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Abstract In this paper, an iterative algorithm based on the
conjugate gradient method (CGM) in combination with
the boundary element method (BEM) for obtaining stable
approximate solutions to the Cauchy problem for Helm-
holtz-type equations is analysed. An efficient regularising
stopping criterion for CGM proposed by Nemirovskii [25]
is employed. The numerical results obtained confirm that
the CGM + BEM produces a convergent and stable
numerical solution with respect to increasing the number
of boundary elements and decreasing the amount of noise
added into the input data.
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1
Introduction
The Helmholtz equation arises naturally in many physical
applications related to wave propagation and vibration
phenomena. It is often used to describe the vibration of a
structure [1], the acoustic cavity problem [2], the radiation
wave [3] and the scattering of a wave [4]. Another im-
portant application of the Helmholtz equation is the
problem of heat conduction in fins, see e.g. Kern and
Kraus [5] and Manzoor et al. [6].

The knowledge of the Dirichlet, Neumann or mixed
boundary conditions on the entire boundary of the solu-
tion domain gives rise to direct problems for the Helm-
holtz equation which have been extensively studied in the
literature. For example, Niwa et al. [8] have studied the

solution to the Helmholtz equation using the complex
valued boundary element method (BEM). De Mey [9] has
proposed a simplified formulation which used the real part
of the complex valued fundamental solution to construct
the real part BEM for the Helmholtz equation. Hutchinson
[10] has used the real part BEM in order to solve the
vibration problems of a membrane. Later, other real-val-
ued formulations have been developed, e.g. the multiple
reciprocity method (MRBEM) [11, 12, 13] and the dual
reciprocity method (DRBEM) [14, 15, 16].

The well-posedness of the direct problems of the
Helmholtz equation via the removal of the eigenvalues of
the Laplacian operator is well established, see e.g. Chen
and Zhou [17]. Unfortunately, many engineering problems
do not belong to this category. In particular, the boundary
conditions are often incomplete, either in the form of
underspecified and overspecified boundary conditions on
different parts of the boundary or the solution is pre-
scribed at some internal points in the domain. These are
inverse problems, and it is well known that they are gen-
erally ill-posed, i.e. the existence, uniqueness and stability
of their solutions are not always guaranteed.

There are important studies of the Cauchy problem for
the Helmholtz equation in the literature. Unlike in direct
problems, the uniqueness of the Cauchy problem is
guaranteed without the necessity of removing the eigen-
values for the Laplacian. However, the Cauchy problem
suffers from the non-existence of the solution and con-
tinuous dependence on the input data. A BEM-based
acoustic holography technique using the singular value
decomposition (SVD) for the reconstruction of sound
fields generated by irregularly shaped sources has been
developed by Bai [18]. The vibrational velocity, sound
pressure and acoustic power on the vibrating boundary
comprising an enclosed space have been reconstructed by
Kim and Ih [19] who have used the SVD in order to obtain
the inverse solution in the least-squares sense and to
express the acoustic modal expansion between the
measurement and source field. Wang and Wu [20] have
developed a method employing the spherical wave
expansion theory and a least-squares minimisation to
reconstruct the acoustic pressure field from a vibrating
object and their method has been extended to the recon-
struction of acoustic pressure fields inside the cavity of a
vibrating object by Wu and Yu [21]. Recently, DeLillo
et al. [22] have detected the source of acoustical noise
inside the cabin of a midsize aircraft from measurements
of the acoustical pressure field inside the cabin by solving
a linear Fredholm integral equation of the first kind.
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In this paper, we apply a variational method for solving
the Cauchy problem for Helmholtz-type equations in a
two-dimensional geometry by considering the solution on
the underspecified boundary as a control in a direct mixed
well-posed problem while trying to fit the Cauchy data on
the overspecified boundary. In doing so, we attempt to
minimise a functional relating the discrepancies between
the known and calculated values of the data on the over-
specified boundary following a technique similar to that
used by Hào and Lesnic [23] and Marin et al. [24] for the
Cauchy problem for the Laplace equation and the Lamé
system, respectively. We prove that this functional is twice
Fréchet differentiable and a formula for the gradient of the
functional is obtained via some appropiate adjoint prob-
lems. Since the minimisation problem contains almost all
the properties of the Cauchy problem it still remains ill-
posed. The conjugate gradient method (CGM), with a
stopping rule proposed by Nemirovskii [25], is therefore
employed. This method is known to have an optimal order
convergence rate, see Nemirovskii [25]. The numerical
implementation of the CGM is based on the BEM.

2
Mathematical formulation
Consider an open bounded domain X � Rd, where d is the
dimension of the space in which the problem is posed,
usually d 2 f1; 2; 3g, and assume that X is bounded by a
surface C ¼ oX 2 C1. We also assume that the boundary
consists of two parts, C ¼ C1 [ C2, where C1, C2 6¼ ; and
C1 \ C2 ¼ ;.

Referring to heat transfer for the sake of the physical
explanation, we assume that the temperature field TðxÞ
satisfies the Helmholtz-type equation in the domain X,
namely

LTðxÞ � ðDþK2ÞTðxÞ ¼ 0; x 2 X ; ð1Þ
where K ¼ aþ ib 2 C, i ¼

ffiffiffiffiffiffi
�1

p
, a ¼ 0 and b 2 R. For

example, Eq. (1) models the heat conduction in a fin, see
e.g. Kern and Kraus [5], Manzoor et al. [6] and Lin and
Jang [7], where T is the dimensionless local fin tempera-
ture, b2 ¼ h=ð~kktÞ, h is the surface heat transfer coefficient

[W/(m2 K)], ~kk is the thermal conductivity of the fin
[W/(m K)] and t is the half-fin thickness [m]. The varia-
tional method described in the next section is also valid in
the case when K is real, i.e. a 2 R and b ¼ 0.

