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Abstract The subject of this paper is the formulation and
the implementation of the symmetric Galerkin BEM for
three-dimensional linear elastic fracture mechanics prob-
lems. A regularized version of the displacement and traction
equations in weak form is adopted and the integration
techniques utilized for the evaluation of the double surface
integrals appearing in the discretized equations are
detailed. By using quadratic isoparametric quadrilateral
and triangular elements, some example crack problems are
solved to assess the efficiency and robustness of the method.
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1
Introduction
In the numerical modelling of linear elastic fracture
mechanics problems, boundary element methods (BEM)
have distinct advantages over domain approaches, espe-
cially when cracks are directly represented as displacement
discontinuity loci and the traction integral equation is
employed to enforce static conditions on the crack itself.
The displacement discontinuity method [6], the dual BEM
[11, 13, 21] and the symmetric Galerkin BEM [4] share the
above features and permit single domain formulations for
problems with single or multiple cracks embedded in finite
bodies or in the infinite medium. However the SGBEM
differs from the others in that it is based on a variational
(weak) version of the integral equations, thus entailing
double integrations, and leads (through an appropriate
discretization scheme) to matrix operators which exhibit
symmetry and sign-definiteness. A 1998 review paper on
the SGBEM [4] shows that the method has been the subject
of extensive investigations since it was first proposed in

1979 [24] and the most recent literature gives evidence of a
lively interest towards thismethodology(see e.g. [10, 17,19]).

While for 2D linear elasticity a number of implemen-
tations of the SGBEM into computer codes have been
presented (see, e.g. [7, 25]), some of which also addressing
crack problems, only few 3D implementations for elastic
problems, with or without cracks, have been described in
the literature [15, 27]. The evaluation of the double surface
integrals in the singular cases, not an easy task especially if
general isoparametric elements are employed, represents
probably the main obstacle which has hampered the
application of the method in the 3D context.

The present work addresses the application of the
SGBEM in the context of 3D linear elastic fracture me-
chanics using a ‘‘regularized’’ symmetric formulation which
is essentially the same as that expounded in [5, 8, 18]; a first
fairly general implementation of this approach is docu-
mented in [15] where, however, no details are given on the
adopted integration techniques. On the contrary here focus
is set on the development of efficient algorithms for the
crucial singular double surface integrals, according to the
new schemes introduced in [1, 9, 23] and further expanded
so as to permit the combined use of quadrilateral and tri-
angular quadratic isoparametric elements. With reference
to both cracks in the unbounded space and in finite bodies,
it is here shown that the algorithms implemented allow to
account for crack-front singularities with great accuracy. In
[15] special crack tip elements with modified shape func-
tions were introduced, while here common isoparametric
elements are employed at the crack front and stress inten-
sity factors (SIFs) are evaluated through a simple extrapo-
lation from the displacement discontinuity field.

2
Fundamentals of the SGBEM
A detailed explanation of the theoretical basis of the
symmetric Galerkin boundary element method can be
found e.g. in [4, 8] and is only briefly summarized in this
section. Let X denote a generic body, whose boundary
portions Sp and Su are subjected to prescribed tractions
and displacements, respectively (S � Su [ SpÞ. Let surface
Sc denote a crack inside X, conceived as a locus of dis-
placement discontinuity wðxÞ ¼ uðxþÞ � uðx�Þ, with
xþ 2 Sþc and x� 2 S�c , Sþc and S�c being the upper and
lower faces of the crack. The positive orientation of Sc is
associated with the normal unit vector to Sc pointing from
S�c towards Sþc . The crack Sc is conceived as a prescribed
traction surface; equal and opposite tractions are applied,
piðxÞ � piðx�Þ ¼ �piðxþÞ on Sc. Let us introduce a surface

466/0283

Computational Mechanics 28 (2002) 220–232 � Springer-Verlag 2002

DOI 10.1007/s00466-001-0283-x

220

Received 6 November 2000

A. Frangi (&)
Department of Structural Engineering,
Politecnico of Milan, P.za L. da Vinci 32,
20133 Milano, Italy
e-mail: attilio.frangi@polimi.it

G. Novati, R. Springhetti, M. Rovizzi
Department of Mechanical and Structural Engineering,
University of Trento, via Mesiano 77,
38050 Trento, Italy
e-mail: giorgio.novati@ing.unitn.it

This study was conducted in the frame work of a research
project funded by MURST (cofin 2000).



466/0283

~SS representing a fictitious contour internal to X. We
assume the existence of a one-to-one correspondence be-
tween points x 2 S and ~xx 2 ~SS: ~xx ¼ Xðx; hÞ, where h is a
parameter such that x ¼ Xðx; 0Þ. Hence the two surfaces
coincide as h ¼ 0. In particular ~SS will consist of portions
~SSu; ~SSp and in the presence of a crack we also take into
account the surfaces ~SSþc ; ~SS

�
c ; one-to-one correspondences

map all these surfaces onto the respective portions of S
and of Sc. The SGBEM procedure consists basically of two
distinct steps: at first the classical displacement and trac-
tion boundary integral equations are enforced in a weak
sense on the auxiliary contours ~SS and ~SSc distinct from S
and Sc (i.e. with h 6¼ 0) and an analytical regularization
procedure is carried out via integration by parts and
Stokes theorem. Secondly the limits ~SS ! S, ~SSc ! Sc

(h ! 0) are taken and the discretization procedure is
performed. The definition of an auxiliary surface ~SS [ ~SSc

separated from S [ Sc is hence only an artifice which
proves useful to guarantee a firm mathematical and
computational basis in dealing with the double surface
integrals involved in the formulation; however ~SS, ~SSc do not
play any role in the final implementation of the method,
since for h ! 0, ~SS � S and ~SSc � Sc.

The variational integral equations required in the
SGBEM are detailed below.

