frequency band, respectively. We further assume that

XL\lxn and XH>xnðl2 þ k2Þ ¼ xn

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ g2

p
: ð5Þ

Here, xn ¼
ffiffiffiffiffiffiffiffiffiffi
k=m

p
is the circular natural frequency without damping. And k and l are

k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ g2

p
� 1Þ=2

q

and l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ g2

p
þ 1Þ=2

q

:

The LBLHV of Eq. (4) deteriorates to the ideal hysteretic case if XH is infinite and XL is zero [19].

The UIRF h(t) relates with the frequency response function H(jx) via the inverse Fourier

transform as follows:

hðtÞ ¼ 1

2p

Zþ1

�1

HðjxÞ expðjxtÞdx: ð6Þ

In the ensuing study, we use the contour integration and residue theorem to evaluate the above

equation. First, the frequency response function needs to be extended to the transfer function. This is

obtained by substituting jx in Eq. (4) with the complex s ¼ jx þ r. On the complex plane depicted

in Fig. 2, the transfer function is

HðsÞ ¼
1

ms2 þ kf1þ jgsign½ImðsÞ�g XL\jImðsÞj\XH

0 jImðsÞj\XL or jImðsÞj[ XH

:

8
><

>:

Its two poles are as follows:

z1 ¼ ðjl� kÞxn; z2 ¼ ð�jl� kÞxn:
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3 The impulse response precursor

3.1 Theoretical analysis

The IRP is defined over the negative time. According to the band-limited assumption for H(jx) and

Eq. (6), we have

hðtÞ ¼ 1

2p

ZXL

XH

HðjxÞ expðjxtÞdxþ 1

2p

Z�XL

�XH

HðjxÞ expðjxtÞdx: ð7Þ

The integration contours for the residual theorem are chosen on the upper half of the complex plane (For

t [ 0, such a choice can make use of the asymptotical property of the integrands of Eq. (7) as t ? ?).

This is depicted in Fig. 2, Cx ! CXH
! CR ! CXL

and C�x ! C�XL
! C�R ! C�XH

: Inside these

loops, H(s) is analytical. Equation (7) correlates with the integral along Cx and C@x as follows:

hðtÞ ¼ 1

j 2p

Z

Cx

HðsÞ expðstÞdsþ
Z

C�x

HðsÞ expðstÞds

2

6
4

3

7
5: ð8Þ

Now we consider Cx ! CXH
! CR ! CXL

. Since this loop lies within the analytical domain and

does not encircle any pole, the following equation holds true in the light of the residue theorem:
Z

Cx

HðsÞexpðstÞdsþ
Z

CXH

HðsÞexpðstÞdsþ
Z

CR

HðsÞexpðstÞds

þ
Z

CXL

HðsÞexpðstÞds ¼ 0:

ð9Þ

On the upper half of the complex plane, the third term will vanish as the radius R of the arc CR

approaches infinity. This is because the integrand jH(s)exp(st)j B jH(s)j ¼ O(R@2) as R ? ?.

Thus
Z

Cx

HðsÞexpðstÞds ¼ �
Z

CXH

HðsÞexpðstÞds�
Z

CXL

HðsÞexpðstÞds: ð10Þ

As R ? ?, the second term of Eq. (9) becomes

CR

C

CΩL
C–ΩL

C–ΩH

–WH WL WL

C–R

C–

CΩH

z
1
 = (j – n )z

2
 = (j – n )

WH
j

Fig. 2. Integral contours for the IRP
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Z

CX
H

HðsÞexpðstÞds ¼ expðjXHtÞ
Z1

0

Hðrþ jXHÞ expðrtÞdr: ð11Þ

It can be written in a compact form,
Z

CX
H

HðsÞexpðstÞds ¼ expðjXHtÞWðXH; tÞ; ð12Þ

where W(X, t) is an auxiliary function defined as follows:

WðX; tÞ ¼
Z1

0

Hðrþ jXÞ expðrtÞdr: ð13Þ

As R ? ?, the fourth term of Eq. (9) becomes

Z

CXL

HðsÞexpðstÞds ¼ expðjXLtÞ
Z0

1

Hðrþ jXLÞexpðrtÞdr: ð14Þ

Inverting the integral limits of the right-hand side leads to

Z

CXL

HðsÞexpðstÞds ¼ � expðjXLtÞ
Z1

0

Hðrþ jXLÞ expðrtÞdr: ð15Þ

Thus,
Z

CX
L

HðsÞexpðstÞds ¼ � expðjXLtÞWðXL; tÞ: ð16Þ

Substitution of Eqs. (12) and (16) into Eq. (10) yields

Z

Cx

HðsÞexpðstÞds ¼ expðjXLtÞWðXL; tÞ � expðjXHtÞWðXH; tÞ: ð17Þ

For the loop of C�x ! C�XL
! C�R ! C�XH

, in the same vein, we have
Z

C�x

HðsÞexpðstÞds ¼ expð�jXHtÞWð�XH; tÞ � expð�jXLtÞWð�XL; tÞ: ð18Þ

Substitution of Eqs. (16) and (18) into Eq. (8) leads to

hðtÞ ¼ 1

2p
Im½expð�jXHtÞWð�XH; tÞ � expð�jXLtÞWð�XL; tÞ

þ expðjXLtÞWðXL; tÞ � expðjXHtÞWðXH; tÞ�:
ð19Þ

In light of the conjugate property of H(jx) of Eq. (4) and the definition of W(X, t) by Eq. (12), we