Let nðxÞ be the outward unit normal vector at C and
oT
on ðxÞ � ðrT � nÞðxÞ be the flux at a point x 2 C. In the
direct problem formulation, the knowledge of the tem-
perature and/or flux on the whole boundary C gives the
corresponding Dirichlet, Neumann, or mixed boundary
conditions which enables us to determine the temperature
distribution in the domain X. If it is possible to measure
both the temperature and the flux on a part of the
boundary C, say C2, then this leads to the mathematical
formulation of an inverse problem consisting of equation
(1) and the boundary conditions

TðxÞ ¼ ~TTðxÞ; oT

on
ðxÞ ¼ ~UUðxÞ; x 2 C2 ; ð2Þ

where ~TT and ~UU are prescribed functions. In the above
formulation of the boundary conditions (2), it can be seen

that the boundary C2 is overspecified by prescribing both
the temperature TjC2

and the flux oT=onjC2
, whilst the

boundary C1 is underspecified since both the temperature
TjC1

and the flux oT=onjC1
are unknown and have to be

determined. It should be noted that the problem studied in
this paper is of practical importance. For example, the
Cauchy problem (1) and (2), where K 2 CnR, represents
the mathematical model for the heat conduction in plate
finned-tube heat exchangers, see [5, 6, 7], for which the
temperature and the flux can be measured at some points
on the fin, whilst both the temperature and the flux are
unknown at the fin base or, equivalently, in the tubes.

This problem, termed the Cauchy problem, is much
more difficult to solve both analytically and numerically
than the direct problem, since the solution does not satisfy
the general conditions of well-posedness. In addition, it
should be stressed that the Dirichlet, Neumann or mixed
direct problems associated to equation (1) do not always
have a unique solution due to the eigensolutions, see Chen
and Zhou [17]. However, the Cauchy problem given by
equations (1) and (2) has a unique solution based on the
analytical continuation property. Although this problem
has a unique solution, it is well known that this solution is
unstable with respect to small perturbations in the data on
C2, see e.g. Hadamard [26]. Thus the problem under in-
vestigation is ill-posed and we cannot use a direct ap-
proach, such as the Gauss elimination method, in order to
solve the system of linear equations which arises from the
discretisation of the partial differential equations (1) and
the boundary conditions (2). Therefore, knowing the exact
data ~TT and ~UU on the boundary C2, we apply a variational
method to the aforementioned Cauchy problem.

3
Variational method
The Cauchy problem under investigation is given by
Eqs. (1) and (2), where ~TT 2 L2ðC2Þ, ~UU 2 L2ðC2Þ and T is
sought in H1=2ðXÞ. We note that ~UU 2 H�1ðC1Þ is sufficient
for this variational method. Let us denote by cjf the trace
of a function f determined in X over Cj, j ¼ 1; 2. First we
solve the direct problem

LTðxÞ ¼ 0; x 2 X

c1TðxÞ ¼ vðxÞ; x 2 C1

c2
oT
on ðxÞ ¼ ~UUðxÞ; x 2 C2

8><
>: ð3Þ

with v 2 H1=2ðC1Þ. If we denote by T ¼ Tðv; ~UUÞ the solu-
tion to the problem (3) and define the linear operator

A : H1=2ðC1Þ�!L2ðC2Þ; v�!Av � c2Tðv; ~UUÞ ; ð4Þ
then we aim to find v 2 H1=2ðC1Þ such that

Av � c2Tðv; ~UUÞ ¼ ~TT : ð5Þ
To do so, we attempt to minimise the functional

J : H1=2ðC1Þ�!½0;1Þ;

v�!JðvÞ � 1
2kAv� ~TTkL2ðC2Þ

¼ 1
2kc2Tðv; ~UUÞ � ~TTkL2ðC2Þ ð6Þ

with respect to v 2 H1=2ðC1Þ, i.e.
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Find v� 2 H1=2ðC1Þ such that Jðv�Þ ¼ min
v2H1=2ðC1Þ

JðvÞ :

ð7Þ
We note that since v 2 H1=2ðC1Þ, ~UU 2 L2ðC2Þ and C 2 C1

there is a unique solution Tðv; ~UUÞ 2 H1=2ðXÞ of the direct
problem (3), see e.g. Lions and Magenes [27]. Thus
Av � c2Tðv; ~UUÞ 2 L2ðC2Þ and hence expression (5) is
meaningful.

In what follows we need the following result on Green’s
formula:

Consider now the problem

LWðxÞ ¼ 0; x 2 X
c1WðxÞ ¼ 0; x 2 C1

c2
oW
on ðxÞ ¼ qðxÞ; x 2 C2

8<
: ð8Þ

with q 2 L2ðC2Þ.

Lemma 1 Let T and W be the solutions of the problems
(3) and (8), respectively. ThenZ

C1

c1

oW
on
ðxÞvðxÞdCðxÞ þ

Z
C2

qðxÞc2TðxÞdCðxÞ

¼
Z

C2

~UUðxÞc2WðxÞdCðxÞ : ð9Þ

Proof: We note that since q 2 L2ðC2Þ, then W 2 H3=2ðXÞ
and hence, c1oW=on 2 L2ðC1Þ. It follows that relation (9) is
meaningful in the classical sense. This can be proved in the
framework of distribution theory, see e.g. Lions and
Magenes [27], but an alternative proof is given here.