(i) The variational displacement equation is enforced on
~SSu using as test function the static field ~ppið~xxÞ. By applying
the regularization procedure described in [4, 8] and briefly
recalled here in Appendix A, the variational displacement
equation can be presented as follows:

1

2

Z
Su

uiðxÞ~ppiðxÞdSx

¼
Z
Su

Z
S

~ppið~xxÞ
�

Guu
ik ðx � ~xxÞpkðxÞ þ 1

4p
1

r2
r;i niðxÞuiðxÞ

þ Guu
ikj ðx � ~xxÞRj½uk�ðxÞ

�
dSx dS~xx

�
Z
Su

Z
Sc

~ppið~xxÞ
�

1

4p
1

r2
r;i niðxÞwiðxÞ

þ Guu
ikj ðx � ~xxÞRj½wk�ðxÞ

�
dSx dS~xx ð1Þ

where the two-point Kelvin kernel Guu
ik expresses the dis-

placement at x in the kth direction due to a concentrated
force acting at ~xx in the ith direction:

Guu
ik ðx � ~xxÞ ¼ 1

16plð1 � mÞ
1

r
ð3 � 4mÞdik þ r;ir;k
� �

and Guu
ikj is an auxiliary kernel stemming from the regu-

larization procedure:

Guu
ikj ðx � ~xxÞ ¼ 1

8pð1 � mÞr ð1 � 2mÞeikj � eipjr;pr;k
� �

Symbol Rj denotes the surface rotor operator, whose
expression is given in Appendix A.1. It should be stressed
that both Guu and Guu are weakly singular; the additional

terms in Eq. (1) (containing the double layer kernel for
potential problems) originate, in actual fact, improper
convergent integrals, since

1

r2
r;i ni dSx ¼ dH

represents the differential solid angle under which dSx is
seen from ~xx.

(ii) The variational traction equation is enforced on ~SSp

using as test function the kinematic field ~uui (see Appendix
A):

1

2

Z
Sp

piðxÞ~uuiðxÞdSx

¼
Z
Sp

Z
S

� 1

4p
~uuið~xxÞ

1

r2
r;~pp ~nnpð~xxÞpiðxÞ

�

� ~RRj½~uui�ð~xxÞGuu
ijk ðx � ~xxÞpkðxÞ

� ~RRj½~uui�ð~xxÞGuu
ijkqðx � ~xxÞRq½uk�ðxÞ

�
dSx dS~xx

þ
Z
Sp

Z
Sc

~RRj½~uui�ð~xxÞGuu
ijkqðx � ~xxÞRq½wk�ðxÞdSx dS~xx ð2Þ

where

Guu
ijk ¼ 1

8pð1 � mÞr ð1 � 2mÞekij � ekpjr;pr;i
� �

Guu
ijkq ¼ � l

8p
1

r
deg � r;e r;g
� �

eiepejgr


�

2m
1 � m

dpkdrq þ dprdkq þ dpqdkr

�

and

1

r2
r;~ıı ~nni dS~xx ¼ d ~HH

represents the differential solid angle under which dS~xx is
seen from x. Hence, also the kernels in Eq. (2) are all
weakly singular.

(iii) The variational traction equation is enforced on ~SSc

using as test function the kinematic field ~wwi which repre-
sents the auxiliary displacement discontinuity field
~wwi ¼ ~uuþ

i � ~uu�
i naturally flowing from the ~uui field after the

limit process for h ! 0 forces ~SSþc to coincide with ~SS�c .Z
Sc

piðxÞ~wwiðxÞdSx

¼
Z
Sc

Z
S

� 1

4p
~wwið~xxÞ

1

r2
r;~pp ~nnpð~xxÞpiðxÞ

�

� ~RRj½ ~wwi�ð~xxÞGuu
ijk ðx � ~xxÞpkðxÞ

� ~RRj½ ~wwi�ð~xxÞGuu
ijkqðx � ~xxÞRq½uk�ðxÞ

�
dSxdS~xx

þ
Z
Sc

Z
Sc

~RRj½ ~wwi�ð~xxÞGuu
ijkqðx � ~xxÞRq½wk�ðxÞdSxdS~xx ð3Þ
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Weak continuity requirements must be enforced on uk;wk,
~uuk; ~wwk to guarantee the validity of Eqs. (1)–(3), since they
must belong to the class of C0

0ðSÞ continuous functions.
The class C0

0ðSÞ is defined as follows: C0
0ðSÞ � C0ðSÞ if S is

closed, and C0
0ðSÞ ¼ ff ðxÞ 2 C0ðSÞ : f joS ¼ 0g if S is open

(e.g. admissible kinematic fields for cracks inside bodies
are assumed to be in C0

0ðScÞ).
On the contrary no special requirements are set on the

static fields pk and ~ppk. Introducing the set of data into the
system of the previous equations, a self-adjoint bilinear
form is obtained (see [4]). At this stage the boundary
surface S and the crack Sc are discretized into boundary
elements and symmetry is preserved also in the discrete
formulation if the auxiliary and real fields are interpolated
over the BEs according to a Galerkin scheme. Further
details relevant to the discretization phase and proofs of
symmetry properties can be found in [4].

3
Numerical evaluation of weakly singular integrals
Let us assume that the surface S has been partitioned into
quadrilateral and/or triangular BEs (e.g. 4-, 8- or 9-noded
quadrilateral isoparametric elements and 3- or 6-noded
triangular isoparametric elements); f and ~ff are given
functions of x and ~xx, respectively, and Bðx � ~xxÞ is a generic
weakly singular kernel. Our aim is to compute

Imn ¼
Z
Sm

Z
Sn

~ff ð~xxÞBðx � ~xxÞf ðxÞdSx dS~xx

¼
Z
Sm

Z
Sn

Bðf ; ~ff ; x; ~xxÞdSx dS~xx ð4Þ

where Sm (~xx 2 Sm) and Sn (x 2 Sn) represent a generic
element pair. Intrinsic parameters g1; g2 and ~gg1; ~gg2 are

introduced on the parent (master) elements (see Fig. 1),
such that on the physical element Sm, ~xx ¼ ~XXð~gg1; ~gg2Þ and on
Sn, x ¼ Xðg1; g2Þ.

E.g. for Sm and Sn, quadrilateral source and triangular
field elements, Eq. (4) becomes:

Imn ¼
Z1

0

Z1

0

Z1

0

Zg2

0

~BB½ ~ff ð~ggÞ; f ðgÞ;~xxð~ggÞ;xðgÞ�dg1dg2d~gg1d~gg2

ð5Þ
where ~BB also includes the jacobians of the transforma-
tions. The evaluation of such double surface integrals
represents a crucial aspect of the method and is compu-
tationally expensive. In this paper the approach described
in [9, 23] is adopted. Four different situations must be
accounted for, in general, according to whether Sm and Sn

are: (i) coincident elements, (ii) adjacent elements sharing
one edge, (iii) adjacent elements sharing one vertex; (iv)
distinct elements (see Fig. 2 for the case of mixed quad-
rilateral–triangular elements).

