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Abstract

Helmholtz-type equations arise naturally in many physical applications related to wave propagation, vibration phe-

nomena and heat transfer. These equations are often used to describe the vibration of a structure, the acoustic cavity

problem, the radiation wave, the scattering of a wave and heat conduction in fins. In this paper, the numerical recovery

of a single and two circular cavities in Helmholtz-type equations from boundary data is investigated. The boundary

element method (BEM), in conjunction with a constrained least-squares minimisation, is used to solve this inverse geo-

metric problem. The accuracy and stability of the proposed numerical method with respect to the distance between the

cavities and the outer boundary of the solution domain, the location and size of the cavities, and the distance between

the cavities are also analysed. Unique and stable numerical solutions are obtained.

� 2004 Elsevier B.V. All rights reserved.
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1. Introduction

A direct problem in the mathematical modelling of physical systems is to determine the response of a

system, provided that the governing partial differential equations, the geometry of the domain of interest,

the complete boundary and initial conditions, the material properties and the external sources acting in the
solution domain are given, see e.g. [1]. When one or more of the conditions for solving the direct problem

are partially or entirely unknown then an inverse problem may be formulated to determine the unknowns
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from specified or measured system responses. It should be noted that most of the inverse problems are ill-

posed and hence they are more difficult to solve than direct problems. It is well known that inverse prob-

lems are in general unstable, see e.g. Hadamard [2], in the sense that small measurement errors in the input

data may amplify significantly the errors in the solution. In recent years, inverse problems have been exten-

sively treated in several branches of science, such as solid mechanics [1], heat transfer [3], acoustic and elec-
tromagnetic scattering [4], electrical impedance tomography [5], etc. The most common approach is to

determine the optimal estimates of the model parameters by minimising a selected measure-to-fit between

the responses of the system and the model.

An important class of inverse problems in engineering consists of defects. Ikehata [5] has considered the-

oretically the reconstruction of polygonal cavities in two-dimensional domains, where the Laplace equation

is satisfied from Cauchy data, whilst based on the previous method, Ikehata and Ohe [6] have numerically

detected cavities from boundary measurements only. Tanaka and Masuda [7] have studied the retrieval of

flaws or defects in structural components using the strains and the stresses as the reference data. The iden-
tification of an internal cavity equivalent to a single defect and plural defects in a structural component

from the knowledge of the boundary conditions and some internal displacement measurements has been

investigated by Tanaka et al. [8,9]. Bezerra and Saigal [10] have proposed a regularized boundary integral

formulation for the detection of flaws in planar structural members from the displacement measurements

given at some boundary locations and the applied loading. Nondestructive detection of internal cavity

geometries in the inverse elastostatic problem has been studied by Mellings and Aliabadi [11], Kassab

et al. [12] and Ulrich et al. [13]. Mallardo and Aliabadi [14] have identified a single elliptic cavity embedded

in structures immersed in an inviscid fluid and illuminated by harmonic incident plane waves using the
boundary element method (BEM), in conjunction with a first-order, non-linear, unconstrained optimisation

technique. A study of the optimisation algorithms employed in identification inverse problems has been

performed by Rus and Gallego [15], whilst later, they have detected both cracks and cavities using the

the topological boundary integral method [16]. The simultaneous identification of the material constants

and cavities embedded in an isotropic linear elastic medium has been undertaken by Marin et al. [17]. Re-

cently, Divo et al. [18] and Kassab et al. [19] have presented an efficient solution of the inverse geometric

problem of detection of subsurface cavities and flaws in two- and three-dimensions, respectively, by

employing thermographic techniques.
Helmholtz-type equations arise naturally in many physical applications related to wave propagation,

vibration phenomena and heat transfer. These equations are often used to describe the vibration of a struc-

ture [20], the acoustic cavity problem [21], the radiation wave [22], the scattering of a wave [23], acoustic

scattering in fluid–solid problems [24] and the heat conduction in fins [25] and in the sequel, for the sake

of physical meaning, we will refer to the later problem. We consider the inverse geometric problem to re-

cover numerically circular cavities in Helmholtz-type equations from a single boundary measurement.