have the property of conjugate symmetry W*(X, t) ¼ W (@X, t). Thus, Eq. (19) can be further

simplified to

hðtÞ ¼ Im½expðjXLtÞWðXL; tÞ � expðjXHtÞWðXH; tÞ�=p: ð20Þ
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3.2 Numerical computation

The explicit expression of h(t) is not feasible, so a numerical approach is necessary. To achieve this,

we turn to W(X, t), which is

WðX; tÞ ¼
Z1

0

expðrtÞ
m x2

n þ ðrþ jXÞ2 þ jgx2
n

h idr

¼ 1

mxn

Z1

0

expðrxntÞ
1þ jgþ ðrþ jaÞ2

dr;

ð21Þ

where a ¼ X=xn > 0 is the normalized frequency.

For the purpose of facilitating numerical computation, the entire infinite integrating range

[0, +?) is dissected into two bands, [0, m) and [m, þ?). For a sufficiently large m, the following

approximation holds:

1

1þ jgþ ðrþ jaÞ2
� 1

r2
for r [ m: ð22Þ

Thus,

WðtÞ � 1

mxn

Zm

0

H0ðrÞ expðrxntÞdrþ 1

m
E2ð�mxntÞ

2

4

3

5: ð23Þ

The first term in the square bracket of Eq. (23) can be obtained by a conventional numerical

integration. Ek(x) in Eq. (23) is the exponential integral as follows:

EkðxÞ ¼
Z1

1

expð�xrÞ
rk

dr: ð24Þ

Computation of the exponential integral is discussed in detail in [32]. The efficient algorithm

depends on the argument size x. For a large x [ 1, the continued fraction is used, while for a small

x (B1) the series representation is preferred.

3.3 Remarks

The IRP of a typical band-limited hysteretic vibrator is shown in Fig. 3, along with the IRP of the

ideal case. For the system parameters and computational parameters, see the Figure’s illustration.

Examining this Figure leads to the following conclusions.

First, the IRP approaches zero as time approaches negative infinity. This can be argued as follows.

In light of Eq. (20)

jhðtÞj6 ½jWðXL; tÞj þ jWðXH; tÞj�=p: ð25Þ

According to Eq. (21), we have

jWðX; tÞj6 1

mxn

Z1

0

expðrxntÞ
j1þ jgþ ðrþ jaÞ2j

dr ¼ 1

mxn

Z1

0

expðrxntÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðr; g; aÞ

p dr; ð26Þ

where the term under the square root symbol is
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fðr; g; aÞ ¼ ð1þ r2 � a2Þ2 þ ðgþ 2raÞ2

¼ r4 þ 2r2 þ 2r2a2 þ 4graþ 1� 2a2 þ a4 þ g2:
ð27Þ

Evidently, for r > 0

fðr; g; aÞ>ð1� a2Þ2 þ g2: ð28Þ

Thus,

jWðX; tÞj6 1

mxn

Z1

0

expðrxntÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� a2Þ2 þ g2

q dr ¼ 1

mx2
n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� a2Þ2 þ g2

q
1

�t
: ð29Þ

According to Eq. (25), we have

jhðtÞj6 ¼ 1

mx2
n

1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� a2
LÞ

2 þ g2

q þ 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� a2
HÞ

2 þ g2

q

2

6
4

3

7
5

1

�t
: ð30Þ

Obviously, the summation in the square bracket is finite. Thus we have proved that IRP approaches

zero as time approaches negative infinity. Anyhow, like in the ideal hysteretic case, the attenuating

rate is very low, only of the order O(jtj@1).

Second, unlike the ideal case, the IRP trend is not monotonic. Basically, the fluctuation consists of

two components, the slow hL(t) and the fast hH(t). That is,

hðtÞ ¼ hLðtÞ þ hHðtÞ; ð31Þ

where

hLðtÞ ¼ Im½expðjXLtÞWðXL; tÞ�=p
hHðtÞ ¼ �Im½expðjXHtÞWðXH; tÞ�=p:

ð32Þ

The slow component originates from the lower boundary XL. As XL ! 0;hLðtÞ ! Im½Wð0; tÞ�=
p: Im½Wð0; tÞ�=p is nothing but the IRP of the ideal hysteretic case. We have shown that Im[W(0,

t)]=p is monotonic over the negative time [33].