In the case of distinct elements, standard product
Gauss formulae are employed choosing an appropriate
number of Gauss points. For the first three cases the
integration procedures respectively proposed in [9] for
triangular elements and in [23] for quadrilateral elements
have been adopted (here only the case of quadrilateral
coincident elements will be discussed in detail) and
special procedures, commented below, have been estab-
lished for the case of a simultaneous presence of trian-
gular and quadrilateral elements. The procedure can be
outlined as follows. (i) The domain of integration is ex-
pressed, via suitable coordinates transformations, as the
sum of ‘‘pyramidal’’ shaped subdomains in which the
singularity is concentrated at one vertex. (ii) For each
subdomain a regularizing variable transformation (in-
volving Duffy generalized coordinates) renders the inte-
grand analytic, introducing a jacobian which cancels the
singularity in the kernel. With reference to the case of
coincident quadrilateral element and of quadrilateral/tri-
angular adjacent elements, the following sections give the
final ready-to-implement expressions of the regular in-
tegrals to which original integrals of type (4) turn out to
reduce. The proof of the transformations are given in the
Appendix.

Fig. 1. Intrinsic parameters on quadrilateral (Q) and triangular
(T) master elements

Fig. 2. Singular cases for quadrilateral–
triangular element–element integration
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3.1
Coincident case: quadrilateral elements
In the coincident elements case (i.e. m � n) eight subdo-
mains are introduced according to Eq. (26) in Appendix
B.1 and each of them is mapped onto the 4-d unit cube by
means of the transformations presented in Table 1 and
Eq. (7), yielding the following final implementation
formula:

Imm ¼
Z1

0

Z1

0

Z1

0

Z1

0

X8

i¼1

~BB½ ~ff ð~ggiÞ; f ðgiÞ; ~xxð~ggiÞ; xðgiÞ�

� xð1 � xÞð1 � n1xÞdx dn1 dn2 dn3 ð6Þ
The intrinsic variables gi are expressed as collected in
Table 1, where the vi variables are defined as follows:

v1 ¼ x

v2 ¼ n1x

v3 ¼ n2ð1 � xÞ
v4 ¼ n3ð1 � n1xÞ

8>>><
>>>:

with

0 � x � 1

0 � n1 � 1

0 � n2 � 1

0 � n3 � 1

8>>><
>>>:

ð7Þ

Since the singularity in Eq. (4) is activated whenever the
relative variables u1 � g1 � ~gg1, u2 � g2 � ~gg2 both vanish,
it can be verified that the jacobian of the transformation,
J ¼ xð1 � xÞð1 � n1xÞ acts as a regularizing factor. At
this stage Eq. (6) can be evaluated with standard Gaussian
numerical schemes, providing a high accuracy even for
very low numbers of integration points.

3.2
Common edge case: quadrilateral and triangular elements
Let us focus now on a quadrilateral source element
(mapped onto Q) and a triangular field element (mapped
onto T) sharing one edge as in Fig. 2. The original do-
main is partitioned into six subdomains (see Eq. (37) in
Appendix B.2) which are mapped onto the unit 4-d cube
yielding:

Imn ¼
Z1

0

Z1

0

Z1

0

Z1

0

X6

i¼1

~BB ~wwð~ggiÞ;wðgiÞ; ~xxð~ggiÞ; xðgiÞ
� �

� Ji dx dn1 dn2 dn3 ð8Þ

The intrinsic variables are chosen according to Table 2.
Variables v1; v2; v3; v4; v5; v6 are defined as follows:

v1 ¼ x

v2 ¼ n1x

v3 ¼ n2x

v4 ¼ n3ð1 � xÞ
v5 ¼ n3ð1 � n1xÞ
v6 ¼ n1n2x

8>>>>>>>><
>>>>>>>>:

with

0 � x � 1

0 � n1 � 1

0 � n2 � 1

0 � n3 � 1

8>>><
>>>:

ð9Þ

and the jacobians of the transformations

J1 ¼ J3 ¼ J5 ¼ x2ð1 � xÞ;
J2 ¼ J4 ¼ J6 ¼ n1x

2ð1 � n1xÞ
cancel the weak singularity as u1 ¼ g2 ¼ ~gg2 ¼ 0. The
similar case of a triangular source element and a quadri-
lateral field element can be studied analogously with minor
changes.

3.3
Common vertex case: quadrilateral
and triangular elements
Let us finally consider a quadrilateral source element
sharing one vertex with a triangular field element. In this
case the final implementation formula is:

Imn ¼
Z1

0

Z1

0

Z1

0

Z1

0

X3

i¼1

~BB ~wwð~ggiÞ;wðgiÞ; ~xxð~ggiÞ; xðgiÞ
� �

� Ji dx dn1 dn2 dn3 ð10Þ
For the three subdomains of Eq. (39) in Appendix B.3, the
variable transformations are chosen as in Table 3, where

Table 1. Definition of intrinsic
variables: coincident
elements

Case 1 2 3 4 5 6 7 8

~ggi
1 ¼ v3 v3 v1 þ v3 v1 þ v3 v4 v2 þ v4 v2 þ v4 v4

~ggi
2 ¼ v4 v2 þ v4 v2 þ v4 v4 v3 v3 v1 þ v3 v1 þ v3

gi
1 ¼ v1 þ v3 v1 þ v3 v3 v3 v2 þ v4 v4 v4 v2 þ v4

gi
2 ¼ v2 þ v4 v4 v4 v2 þ v4 v1 þ v3 v1 þ v3 v3 v3

Table 2. Definition of intrinsic
variables: common edge case Case 1 2 3 4 5 6

~ggi
1 ¼ v4 v5 v1 � v3 þ v4 v2 þ v5 � v6 v1 þ v4 v2 þ v5

~ggi
2 ¼ v2 v1 v2 v1 v2 v1

gi
1 ¼ v1 þ v4 v2 þ v5 v1 þ v4 v2 þ v5 v1 � v3 þ v4 v2 þ v5 � v6

gi
2 ¼ v3 v6 v1 v2 v1 � v3 v2 � v6

Table 3. Definition of variables: common vertex case

Case 1 2 3

~ggi
1 = v1 v2 v2

~ggi
2 = v2 v1 v3

gi
1 = v3 v3 v1

gi
2 = v5 v5 v4
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v1 ¼ x

v2 ¼ n1x

v3 ¼ n2x

v4 ¼ n3x

v5 ¼ n2n3x

8>>>>>><
>>>>>>:

with

0 � x � 1

0 � n1 � 1

0 � n2 � 1

0 � n3 � 1

8>>><
>>>:

ð11Þ

The singularity, activated only when g1 ¼ g2 ¼ ~gg1 ¼ ~gg2 ¼ 0,
is cancelled by the jacobians of the transformations,
J1 ¼ J2 ¼ x3n2, J3 ¼ x3.