Let vðnÞ 2 H1ðC1Þ be a sequence such that vðnÞ�!v in
H1=2ðC1Þ. We denote by TðnÞ ¼ TðvðnÞ; ~UUÞ the solution of
the problem (3) with v ¼ vðnÞ. It can be proved, see e.g.
Lions and Magenes [27], that TðnÞ 2 H3=2ðXÞ and TðnÞ�!T
in H1=2ðXÞ. It follows that c2TðnÞ�!c2T in L2ðC2Þ. Since
W 2 H3=2ðXÞ, we have

0 ¼
Z

X
LTðnÞðxÞWðxÞdXðxÞ

¼
Z

C

oTðnÞ

on
ðxÞWðxÞdCðxÞ

�
Z

X

�
oTðnÞ

oxj
ðxÞ oW

oxj
ðxÞ �K2TðnÞðxÞWðxÞ

�
dXðxÞ

¼
Z

C1

c1

oTðnÞ

on
ðxÞc1WðxÞdCðxÞ

þ
Z

C2

c2

oTðnÞ

on
ðxÞc2WðxÞdCðxÞ

�
Z

X

�
oTðnÞ

oxj
ðxÞ oW

oxj
ðxÞ �K2TðnÞðxÞWðxÞ

�
dXðxÞ :

ð10Þ
If we now substitute the boundary conditions from both
problems (3) and (8) into the surface integrals in (10), we
obtain

Z
X

oTðnÞ

oxj
ðxÞ oW

oxj
ðxÞ �K2TðnÞðxÞWðxÞ

� �
dXðxÞ

¼
Z

C2

~UUðxÞc2WðxÞdCðxÞ : ð11Þ

In a similar manner, since TðnÞ 2 H3=2ðXÞ, we have

0 ¼
Z

X
LWðxÞTðnÞðxÞdXðxÞ

¼
Z

C

oW
on
ðxÞTðnÞðxÞdCðxÞ

�
Z

X

�
oTðnÞ

oxj
ðxÞ oW

oxj
ðxÞ �K2TðnÞðxÞWðxÞ

�
dXðxÞ

¼
Z

C1

c1

oW
on
ðxÞc1TðnÞðxÞdCðxÞ

þ
Z

C2

c2

oW
on
ðxÞc2TðnÞðxÞdCðxÞ

�
Z

X

�
oTðnÞ

oxj
ðxÞ oW

oxj
ðxÞ �K2TðnÞðxÞWðxÞ

�
dXðxÞ :

ð12Þ
If we now substitute the boundary conditions from both
problems (3) and (8) into the surface integrals in (12), we
obtainZ

X

oTðnÞ

oxj
ðxÞ oW

oxj
ðxÞ �K2TðnÞðxÞWðxÞ

� �
dXðxÞ

¼
Z

C1

c1

oW
on
ðxÞvðnÞðxÞdCðxÞ

þ
Z

C2

qðxÞc2TðnÞðxÞdCðxÞ : ð13Þ

From relations (11) and (13), we obtainZ
C1

c1

oW
on
ðxÞvðnÞðxÞdCðxÞ þ

Z
C2

qðxÞc2TðnÞðxÞdCðxÞ

¼
Z

C2

~UUðxÞc2WðxÞdCðxÞ : ð14Þ

Letting n�!1 in (14) we establish relation (9) and hence
Lemma 1 is proved. (

Now we are in a position to consider the variational
problem. The first result concerning the approximate
controllability is as follows:

Theorem 1 The set c2Tðv; ~UUÞjv 2 H1=2ðC1Þ
	 


is dense in
L2ðC2Þ, i.e. the Cauchy problem (1) and (2) is solvable in
H1=2ðXÞ for almost all ~TT; ~UU 2 L2ðC2Þ.

Proof: Let g 2 L2ðC2Þ be such thatZ
C2

c2Tðv; ~UUÞðxÞgðxÞdCðxÞ ¼ 0; 8v 2 H1=2ðC1Þ :

ð15Þ
Let Wð0; gÞ be the solution of the problem (8) with q ¼ g.
Then we have c2W 2 L2ðC2Þ. From Green’s formula (9) and
expression (15) we obtain
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Z
C1

c1

oWð0; gÞ
on

ðxÞvðxÞdCððxÞ

¼
Z

C2

~UUðxÞc2Wð0; gÞðxÞdCðxÞ; 8v 2 H1=2ðC1Þ :

ð16Þ
Replacing v with �v in (16), we obtain

�
Z

C1

c1

oWð0; gÞ
on

ðxÞvðxÞdCððxÞ

¼
Z

C2

~UUðxÞc2Wð0; gÞðxÞdCðxÞ; 8v 2 H1=2ðC1Þ :

ð17Þ
Equations (16) and (17) imply thatZ

C1

c1

oWð0; gÞ
on

ðxÞvðxÞdCððxÞ ¼ 0; 8v 2 H1=2ðC1Þ

and hence we have

c1

oWð0; gÞ
on

ðxÞ ¼ 0; x 2 C1 :

Thus, the function Wð0; gÞ 2 H3=2ðXÞ satisfies the problem
given by (1) and the boundary conditions c1Wð0; gÞðxÞ ¼
c1oWð0; gÞ=onðxÞ ¼ 0, x 2 C1. From a uniqueness theorem
for the Cauchy problem of the Helmholtz equation, it
follows that Wð0; gÞ � 0 and therefore c2Wð0; gÞðxÞ ¼
gðxÞ ¼ 0, x 2 C2. Thus the theorem is proved. (

Furthermore, we have the following result:

Corollary 1

inf
v2H1=2 C1ð Þ

JðvÞ ¼ 0 :

