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Abstract In this paper a boundary element method is
developed for the nonuniform torsion of simply or mul-
tiply connected prismatic bars of arbitrary cross section.
The bar is subjected to an arbitrarily distributed twisting
moment, while its edges are restrained by the most general
linear torsional boundary conditions. Since warping is
prevented, beside the Saint–Venant torsional shear
stresses, the warping normal and shear stresses are also
computed. Three boundary value problems with respect to
the variable along the beam angle of twist and to the pri-
mary and secondary warping functions are formulated and
solved employing a BEM approach. Both the warping and
the torsion constants using only boundary discretization
together with the torsional shear stresses and the warping
normal and shear stresses are computed. Numerical results
are presented to illustrate the method and demonstrate its
efficiency and accuracy. The magnitude of the warping
shear stresses due to restrained warping is investigated by
numerical examples with great practical interest.

Keywords Nonuniform torsion, Shear stresses, Warping,
Bar, Beam, Twist, Boundary element method

1
Introduction
In engineering practice we often come across the analysis of
members of structures subjected to twisting moments.
Curved bridges, ribbed plates subjected to eccentric loading
or columns laid out irregularly in the interior of a plate due
to functional requirements are most common examples.

When the warping of the cross section of the member is
not restrained the applied twisting moment is undertaken
from the Saint–Venant shear stresses. In this case the angle
of twist per unit length remains constant along the bar.
However, in most cases arbitrary torsional boundary
conditions are applied either at the edges or at any other

interior point of the bar due to construction requirements.
This bar under the action of general twisting loading is
leaded to nonuniform torsion, while the angle of twist per
unit length is no longer constant along it.

Although there is extended literature on the Saint–
Venant torsion problem for homogeneous isotropic pris-
matic bars with simply or multiply connected cross sec-
tions (Haberl and Och, 1974; Marguerre, 1940; Sauer, 1980;
Katsikadelis and Sapountzakis, 1985), relatively little work
has been done on the corresponding problem of nonuni-
form torsion. Especially because of the mathematical
complexity of the problem, the existing analytical solutions
are limited to symmetric cross sections of simple geometry,
loading and boundary conditions (Cornelius, 1951;
Bornscheuer, 1952, 1953; Friemann, 1993; Ramm and
Hofmann, 1995). Moreover, numerical methods such as the
finite element method (Gruttmann et al., 1998; Wagner and
Gruttmann, 2001) or the boundary element method (Chen
et al., 1998; Friedman and Kosmatka, 2000; Sapountzakis,
2000) have also been used for the analysis of the nonuni-
form torsion problem, in the case the geometry of the cross
section, its boundary conditions or its loading are not
simple. In all the aforementioned references the analysis of
the nonuniform torsion problem is not complete, since the
secondary shear stresses due to warping are not evaluated.

In this paper a boundary element method is developed
for the nonuniform torsion of simply or multiply con-
nected prismatic bars of arbitrary cross section. The beam
is subjected to an arbitrarily distributed twisting moment
while its edges are restrained by the most general linear
torsional boundary conditions. The developed method is
an improvement of that presented by Sapountzakis (2000),
since it accomplishes the evaluation of the secondary
warping function leading to the computation of the sec-
ondary shear stresses due to warping. Moreover, the de-
veloped procedure is a pure BEM, since it requires only
boundary discretization. Three boundary value problems
with respect to the variable along the beam angle of twist
and to the primary and secondary warping functions are
formulated and solved employing a BEM approach. Nu-
merical results are presented to illustrate the method and
demonstrate its efficiency and accuracy. The magnitude of
the evaluated warping shear stresses due to restrained
warping necessitates the consideration of these additional
shear stresses near the restrained edges.

2
Statement of the problem
Consider a prismatic bar of length l with a cross section of
arbitrary shape, occupying the two dimensional multiply
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connected region X of the x; y plane bounded by the K þ 1
curves C1;C2; :::;CK ;CKþ1 as shown in Fig. 1.