4
Numerical examples
A few crack problems have been solved and the results
obtained are here described to illustrate the accuracy and
the effectiveness of the SGBEM in the fracture mechanics
context. The examples concern cracks in the unbounded
space and one surface breaking crack in a finite body.
9-noded quadrilaterals and 6-noded triangles are utilized;
in particular, for cracks in the unbounded space, the ele-
ments adjacent to the crack edge are quadrilaterals mod-
ified according to the quarter-point scheme ([3, 12]). The
planes perpendicular to the crack front intersect the crack
surface along lines, which will be called /-lines henceforth.
Lines on Sc perpendicular to /-lines are called h-lines.
Obviously the crack edge is a h-line. The SIFs are evaluated
through extrapolation from the displacement discontinu-
ity field expressed in a local coordinate system as
w ¼ wnn þ w/t/ þ whth; where t/; th are the local surface
base unit vectors. The asymptotic expression for w com-
ponents writes, denoting by q the arc-length distance from
the crack front along /-lines:

wn ¼ KI

l
4ð1 � mÞffiffiffiffiffi

2p
p ffiffiffi

q
p

;

w/ ¼ KII

l
4ð1 � mÞffiffiffiffiffi

2p
p ffiffiffi

q
p

;

wh ¼
KIII

l
4ffiffiffiffiffi
2p

p ffiffiffi
q

p

ð12Þ

Precisely, to compute the SIFs at a point on the crack
front, the asymptotic expansions of the displacement dis-
continuities (which strictly hold only in the vicinity of the
front) are used at the two nodes nearest to the crack front
(along the /-line through the point for which the SIFs are
evaluated) in order to obtain two estimates for each SIF.
Finally the values at the crack front are deduced by means

of a linear extrapolation. Product formulae are employed
for the evaluation of multidimensional integrals, and
hence ðNgÞ4 Gauss points are utilized for each 4D integral,
where Ng denotes the number of points adopted for each
univariate integration.

4.1
Fractures in the unbounded domain
Here we focus on a general fracture Sc embedded in an
infinite isotropic medium with elastic constants m (Poisson
coefficient) and l (shear modulus) and subjected to re-
mote uniform loading r0

ik. In this particular case, skipping
all intermediate steps, the only governing equation is the
variational traction equation on Sc:Z
Sc

~wwið~xxÞr0
ikð~xxÞnkð~xxÞdS~xx

¼
Z
Sc

Z
Sc

~RRj½ ~wwi�ð~xxÞGuu
ijkqðx � ~xxÞRq½wk�ðxÞdSx dS~xx

ð13Þ
where wkðxÞ indicates the displacement discontinuity
across the crack and ~wwið~xxÞ is a test function. Three test
examples in linear elastic fracture mechanics are solved
with the SGBEM: a penny-shaped crack, an elliptical plane
crack and a spherical-cap crack. For the first two, the exact
solution is known, while for the last one numerical esti-
mates of the stress intensity factors (SIFs) are available.

Penny-shaped crack. We consider a penny-shaped crack
with radius a (see Fig. 3). Denoting by r the distance from
the center, the exact solution under remote stresses r0

33
and r0

23 reads [27]:

w1 ¼ 0

w2 ¼
8ð1 � mÞ
plð2 � mÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � r2

p
r0

23;

w3 ¼
4ð1 � mÞ

pl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � r2

p
r0

33;

KI ¼
2

p

ffiffiffiffiffiffi
pa

p
r0

33;

KII ¼
4

pð2 � mÞ
ffiffiffiffiffiffi
pa

p
sin h r0

23;

KIII ¼
4ð1 � mÞ
pð2 � mÞ

ffiffiffiffiffiffi
pa

p
cos h r0

23

ð14Þ

Fig. 3. Penny-shaped crack: loading
conditions and meshes
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The problem is solved for m ¼ 0:3 using the two meshes
illustrated in Fig. 3 with 12 quadrilateral elements (mesh
1) and with 16 triangular and 8 quadrilateral elements
(mesh 2).

Figure 4a shows the obtained nodal values of the
opening and sliding displacements compared with the
exact solution of Eq. (14); the correspondent relative
errors versus the radial distance are plotted in Fig. 4b.
Table 4 shows the relative errors for the SIFs computed by
extrapolation for h ¼ 0, (i.e. at x1 ¼ a, x2 ¼ 0). Despite the
coarseness of the adopted meshes, the numerical results
exhibit very good accuracy.

For this particular case we also present a convergence
study on the computed values of two typical double
surface integrals. Let us focus on node N4 shared by the
two quadrilateral elements E1 and E2 of mesh 1, as
depicted in Fig. 3. The Lagrangian shape function /4,
associated to this node, has unitary value at N4 and
vanishes along all the edges of the two BEs and at the
internal nodes N3 and N5. Denoting by /4j1 (/4j2) the
restriction of /4 to element E1 (E2, respectively), the
following two integrals have been computed for an
increasing number of Gauss points:

Ia ¼
Z
E1

Z
E1

~RRj½/4j1�ð~xxÞGuu
ijkqðx � ~xxÞRq½/4j1�ðxÞdSx dS~xx

Ib ¼
Z
E1

Z
E2

~RRj½/4j1�ð~xxÞGuu
ikqsðx � ~xxÞRs½/4j2�ðxÞdSx dS~xx

Integrals Ia (over coincident elements) and Ib (over
adjacent elements) have been computed exploiting the
transformations in [23]. Relative errors for Ia and Ib are
defined with respect to an ‘‘exact’’ reference solution ob-
tained with the same algorithms and Ng ¼ 20; the values
are collected in Table 5.

Four Gauss points generally represent a reasonable
trade off between accuracy and computational costs.