Referring to heat conduction applications, the problem investigated in this study consists of determining

a single and two circular cavities in the solution domain from a single boundary measurement of the tem-
perature and heat flux. In this study, we propose a straightforward BEM to discretise the inverse problem

under consideration. The BEM is further combined with a constrained least-squares minimisation routine.

The accuracy and stability of the proposed numerical method with respect to the distance between the cav-

ities and the outer boundary of the solution domain, the location and size of the cavities, and the distance

between the cavities are also analysed.
2. Mathematical model

Referring to heat transfer for the sake of the physical explanation, we assume that the temperature field

T(x) satisfies the Helmholtz-type equation in a bounded domain X � Rd (d is the dimension of the space in



Fig. 1. A schematic diagram of the domain X and the cavities Xi ¼
SNc

j¼1Dj.
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which the problem is posed) containing Nc simply connected cavities Dj, j = 1, . . .,Nc, with Xi �
SNc

j¼1Dj � X
and Dj \ Dl ¼ ;, 1 6 j < l 6 Nc, see Fig. 1, namely
LT ðxÞ � ðD þ k2ÞT ðxÞ ¼ 0; x 2 X n Xi; ð1Þ

where k = a + ib, i ¼

ffiffiffiffiffiffiffi
�1

p
, a; b 2 R, and either k 2 R (Helmholtz equation) or k 2 C n R (modified Helm-

holtz equation). Additionally, we assume that the outer and inner boundaries oX and oXi �
SNc

j¼1oDj,

respectively, are smooth enough such that Green�s formula is applicable [26].

The general equation describing the temperature distribution along an isolated fin for steady state two-

dimensional heat transfer is obtained by completing a heat balance over an incremental surface element,

dy = (y1 � dy1/2,y1 + dy1/2) · (y2 � dy2/2,y2 + dy2/2), at some point, y = (y1,y2) within the fin surface, see
e.g. [25]. The heat balance over the increment, dy, for steady state heat flow is given by
ð _Qfðy1 � dy1=2; y2Þ � _Qfðy1 þ dy1=2; y2ÞÞdy2
þ ð _Qfðy1; y2 � dy2=2Þ � _Qfðy1; y2 þ dy2=2ÞÞdy1 � _Qcðy1; y2Þ ¼ 0; ð2Þ
where _Qfðy1; y2Þ is the conductive heat flow at y = (y1,y2) and _Qcðy1; y2Þ is the heat lost from the incremental

surface of the fin. From the Postulation of Fourier, we have
_Qfðy1; y2Þ ¼ �kfAfrhfðy1; y2Þ; ð3Þ

where kf is the thermal conductivity of the fin and Af is the cross-sectional area of the fin, and by using a

Taylor series expansion around y = (y1,y2) and neglecting terms after the first-order derivatives we obtain
ð _Qfðy1 � dy1=2; y2Þ � _Qfðy1 þ dy1=2; y2ÞÞdy2 þ ð _Qfðy1; y2 � dy2=2Þ � _Qfðy1; y2 þ dy2=2ÞÞdy1
¼ r � ðkfAfrhfðy1; y2ÞÞdy1dy2: ð4Þ
The heat lost from the surface of the incremental fin is assumed to be by convection and, by Newton�s law
of cooling, this is given by
_Qcðy1; y2Þ ¼ hA0
fðhfðy1; y2Þ � h1Þdy1 dy2; ð5Þ
where h is the surface heat transfer coefficient, A0
f is the surface area of the fin per unit length and h1 is the

temperature of the surrounding medium.

Substitution of Eqs. (4) and (5) into the heat balance equation (2) provides the following second-order

partial differential equation:
r � ðkfAfrhfðyÞÞ � hA0
fðhfðyÞ � h1Þ ¼ 0: ð6Þ
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The following assumptions are invoked in order to obtain the general fin equation:

(i) The thermal conductivity of the fin, kf, is invariant.
(ii) The surface heat transfer coefficient, h, is uniform along the fin.

(iii) The temperature of the surrounding medium, h1, is constant.