Third, the fast component correlates to the high boundary XH. Numerical simulation shows

that this component diminishes as XH ? ?. This can be argued stringently. In light of Eq. (29),

–40 –30 –20 –10 0 
–0.24 

–0.16 

–0.08 

0 

0.08 

n

n

Fig. 3. The IRPs solid and dashed lines stand for the band-limited case and the ideal case, respectively. The

loss-factor g ¼ 0.9 for both cases. The XH and XL for the band-limited case are equal to 0.4xn and 4xn,

respectively. The computational parameters are m ¼ 100xn, and Dx ¼ 0.1xn for the trapezoidal numerical

integration for the first term of Eq. (24)
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jW(X, t)j ? 0 as a ¼ XH=xn ? ?. The authors think that the fluctuation artifact shown in Fig. 4

by Gaul et al. [13] may be ascribed to the fact that the frequency truncation of numerical

computation is too low. In their paper, the IRP was approximated by a numerical approach.

The fourth point is that, unlike the ideal case, h(t) is not maximum at the origin. Thus evaluating

the non-causal degree is more difficult than in the ideal case. We should calculate the IRP at least

over the period (@p=XH, 0] and use the extremum over this period as the non-causal index.

4 Response for t > 0

A realistic vibrator is causal, that is, a response occurs only after an impulse. For the above artificial

system, we are definitely interested in the impulse response function for t > 0. Now, Eq. (6) still holds,

but the integral routes must be placed in the lower half of the complex plane, as shown in Fig. 4.

Now, we consider Cx ! CXH
! CR ! CXL

, inside which H(s) possesses a pole. The following

equation holds in the light of the residue theorem (noting that H(s) equals 1=[m(s @ z1)(s þ z1)]

inside this loop):
Z

Cx

HðsÞexpðstÞdsþ
Z

CXH

HðsÞexpðstÞdsþ
Z

CR

HðsÞexpðstÞds

þ
Z

CXL

HðsÞexpðstÞds ¼ 2pjRes½HðzÞ expðztÞ� s¼z1
j ¼ 2pj expðz1tÞ

2mz1
:

ð33Þ

As R ? infinity (noting the route direction), we have
Z

CR

HðsÞexpðstÞds ¼ 0: ð34Þ

The second term of Eq. (33) is

Z

CXH

HðsÞexpðstÞds ¼
Z�1

0

Hðrþ jXHÞ exp½ðrþ jXHÞt�dr

¼
Z1

0

Hð�rþ jXHÞ exp½ð�rþ jXHÞt�dð�rÞ

¼ � expðjXHtÞ ~WðXH; tÞ; ð35Þ

where

C HΩ

C–R CR

j

z
1
 = (j – n )z

2
 = (–j – n )

Cω

CΩLC–WL

C–WH

–WH –WL
C–ω WL WH

Fig. 4. Integral contours for t > 0
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~WðX; tÞ ¼
Z1

0

Hð�rþ jXÞ expð�rtÞdr:

Similar to W(X, t), this function also possesses the conjugate symmetry as ~Wð�XH; tÞ ¼
~W
�ðXH; tÞ: Similarly,
Z

CXL

HðsÞexpðstÞds ¼ expðjXLtÞ ~WðXL; tÞ: ð36Þ

Combining Eq. (33)–Eq. (36) together one obtains
Z

Cx

HðsÞexpðstÞds ¼ 2pj expðz1tÞ
2mz1

þ ½� expðjXLtÞ ~WðXL; tÞ þ expðjXHtÞ ~WðXH; tÞ�: ð37Þ

For the loop C�x ! C�XL
! C�R ! C�XH

in Fig. 4, the following equation holds true:
Z

C�x

HðsÞexpðstÞds ¼ 2pj expðz2tÞ
2mz2

þ ½� expð�jXLtÞ ~Wð�XL; tÞ þ expð�jXHtÞ ~Wð�XH; tÞ�: ð38Þ

Thus,

hðtÞ ¼ expð�kxntÞ½l sinðlxntÞ � k cosðlxntÞ�
mxnðl2 þ k2Þ

þ Im½expðjXHtÞ ~WðXH; tÞ � expðjXLtÞ ~WðXL; tÞ�
p

: ð39Þ

Four typical UIRFs are shown in Fig. 5. We can find the nonzero dips at t ¼ 0. Nonetheless, the

UIRFs are continuous here. Further, they are smooth at t ¼ 0 if XH is finite. The UIRFs for t [ 0

are dominated by a damped oscillation, similar to a viscous model. In light of Eq. (39), they should

contain three oscillating components from the lower limit XL, the upper limit XH, and the natural

frequency xn. But the third factor prevails over the first two, thus only the component pertaining to

the natural frequency appears from a global view. The difference between the ideal case and the

band-limited one manifests significantly at the first peak. As time develops, this difference fades.

