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Abstract The identi®cation of a unilateral frictionless
crack is performed in nonlinear elastostatics by using
boundary measurements for given static loadings. The
procedure proposed takes into account the possibility of a
partial or total closure of the crack during the identi®ca-
tion process; that makes the present formulation more
complex than others referred to permanently open cracks.
The Linear Complementarity Problem (LCP), which pro-
vides at each step contact tractions and relative displace-
ments along the crack, is discretised by means of the Dual
Boundary Element Method (DBEM) and solved explicitly
by Lemke's algorithm. The identi®cation procedure is
based on a ®rst-order nonlinear optimisation technique in
which the gradients of the cost function are obtained by
solving again a LCP with a considerably reduced number
of variables. Some numerical examples show the applica-
bility of the method.

1
Introduction
In this paper an inverse problem in nonlinear elastostatics
is considered: it concerns the identi®cation of cracks un-
der frictionless unilateral contact conditions on the basis
of boundary measurements related to prescribed static
loadings. As a matter of fact, the problem of identifying an
even partially closed crack has been barely tackled in the
literature, where the identi®cation of cracks which never
close or of inclusions in bilateral contact with the matrix
has been more frequently discussed. Neverthless, the tight
connection between nonlinear structural response and
crack closure has been widely acknowledged. It is worth
noting that the closure of a crack, either totally or partially,
is strictly dependent on the forces applied; therefore, dif-
ferent loading cases are considered in testing the proposed
identi®cation procedure.

Here, the direct static frictionless unilateral contact
problem for a linear elastic two-dimensional body with an
internal crack is treated numerically by the DBEM. The
arising variational inequality problem leads, after the
discretisation performed with linear boundary elements
based on collocations, to a non-symmetric LCP which is
solved by Lemke's complementarity pivoting technique.

The choice of boundary element methods is generally
acknowledged as more appropriate for this kind of inverse
problems since only a small number of data, the ones
concerning the crack surfaces, need to be stored and
adapted along the required ripetitive procedure.

For more detailed informations on variational inequal-
ity problems in unilateral contact mechanics and their
numerical solution with boundary element methods, the
reader is referred to Alliney et al. (1990), Antes and Pan-
agiotopoulos (1992), Simunovic and Saigal (1992, 1994).

An error function is introduced into the iterative pro-
cedure of the inverse problem as a measure of the differ-
ence between the computed displacements and the ones
observed at some sensor points on the boundary. This
function is then minimised in order to give the actual
position and shape of the ¯aw.

The minimisation is performed by using a ®rst-order
nonlinear unconstrained optimisation technique in which
the error function gradient is computed by the implicit
differentiation method.

For the presence of the unilateral constraints, the
structural analysis response is a nonconvex and nondif-
ferentiable function of the crack parameters; the sensitivity
of this response can be calculated only along given di-
rections and the sensitivity matrix must be interpreted in a
generalised sense. The fundamental aspects of the sensi-
tivity analysis for a continuum problem governed by
boundary variational inequalities are presented in Ales-
sandri and Tralli (1995). To the author's knowledge, no
general algorithm exists at present which guarantees the
convergence to a global solution of the problem and allows
to overcome the dif®culties depending on the ill-posed-
eness of the inverse problem, the lack of convexity and
differentiability of the cost function.

In this paper a two-dimensional specimen containing
an unknown crack is considered. The crack is idealised by
a certain number of parameters, e.g. the co-ordinates of its
extreme points. It is assumed that certain boundary dis-
placements can be measured for various external loadings.
The direct mechanical problem is solved numerically by
the previously outlined DBEM-LCP method, while the
general identi®cation step is treated by a ®rst-order
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non-linear optimisation technique. The inverse problem
consists in the determination of the parameters which
de®ne the unknown crack (design variables z � �z1; . . . ;
zm; . . . ; zM��, and it can be formulated as a minimisation
problem with respect to the difference between the mea-
sured displacements and the computed ones.

Most published work concerns crack and cavity iden-
ti®cation in ®elds governed by Laplace equation (Fried-
man and Vogelius 1989; Nishimura and Kobayashi 1991;
Santosa and Vogelius 1991; Zeng and Saigal 1992),
elastostatic equation (Tanaka and Masuda 1986; Schnur
and Zabaras 1992; Bezerra and Saigal 1993; Kassab et al.
1994; Mellings and Aliabadi 1995; Tosaka et al. 1995),
Helmholtz and elastodynamic equations (Tanaka et al.
1992; Kobayashi 1994; Nishimura and Kobayashi 1995;
BurczynÂski et al. 1997; Mallardo and Aliabadi 1998). In all
the papers dealing with elastostatics and elastodynamics
the crack is treated as bilateral, thus the numerical results
are not corresponding to the actual physical behaviour.

A novel contribution of Cruse et al. (1999) introduces a
special two-dimensional Green's function for electromag-
netic problems in the presence of a crack. Such a function,
corresponding to zero ¯ux across the crack, is validated by
comparisons both with exact solution and with experimental
results. The work does not take into account the electrical
conductivity caused by a partial closure of the crack.