Additionally, if we assume that the cross-sectional area of the fin is constant (i.e. the fin thickness, 2df, is
invariant) then the fin equation (6) recasts as
DhfðyÞ �
h

kfdf

ðhfðyÞ � h1Þ ¼ 0: ð7Þ
On introducing the following dimensionless variables:
xj ¼ yj=df ; j ¼ 1; 2; T ðxÞ ¼ ðhfðyÞ � h1Þ=ðhb � h1Þ; ð8Þ
where hb is the fin base temperature (hb 5 h1), then the non-dimensional temperature distribution along an

isolated fin of constant cross-sectional area for steady state two-dimensional heat transfer is described by

the Helmholtz-type equation (1) with k = a + ib, a = 0 and b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h=ðkfdfÞ

p
.

We now let m(x) be the outward normal vector at the boundary oðX n XiÞ � oX [ oXi and U(x) � (oT/

om)(x) be the flux at a point x 2 oðX n XiÞ. In the direct problem formulation, the knowledge of the location,

shape and size of the cavities Dj, j = 1, . . . , Nc, the temperature or the flux on the entire boundary, the tem-

perature on the outer boundary and the flux on the inner boundary, or the flux on the outer boundary and

the temperature on the inner boundary, gives the corresponding Dirichlet, Neumann or mixed boundary
value problems, respectively, which enable us to determine the temperature T(x) in the solution domain

X n Xi. A more interesting situation occurs when the location, shape and size of the cavities Dj,

j = 1, . . .,Nc, are unknown and some additional information is supplied. More specifically, we analyse

the following two problems.

Problem 1. Given eT 2 H1=2ðoðX n XiÞÞ and eU 2 H�1=2ðoXÞ, find the solution (T,Dj; j = 1, . . .,Nc) satisfying

equation (1) when the temperature is known on the entire boundary oðX n XiÞ, whilst flux measurements are

available on the outer boundary oX, namely
T ðxÞ ¼ eT ðxÞ; x 2 oðX n XiÞ and UðxÞ ¼ eUðxÞ; x 2 oX: ð9Þ
Problem 2. Given eT 2 H 1=2ðoXÞ and eU 2 H�1=2ðoðX n XiÞÞ, find the solution (T,Dj; j = 1, . . .,Nc) satisfying

Eq. (1) when the flux is known on the entire boundary oðX n XiÞ, whilst temperature measurements are

available on the outer boundary oX, namely
UðxÞ ¼ eUðxÞ; x 2 oðX n XiÞ and T ðxÞ ¼ eT ðxÞ; x 2 oX: ð10Þ

In this study, we propose a straightforward BEM, as explained in the next section, to discretise the

inverse problem given by Eqs. (1) and either (9) or (10). The BEM is further combined with a constrained

least-squares minimisation routine. No regularization is required since we only look for the location and the

size of circular cavities Dj, j = 1, . . .,Nc, for which the uniqueness and stability hold, see e.g. [27] and [28],
respectively.
3. Boundary element method

Let EH and EMH be the fundamental solutions of the Helmholtz and the modified Helmholtz equations,

respectively, which in two-dimensions (i.e. d = 2) are given by, see e.g. [29]
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EHðx; yÞ ¼
i

4
H ð1Þ

0 ðkjx� yjÞ; EMHðx; yÞ ¼
1

2p
K0ðkjx� yjÞ; ð11Þ
where H ð1Þ
0 is the Hankel function of the first kind of order zero, K0 is the modified Bessel function of the

second kind of order zero and x; y 2 R2. The Helmholtz-type equation (1) can also be formulated in integral

form [29] as
cðxÞT ðxÞ þ
Z
--
C

oEðx; yÞ
omðyÞ T ðyÞdCðyÞ ¼

Z
C
Eðx; yÞUðyÞdCðyÞ; x 2 ðX n XiÞ [ oðX n XiÞ; ð12Þ
where the first integral is taken in the sense of the Cauchy principal value, c(x) = 1 for x 2 X n Xi and

c(x) = 1/2 for x 2 oðX n XiÞ (smooth), and E = EH or E = EMH.