When the bar is subjected to the arbitrarily distributed
twisting moment mt ¼ mtðzÞ its angle of twist is governed
by the following boundary value problem (Sapountzakis,
2000)

ECM
d4h
dz4

� GIt
d2h
dz2

¼ mt inside the beam ð1Þ

a1h þ a2Mt ¼ a3 ð2aÞ
at the beam ends z ¼ 0; l

b1

dh
dz

þ b2Mb ¼ b3 ð2bÞ

where E, G are the modulus of elasticity and the shear
modulus of the material of the bar; CM and It are the
warping constant and the torsion constant of the beam
cross section, respectively. Moreover, dh=dz denotes the
rate of change of the angle of twist h and it can be regarded
as the torsional curvature, while Mt is the twisting moment
and Mb is the warping moment due to the torsional cur-
vature at the boundary of the beam given as

Mt ¼ MP
t þ MS

t ð3aÞ

Mb ¼ �ECM
d2h
dz2

ð3bÞ

In Eq. (3a) MP
t is the primary twisting moment resulting

from primary shear stress distribution and MS
t is the

secondary twisting moment resulting from secondary shear
stress distribution due to warping (Figs. 2, 3) given as

MP
t ¼ GIt

dh
dz

ð4aÞ

MS
t ¼ �ECM

d3h
dz3

ð4bÞ

Finally, ai, biði ¼ 1; 2; 3Þ are functions specified at the
boundary of the beam.

The boundary conditions (2a, b) are the most general
linear torsional boundary conditions for the beam prob-
lem including also the elastic support. It is apparent that
all types of the conventional torsional boundary condi-
tions (clamped, simply supported, free or guided edge) can
be derived form these equations by specifying appropri-
ately the functions ai and bi (e.g. for a clamped edge it is
a1 ¼ b1 ¼ 1, a2 ¼ a3 ¼ b2 ¼ b3 ¼ 0).

The solution of the boundary value problem given from
Eqs. (1), (2a, b) which represents the nonuniform torsion
of bars presumes the evaluation of the warping and torsion
constants CM and It, respectively, which are given as

CM ¼
Z
X

uP2

M dX ð5aÞ

It ¼
Z
X

x2 þ y2 þ x
ouP

M

oy
� y

ouP
M

ox

� �
dX ð5bÞ

where uP
Mðx; yÞ is the primary warping function with re-

spect to the shear center M of the cross section of the bar,
which can be established by solving independently the
Neumann problem

r2uP
M ¼ 0 in X ð6Þ

o/P
M

on
¼ ynx � xny on C ð7Þ

where r2 ¼ o2=ox2 þ o2=oy2 is the Laplace operator; o=on
denotes the directional derivative normal to the boundary
C and nx, ny the direction cosines.

It is worth noting that in the case the origin O of the
coordinates is a point of the �xx; �yy plane other than the
shear center, the warping function with respect to this
point uP

O is first established from the Neumann problem
(6), (7) substituting uP

M by uP
O. Using the evaluated

warping function uP
O, uP

M is then established using
the transformation given by the following equation
(Marguerre, 1940)

uP
Mðx; yÞ ¼ uOð�xx; �yyÞ � xyM þ yxM þ cP ð8Þ

where x ¼ �xx � �xxM , y ¼ �yy � �yyM, �xxM; �yyM are the coordinates
of the shear center M with respect to Oxy system of co-
ordinates (see Fig. 1) and cP an integration constant. The
latter are given from the solution of the following linear
system of equations (Sapountzakis, 2000)

I�xx�xxM þ Ixy�yyM þ S�xxc P ¼ �R�xx ð9aÞ
Ixy�xxM þ I�yy�yyM � S�yyc P ¼ R�yy ð9bÞ
S�xx�xxM � S�yy�yyM þ Ac P ¼ �R�ss ð9cÞ