The work of Stavroulakis and Antes (1997) can be
considered as a ®rst attempt to solve the unilateral fric-
tionless crack identi®cation problem in elasticity: a mul-
tiregion boundary element formulation is coupled to a
neural network based optimisation technique in order to
obtain the actual shape and position of the internal crack.
This procedure presents three disadvantages if compared
to the formulation proposed in this work: a higher number
of unknowns, the need of a more complicated procedure to
update the discretisation at each step and a less effective
minimisation software. On the other hand, however, the
use of neural networks allows to bypass numerical prob-
lems connected with the occurrence of local minima.

On the basis of such considerations, in Sect. 2 the direct
problem is solved: a brief description of the discretised LCP
referred to unilateral contact is followed by the governing
integral equations within the DBEM and by the numerical
treatment of the singular and hypersingular integrals in-
volved. In Sect. 3 the implicit differentiation method ap-
plied to the sensitivity analysis is presented: the derivative
forms of the linear complementarity relations and of the
boundary integral equations are obtained with respect to
the design variables in order to compute the sensitivities
required by the optimisation procedure. This section ends
up with the evaluation of the arising singular and hyper-
singular integrals. In Sect. 4 the error function and its
gradient are presented. Finally, in Sect. 5 two simple but
meaningful examples of frictionless unilateral crack iden-
ti®cation are presented and discussed in detail in order to
show the applicability of the proposed technique.

2
Direct problem
Let us consider (Fig. 1) a linear elastic body B occupying a
bounded domain X � R2 with a suf®ciently regular

boundary Ce � Ct [ Cu and with an internal frictionless
unilateral crack Cc � C�c [ Cÿc . An external force vector t
is assigned over Ct, while the prescribed displacements u
on Cu, the body force b and any initial strain ®eld are
assumed equal to zero for simplicity.

The undeformed crack lines C�c and Cÿc are assumed to
be suf®ciently regular, i.e. they are given by suf®ciently
smooth functions.

Furthermore, kinematic relations are considered within
the ``small displacements and small deformations theory''
which allows to assume no major changes in the contact
zone during the deformation process.

The DBEM and the LCP are used to provide displace-
ments and tractions both on the external boundary and
along the internal crack.

If u
q
Ce

collects the displacements on the external boun-
dary Ce due to the applied load t obtained by assuming the
internal crack as bilateral, the actual displacements uCe

on
the same boundary can be stated as

uCe
� u

q
Ce
� Kp �1�

where p collects the contact crack pressures and K is a
suitable in¯uence matrix.

The DBEM is used to obtain vector u
q
Ce

and matrix K,
while the LCP is solved to get the vector p.

2.1
Linear complementarity problem
Let us consider a two-dimensional cracked body dis-
cretised with NE linear boundary elements. Each element
has two nodes and it is continuous on the external
boundary, discontinuous along the crack. The latter con-
dition is necessary to guarantee the existence of the
Hadamard principal value integral involved in the DBEM.

In order to solve the cracked body subjected to an ex-
ternal load, it is necessary to solve the following LCP

w � wq � Vp � 0 �2a�
p � 0 wTp � 0 �2b�
where w is the vector of the actual relative normal dis-
placements of the crack nodes, wq collects the relative
normal displacements of such nodes when loads and
constraints are applied on the external boundary and zero
tractions are imposed on the crack nodes, V is an in¯uence
matrix the jth column of which contains the relative nor-
mal displacements at the crack nodes obtained by

Fig. 1. Geometry of the problem
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imposing a unit normal pressure at nodes j� and jÿ and
known constraints on the external boundary nodes.

If NC is the number of the crack nodes, wq and V are
both evaluated by applying NC + 1 times the DBEM.

2.2
Single region boundary element formulation
The basic boundary integral equations are expressed in
terms of displacements u and tractions t, i.e.

cij�n�uj�n� � ÿ
Z

C
Tij�n; x�uj�x�dC�x�

�
Z

C
Uij�n; x�tj�x�dC�x� �3�

1

2
ui�n0� � 1

2
ui�n00� � ÿ

Z
C

Tij�n0; x�uj�x�dC�x�

�
Z

C
Uij�n0; x�tj�x�dC�x� �4�

1

2
ti�n00� ÿ 1

2
ti�n0� � nj�n00� �

Z
C

Skij�n00; x�uk�x�dC�x�

� nj�n00� ÿ
Z

C
Dkij�n00; x�tk�x�dC�x� �5�

where (see Fig. 1) C � Ce [ Cc; n 2 Ce; n
0 2 C�c ; n

00 2 Cÿc ;
x 2 C are position vectors, ÿR and �R stand for the Cauchy
principal value integral and for the Hadamard principal
value integral respectively, Uij, Tij and Dkij; Skij are the
fundamental solutions and combination of their deriva-
tives respectively (Hong and Chen 1988; Brebbia and
Dominguez 1992).

Equations (4) and (5) and their numerical treatment
have been tackled by various authors (Guiggiani and Ca-
salini 1987; Guiggiani et al. 1992; Liu et al. 1993; Martin
et al. 1998; Liu 1998). Discussion of these equations is
reported in Appendix.