Theorem 2 The functional JðvÞ is twice Fréchet differen-
tiable and is strictly convex. Moreover, its first gradient has
the form

J 0ðvÞ ¼ �c1

oW
on

: ð18Þ

Proof: Let g be a function in H1=2ðC1Þ and denote by
�; �h iL2ðC2Þ the scalar product in the space L2ðC2Þ. Then

using relations (5) and (6) we have

Jðvþ gÞ � JðvÞ ¼ 1

2
kAðvþ gÞ � ~TTk2

L2ðC2Þ

� 1

2
kAv� ~TTk2

L2ðC2Þ

¼ 1

2
kc2Tðvþ g; ~UUÞ � ~TTk2

L2ðC2Þ

� 1

2
kc2Tðv; ~UUÞ � ~TTk2

L2ðC2Þ : ð19Þ

The linearity of the boundary value problems for the
Helmholtz equation implies the validity of the superposi-
tion principle, so that we have Tðvþ g; ~UUÞ ¼ Tðv; ~UUÞþ
Tðg; 0Þ, where we have denoted by Tðg; 0Þ the solution to
the following direct problem

LTðg; 0ÞðxÞ ¼ 0; x 2 X

c1Tðg; 0ÞðxÞ ¼ gðxÞ; x 2 C1

c2
oTðg;0Þ

on ðxÞ ¼ 0; x 2 C2 .

8><
>: ð20Þ

Thus (19) can be written in the following form:

Jðvþ gÞ � JðvÞ ¼
�
c2Tðv; ~UUÞ � ~TT; c2Tðg; 0Þ

�
L2ðC2Þ

þ 1

2
kc2Tðg; 0Þk2

L2ðC2Þ : ð21Þ

Let us consider now the adjoint problem, namely

LWðxÞ ¼ 0; x 2 X

c1WðxÞ ¼ 0; x 2 C1

c2
oW
on ðxÞ ¼ c2Tðv; ~UUÞðxÞ � ~TTðxÞ; x 2 C2 .

8><
>: ð22Þ

Applying Green’s formula (9) to the problems (20) and
(22), we obtain

�
Z

C1

c1

oW
on
ðxÞgðxÞdCðxÞ

¼
Z

C2

�
c2Tðg; 0ÞðxÞ � ~TTðxÞ

�
c2Tðg; 0ÞðxÞdCðxÞ

and, consequently, from (21) we have

Jðvþ gÞ � JðvÞ ¼ �
Z

C1

c1

oW
on
ðxÞgðxÞdCðxÞ

þ 1

2
kc2Tðg; 0Þk2

L2ðC2Þ : ð23Þ

Since Tðg; 0Þ is the solution in H1=2ðXÞ to the problem
(20), then there exists a constant c > 0 such that

kTðg; 0ÞkH1=2ðXÞ � ckgkH1=2ðC1Þ :

It follows immediately that

kc2Tðg; 0Þk2
L2ðC2Þ�!0 as kgkH1=2ðC1Þ�!0

which means that the functional JðvÞ is Fréchet differen-
tiable and its first gradient is given by (18).

Consider now the problem

LuðxÞ ¼ 0; x 2 X

c1uðxÞ ¼ 0; x 2 C1

c2
ou
on ðxÞ ¼ c2Tðg; 0ÞðxÞ; x 2 C2 ,

8><
>: ð24Þ

which has a unique solution in H3=2ðXÞ since c2Tðg; 0Þ 2
L2ðC2Þ. If we apply Green’s formula (9) to the problems
(20) and (24), we obtainZ

C2

c2Tðg; 0ÞðxÞc2Tðg; 0ÞðxÞdCðxÞ

¼ �
Z

C1

c1

ou
on
ðxÞgðxÞdCðxÞ ð25Þ

and it follows that the functional JðvÞ is twice Fréchet
differentiable and its second gradient is given by the for-
mula

J 00ðvÞ � g ¼ �c1

ou
on

:
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In order to prove that the functional JðvÞ is strictly convex,
we first observe that JðvÞ is convex since�

J 00ðvÞ � g; g
�

L2ðC2Þ ¼ �
Z

C1

c1

ou
on
ðxÞgðxÞdCðxÞ

and, according to (25), we have�
J 00ðvÞ � g; g

�
L2ðC2Þ ¼

Z
C2

jc2Tðg; 0ÞðxÞj2dCðxÞ

¼ kc2Tðg; 0Þk2
L2ðC2Þ � 0 :

Further, if
�

J 00ðvÞ � g; g
�

L2ðC2Þ ¼ 0, then c2Tðg; 0ÞðxÞ ¼ 0
and it follows that Tðg; 0Þ satisfies the problem

LTðg; 0ÞðxÞ ¼ 0; x 2 X

c2Tðg; 0ÞðxÞ ¼ 0; x 2 C2

c2
oTðg;0Þ

on ðxÞ ¼ 0; x 2 C2 .

8><
>:
From a theorem on the uniqueness of the Cauchy problem
of the Helmholtz equation, we have that Tðg; 0Þ � 0 in X.
Hence g � 0 and the functional JðvÞ is strictly convex. (

Theorem 3 (i) If there exists a solution v� 2 H1=2ðC1Þ of
the variational problem (7), then it is unique. Furthermore,
Jðv�Þ ¼ 0 and from this it follows that the Cauchy problem
given by equations ð1Þandð2Þ has a unique solution in
H1=2ðXÞ: (ii) If the Cauchy problem given by equations
ð1Þandð2Þ has a unique solution in H1=2ðXÞ; then there
exists a solution v� 2 H1=2ðC1Þ of the variational problem
(7).