Fig. 1. Prismatic bar subjected to a twisting moment a with a
cross section of arbitrary shape occupying the two dimensional
region X b
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where I�xx;I�yy are the moments of inertia of the cross section
with respect to �xx and �yy axes, respectively; Ixy is its product
of inertia; S�xx; S�yy are the static moments of inertia of the
cross section; A is its area; R�xx;R�yy and R�ss are the warping
moments with respect to �xx and �yy axes and the static
warping moment, respectively, given by the following
equations (Sapountzakis, 2000)

R�xx ¼
Z
X

�yyuP
O dX ð10aÞ

R�yy ¼
Z
X

�xxuP
O dX ð10bÞ

R�ss ¼
Z
X

uP
O dX ð10cÞ

Moreover, the basic secondary warping function �uuS
M is

established by solving the Neumann problem

r2 �uuS
M ¼ � E

G

d3h
dz3

uP
M in X ð11Þ

o�uuS
M

on
¼ 0 on C ð12Þ

It is worth noting that the evaluated warping function �uuS
M

due to the solution of the Neumann problem contains an
integration constant cS (parallel displacement of the cross
section along the beam axis), which can be obtained from
(Mokos, 2001)

cS ¼ � 1

A

Z
X

�uuS
M dX ð13Þ

and the main secondary warping function uS
M is given

as

uS
M ¼ �uuS

M þ cS ð14Þ

Finally, the displacement components in the x, y and z
directions are evaluated from the established angle of twist
h using the relations

ux ¼ �yhðzÞ ð15aÞ
uy ¼ xhðzÞ ð15bÞ

uz ¼
dh
dz

uP
Mðx; yÞ ð15cÞ

while the nonzero stress components in the region X are
obtained applying the theory of elasticity in terms of both
the primary uP

M and the secondary uS
M warping functions

as

rz ¼ E
d2h
dz2

uP
Mðx; yÞ ð16aÞ

szx ¼ sP
zx þ sS

zx ¼ G
dh
dz

ouP
M

ox
� y

� �
þ G

ouS
M

ox
ð16bÞ

szy ¼ sP
zy þ sS

zy ¼ G
dh
dz

ouP
M

oy
� x

� �
þ G

ouS
M

oy
ð16cÞ

Fig. 2. Normal and shear
stresses due to warping

Fig. 3. Primary a and secondary b shear
stress distributions
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3
Integral representations – numerical solution

3.1
For the angle of twist h
The evaluation of the angle of twist h is accomplished
using BEM as this is presented in Sapountzakis (2000).

3.2
For the primary warping function uP

M
The integral representations and the numerical solution
for the angle of twist h assume that the warping and the
torsion constants CM and It, respectively, given from Eqs.
(5a, b) are already established. Equations (5a, b) indicate
that the evaluation of the aforementioned constants pre-
sumes that both the primary warping function uP

M and its
derivatives with respect to x and y at any interior point of
the domain X of the cross section of the beam are known.
Once uP

M; ouP
M=ox; ouP

M=oy are established CM and It

constants are evaluated by converting the domain integrals
into line integrals along the boundary using the following
relations

CM ¼ �
Z
C

B
ouP

M

on
ds ð17aÞ

It ¼
Z
C

xy2 � yuP
M

� �
nx þ x2y þ xuP

M

� �
ny

� �
ds ð17bÞ

and using constant boundary elements for the approxi-
mation of these line integrals. In Eqs. (17a, b) B is a fic-
titious function defined as the solution of the Neumann
problem

r2B ¼ uP
M in X ð18aÞ

oB

on
¼ 0 on C ð18bÞ

where C ¼ [Kþ1
j¼1 Cj for the case of a multiply connected

region.
Moreover, Eq. (8) can give the primary warping func-

tion uP
M with respect to the shear center M if the warping

function uP
O with respect to the origin of the coordinates is

first established. The evaluation of the warping function
uP

O is accomplished using BEM as this is presented in
Sapountzakis (2000).