Elliptical crack. Let us now consider an elliptical crack
with major semi-axis a and minor semi-axis b subjected to
the remote stress r0

33 (Fig. 5).
The analytical expression of the opening displacement

(see e.g. [26]) is

Table 4. Relative errors for computed SIFs

Mesh KI KIII

1 6:15  10�3 4:62  10�3

2 1:35  10�3 5:36  10�4

Table 5. Relative errors for double surface integrals

Ng Ia Ib

2 7:34  10�2 1:41  10�2

4 4:40  10�5 1:07  10�4

6 1:51  10�7 2:11  10�6

8 1:80  10�8 2:71  10�8

10 1:40  10�9 5:55  10�10

Fig. 5. Elliptical crack: geometry and loading
conditions

Fig. 4. Penny-shaped crack: numerical results for displacement
discontinuities wil=ðar0

i3Þ
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w3 ¼
2ð1 � mÞr0

33

l
b

EðkÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � x2

1

a2
� x2

2

b2

r
ð15Þ

where EðkÞ is the complete elliptic integral of the second
kind:

EðkÞ ¼
Zp=2

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � k2 sin2 a

p
da k2 ¼ 1 � b2

a2

Starting from Eq. (15), the exact KI distribution can
be computed as follows. If the elliptical surface is
parameterized as x1 ¼ ‘a cos c, x2 ¼ ‘b sin c with
0 � ‘ � 1, 0 � c � 2p, the position vector identifying a
generic internal point starting from the crack front point
aligned to the former along a c ¼ const line, is

dc ¼ ð1 � ‘Þ a cos c; b sin cð Þ
hence q, component of dc along the direction normal to
the ellipse at the edge point, yields:

q ¼ ð1 � ‘Þ abffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 cos2 c þ a2 sin2 c

p
The parameter ‘ can be expressed in terms of q by inversion
of the above equation and inserted into Eq. (15). Consid-
ering now the internal point at infinitesimal distance from

the edge, the resulting w3 is compared with wn equation
(12), yielding the following expression for KI (see [14]):

KI ¼
r0

33

ffiffiffiffiffiffi
pb

p

EðkÞ sin2 c þ b2

a2
cos2 c

� �1=4

ð16Þ

The numerical procedure adopted for the calculation of the
SIFs follows closely this analytical procedure. The mesh for
the ellipse has been obtained from mesh 1 in Fig. 3 by
contraction of dimensions along the x2 axis, hence
boundary elements edges lying along c-lines are not per-
pendicular, in general, to the ellipse boundary. Let us focus
on a specific node on the crack front where KI is required.
Opening displacements are evaluated at the two inner
nodes lying on the same c-lines. Two values for KI are
computed by means of Eq. (12) with q evaluated as the
scalar product between dc and the normal unit vector at the
edge node. Finally, the value of KI on the boundary is
computed by means of a linear extrapolation. In Fig. 6 a
comparison between exact and computed normalized stress
intensity factors is presented, where K0 ¼ 2=p

ffiffiffiffiffiffi
pb

p
r0

33.

Spherical-cap crack. As a third test, a spherical-cap crack
bounded by a circular front and subjected to a remote
stress r0

33 is considered (see Fig. 7); a is the radius of the
spherical surface and 2a is the subtended angle.

For this problem, numerical results in terms of SIFs are
given in [27] for a given range of a. The analysis has been
carried out for three values of a (a ¼ 15�; 30�; 45�) and
m ¼ 0:3, using three meshes with 40, 112 and 240 elements
on the spherical surface. All the elements adjacent to the
crack front are quadrilateral quarter-point elements, the
remaining elements being quadrilateral for mesh 1 and
triangular for meshes 2 and 3. Figure 7 gives a planar
representation of the actual meshes adopted for the
spherical-cap crack, obtained by prescribing that the polar

Fig. 6. Elliptical crack: KI=K0

Fig. 7. Spherical-cap crack: loading conditions
and meshes adopted

Table 6. Spherical-cap crack: computed SIFs

Mesh KI=K0

(15�)
KII=K0

(15�)
KI=K0

(30�)
KII=K0

(30�)
KI=K0

(45�)
KII=K0

(45�)

1 0.964 0.263 0.845 0.520 0.655 0.769
2 0.966 0.266 0.849 0.525 0.662 0.774
3 0.966 0.267 0.851 0.527 0.665 0.776
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coordinate q equals a/. All results, normalized by means
of the equivalent mode I SIF for a penny-shaped crack
(K0 ¼ ð2=pÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pa sin a

p
), compare well to the graphical so-

lution provided in [27] (see Table 6).

4.2
Circular edge crack in a plate
Finally, the case of a finite body containing a surface
breaking crack is analyzed. The geometry of the problem is
shown in Fig. 8; uniform tensile stresses are applied at
two opposite faces of the bar (plate) in the direction
perpendicular to the crack; a value of Poisson’s ratio
m ¼ 0:3 is adopted.

The configuration considered is characterized by the
geometric ratios H=a ¼ 5, b=a ¼ 5 and a=t ¼ 0:4. The
values adopted for H=a and b=a are large enough to
effectively represent an edge crack in an infinite plate.

The problem is analyzed using the three meshes, Mesh
A, Mesh B and Mesh C, depicted in Fig. 9, having 12, 24 and
40 elements along the circular crack front, respectively. The
results obtained in term of mode-I SIF are plotted in
Fig. 10a as a function of the angular parameter 2/=p (with
/ ¼ 0 at the free surface) where they are compared to the
finite element results of Raju and Newman [22]. It is well
known (see e.g. [20]) that, if a surface breaking crack
intersects the surface itself at a right angle, the SIFs, as
defined on the base of the classical Williams–Westergaard
asymptotic formulae, tend to zero in a boundary layer
whose thickness depends on the problems geometry and
material properties. From Fig. 11 it turns out that the
analyses carried out by the SGBEM (in particular with the
refined Mesh C) predict a much thinner boundary layer
than in Raju and Newman [22] (where the FEM was
employed). However SIF values far from the external
surface are not significantly affected by the accuracy with
which the boundary layer effect is accounted for and can be
accurately predicted using even rather coarse meshes.

5
Conclusions
A regularized 3D symmetric Galerkin BEM formulation
and its implementation have been described with reference
to the analysis of cracks embedded in finite and infinite

elastic bodies. Using quadratic isoparametric elements
some benchmark problems have been solved and the
results obtained, in terms of stress intensity factors (via
extrapolation from displacement discontinuity), indicate
that the method performs very well. The method seems to
have great potential for simulating fracture propagation
processes; the limited re-meshing work needed in a
sequence of incremental crack extension analyses com-
bined with an accurate SIF evaluation even with rather
coarse meshes, makes the SGBEM an attractive computa-
tional tool in this application area.