Following a classical BEM, see [30,31], the outer boundary oX of the solution domain X n Xi is discre-

tised in an anti-clockwise direction into N0 constant boundary elements CðnÞ
0 ¼ ½yðn�1Þ; yðnÞ�, n = 1, . . .,N0,

having the midpoints/collocation points xðnÞ ¼ ðxðnÞ1 ; xðnÞ2 Þ, where x(n) = (y(n�1) + y(n))/2, n = 1, . . .,N0, and

yð0Þ � yðN0Þ. For simplicity, we restrict ourselves to the detection of circular cavities Dj ¼
fx ¼ ðx1; x2Þjðx1 � gðjÞ

1 Þ2 þ ðx2 � gðjÞ
2 Þ2 < r2jg, j = 1, . . .,Nc, whilst the location and size of each cavity Dj,

j = 1, . . . , Nc, are completely determined by its centre gðjÞ ¼ ðgðjÞ
1 ; gðjÞ

2 Þ and radius rj, j = 1, . . .,Nc, respec-

tively. Hence each unknown boundary (cavity) oDj, j = 1, . . .,Nc, is discretised in a clockwise sense into

N ðjÞ
i constant boundary elements Cðj;nÞ

i ¼ ½yðj;n�1Þ; yðj;nÞ�, n ¼ 1; . . . ;N ðjÞ
i , j = 1, . . .,Nc, having the midpoints/

collocation points xðj;nÞ ¼ ðxðj;nÞ1 ; xðj;nÞ2 Þ, where x(j, n) = (y(j, n � 1) + y(j, n))/2, n ¼ 1; . . . ;N ðjÞ
i , j = 1, . . .,Nc and

yðj;0Þ � yðj;N
ðjÞ
i Þ, j = 1, . . .,Nc. Furthermore, for every j = 1, . . .,Nc the coordinates of the boundary points

yðj;nÞ ¼ ðyðj;nÞ1 ; yðj;nÞ2 Þ, n ¼ 0; . . . ;N ðjÞ
i , and the collocation points xðj;nÞ ¼ ðxðj;nÞ1 ; xðj;nÞ2 Þ, n ¼ 1; . . . ;N ðjÞ

i , can be ex-

pressed with respect to the coordinates of the centre gðjÞ ¼ ðgðjÞ
1 ; gðjÞ

2 Þ and the radius rj of the corresponding

unknown cavity Dj, namely
yðj;nÞ1 ¼ gðjÞ
1 þ rj cosð2np=N ðjÞ

i Þ; yðj;nÞ2 ¼ gðjÞ
2 þ rj sinð2np=N ðjÞ

i Þ; n ¼ 0; . . . ;N ðjÞ
i ð13Þ
and (

xðj;nÞ1 ¼ gðjÞ

1 þ ðrj=2Þfcosð2np=N ðjÞ
i Þ þ cosð2ðn� 1Þp=N ðjÞ

i Þg; n ¼ 1; . . . ;N ðjÞ
i

xðj;nÞ2 ¼ gðjÞ
2 þ ðrj=2Þfsinð2np=N ðjÞ

i Þ þ sinð2ðn� 1Þp=N ðjÞ
i Þg; n ¼ 1; . . . ;N ðjÞ

i :
ð14Þ
Let us make the following notation:
Cn ¼ CðnÞ
0 ; zðnÞ ¼ xðnÞ; n ¼ 1; . . . ;N 0

C
N0þ

Pj

m¼1
N ðmÞ

i þn
¼ Cðj;nÞ

i ; z N0þ
Pj

m¼1
N ðmÞ

i þn
� 	

¼ xðj;nÞ; n ¼ 1; . . . ;N ðjÞ
i ; j ¼ 1; . . . ;Nc

T n ¼ T ðzðnÞÞ; Un ¼ UðzðnÞÞ; n ¼ 1; . . . ;N

ð15Þ
where N = N0 + Ni and Ni ¼
PNc

j¼1N
ðjÞ
i . On approximating the temperature and the flux on the boundary

oðX n XiÞ by piecewise constant functions over each boundary element Cn, n = 1, . . .,N, namely their values