–5 0 5 10 15

1

0.5

0

–0.5

–1

t=0

n

n

Fig. 5. Unitary impulse response

functions of four typical cases. The

four cases are dash-dotted line for

g ¼ 0.5, XH ¼ 4xn, XL ¼ 0.5xn;

dotted line for g ¼ 0.5, XH ¼ ?,

XL ¼ 0; solid line for g ¼ 0.05,

XH ¼ 4xn, XL ¼ 0.5xn; and dashed
line for g ¼ 0.05, XH ¼ ?, XL ¼ 0.

Other computational parameters con-

fer to Fig. 3
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5 Response size at t ¼ 0

It has been proved that the IRP becomes maximum at the origin (t ¼ 0) for the ideal hysteretic

model, thus the response at t ¼ 0, h(0), is an apt index to quantify the non-causal size [33].

However, as mentioned above, this property does not hold true for the band-limited model, since the

IRP is non-monotonic. But h(0) is still significant since the value at the origin is of special interest.

It is noteworthy that in both instances of g in Fig. 5, h(0) of the band-limited model is even larger

than that of the ideal case. Ironically, the initial purpose of introducing the band-limited model was

to alleviate the non-causal feature. However, the parameters XL and XH give us freedom to

manipulate the size of h(0). In light of Eq. (20), we have

hð0Þ ¼ Im½WðXL; 0Þ �WðXH; 0Þ�
p

: ð40Þ

After a bit of tedious deduction, we can find a closed-form expression of Im[W(X, 0)] to be

Im½WðX; 0Þ� ¼ 1

mxn

l

2ðk2 þ l2Þ
ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þ ða� lÞ2

k2 þ ðaþ lÞ2

s

� k

2mxnðk2 þ l2Þ
p½1� signða� lÞ�

2
þ arctan

k
a� l

þ arctan
k

aþ l

� �

; ð41Þ

where a on the right-hand side stands for a ¼ X=xn. The presumptions of aL ¼
XL=xn\l and aH ¼ XH=xn [ l2 þ k2 [cf. Eq. (5)] lead to

hð0Þ ¼ 1

mxn

k

2ðk2 þ l2Þ
½�1þ UðaLÞ � UðaHÞ�; ð42Þ

where

UðaÞ ¼ 1

p
l
k

ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þ ða� lÞ2

k2 þ ðaþ lÞ2

s

� arctan
k

a� l
� arctan

k
aþ l

" #

: ð43Þ

It is easy to verify that U(a) ? 0 for both a ? 0 and a ? ?. Hence, as a ? 0 and a ? ?, h(0)

approaches the value of the ideal case, � 1
mxn

k
2ðk2þl2Þ :

We are interested in whether h(0) can be zero or not. A piece of the function h(0) versus aL and

aH for g ¼ 0.1 is shown in Fig. 6. There exist indeed combinations of aL and aH which lead to

h(0) ¼ 0. The solid thick line in the figure stands for h(0) ¼ 0. We can see that for 0.7 < aL > 1,

the aH is limited and quite close to 1. This means that the pass band is rather narrow.

1
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1
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L

Fig. 6. Mesh plot of h(0) versus aL

and aH . g ¼ 0.1. The solid thick line
stands for h(0) ¼ 0
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Figure 7 illustrates how the aL and aH combining on the 2-D plane leads to h(0) ¼ 0. Six typical

cases of g ¼ 0.5, 0.2, 0.1, 0.05, 0.02 and 0.01 are plotted in this figure. Generally, the six lines show

that as aH increases, aL decreases, except for a very small aH. But it should always be kept in mind

that the IRP is a nonzero function, even if h(0) is zero.

6 Conclusion

The rate-independent damping model, one of the hysteretic models, is non-causal. However, its

mathematical conciseness is so elegant that one wishes to alleviate the problem, rather than

discarding the model completely. The modified model – the LBLHV – is studied systematically by

means of the residue theorem in this report. It is shown that the IRP is not zero for a negative time

instant, thus the model is non-causal. Ironically the effect of its non-causality can be even more

serious than that of the ideal case. Similar to the ideal hysteretic, the asymptotic attenuating rate of

the IRP is O(1/t) as time approaches negative infinity. However, in contrast to the monotonic trend of

the ideal hysteretic model, the IRP is composed of two oscillating components. The causal part is

dominated by the component pertaining to the natural frequency. The band-limit parameters

influence the first causal peak significantly. Unlike the ideal case, the response at t ¼ 0 can achieve

zero by appropriately choosing the lower and upper bounds of the pass band. The effect of the IRP is

not monotonic, thus even if the response at t ¼ 0 is zero, the IRP may be dramatic.
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