Appendix

A
Regularization of the integral equations
This appendix collects, without proof, a few identities
which have been exploited in the regularization process
leading to the weakly singular form of the variational in-
tegral equations presented in Sect. 2. Let us first consider
the variational Somigliana equation of point (i) in Sect. 2
(written for h 6� 0):

Fig. 8. Plate containing a semi-circular surface crack

Fig. 9. Meshes A, B and C

227



466/0283

Z
~SSu

~ppið~xxÞuið~xxÞdS~xx

¼
Z
~SSu

Z
S

~ppið~xxÞ
�

Guu
ik ðx � ~xxÞpkðxÞ

� Gur
ikjðx � ~xxÞnjðxÞukðxÞ

�
dSx dS~xx

þ
Z
~SSu

Z
Sc

~ppið~xxÞGur
ikjðx � ~xxÞnjðxÞwkðxÞdSx dS~xx ð17Þ

Kernel Gur
ikjðx � ~xxÞ denotes the kj-component of stresses at

x due to a unit force at ~xx along the ith direction and is
obtained by differentiation of Guu

ik and application of
Hooke’s law, Ckjmn being the elastic stiffness tensor:

Gur
ikjðx � ~xxÞ ¼ CkjmnGuu

im;nðx � ~xxÞ ð18Þ
If n denotes the unit vector along the outward normal
direction to S at point x, the surface rotor operator Rj in
Sect. A.1 allows to write

Gur
ikjðx � ~xxÞnjðxÞ ¼ Rj½Guu

ikj �ðx � ~xxÞ � dik
1

4p
1

r2
r;pnpðxÞ

where the weakly singular kernel Guu is defined in Eq. (1).
Hence, integrating by parts and applying Stokes theorem
to the second term in the integral over S on the r.h.s. of
Eq. (17):Z
S

Gur
ikjðx�~xxÞnjðxÞukðxÞdSx

¼�
Z
S

Guu
ikj ðx�~xxÞRj½uk�ðxÞþ

1

4p
1

r2
r;pnpðxÞuiðxÞ

� �
dSx

If an analogous procedure is applied to the integral over Sc,
Eq. (1) is established, once the limit process h ! 0 has been
performed. Let us now turn to the traction variational in-
tegral equation of point (ii) in Sect. 2, initially written for
h 6� 0Z
~SSp

~uuið~xxÞpið~xxÞdS~xx

¼
Z
~SSp

Z
S

~uuið~xxÞ
�

Gru
ijkðx � ~xxÞ~nnjð~xxÞpkðxÞ

� Grr
ijkqðx � ~xxÞ~nnjð~xxÞnqðxÞukðxÞ

�
dSx dS~xx

þ
Z
~SSp

Z
Sc

~uuið~xxÞGrr
ijkqðx � ~xxÞ~nnjð~xxÞnqðxÞwkðxÞdSx dS~xx

ð19Þ
where

Gru
ijkðx � ~xxÞ ¼ CijabGuu

ak;~bb
ðx � ~xxÞ

Grr
ijkqðx � ~xxÞ ¼ CijabCkqcdGuu

ac;b~dd
ðx � ~xxÞ

ð20Þ

Unit vector ~nn defines the reference normal direction
associated to surface ~SS at ~xx, while symbol ð�Þ;~ii denotes
differentiation with respect to ~xxi. Now, with the definitions
given in Eq. (2):

Gru
ijkðx � ~xxÞ~nnjð~xxÞ ¼ ~RRj½Guu

ijk �ðx � ~xxÞ � dik
1

4p
1

r2
r; ~pp~nnpð~xxÞ

Grr
ijkqðx � ~xxÞ~nnjð~xxÞnqðxÞ ¼ ~RRjRq½Guu

ijkq�ðx � ~xxÞ

Inserting the above identities into Eq. (19) and integrating
by parts:

Fig. 11. Normalized stress intensity factor for semi-circular
surface crack in a plate: ‘‘boundary layer’’ effect for meshes A,
B and C and earlier FE results of Raju and Newman [22]

Fig. 10. Normalized stress intensity factor for semi-circular
surface crack in a plate as function of angular position along
crack front (/ ¼ 0 on the surface); results for the meshes A, B and
C and earlier FE results of Raju and Newman [22]
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Z
~SS

Z
S

~uuið~xxÞGru
ijkðx � ~xxÞ~nnjð~xxÞpkðxÞdSx dS~xx

¼ �
Z
~SS

Z
S

�
1

4p
~uuið~xxÞ

1

r2
r; ~pp ~nnpð~xxÞ

þ ~RRj½~uui�ð~xxÞGuu
ijk ðx � ~xxÞ

�
piðxÞdSx dS~xxZ

~SS

Z
S

~uuið~xxÞGrr
ijkqðx � ~xxÞ~nnjð~xxÞnqðxÞukðxÞdSx dS~xx

¼
Z
~SS

Z
S

~RRj½~uui�ð~xxÞGuu
ijkqðx � ~xxÞRq½uk�ðxÞdSx dS~xx

Clearly, the above steps are allowed only if the continuity
requirements mentioned in Sect. 2 are respected. An
analogous procedure can also be applied to the traction
equation on Sc mentioned inside point (iii) in Sect. 2
leading to Eq. (3).

A.1
Surface rotors
Surface rotors are defined as:

~RRj½~wwi�ð~xxÞ ¼ ebcj~nnbð~xxÞ
o~wwi

o~xxc
ð~xxÞ

Rs½wk�ðxÞ ¼ ebcsnbðxÞ
owk

oxc
ðxÞ

ð21Þ

They express the vector product between the gradient of
the argument function and the unit normal vector to the
surface

~RRj½ ~wwi�ð~xxÞ ¼ ð~nn ^r~wwiÞ � ej at ~xx;

Rs½wk�ðxÞ ¼ ðn ^rwkÞ � es at x

where ek denotes the unit vector along the kth cartesian
axis. By expressing the surface rotor operator in terms of
intrinsic coordinates g1, g2 by means of the associated
local covariant base vectors g1, g2

Rs½wk�ðxÞ ¼ ebcsnb
owk

oxc
¼ ebcsebijg1ig2j

owk

oxc
J�1

¼ ðdicdjs � disdjcÞg1ig2j
owk

oxc
J�1

¼ owk

og1

g2s �
owk

og2

g1s

� �
J�1 ð22Þ

the dependence on the sole in-plane components of the
argument function gradient is highlighted.