The discretisation performed with continuous and dis-
continuous linear elements characterised by shape func-
tions Mn�f� and Jacobian Jl�f�, with f the local
dimensionless variable, leads to the following boundary
integral equations

cij��n�uj��n� �
XEL

l�1

X2

n�1

un
j ÿ
Z �1

ÿ1

Tij��n; x�f��Mn�f�Jl�f�df

�
XEL

l�1

X2

n�1

tn
j

Z �1

ÿ1

Uij��n; x�f��Mn�f�Jl�f�df

for �n 2 Ce �6�
1

2
ui��n0� � 1

2
ui��n00�

�
XEL

l�1

X2

n�1

un
j ÿ
Z �1

ÿ1

Tij��n0; x�f��Mn�f�Jl�f�df

�
XEL

l�1

X2

n�1

tn
j

Z �1

ÿ1

Uij��n0; x�f��Mn�f�Jl�f�df

for �n0 2 Cÿc �7�

1

2
ti��n00� ÿ 1

2
ti��n0� � nj��n00�

�
XEL

l�1

X2

n�1

un
k �
Z �1

ÿ1

Skij��n00; x�f��Mn�f�Jl�f�df

� nj��n00�
XEL

l�1

X2

n�1

tn
k ÿ
Z �1

ÿ1

Dkij��n00; x�f��Mn�f�Jl�f�df

for �n00 2 Cÿc �8�
where �n; �n0; �n00 are the position vectors of the source nodes.

These equations, in a usual matrix form, can be stated
as

HCeCe
HCeC�c HCeCÿc

HC�c Ce
HC�c C�c HC�c Cÿc

HCÿc Ce
HCÿc C�c HCÿc Cÿc

264
375 uCe

uC�c
uCÿc

264
375

�
GCeCe

GCeC�c GCeCÿc

GC�c Ce
GC�c C�c GC�c Cÿc

GCÿc Ce
GCÿc C�c GCÿc Cÿc

264
375 tCe

tC�c
tCÿc

264
375 �9�

where the ®rst subscript of every sub-matrix gives the
position of the source node, the second one the position of
the integration element and the subscript of every vector
gives the position of the node to which the vector is re-
lated. The singular term in (6) is evaluated by the rigid
body condition (Brebbia and Dominguez 1992), whereas
the other singular and hyper-singular terms in (7) and (8)
are calculated analytically.

After applying the boundary conditions and inter-
changing accordingly columns of H and G, matrix equa-
tion (7) becomes

Ax � b �10�
After obtaining the solution of the system of equations
(10), it is possible to point out the relative normal dis-
placements Dun

Cc
of the crack nodes by performing a local

co-ordinate transformation.
Although any standard linear algebraic routine can be

used to solve the above system, the one applied here is
based on the LU decomposition. Such a choice is due to
the repeated computations, with only forward and back-
ward substitution at each step, required in the sensitivity
analysis which will be presented in Sect. 3.

2.2.1
Analytic integration
As mentioned earlier, on the crack boundary, analytical
integration of the weakly-singular and singular integrals is
carried out. These integrals arise from Uij;Tij terms in the
displacement equation (7) and from Dkij; Skij terms in the
traction equation (8) when the ®eld point is on the crack
boundary.

With reference to a ¯at, discontinuous element, the
weakly-singular integral is given asZ �1

ÿ1

Uij��n; x�f��Mn�f�Jl�f�df

� 3

32

L

pl�1ÿ m� �3ÿ 4m�WIdij � gn
ij

h i
�11�
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WI �
Z 1

ÿ1

ln
4

3L fÿ f0j j
� �

Mn�f�df �12�

where dij is the delta Kronecker, f0 is the local dimen-
sionless co-ordinate of the source node, L the distance
between the two nodes of the element, l and m the second
LameÂ constant and Poisson's ratio respectively, gn

11 � n2
2,

gn
12 � gn

21 � ÿn1n2, gn
22 � n2

1 with �n1; n2� the components
of the outward normal to the element.