Once the warping function uP
O at any point inside the

domain X is established the warping function uP
M with

respect to the shear center M is evaluated using relations
(8) and (9), after converting the domain integrals into line
integrals along the boundary using the following relations

A ¼ 1

2

Z
C

�xxn�xx þ �yyn�yy

� �
ds S�xx ¼

Z
C

xyn�xx ds

S�yy ¼
Z
C

xyn�yy ds ð19a, b, cÞ

I�xx ¼
Z
C

xy2n�xxds I�yy ¼
Z
C

�xx2�yyn�yy ds

Ixy ¼ � 1

4

Z
C

xy �xxn�xx þ �yyn�yy

� �
ds ð19d, e, fÞ

RP
�xx ¼ 1

6

Z
C

�yy2 3n�yy/
P
O � �yy �yyn�xx � �xxn�yy

� �� �
ds ð19gÞ

RP
�yy ¼ 1

6

Z
C

�xx2 3n�xx/
P
O � �xx �yyn�xx � �xxn�yy

� �� �
ds ð19hÞ

Fig. 4. Primary MP
t , secondary MS

t and total Mt

twisting moments along the beam
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RP
�ss ¼ 1

4

Z
C

2/P
O n�xx�xx þ n�yy�yy
� ��

� �xx2 þ �yy2
� �

�yyn�xx � �xxn�yy

� ��
ds

ð19iÞ
Finally, the derivatives of uP

M with respect to x and y at any
interior point for the calculation of the stress resultants
(Eqs. 16) are computed following the procedure presented
in Sapountzakis (2000).

3.3
For the secondary warping function uS

M
Similarly with the primary warping function, for the
evaluation of the main secondary warping function uS

M the
Green identityZ
X

Wr2u�ur2W
� �

dX ¼
Z
C

W
ou
on

�u
oW
on

� �
ds ð20Þ

Fig. 5. Distributions of the primary a and
the secondary b shear stress components
along the boundary of the rectangular
cross section

Fig. 6. Distributions of the primary a and the secondary b shear
stress components in the interior of the rectangular cross section
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when applied to the basic secondary warping function �uuS
M

and to the fundamental solution W given by

W ¼ 1

2p
ln rðP;QÞ; r ¼ P � Qj j; P;Q 2 X ð21Þ

which is a particular singular solution of the equation

r2W ¼ dðP;QÞ ð22Þ
yields

e�uuS
MðPÞ ¼

Z
X

ln rr2 �uuS
M dX

þ
Z
C

�uuS
MðqÞ

cos a
r

� o�uuS
MðqÞ
on

ln r

� �
ds ð23Þ

where e ¼ 2p; p or 0 depending on whether the point P is
inside the domain X, on the boundary C or outside X,
respectively. Using Eqs. (11), (12) the integral represen-
tation (23) is written as

e�uuS
MðPÞ ¼ � E

G

d3h
dz3

Z
X

ln ruP
M dX þ

Z
C

�uuS
MðqÞ

cos a
r

� 	
ds

ð24Þ
Applying once more the Green identity given by Eq. (20),
for the primary warping function uP

M satisfying Eq. (6) and
for the function U defined as

U ¼ 1

8p
r2 ln r � 1ð Þ ð25Þ

satisfying the following equation

r2U ¼ W ð26Þ
the domain integral of Eq. (24) can be converted into a line
integral along the boundary of the cross section and the
integral representation (24) is written as

e�uuS
MðPÞ ¼ � E

4G

d3h
dz3

Z
C

�
uP

MðqÞ 2 ln r � 1ð Þr cos a

� ouP
MðqÞ
on

ln r � 1ð Þr2

�
ds

þ
Z
C

�uuS
MðqÞ

cos a
r

ds ð27Þ

Fig. 7. Steel-I cross section

Fig. 8. Primary MP
t , secondary MS

t and
total Mt twisting moments along the beam
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The values of the function �uuS
M inside the domain X can be

established from the integral representation (27) if �uuS
M is

known on the boundary C. Equation (27) written for the
boundary points of the domain X

p�uuS
Mð pÞ ¼ � E

4G

d3h
dz3

Z
C

�
uP

MðqÞ 2 ln r � 1ð Þr cos a

� ouP
MðqÞ
on

ln r � 1ð Þr2

�
ds

þ
Z
C

�uuS
MðqÞ

cos a
r

ds ð28Þ

where r ¼ p � qj j, p; q 2 C constitutes a system of simul-
taneous linear equations which can be solved with respect
to the unknown boundary quantities �uuS