B
Domain partition for the singular integration cases

B.1
Quadrilateral coincident elements: domain partition
A somewhat unorthodox notation will be employed for
parameter domains (treated as functions of suitable
cartesian coordinates). The symbol Dð~gg1; ~gg2; g1; g2Þ

denotes a four-dimensional polyhedron collecting all the
points f~gg1; ~gg2; g1; g2g spanned by the multivariate inte-
gral in Eq. (4). Let us introduce the relative variables
u1 � g1 � ~gg1, u2 � g2 � ~gg2. The singularity in Eq. (4) is
activated whenever u1 ¼ u2 ¼ 0, being the integrand
regular with respect to ~gg1; ~gg2. The domain D is now
expressed in terms of ~gg1; ~gg2; u1; u2 and algebraic
manipulations are performed in order to render the
inequalities concerning u1; u2 the outermost ones (so
exchanging the integration order) and to provide a
partition of D into subdomains sharing the point
u1 ¼ u2 ¼ 0.

Dcð~gg1;~gg2;g1;g2Þ �

0 � ~gg1 � 1

0 � ~gg2 � 1

0 � g1 � 1

0 � g2 � 1

8>>><
>>>:

¼

0 � ~gg1 � 1

�~gg1 � u1 � 1 � ~gg1

0 � ~gg2 � 1

0 � g2 � 1

8>>><
>>>:

�

0 � u1 � 1

0 � ~gg1 � 1 � u1

0 � ~gg2 � 1

0 � g2 � 1

8>>><
>>>:

[

0 � �u1 � 1

�u1 � ~gg1 � 1

0 � ~gg2 � 1

0 � g2 � 1

8>>><
>>>:

�Dc
1 [Dc

2 ð23Þ
Here the Transformation C of Appendix C has been ex-
ploited (s ¼ ~gg1; t ¼ u1). In Appendix D it is shown that
Dc

2ð~gg1; ~gg2; g1; g2Þ= Dc
1ðg1; ~gg2; ~gg1; g2Þ, i.e. Dc

2 coincides with
Dc

1 provided that ~gg1 is exchanged with g1 (and, hence, u1

with �u1). The above statement of equivalence must be
understood as follows: let us imagine two reference sys-
tems (with superscripts a and b respectively) in the four-
dimensional space sharing the same origin and oriented
such that the ~gga

1 axis coincides with the gb
1 axis, ga

1 with ~ggb
1,

~gga
2 with ~ggb

2, ga
2 with gb

2 and so on. Hence, domain Dc
1

(imagined plotted in the reference system a) coincides
with Dc

2 (imagined plotted in the reference system b). Only
Dc

1 will be considered hereafter and the conclusions ex-
tended immediately to Dc

2. Once expressed in terms of
u2; ~gg2, the domain Dc

1 is further partitioned into Dc
11 and

Dc
12 exploiting once again Transformation C in Appendix

C:

Dc
1 ¼

0 � u1 � 1

0 � ~gg1 � 1 � u1

0 � ~gg2 � 1

�~gg2 � u2 � 1 � ~gg2

8>>><
>>>:

¼

0 � u1 � 1

0 � ~gg1 � 1 � u1

0 � u2 � 1

0 � ~gg2 � 1 � u2

8>>><
>>>:

[

0 � u1 � 1

0 � ~gg1 � 1 � u1

0 � �u2 � 1

�u2 � ~gg2 � 1

8>>><
>>>:

¼ Dc
11 [Dc

12 ð24Þ
Also in this case it can be verified that Dc

12ð~gg1; ~gg2; g1; g2Þ=
Dc

11ð~gg1; g2; g1; ~gg2Þ, i.e. the two domains formally coincide if
~gg2 and g2 are exchanged. Let us focus on Dc

11ð~gg1; ~gg2; g1; g2Þ.
The singular point u1 ¼ u2 ¼ 0 is a vertex for the square
0 � u1; u2 � 1.
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The square is partitioned into two triangles separated
by the diagonal u1 ¼ u2 as shown in Fig. 12:

Dc
11 ¼

0 � u1 � 1

0 � u2 � u1

0 � ~gg1 � 1 � u1

0 � ~gg2 � 1 � u2

8>>><
>>>:

[

0 � u1 � 1

u1 � u2 � 1

0 � ~gg1 � 1 � u1

0 � ~gg2 � 1 � u2

8>>><
>>>:

� Dc
111 [Dc

112 ð25Þ

Subdomain Dc
112 coincides with Dc

111 when exchanging
g1; ~gg1 with g2; ~gg2. As a conclusion, the original domain Dc

is obtained as the union of 8 ‘‘rotated’’ subdomains:

D � Dc
111ð~gg1; ~gg2; g1; g2Þ [Dc

111ð~gg1; g2; g1; ~gg2Þ
[Dc

111ðg1; g2; ~gg1; ~gg2Þ [Dc
111ðg1; ~gg2; ~gg1; g2Þ

[Dc
111ð~gg2; ~gg1; g2; g1Þ [Dc

111ðg2; ~gg1; ~gg2; g1Þ
[Dc

111ðg2; g1; ~gg2; ~gg1Þ [Dc
111ð~gg2; g1; g2; ~gg1Þ ð26Þ

B.2
Quadrilateral and triangular elements with common
edge: domain partition
As shown in Fig. 2, the master elements for a triangular
element collecting the field points and a quadrilateral
element collecting the source points are:

De �

0 � ~gg1 � 1

0 � ~gg2 � 1

0 � g1 � 1

0 � g2 � g1

8>>><
>>>:

¼

0 � g2 � u1 þ ~gg1

�~gg1 � u1 � 1 � ~gg1

0 � ~gg1 � 1

0 � ~gg2 � 1

8>>><
>>>:

ð27Þ

The relative variable u1 ¼ g1 � ~gg1 has been introduced, so
that the singularity in the integrand becomes active for
u1 ¼ g2 ¼ ~gg2 ¼ 0, (the behaviour with respect to variable
~gg1 is regular). We intend to exchange the order of the
inequalities such that the integration with respect to
variable ~gg1 becomes the innermost. This is achieved
partitioning the domain De as follows:

De �

0 � g2 � u1 þ ~gg1

0 � ~gg1 � 1 � u1

0 � u1 � 1

0 � ~gg2 � 1

8>>><
>>>:

[

0 � g2 � u1 þ ~gg1

�u1 � ~gg1 � 1

�1 � u1 � 0

0 � ~gg2 � 1

8>>><
>>>:

� De
1 [De

2 ð28Þ

Subdomain De
1 will be partitioned once more

De
1 ¼

0 � ~gg1 � 1 � u1

0 � g2 � u1

0 � u1 � 1

0 � ~gg2 � 1

8>>><
>>>:

[

�u1 þ g2 � ~gg1 � 1 � u1

u1 � g2 � 1

0 � u1 � 1

0 � ~gg2 � 1

8>>><
>>>:

� De
11 [De

12 ð29Þ
while subdomain De

2 is rewritten as follows:

De
2 ¼

�u1 þ g2 � ~gg1 � 1

0 � g2 � 1 þ u1

�1 � u1 � 0

0 � ~gg2 � 1

8>>><
>>>:

� De
21 ð30Þ

Hence the original domain De is expressed as the union of
the three subdomains defined by Eqs. (29) and (30):

De � De
11 [De

12 [De
21 ð31Þ

For each of them, the variable ~gg1 results to be involved in
the innermost inequality. In order to cancel the singularity
in the integrand, Duffy coordinates are introduced for
variables u1, g2, ~gg2, after a new preliminary subdivision of
all the domains in Eq. (31):

De
11 ¼

0 � ~gg1 � 1 � u1

0 � g2 � u1

0 � ~gg2 � u1

0 � u1 � 1

8>>><
>>>:

[

0 � ~gg1 � 1 � u1

0 � g2 � u1

0 � u1 � ~gg2

0 � ~gg2 � 1

8>>><
>>>:

� De
111 [De

112 ð32Þ

De
12 ¼

�u1 þ g2 � ~gg1 � 1 � u1

0 � u1 � g2

0 � ~gg2 � 1

0 � g2 � 1

8>>><
>>>:

ð33Þ

¼

0 � g1 � g2 � 1 � g2

0 � u1 � g2

0 � ~gg2 � g2

0 � g2 � 1

8>>><
>>>:

[

0 � g1 � g2 � 1 � g2

0 � u1 � g2

0 � g2 � ~gg2

0 � ~gg2 � 1

8>>><
>>>:

� De
121 [De

122 ð34Þ

De
2 ¼

c � ~gg1 � 1

�c � u1 � 0

0 � ~gg2 � 1

0 � c � 1

8>>><
>>>:

ð35Þ

¼

0 � ~gg1 � c � 1 � c

�c � u1 � 0

0 � ~gg2 � c

0 � c � 1

8>>><
>>>:

[

0 � ~gg1 � c � 1 � c

�c � u1 � 0

0 � c � ~gg2

0 � ~gg2 � 1

8>>><
>>>:

� De
21 [De

22 ð36Þ

In the last decomposition the new variable c ¼ �u1 þ g2

has been introduced, in order to simplify the application

Fig. 12. Partition of the square
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of Duffy coordinates transformation. The domain De has
been decomposed into six subdomains:

De � De
111 [De

112 [De
121 [De

122 [De
21 [De

22 ð37Þ

When the roles of the elements are exchanged, i.e. field
points span a quadrilateral element and source points
a triangular element, the 4-D integration domain turns
out to be

D̂De �

0 � ~gg1 � 1

0 � ~gg2 � ~gg1

0 � g1 � 1

0 � g2 � 1

8>>><
>>>:

ð38Þ

It is easy to recognize that

D̂Def~gg1; ~gg2; g1; g2g ¼ Defg1; g2; ~gg1; ~gg2g
and hence the domain partition strategy flows directly
from the ones devised above.

B.3
Quadratic and triangular elements with common vertex:
domain partition
Let us consider the case of two adjacent elements sharing
one vertex (triangular field element and quadrilateral
source element) as in Fig. 2; the master elements are
expressed as in the first equality in Eq. (27). The integrand
is singular only if ~gg1 ¼ ~gg2 ¼ g1 ¼ g2 ¼ 0.

The 4-D integration domain is decomposed as follows:

Dv �

0 � g2 � g1

0 � g1 � ~gg1

0 � ~gg2 � ~gg1

0 � ~gg1 � 1

8>>><
>>>:

[

0 � g2 � g1

0 � g1 � ~gg2

0 � ~gg1 � ~gg2

0 � ~gg2 � 1

8>>><
>>>:

[

0 � g2 � g1

0 � ~gg2 � g1

0 � ~gg1 � g1

0 � g1 � 1

8>>><
>>>:

� Dv
1 [Dv

2 [Dv
3 ð39Þ

C
Transformations and equivalence of domains

Transformation A. Let us consider domain A in Fig. 13
in the two dimensional space s; t. The following two sets of
inequalities both define A

Aðs; tÞ ¼
0 � s � 1

0 � t � 1 � s

�
¼

0 � t � 1

0 � s � 1 � t

�
ð40Þ

Transformation B. Similar conclusions hold for domain
B in Fig. 13:

Bðs; tÞ ¼
0 � s � 1

0 � t � s

�
¼

0 � t � 1

t � s � 1

�
ð41Þ

Domains A and B can be mapped onto each other, as the
introduction in A of the variable transformation
~ss ¼ s þ t;~tt ¼ t leads to:

Að~ss�~tt;~ttÞ ¼ 0 � ~tt � 1
~tt � ~ss � 1

�
¼ 0 � ~ss � 1

0 � ~tt � ~ss

�
¼Bð~ss;~ttÞ ð42Þ

This expedient is useful to exploit the Duffy coordinates
transformations.

Transformation C. Let us now focus on the domain C in
Fig. 14:

Bðs; tÞ ¼ 0 � s � 1
�s � t � 1 � s

�

The quadrangle C can be equivalently expressed as the
union of two triangles C1 [ C2.

D
Equivalence of Dc

2ð~gg1; ~gg2; g1; g2Þ and Dc
1ðg1; ~gg2; ~gg1; g2Þ

Let us consider the two subdomains in Eq. (23) and focus
on the first two inequalities in Dc

2. Denoting
~uu1 ¼ ~gg1 � g1 ¼ �u1:

0 � �u1 � 1

�u1 � ~gg1 � 1

�
�

0 � ~uu1 � 1

~gg1 � g1 � ~gg1 � 1

�

�
0 � ~uu1 � 1

0 � g1 � 1 � ~uu1

�
ð43Þ

If u1 and ~uu1 are exchanged, Eq. (43) transforms into the
first two inequalities defining Dc

1 in Eq. (23), which com-
pletes the proof.
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