The singular integrals are given as

ÿ
Z 1

ÿ1

Tij��n0; x�f��Mn�f�Jl�f�df

� 1ÿ 2m
4p�1ÿ m� hn

ij ÿ
Z 1

ÿ1

Mn�f�
fÿ f0

df �13�

ÿ
Z 1

ÿ1

Dkij��n00; x�f��Mn�f�Jl�f�df

� 1

4p�1ÿ m� �gn
kij ÿ
Z 1

ÿ1

Mn�f�
fÿ f0

df �14�

�
Z 1

ÿ1

Skij��n00; x�f��Mn�f�Jl�f�df

� E

3pl�1ÿ m2�
�hn

kij �
Z 1

ÿ1

Mn�f�
�fÿ f0�2 df �15�

where

hn � 0 ÿ1
1 0

� �
�16�

�gn �
111 112

122 211

212 222

0B@
1CA

�
�2mÿ 1�n2 ÿ 2n3

2 �1ÿ 2m�n1 � 2n1n2
2

�1ÿ 2m�n2 ÿ 2n2
1n2 2n1n2

2 ÿ �1ÿ 2m�n1

�2mÿ 1�n2 ÿ 2n2
1n2 �1ÿ 2m�n1 � 2n3

1

0B@
1CA
�17�

�hn �
n1�2n2

2 � 1� n2�1ÿ 2n2
1�

n1�2n2
1 ÿ 1� n2�1ÿ 2n2

2�
n1�1ÿ 2n2

2� n2�2n2
1 � 1�

0@ 1A �18�

E is the Young modulus, �gn
121 � �gn

112; �g
n
221 � �gn

212 and the
same for the �hn

kij coef®cients.
The integrals involved in Eq. (14) and (15) can be

computed analytically following Guiggiani and Casalini
(1987) and Guiggiani et al. (1992). The right hand side
term of Eq. (15), in particular, can be easily evaluated
because the arising unbounded terms cancel out.

It is worth noting that the integration of Uij and Dkij terms
is not required if the crack is bilateral since it is usually
assumed to be traction free. In the proposed procedure, this
integration is necessary to obtain the V and K matrices.

3
Design sensitivity analysis
In this section the computation of the design sensitivities
is carried out. Design sensitivities represent the variations

of external displacements and tractions in dependence of
changes in design parameters. These are necessary in or-
der to implement the identi®cation numerical procedure
by using any ®rst-order optimisation technique.

In this work an implicit differentiation design sensi-
tivity analysis is presented. The procedure uses the de-
rivative form of the discretised integral equations (6)±(8)
and the linear complementarity technique in order to
obtain the derivatives of displacements uCe;m on the ex-
ternal boundary with respect to a design variable.

Design sensitivities uCe;m can be computed by deriva-
tion of (1), i.e.

uCe;m � u
q
Ce;m
� Kp;m � K;mp �19�

where, m denotes the partial derivative with respect to a
design variable zm. K and p are known in advance, whereas
u

q
Ce;m

;K;m and p;m have to be evaluated; u
q
Ce;m

and K;m are
computed by implicit differentiation of (6), (7) and (8),
and p;m is obtained by solving another LCP.

3.1
Linear complementarity problem
At each step of the identi®cation process, the direct
problem is solved ®rst; therefore, displacements and
tractions on the external boundary, pressures p and rela-
tive normal displacements w along the crack are known.
Then, the design sensitivities are computed.

Differentiation of (2a) with respect to a design variable,
gives

w;m � wq;m � V;mp� Vp;m � Y;m � Vp;m �20�
with the following three possibilities for each crack node

p � 0 w > 0 �) w;m 6� 0 and p;m � 0 �21a�
p > 0 w � 0 �) w;m� 0 and p;m 6� 0 �21b�
p � 0 w � 0 �) w;m� 0 or p;m� 0 �21c�
By means of a static condensation of the zero and sign-free
sensitivities of the contact pressures, the LCP can be for-
mulated only in terms of the pressure sensitivities p;m
referred to the nodes of the crack in contact but with zero
contact pressures (Alessandri and Tralli 1995), i.e.

w;m � Y;m � Vp;m � 0 �22a�
p;m � 0 wT

;mp;m � 0 �22b�
Vector wq;m and matrix V;m are evaluated by performing
NC + 1 times the implicit differentiation of the DBEM.
The boundary conditions are provided by the differentia-
tion of the boundary conditions of the direct problem, i.e.

u;m � 0 or t;m � 0 on Ce �23a�
t;m � 0 on Cc �23b�

3.2
Boundary integral equations
In order to evaluate wq;m, V;m and u

q
Ce;m

, K;m, it is neces-
sary to differentiate Eqs. (6)±(8). The differentiation of the
discretised displacement equations (6), (7) gives
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cij;m��n�uj��n� � cij��n�uj;m��n�

�
XEL

l�1

X2

n�1

un
j;m ÿ
Z �1

ÿ1

Tij��n; x�f��Mn�f�Jl�f�df

ÿ
XEL

l�1

X2

n�1

tn
j;m

Z �1

ÿ1

Uij��n; x�f��Mn�f�Jl�f�df

�
XEL

l�1

X2

n�1

tn
j

Z �1

ÿ1

Uij;m��n; x�f��Mn�f�Jl�f�df

�
XEL

l�1

X2

n�1

tn
j

Z �1

ÿ1

Uij��n; x�f��Mn�f�Jl
;m�f�df

ÿ
XEL

l�1

X2

n�1

un
j ÿ
Z �1

ÿ1

Tij;m��n; x�f��Mn�f�Jl�f�df

ÿ
XEL

l�1

X2

n�1

un
j ÿ
Z �1

ÿ1

Tij��n; x�f��Mn�f�Jl
;m�f�df

�24�
1

2
ui;m��n0� � 1

2
ui;m��n00�

�
XEL

l�1

X2

n�1

un
j;m ÿ
Z �1

ÿ1

Tij��n0; x�f��Mn�f�Jl�f�df

ÿ
XEL

l�1

X2

n�1

tn
j;m

Z �1

ÿ1

Uij��n0; x�f��Mn�f�Jl�f�df

�
XEL

l�1

X2

n�1

tn
j

Z �1

ÿ1

Uij;m��n0; x�f��Mn�f�Jl�f�df

�
XEL

l�1

X2

n�1

tn
j

Z �1

ÿ1

Uij��n0; x�f��Mn�f�Jl
;m�f�df

ÿ
XEL

l�1

X2

n�1

un
j ÿ
Z �1

ÿ1

Tij;m��n0; x�f��Mn�f�Jl�f�df

ÿ
XEL

l�1

X2

n�1

un
j ÿ
Z �1

ÿ1

Tij��n0; x�f��Mn�f�Jl
;m�f�df

�25�
while the differentiation of the discretised traction equa-
tion gives
1

2
ti;m��n00�ÿ1

2
ti;m��n0��nj��n00�

�
XEL

l�1

X2

n�1

un
k;m �
Z �1

ÿ1

Skij��n00;x�f��Mn�f�Jl�f�df

ÿnj��n00�
XEL

l�1

X2

n�1

tn
k;m ÿ
Z �1

ÿ1

Dkij��n00;x�f��Mn�f�Jl�f�df

� nj;m��n00�
XEL

l�1

X2

n�1

tn
k ÿ
Z �1

ÿ1

Dkij��n00;x�f��Mn�f�Jl�f�df

� nj��n00�
XEL

l�1

X2

n�1

tn
k ÿ
Z �1

ÿ1

Dkij;m��n00; x�f��Mn�f�Jl�f�df

�nj��n00�
XEL

l�1

X2

n�1

tn
k �
Z �1

ÿ1

Dkij��n00;x�f��Mn�f�Jl
;m�f�df

ÿnj;m��n00�
XEL

l�1

X2

n�1

un
k �
Z �1

ÿ1

Skij��n00;x�f��Mn�f�Jl�f�df

ÿnj��n00�
XEL

l�1

X2

n�1

un
k �
Z �1

ÿ1

Skij;m��n00;x�f��Mn�f�Jl�f�df

ÿnj��n00�
XEL

l�1

X2

n�1

un
k �
Z �1

ÿ1

Skij��n00;x�f��Mn�f�Jl
;m�f�df

�26�
It is worth noting that cij;m�n� � 0 for every n 2 C,
Uij;m � 0 � Tij;m for every n; x 2 Ce and Jl

;m � 0 for every
x 2 Ce.

The above equations can be written in matrix form as

HCeCe
HCeC�c HCeCÿc

HC�c Ce
HC�c C�c HC�c Cÿc

HCÿc Ce
HCÿc C�c HCÿc Cÿc

0B@
1CA uCe;m

uC�c ;m

uCÿc ;m

0B@
1CA

ÿ
GCeCe

GCeC�c GCeCÿc

GC�c Ce
GC�c C�c GC�c Cÿc

GCÿc Ce
GCÿc C�c GCÿc Cÿc

0B@
1CA tCe;m

tC�c ;m

tCÿc ;m

0B@
1CA

�
0 HCeC�c ;m HCeCÿc ;m

HC�c Ce;m HC�c C�c ;m HC�c Cÿc ;m

HCÿc Ce;m HCÿc C�c ;m HCÿc Cÿc ;m

0B@
1CA uCe

uC�c
uCÿc

0B@
1CA

ÿ
0 GCeC�c ;m GCeCÿc ;m

GC�c Ce;m GC�c C�c ;m GC�c Cÿc ;m

GCÿc Ce;m GCÿc C�c ;m GCÿc Cÿc ;m

0B@
1CA tCe

tC�c
tCÿc

0B@
1CA
�27�

where u � �uCe ; uCc� and t � �tCe ; tCc� collect the solution
of the direct problem at each iteration step. After applying
(23a) and (23b), Eq. (27) can be re-written in a more
compact form as

Ax;m � ÿA;mx� b;m �28�
Notice that the above equation has the same left hand side
matrix A as Eq. (10). The LU decomposition of A, ob-
tained for the solution of the direct problem, can be saved
and re-used for the solution of system (28), with a con-
siderable reduction of the computational effort.

The system of equations (28) is solved NC + 1 times in
order to obtain vector wq;m and matrix V;m and, therefore,
by solving the LCP, the vector p;m � u

q
Ce;m

and K;m are
computed together with wq;m and V;m respectively.

Differentiation of (6), (7) and (8) does not increase the
order of singularity of the integrals involved (Kassab et al.
1994). The singular terms appear in the displacement and
traction equations only when the source point belongs to
one crack line.

3.2.1
Analytic integration
The crack faces are modelled as straight lines, therefore, in
this work, the design variables are restricted to the co-
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ordinates of the end points of one or more crack elements.
For instance, the identi®cation of a crack modelled by a
single element on each crack face would require four de-
sign variables, i.e. the co-ordinates of the end points.