Proof: ðiÞ If the variational problem (7) has a solution
v� 2 H1=2ðC1Þ then, according to Corollary 1, Jðv�Þ ¼ 0.
The uniqueness of v� follows from the strict convexity of
the functional J.

(ii) This is obvious. (

4
Conjugate gradient method
As we can calculate the gradient of the functional JðvÞ via
the adjoint problem (22), we can now apply the CGM with
a stopping rule, as proposed by Nemirovskii [25]. First, we
note that due to the linearity of the boundary value
problems of Helmholtz-type equations, the superposition
principle can be applied and, therefore, Tðv; ~UUÞ ¼
Tðv; 0Þ þ Tð0; ~UUÞ.

We define the linear operator

A0 : H1=2ðC1Þ�!L2ðC2Þ; v�!A0v � c2Tðv; 0Þ
and thus we have the following linear equation, which is
equivalent to (5),

A0v � c2


Tðv; ~UUÞ � Tð0; ~UUÞ

�
¼ c2Tðv; ~UUÞ � c2Tð0; ~UUÞ

¼ ~TT � c2Tð0; ~UUÞ � T :

Suppose that instead of ~TT we have only an approximation
of it, say ~TTe 2 L2ðC2Þ such that

k ~TT � ~TTekL2ðC2Þ � e : ð26Þ

In order to solve the Cauchy problem given by (1) and (2)
with noisy data ~TTe, we need to compute A�0ðA0v� TeÞ,
where A�0 is the adjoint of the operator A0 and Te is given
by

Te � ~TTe � c2Tðv; 0Þ :

However, we observe that this is nothing else than the
gradient (18) of the functional (6). Thus the CGM applied
to our problem has the form of the following algorithm:

Step 1. Set k ¼ 0 and choose vð0Þ 2 H1=2ðC1Þ.

Step 2. Solve the direct problem

LTðkÞðxÞ ¼ 0; x 2 X

TðkÞðxÞ ¼ vðkÞðxÞ; x 2 C1

oTðkÞ

on ðxÞ ¼ ~UUðxÞ; x 2 C2

8><
>:
to determine the residual

rðkÞjC2
¼ TðkÞjC2

� ~TTe ¼ ATðkÞ � ~TTe:

Step 3. Solve the adjoint problem

LWðkÞðxÞ ¼ 0; x 2 X

WðkÞðxÞ ¼ 0; x 2 C1

oWðkÞ

on ðxÞ ¼ rðkÞðxÞ; x 2 C2

8>><
>>:
to determine the gradient gðkÞjC1

¼ � oWðkÞ

on jC1
. Calculate

dðkÞ as follows:

dðkÞjC1
¼

gðkÞjC1
; k¼ 0

gðkÞjC1
þ
�
kgðkÞk2

H1=2ðC1Þ=kgðk�1Þk2
H1=2ðC1Þ

�
dðk�1ÞjC1

; k� 1 .

8><
>:

Step 4. Solve the direct problem

LuðkÞðxÞ ¼ 0; x 2 X

uðkÞðxÞ ¼ dðkÞðxÞ; x 2 C1

ouðkÞ

on ðxÞ ¼ 0; x 2 C2

8><
>:

to determine A0dðkÞ ¼ uðkÞjC2
and compute

vðkþ1ÞjC1
¼ vðkÞjC1

þ
�
kgðkÞk2

H1=2ðC1Þ=kA0dðkÞk2
L2ðC2Þ

�
dðkÞjC1

:

Step 5. Set k ¼ kþ 1. Repeat steps 2�4 until a stopping
criterion is prescribed.
As a stopping criterion we choose the one suggested by
Nemirovskii ½25�, namely choose the first k 2 N such that

krðkÞkL2ðC2Þ � de ð27Þ
where d > 1 is a constant which can be taken heuristically
to be 1:1, as suggested by Hanke and Hansen [28]. It fol-
lows from Nemirovskii’s result that the above iterative
procedure converges with an optimal convergence rate to
the exact solution of the problem as the noise level tends to
zero.
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We note that in step 2 we have the following relations

rðkþ1Þ ¼ ATðkþ1Þ � ~TTe ¼
�

A0Tðkþ1Þ þ c2Tð0; ~UUÞ
�
� ~TTe

¼ A0

�
TðkÞ þ

�
kgðkÞk2

H1=2ðC1Þ=kA0dðkÞk2
L2ðC2Þ

�
dðkÞ

�

þ c2Tð0; ~UUÞ � ~TTe

¼
�
kgðkÞk2

H1=2ðC1Þ=kA0dðkÞk2
L2ðC2Þ

�
ðA0dðkÞÞ

þ
�

A0TðkÞ þ c2Tð0; ~UUÞ
�
� ~TTe

¼
�
kgðkÞk2

H1=2ðC1Þ=kA0dðkÞk2
L2ðC2Þ

�
ðA0dðkÞÞ

þ ðATðkÞ � ~TTeÞ

¼
�
kgðkÞk2

H1=2ðC1Þ=kA0dðkÞk2
L2ðC2Þ

�
ðA0dðkÞÞ þ rðkÞ :

Thus we obtain

rðkþ1Þ ¼ rðkÞ þ
�
kgðkÞk2

H1=2ðC1Þ=kA0dðkÞk2
L2ðC2Þ

�
ðA0dðkÞÞ; k � 0

and we note that we have in fact to solve only the two
direct problems in steps 3 and 4 at every iteration, except
for that to determine rð0Þ.