M. Thus, using
constant boundary elements to approximate the line in-
tegrals along the boundary and a collocation technique the
following linear system of simultaneous algebraic equa-
tions is established

HS
� �

US

 �

¼ FS

 �

ð29Þ
where

US

 �T¼ uS

M

� �
1

uS
M

� �
2


 
 
 uS
M

� �
N


 �
ð30Þ

are the values of the boundary quantities �uuS
M at the nodal

points of the N boundary elements. Moreover, in Eq. (44)
HS½ � and FSf g are square N � N and column N � 1 known

coefficient matrices, respectively.

Once the basic secondary warping function �uuS
M at any

point inside the domain X is established the main sec-
ondary warping function uS

M is evaluated using relations

Fig. 9. Primary a uP
M and secondary b uS

M warping functions of
the I cross section

Fig. 10. Distributions of the primary a and the secondary b shear
stress components along the boundary of the I cross section

Table 1. Torsion It and warping CM constants and maximum
value of the primary warping function uP

M of the I cross section of
Example 2

Thin tubes theory BEM

Torsion constant:
It (m4)

2bt3
f þ ht3

w

3
¼ 2:2387E-4

2.4726E-4

Warping constant:
CM (m6)

tf b3h2

24
¼ 7:1696E-4

7.1251E-4

Maximum value of
the primary warping
function: max uP

M (m2)

bh

4
¼ 1:5556E-1

1.6351E-1
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(13) and (14) after converting the domain integral into
line integral along the boundary using the following re-
lationZ
X

�uuS
M dX ¼ 1

4

Z
C

2�uuS
M nxx þ nyy
� ��

� x2 þ y2
� �

ynx � xny

� ��
ds ð31Þ

Finally, the derivatives of uS
M with respect to x and y at any

interior point for the calculation of the stress resultants
(Eqs. 16) are computed differentiating the integral repre-
sentation of the function uS

M as

ouS
MðPÞ
ox

¼ E

8pG

d3h
dz3

Z
C

�
uP

MðqÞ 2 cos x sin a� 2 ln r � 1ð Þnxð Þ

�ouP
MðqÞ
on

2 ln r � 1ð Þr cos x

�
ds

þ 1

2p

Z
C

uS
MðqÞ

cosðx� aÞ
r2

ds ð32aÞ

Fig. 11. Box shaped cross section

Fig. 12. Primary MP
t , secondary MS

t and
total Mt twisting moments along the beam
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ouS
MðPÞ
oy

¼ E

8pG

d3h
dz3

Z
C

�
uP

MðqÞ 2 sin x sin a� 2 ln r � 1ð Þny

� �

�ouP
MðqÞ
on

2 ln r � 1ð Þr sin x

�
ds

þ 1

2p

Z
C

uS
MðqÞ

sinðx� aÞ
r2

ds ð32bÞ

with a ¼ r; n; r ¼ P � qj j, P 2 X, q 2 C and x ¼ x; r.

4
Numerical examples
On the basis of the analytical and numerical procedures
presented in the previous sections, a computer program

has been written and representative examples have been
studied to demonstrate the efficiency, wherever possible
the accuracy and the range of applications of the devel-
oped method. In all the examples treated the following
data have been used:

Example 1
A cantilever beam of length L ¼ 3:0 m, of rectangular cross
section 0:30 � 0:60 m (E ¼ 3:0 � 106 kN/m2, l ¼ 0:20)
loaded at its free end by a concentrated load P ¼ 2 kN
with eccentricity d ¼ 2:0 m has been studied. In Fig. 4 the
primary MP

t , the secondary MS
t and the total Mt twisting

moments along the beam, while in Figs. 5, 6 the distri-
butions of the primary and the secondary shear stress
components along the boundary and in the interior of the
cross section, respectively are presented. From these fig-
ures, it follows that the maximum secondary shear stress