Both the non-singular and the singular terms of equa-
tions (25), (26) can be evaluated on the basis of the geo-
metric derivatives (see Fig. 2)

xi;m � 1ÿ �gg
2

dim

dim � 1 if zm represents a change in direction i

0 otherwise

�
�29�

where g is a local variable normalised to the distance be-
tween two consecutive design nodes (A and B in Fig. 2), �g
the value of g either in A or in B, according to the node
involved by zm.

The weakly-singular term of the Eq. (25) can be written
asZ 1

ÿ1

ÿ
Uij��n0; x�f��Jl

;m�f� � Uij;m��n0; x�f��Jl�f��Mn�f�df

� �g
8pl�1ÿ m�

ÿ
g1

ij;m � g2
ij;m

� �30�

where

g1
;1 �

n2

2 �1ÿ 4m� n2
2� n1

2 �1ÿ n2
2�

n1

2 �1ÿ n2
2� n2

2 �3ÿ 4m� n2
1�

� �
�31�

�g2
;1 �

�4mÿ 3� n2

2 WI 0
0 �4mÿ 3� n2

2 WI

� �
�32�

g1
;2 �

n1

2 �4mÿ 3ÿ n2
2� n2

2 �n2
1 ÿ 1�

n2

2 �n2
1 ÿ 1� n1

2 �4mÿ 1ÿ n2
1�

� �
�33�

�g2
;2 �

�3ÿ 4m� n1

2 WI 0
0 �3ÿ 4m� n1

2 WI

� �
�34�

and WI was de®ned in Sect. 2.2.1. The singular integral in
the derivative displacement equation can be simpli®ed as
(Mellings and Aliabadi 1995)

ÿ
Z 1

ÿ1

Tij��n0; x�f��Jl
;m�f� � Tij;m��n0; x�f��Jl�f�

� �
Mn�f�df

� 0 �35�
therefore HC�c C�c ;m � HC�c Cÿc ;m � 0

The term in Dkij and Dkij;m, necessary for the unilateral
crack, can be written as

ÿ
Z 1

ÿ1

Dkij��n00; x�f��Jl
;m�f� � Dkij;m��n00; x�f��Jl�f�

� �
Mn�f�df

� �g
6pL�1ÿ m� �gkij;m ÿ

Z 1

ÿ1

Mn�f�
fÿ f0

df �36�

where

�g;1�
ÿ1� 2mÿ 3n2

2 ÿ 6mn2
2 � 10n4

2 n1n2�1� 6mÿ 10n2
2�

ÿ1ÿ 2m� 9n2
2 � 6mn2

2 ÿ 10n4
2 n1n2�7ÿ 6mÿ 10n2

2�
ÿ3� 2m� 15n2

2 ÿ 6mn2
2 ÿ 10n4

2 n1n2�ÿ3� 6mÿ 10n2
1�

0@ 1A
�37�

�g;2�
n1n2�ÿ3� 6mÿ 10n2

2� ÿ3� 2m� 15n2
1 ÿ 6mn2

1 ÿ 10n4
1

n1n2�7ÿ 6mÿ 10n2
1� ÿ1ÿ 2m� 9n2

1 � 6mn2
1 ÿ 10n4

1

n1n2�1� 6mÿ 10n2
1� ÿ1� 2mÿ 3n2

1 ÿ 6mn2
1 � 10n4

1

0@ 1A
�38�

The kernel for the derivative traction equation can be
written as

�
Z 1

ÿ1

ÿ
Skij��n00; x�f��Jl

;m�f� � Skij;m��n00; x�f��Jl�f��Mn�f�df

� 2E �g
9pL2�1ÿ m2�

�hkij;m �
Z 1

ÿ1

Mn�f�
�fÿ f0�2 df �39�

where

�h;1 �
2n1n2�4n2

2 ÿ 1� 8n4
2 ÿ 8n2

2 � 1
2n1n2�4n2

1 ÿ 1� 8n4
2 ÿ 8n2

2 � 1
2n1n2�4n2

1 ÿ 1� ÿ8n4
1 � 4n2

1 ÿ 1

0@ 1A �40�

�h;2 �
8n4

2 ÿ 4n2
2 ÿ 1 2n1n2�ÿ4n2

2 � 1�
ÿ8n4

1 � 8n2
1 ÿ 1 2n1n2�ÿ4n2

2 � 1�
ÿ8n4

1 � 8n2
1 ÿ 1 2n1n2�ÿ4n2

1 � 1�

0@ 1A �41�

4
Flaw identification method
The identi®cation process used is based on the knowledge
of displacements at various sensor points located on the
external boundary. The procedure starts with an initial
guess for the shape and location of the ¯aw (by the design
variables vector z). The displacements are obtained at the
sensor points by applying DBEM and solving a LCP: an
error, due to the initial guess, can be computed. The de-
sign variables that minimise this error can give an ap-
proximate estimate of the actual ¯aw. Figure 3 shows the
¯owchart of the code.