5
Boundary element method
The Helmholtz-type equation (1) can also be formulated in
integral form, see e.g. Chen and Zhou [17], as

cðxÞTðxÞ þ �
Z

C

oEðx; yÞ
onðyÞ TðyÞdCðyÞ

¼
Z

C
Eðx; yÞ oT

on
ðyÞdCðyÞ ð28Þ

for x 2 X ¼ X [ C, where the first integral is taken in the
sense of the Cauchy principal value, cðxÞ ¼ 1 for x 2 X
and cðxÞ ¼ 1=2 for x 2 C (smooth), and E is the funda-
mental solution for the Helmholtz-type equation (1),
which in two-dimensions is given by

Eðx; yÞ ¼ i

4
H
ð1Þ
0

�
Krðx; yÞ

�
: ð29Þ

Here rðx; yÞ represents the distance between the load point
x and the field point y and H

ð1Þ
0 is the Hankel function of

order zero of the first kind. It should be noted that in
practice the boundary integral equation (28) can rarely be
solved analytically and thus a numerical approximation is
required.

A BEM with constant boundary elements is used in
order to solve the intermediate mixed well-posed bound-
ary value problems resulting from the CGM adopted,
which is described in Section 4. Consequently, the
boundary C is approximated by N straight line segments

in a counterclockwise sense along with the temperature
and the flux which are considered to be constant and take
their values at the midpoint, i.e. the collocation point, also
known as the node, of each element. More specifically, we
have

C  
[N
n¼1

Cn; Cn ¼ ½yn�1; yn�; n ¼ 1; . . . ;N

yN ¼ y0; xn ¼ ðyn�1 þ ynÞ=2; n ¼ 1; . . . ;N

ð30Þ

and

TðyÞ ¼ TðxnÞ;
oT

on
ðyÞ ¼ oT

on
ðxnÞ; y 2 Cn; n ¼ 1; . . . ;N :

ð31Þ

By applying the boundary integral equation (28) at each
collocation point xm, m ¼ 1; . . . ;N , and taking into ac-
count the fact that the boundary is always smooth at these
points, we arrive at the following system of linear algebraic
equations

AT ¼ BU ð32Þ
where A and B are matrices which depend solely on the
geometry of the boundary C and the vectors T and U
consist of the discretised values of the temperature and the
flux on the boundary C, namely

TðmÞ ¼ TðxmÞ; UðmÞ ¼ oT

on
ðxmÞ ð33Þ

for m ¼ 1; . . . ;N , and

Aðn;mÞ ¼ dnm=2þ�
Z

Cn

oEðxm; yÞ
onðyÞ dCðyÞ;

Bðn;mÞ ¼
Z

Cn

Eðxm; yÞdCðyÞ
ð34Þ

for xm 2 ~CC and m; n ¼ 1; . . . ;N , where dnm is the Kro-
necker tensor. We note that the sense of the Cauchy
principal value assigned to the first integral in the
boundary integral equation (28) has meaning only when
xm 2 Cn, as in the other cases the integral is non-singular.

If the boundaries C1 and C2 are discretised into N1 and
N2 boundary elements, respectively, such that
N1 þ N2 ¼ N , then Eq. (32) represents a system of N linear
algebraic equations with 2N unknowns. The discretisation
of the boundary conditions (2) provides the values of 2N2

of the unknowns and the problem reduces to solving a
system of N equations with 2N1 unknowns which can be
generically written as

CX ¼ F ð35Þ
where F is computed using the boundary conditions (2),
the matrix C depends solely on the geometry of the
boundary C and the vector X contains the unknown values
of the temperature and the flux on the boundary C1.

6
Numerical results and discussion
In this section, we illustrate the numerical results obtained
using the CGM proposed in Sect. 4 and the BEM described
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in Sect. 5. In addition, we investigate the convergence with
respect to the mesh size discretisation and the number of
iterations when the data is exact and the stability when the
data is perturbed by noise.

6.1
Examples
In order to present the performance of the numerical
method proposed, we solve the Cauchy problem (1) and
(2) in a smooth two-dimensional geometry, namely the
annulus X ¼ fx ¼ ðx1; x2ÞjR2

i < x2
1 þ x2

2 < R2
og, Ri ¼ 0:5

and Ro ¼ 1:0. We assume that the boundary C of the do-
main X is divided into two disjointed parts, namely
C1 ¼ fx 2 Cjx2

1 þ x2
2 ¼ R2

i g and
C2 ¼ fx 2 Cjx2

1 þ x2
2 ¼ R2

og, and the outer boundary C2 is
overspecified by the prescription of both the temperature
and the flux while the inner boundary C1 is underspecified
with both the temperature and the flux unknown.

We consider the following analytical solutions for the
temperature in the domain X:

Example 1. (L � D� b2, b 2 R)

TðanÞðxÞ ¼ expða1x1 þ a2x2Þ; x ¼ ðx1; x2Þ 2 X ;

ð36Þ
where K ¼ aþ ib, a ¼ 0, b ¼ 2:0, a1 ¼ 1:0 and

a2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2

1

q
, which corresponds to a flux on the

boundary C given by

oTðanÞ

on
ðxÞ ¼ a1n1ðxÞ þ a2n2ðxÞð ÞTðanÞðxÞ;

x ¼ ðx1; x2Þ 2 C ;

ð37Þ

and

Example 2. (L � Dþ a2, a 2 R)

TðanÞðxÞ ¼ cosða1x1 þ a2x2Þ; x ¼ ðx1; x2Þ 2 X ;

ð38Þ
where K ¼ aþ ib, a ¼ 2:0, b ¼ 0, a1 ¼ 1:0 and
a2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � a2