Fig. 13. Primary a uP
M and secondary b uS

M warping functions of
the box shaped cross section

Fig. 14. Distributions of the primary a and the secondary b shear
stress components along the boundary of the box shaped cross
section

Fig. 15. Slab-and-beams cross section
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due to restrained warping (sS
z;max ¼ 328:62 kN/m2) is of

the same magnitude with the maximum primary shear
stress (sP

z;max ¼ 301:64 kN/m2) and should not be ne-
glected.

Example 2
A cantilever beam of length L ¼ 5:0 m, of a thin-walled
steel-I cross section (E ¼ 2:1 � 108 kN/m2, l ¼ 0:30)
loaded at its free end by a concentrated load P ¼ 2 kN
with eccentricity d ¼ 1=6 m has been studied (see Fig. 7).
In Fig. 8 the primary MP

t , the secondary MS
t and the total

Mt twisting moments along the beam, in Fig. 9 the primary
uP

M and the secondary uS
M warping functions and in Fig. 10

the distributions of the primary and the secondary shear
stress components along the boundary are presented.
Moreover, in Table 1 the computed torsion It and warping
CM constants together with the maximum value of the
primary warping function uP

M are shown as compared with
those obtained from thin tubes theory (Timoshenko and
Goodier, 1951). From both the table and the figures results
the necessity of consideration of the nonuniform torsion
of the beam.

Example 3
A clamped beam of length L ¼ 55:0 m, of a box shaped
cross section (E ¼ 3:0 � 107 kN/m2, l ¼ 0:20) eccentri-
cally uniformly loaded, as shown in Fig. 11, has been
studied. In Fig. 12 the primary MP

t , the secondary MS
t and

Fig. 16. Primary MP
t , secondary MS

t and
total Mt twisting moments along the beam

Fig. 17. Distributions of the primary a and the secondary b shear
stress components along the boundary of the slab-and-beams
cross section

c
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the total Mt twisting moments along the beam, in Fig. 13
the primary uP

M and the secondary uS
M warping functions,

and in Fig. 14 the distributions of the primary and the
secondary shear stress components along the boundary
are presented. The necessity of consideration of the ad-
ditional warping shear stresses near the restrained edges is
once more verified.

Example 4
A clamped beam of length L ¼ 25:0 m, of a slab-and-
beams shaped cross section (E ¼ 3:0 � 107 kN/m2,
l ¼ 0:20) eccentrically uniformly loaded, as shown in Fig.
15, has been studied. In Fig. 16 the primary MP

t , the sec-
ondary MS

t and the total Mt twisting moments along the
beam and in Figs. 17, 18 the distributions of the primary
and the secondary shear stress components along the
boundary and in the interior of the cross section, respec-
tively are presented. From these figures, it follows that the
maximum secondary shear stress is greater than the
maximum primary shear stress and should not be ne-
glected.

5
Concluding remarks
In this paper a boundary element method has been de-
veloped for the nonuniform torsion of simply or multiply
connected prismatic bars of arbitrary cross section. Three
boundary value problems with respect to the variable
along the beam angle of twist, to the primary and to the
secondary warping functions are formulated and solved
employing a BEM approach. Both the warping and the
torsion constants together with the torsional shear stresses
and the warping normal and shear stresses are computed.
The main conclusions that can be drawn from this in-
vestigation are

a. The numerical technique presented in this investigation
is well suited for computer aided analysis for beams of
arbitrary cross section, subjected to any linear torsional
boundary conditions and to an arbitrarily distributed
twisting moment.

b. The magnitude of the evaluated warping shear stresses
due to restrained warping necessitates the consideration
of these additional shear stresses near the restrained
edges.

c. The developed procedure retains the advantages of a
BEM solution over a pure domain discretization meth-
od since it requires only boundary discretization.
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