If yi is the ith sensor node (i 2 �1; . . . ;NS�), u
�0�
d �yi� the

measured result at this point for the dth static load
(d 2 �1; . . . ;D)), u

�k�
d �yi� the computed value at the itera-

tion k for a set z�k�, the error function is de®ned as

f �z� � 1

D� NS

����������������������������������������XD

d�1

XNS

i�1

ÿ
D�k�d u�yi�

�2

vuut �42�

where

D�k�d u�yi� � u
�0�
d �yi� ÿ u

�k�
d �yi� �43�

In order to carry out a ®rst order minimisation technique,
it is necessary to evaluate the gradient of the error func-
tion. It is given byFig. 2. Design variables
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rf �z�� �m�
of �z�
ozm

� 1

D2 � NS2 � f �z�

�
XD

d�1

XNS

i�1

D�k�d u�yi�
o D�k�d u�yi�
� �

ozm
�44�

where the terms to be calculated are

o
ÿ
D�k�d u�yi�

�
ozm

� ÿ o
ÿ

u
�k�
d �yi�

�
ozm

�45�

5
Test examples
In this section two identi®cation examples are considered.
A plane stress plate with Young's modulus E � 1000000,
Poisson's ratio m � 0:3 and dimensions 1� 1, all in com-
patible units, is considered.

The plate is supposed to have an internal unilateral
frictionless crack, to be identi®ed, with extreme points
located at �0:3; 0:5� ÿ �0:7; 0:5�. The DBEM allows the
discretisation of the external boundary Ce and of the crack
lines Cc only; therefore, it allows to avoid the subdivision
of the plate in two parts at every step of the minimisation
process.

Displacements at sixteen sensor points on the external
boundary are supposed to be known. Fixed end boundary
conditions at the lowest side of the plate are considered.

The crack is modelled by using four design variables,
i.e. the co-ordinates of its extreme points.

In the ®rst example, the upper boundary is loaded by a
uniform distribution of vertical tensile traction equal to 1.0
and the extreme points of the initial guess are located at
�0:55; 0:8� ÿ �0:8; 0:7�. In the second example, vertical and
horizontal surface tractions are applied on part of the
upper side and on the lateral sides of the plate respectively,
in order to have a compressive effect on the crack; the
extreme points of the initial guess are located at
�0:55; 0:7� ÿ �0:8; 0:75�.

Figures 4±5 show the geometry, the load conditions and
the crack movement during the iterative process for the
two examples considered. In Fig. 5 the ®lled line repre-
sents the part of the crack line in contact (p > 0) at that
particular iteration step.

Under tensile loading (®rst example), i.e. when no
unilateral effects are activated, the procedure allows to
identify correctly the position and the shape of the crack.
Figures 6±7 show the convergence respectively of the
normalised error and of the design variables versus the
iteration step.

As for the second example, Figs. 8±9 show the nor-
malised error and the change of the design variables versus
the iteration step. This test turns out to be successful even
if part of the crack is closed at many iteration steps; in this
case the progressive movement of the initial crack towards
its actual position is mainly due to its frictionless tan-
gential slip deformation.

These examples con®rm the considerable in¯uence of
the initial guess on the identi®cation process. This is a
quiet delicate matter in local optimisation strategies where
the appearance of local minima can give wrong results.
The problem occurs more frequently when unilateral ef-
fects are activated. It can be overcome by repeating the

Fig. 4. Identi®cation of a crack. First example

Fig. 3. Crack identi®cation ¯owchart

Fig. 5. Identi®cation of a crack. Second example
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identi®cation procedure with different initial cracks and
with the minimum number of possible design variables.
The process can be re®ned by taking as initial guess the
result of the previous optimisation path.

6
Conclusions
The results obtained show that ®rst-order nonlinear op-
timisation techniques, coupled with the DBEM and the
LCP, can be successfully used for the solution of unilateral
crack identi®cation problems on the basis of static loading
tests. The numerical procedure proposed turns out to be
satisfactory with open and partially closed cracks, and it
involves a relatively small number of unknowns, if com-
pared with others. Moreover, the discretisation can be
updated easily at each step of the iterative process.

The examples presented show that a ¯aw identi®cation
process including unilateral contact conditions on the
crack surfaces can be successful. Convergence problems
are out of the purpose of this paper.

Future work might include the identi®cation of inclu-
sions in unilateral contact with the matrix, the identi®ca-
tion of multiple unilateral cracks and the improvement of
the proposed procedure by suitable regularisation tech-
niques.

Appendix
In the displacement equation on the crack (4), the jump
terms are produced only by the integral containing the Tij

kernel as the internal source point approaches the boun-
dary C. This integral may be written for a source point on
a crack, as (see Fig. 10)

Fig. 8. Convergence of the normalised error for the partially
closed crack identi®cation (second example)

Fig. 9. Convergence of the design variables for the partially
closed crack identi®cation (second example)

Fig. 10. The augmented boundaries on the crack faces

Fig. 7. Convergence of the design variables for the open crack
identi®cation (®rst example)

Fig. 6. Convergence of the normalised error for the open crack
identi®cation (®rst example)
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Z
C

Tij�n0; x�uj�x�dC�x�

� lim
�!0

Z
�CÿC�0� ÿC�00� �

Tij�n0; x�uj�x�dC�x�
( )