1

p
, which corresponds to a flux on the

boundary C given by

oTðanÞ

on
ðxÞ ¼ � a1n1ðxÞ þ a2n2ðxÞð Þ sinða1x1 þ a2x2Þ;

x ¼ ðx1; x2Þ 2 C :

ð39Þ
The Cauchy problems given by Eqs. (1) and (2) for the
aforementioned examples have been solved using the
CGMþBEM with constant boundary elements to provide
the unspecified boundary temperature. The number of
boundary elements used for discretising the boundary C
was taken to be N 2 f40; 80; 160g with N1 ¼ N2 ¼ N=2.
Although not presented here, it should be mentioned that
the boundary flux oTðnumÞ=onjC1

can be computed after
obtaining the boundary temperature TðnumÞjC1

by solving
either a Dirichlet problem, i.e. Eq. (1) with the boundary
conditions TjC1

¼ TðnumÞjC1
and TjC2

¼ ~TTjC2
, or a mixed

boundary value problem, i.e. Eq. (1) with the boundary
conditions TjC1

¼ TðnumÞjC1
and oT=onjC2

¼ ~UUjC2
.

6.2
Direct approach
A good a priori insight into the ill-conditioning of the
system of linear equations (35) is given by the condition
number of the sensitivity matrix C, namely

condC ¼ detðCtrCÞ : ð40Þ
For the test examples considered, the condition numbers
of the sensitivity matrix C were calculated using the NAG
subroutine F03AAF which computes the determinant of a
matrix using Crout factorisation with partial pivoting. The
condition number (40) for N ¼ 20 boundary elements
corresponding to both examples 1 and 2 is Oð10�216Þ.
When the number of boundary elements exceeds N ¼ 20
then the condition numbers are even smaller and the value
of the determinant (40) is too small to be stored in the
computer. Therefore, a direct approach to the problem
produces a highly unstable solution and this is a reason
why other methods, such as the method presented here,
have to be employed.

An arbitrary function vð0Þ 2 H1=2ðC1Þ may be specified
as an initial guess for the temperature on C1. For the ex-
amples considered, this initial guess has been chosen as

vð0ÞðxÞ ¼ 0; x 2 C1 ; ð41Þ
and this choice ensures that the initial guess is not too
close to the exact values TðanÞ.

6.3
Convergence of the algorithm
In order to investigate the convergence of the proposed
CGMþBEM algorithm, at every iteration we evaluate the
accuracy errors defined by

eT ¼ kTðkÞ � TðanÞkH1=2ðC1Þ;

ET ¼ kATðkÞ � TðanÞkL2ðC2Þ ;
ð42Þ

where TðkÞ is the temperature on the boundary C1 re-
trieved after k iterations, the linear operator A is given by
Eq. (4) and each iteration consists of solving three direct,
mixed, well-posed problems as described in Sect. 4.

Figure 1(a) and (b) show the accuracy errors eT and ET ,
respectively, as functions of the number of iterations, k,
obtained for the Cauchy problem given by example 1 for
N 2 f40; 80; 160g boundary elements when using ‘‘exact
boundary data’’ for the inverse problem, i.e. boundary
data obtained by solving a direct well-posed problem,
namely

LTðxÞ ¼ 0; x 2 X
oT
on ðxÞ ¼ oTðanÞ

on ðxÞ; x 2 C1

TðxÞ ¼ TðanÞðxÞ; x 2 C2 .

8<
: ð43Þ

From these figures it can be seen that both errors eT and
ET keep decreasing, even after a large number of iterations,
e.g. k ¼ 1000. Furthermore, for example 1, N � 40 ensures
a sufficient discretisation for the accuracy to be achieved.
It should also be noted that the pattern of the convergence
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process, with sharp decreases followed by flat portions is
common to conjugate gradient methods, see e.g. Hào and
Lesnic [23] and Marin et al. [24]. Similar results have been
obtained for the Cauchy problem given by example 2 and
therefore they are not presented herein.

The numerical solutions for the temperature TjC1

obtained after k ¼ 1000 iterations for the Cauchy prob-
lems given by examples 1 and 2 are presented in Figure
2(a) and (b), respectively. From these figures, it can be
seen that the accuracy in predicting the temperature
distribution on the boundary C1 is very good for both
examples considered. Although not illustrated here, an
important conclusion is reported, namely that the nu-
merical solution for the temperature TjC1

is more accurate
for the Cauchy problem in an annulus, i.e. examples 1 and
2, than for the Cauchy problem in a disk, see e.g. Hào and
Lesnic [23] and Marin et al. [24]. The reason for this is
that C1 \ C2 ¼ ; in the case of examples 1 and 2, whilst

C1 \ C2 6¼ ; in the case of a disk, i.e. there exist two points
where the constant BEM changes to mixed boundary
conditions. It is well known, see e.g. Fichera [29] and
Schiavone [30], that the gradient of the temperature T
possesses singularities at the points where the data
changes from temperature boundary conditions to flux
boundary conditions, even if the temperature and the flux
data are of class C1. Consequently, the classical solution
for the temperature T cannot be smooth, although its
smoothness can be improved if the temperature and the
flux data are required to satisfy an increasing number
(increasing with smoothness) of additional conditions, see
also Wendland et al. [31]. Nevertheless, in the numerical
implementation one may use linear boundary elements to
enforce a smooth temperature across the junctions C1 \ C2

or, even better, weighted functions at each iteration of the

Fig. 1. The errors (a) eT ¼ kTðkÞ � TðanÞkH1=2ðC1Þ, and (b)
ET ¼ kATðkÞ � TðanÞkL2ðC2Þ as functions of the number of itera-
tions, k, obtained with N ¼ 40ð� � �Þ, N ¼ 80 (– –), and N ¼ 160
(—) constant boundary elements, for the Cauchy problem con-
sidered in example 1

Fig. 2. The analytical solution TðanÞ (—) and the numerical so-
lution obtained with N ¼ 40 (.), N ¼ 80 (n), and N ¼ 160ð!Þ
constant boundary elements, on the underspecified boundary C1,
for the Cauchy problem considered in (a) example 1, and (b)
example 2
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algorithm in order to cancel the singularity, but this will be
investigated in a future work.

For the Cauchy problem investigated in this paper, it
was found that the proposed CGMþBEM algorithm pro-
duces an accurate and convergent numerical solution for
the missing boundary temperature with respect to in-
creasing the number of iterations, k, and the number of
boundary elements, N , provided that exact input data is
used. However, exact data is seldom available in practice
since measurement errors always include noise in the
prescribed boundary conditions and this is investigated
next.

6.4
Stability of the algorithm
Once the convergence with respect to increasing k of the
numerical solution to the exact solution has been estab-
lished, we fix N ¼ 40 and investigate the stability of the

numerical method proposed by perturbing the input
boundary temperature data TjC2

as TjC2
¼ TjC2

þ dT,
where dT is a Gaussian random variable with mean zero
and standard deviation r ¼ ðp=100Þmax

C2

jTj, generated by

the NAG subroutine G05DDF, and p is the percentage of
additive noise included in the input data TjC2

in order to
simulate the inherent measurement errors.

Figure 3(a) and (b) illustrate the accuracy errors eT and
ET , respectively, for various levels of Gaussian noise
p 2 f0; 1; 2g% added into the temperature data TjC2

corresponding to the Cauchy problem given by example 2.
From these figures it can be seen that as p decreases then
both eT and ET decrease. However, the error eT in pre-
dicting the temperature on the underspecified boundary
C1 and the error ET in the residual temperature on the
overspecified boundary C2 decrease up to a certain
iteration number after which they start increasing. If the

Fig. 3. The errors a eT ¼ kTðkÞ � TðanÞkH1=2ðC1Þ, and b
ET ¼ kATðkÞ � TðanÞkL2ðC2Þ as functions of the number of itera-
tions, k, obtained with N ¼ 40 constant boundary elements and
several amounts of noise, namely p ¼ 0% (—), p ¼ 1% (– –) and
p ¼ 2% ð� � �Þ added into the input data ~TTjC2

, for the Cauchy
problem considered in example 2

Fig. 4. The analytical solution TðanÞ (—) and the numerical
solution obtained with N ¼ 40 constant boundary elements and
several amounts of noise p ¼ 0% ð!Þ, p ¼ 1% (n), and p ¼ 2%
(.) added into the input data ~TTjC2

, for the Cauchy problem
considered in a example 1, and b example 2
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iterative process is continued beyond this point then the
numerical solution loses its smoothness and becomes
highly oscillatory and unbounded, i.e. unstable. Therefore,
a regularising stopping criterion, such as Nemirovskii’s
stopping criterion (27), must be used in order to terminate
the iterative process at the point where the error in the
numerical solution starts increasing.

In Figures 4(a) and (b) we present the numerical results
obtained for the temperature T on the boundary C1 for
various levels of noise added into the temperature data on
the boundary C2, namely p 2 f0; 1; 2g, corresponding to
the Cauchy problems given by examples 1 and 2, respec-
tively. From these figures, it can be seen that the numerical
solution is a stable approximation to the exact solution,
free of unbounded and high oscillations. The same con-
clusion can be drawn from Table 1 which presents the
errors eT and ET obtained for the Cauchy problems given
by examples 1 and 2 for various levels of noise added into
the temperature data on C2, as well as the values of e and
the optimal iteration numbers, kN , according to the stop-
ping criterion (27), as suggested by Nemirovskii.

From the numerical results presented in this section, it
can be concluded that Nemirovskii’s stopping criterion
(27) has a regularising effect and the numerical results
obtained by the CGMþBEM algorithm described in Sec-
tion 4 are convergent and stable with respect to refining
the the mesh size discretisation and decreasing the amount
of noise added into the input data, respectively.

7
Conclusions
In this paper, we have formulated the Cauchy problem for
Helmholtz-type equations in a variational form where only
weak requirements for the Cauchy data are required.
Consequently, the solution of the direct problems, as well
as the associated adjoint problems, are defined in a weak
sense and a mathematical analysis has been undertaken.
The variational approach for solving the Cauchy problem
of Helmholtz-type equations needs the gradient of the
minimisation functional, which is provided by the solution
of the adjoint problem.

Due to the explicit representation of the gradient, the
CGM was employed to solve numerically the Cauchy
problem. The algorithm proposed consists of solving three

direct, mixed, well-posed problems for Helmholtz-type
equations at every iteration but because of the linearity of
the problem only two direct solutions are required at
every iteration. In combination with Nemirovskii’s stop-
ping criterion, the CGM is known to be of optimal order
when the data is sufficiently smooth. The numerical im-
plementation of the CGM is accomplished by using the
BEM, which requires the discretisation of the boundary
only. Cauchy problems are inverse boundary value prob-
lems and thus the BEM is a very suitable method for
solving such improperly posed problems. From the dis-
cussion of the results obtained for two benchmark ex-
amples, it can be concluded that the CGM with an
appropriate stopping rule together with the BEM produce
a convergent, stable and consistent numerical solution
with respect to increasing the number of boundary ele-
ments and decreasing the amount of noise added into the
input Cauchy data.
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