� lim
�!0

Z
C0�

Tij�n0; x��uj�x� ÿ uj�n0��dC�x�
( )

� uj�n0� lim
�!0

Z
C0�

Tij�n0; x�dC�x�
( )

� lim
�!0

Z
C00�

Tij�n0; x��uj�x� ÿ uj�n00��dC�x�
( )

� uj�n00� lim
�!0

Z
C00�

Tij�n0; x�dC�x�
( )

� I1 � I2 � I3 � I4 � I5 �46�
Integrals I2 and I4 are regular and vanish in the limiting
process. The ®rst integral I1 can be evaluated in the Cau-
chy principal value sense. The integrals I3 and I5 can be
computed analytically around the circular boundary to
give the jump terms on the boundary by means of a co-
ordinate transformation to a local system of polar co-
ordinates and use of analytical integration

I3 � 1
2ui�n0� I5 � 1

2ui�n00� �47�
The same steps can be followed for the terms involving Dkij

and Skij in the traction equation on the crack (5)Z
C

Dkij�n0; x�tk�x�dC�x�

� lim
�!0

Z
�CÿC�0� ÿC�00� �

Dkij�n0; x�tk�x�dC�x�
( )

� lim
�!0

Z
C0�

Dkij�n0; x�nl�x��rkl�x� ÿ rkl�n0��dC�x�
( )

� rkl�n0� lim
�!0

Z
C0�

Dkij�n0; x�nl�x�dC�x�
( )

� lim
�!0

Z
C00�

Dkij�n00; x�nl�x��rkl�x� ÿ rkl�n00��dC�x�
( )

� rkl�n00� lim
�!0

Z
C00�

Dkij�n00; x�nl�x�dC�x�
( )

� J1 � J2 � J3 � J4 � J5 �48�Z
C

Skij�n0; x�uk�x�dC�x�

� lim
�!0

Z
�CÿC�0� ÿC�00� �

Skij�n0; x�uk�x�dC�x�
( )

� lim
�!0

Z
C0�

Skij�n0; x��uk�x� ÿ uk�n0�
(

ÿ uk;l�n0��xl ÿ x0l��dC�x�
)

� uk�n0� lim
�!0

Z
C0�

Skij�n0; x�dC�x�
( )

� uk;l�n0� lim
�!0

Z
C0�

Skij�n0; x��xl ÿ x0l�dC�x�
( )

� lim
�!0

(Z
C00�

Skij�n00; x��uk�x� ÿ uk�n00�

ÿ uk;l�n00��xl ÿ x00l ��dC�x�
)

� uk�n00� lim
�!0

Z
C00�

Skij�n00; x�dC�x�
( )

� uk;l�n00� lim
�!0

Z
C00�

Skij�n00; x��xl ÿ x00l �dC�x�
( )

� I1 � I2 � I3 � I4 � I5 � I6 � I7 �49�
In these equations, integrals J2, J4, and I2, I5 are regular
under basic assumptions about the continuity of the
traction and displacement ®elds and will all vanish in the
limit as e! 0 . The ®rst term in the expansion of the Dkij

integral can be evaluated in the Cauchy principal value
sense, whereas the integrals I3 and I6 are unbounded but
can be considered with the integral I1 in the Hadamard
principal value sense.

Integrals J3, J5 and I4, I7 can be computed analytically
around the circular boundary by transformation of the
coordinates into the local system. The J3 integral is given
by

J3� 1

16�1ÿm�

� �5ÿ4m�r11�n0�ÿ�1ÿ4m�r22�n0� 2�1ÿ4m�r12�n0�
2�1ÿ4m�r12�n0� ÿ�1ÿ4m�r11�n0���5ÿ4m�r22�n0�

� �
�50�

In the same way, on the opposite crack face J5 is given by

J5� ÿ1

16�1ÿm�

� �5ÿ4m�r11�n00�ÿ�1ÿ4m�r22�n00� 2�1ÿ4m�r12�n00�
2�1ÿ4m�r12�n00� ÿ�1ÿ4m�r11�n00���5ÿ4m�r22�n00�

� �
�51�

Similarly, the terms in the Skij integral expansion are

I4 � ÿ E

16�1ÿ m2�
� 3u1;1�n0� � u2;2�n0� u1;2�n0� � u2;1�n0�

u1;2�n0� � u2;1�n0� u1;1�n0� � 3u2;2�n0�
� �

�52�

I7 � E

16�1ÿ m2�

� 3u1;1�n00� � u2;2�n00� u1;2�n00� � u2;1�n00�
u1;2�n00� � u2;1�n00� u1;1�n00� � 3u2;2�n00�

" #
�53�
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Summing these four integrals and making use of the
stress-strain relationships, the free terms on the crack are
obtained

I4 ÿ J3 � 1
2rij�n0� I7 ÿ J5 � ÿ1

2rij�n00� �54�
It must be pointed out that the rigid body condition
cannot be used for Eq. (4) because the two singular terms
would cancel out in the row summation as they have the
same value but opposite sign.
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