Tn and Un, respectively, at the collocation point zðnÞ 2 Cn, then the discretised form of the boundary integral

equation (12) can be written as
cðzÞT ðzÞ þ
XN
n¼1

An z; gðjÞ
1 ; gðjÞ

2 ; rj; j ¼ 1; . . . ;Nc

� �
T n ¼

XN
n¼1

Bn z; gðjÞ
1 ; gðjÞ

2 ; rj; j ¼ 1; . . . ;Nc

� �
Un ð16Þ
for all z 2 ðX n XiÞ [ oðX n XiÞ, where
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An z; gðjÞ
1 ; gðjÞ

2 ; rj; j ¼ 1; . . . ;Nc

� �
¼

Z
--
Cn

oEðz; yÞ
omðyÞ dCðyÞ;

Bn z; gðjÞ
1 ; gðjÞ

2 ; rj; j ¼ 1; . . . ;Nc

� �
¼

Z
Cn

Eðz; yÞdCðyÞ:
ð17Þ
By applying the discretised boundary integral equation (16) at each collocation point z(m), m = 1, . . .,N,

we arrive at the system of equations
XN
n¼1

Amn gðjÞ
1 ; gðjÞ

2 ; rj; j ¼ 1; . . . ;Nc

� �
T n � Bmn gðjÞ

1 ; gðjÞ
2 ; rj; j ¼ 1; . . . ;Nc

� �
Un

n o
¼ 0; m

¼ 1; . . . ;N ; ð18Þ
where the non-linear functions AmnðgðjÞ
1 ; gðjÞ

2 ; rj; j ¼ 1; . . . ;NcÞ and BmnðgðjÞ
1 ; gðjÞ

2 ; rj; j ¼ 1; . . . ;NcÞ,
m,n = 1, . . .,N, are given by
Amn gðjÞ
1 ; gðjÞ

2 ; rj; j ¼ 1; . . . ;Nc

� �
¼ An zðmÞ; gðjÞ

1 ; gðjÞ
2 ; rj; j ¼ 1; . . . ;Nc

� �
þ dmn=2;

Bmn gðjÞ
1 ; gðjÞ

2 ; rj; j ¼ 1; . . . ;Nc

� �
¼ Bn zðmÞ; gðjÞ

1 ; gðjÞ
2 ; rj; j ¼ 1; . . . ;Nc

� �
;

ð19Þ
with dmn the Kronecker tensor.
4. Description of the algorithm

In the sequel we focus on Problem 1 given by Eqs. (1) and (9), with the mention that Problem 2 given by

Eqs. (1) and (10) can be treated in a similar manner. If we consider the discretised BEM system (18) recast

as the solution of a direct problem with the boundary conditions UðxÞ ¼ eUðxÞ, x 2oX and T ðxÞ ¼ eT ðxÞ,
x 2 oXi, namely
XN0

n¼1

AmnðgðjÞ
1 ; gðjÞ

2 ; rj; j ¼ 1; . . . ;NcÞT n �
XN

n¼N0þ1

BmnðgðjÞ
1 ; gðjÞ

2 ; rj; j ¼ 1; . . . ;NcÞUn

¼
XN0

n¼1

BmnðgðjÞ
1 ; gðjÞ

2 ; rj; j ¼ 1; . . . ;NcÞeUn

�
XN

n¼N0þ1

AmnðgðjÞ
1 ; gðjÞ

2 ; rj; j ¼ 1; . . . ;NcÞeT n; m ¼ 1; . . . ;N ; ð20Þ
then the calculated temperatures Tn, n, = 1,. . .,N0, on the outer boundary oX and fluxes Un,

n = N0 + 1, . . .,N, on the inner boundary oXi are functions of the unknown parameters gðjÞ
1 , gðjÞ

2 and rj which

determine the location and size of the cavities Dj, j = 1, . . .,Nc, i.e.
T n ¼ T nðgðjÞ
1 ; gðjÞ

2 ; rj; j ¼ 1; . . . ;NcÞ; n ¼ 1; . . . ;N 0

Un ¼ UnðgðjÞ
1 ; gðjÞ

2 ; rj; j ¼ 1; . . . ;NcÞ; n ¼ N 0 þ 1; . . . ;N :
ð21Þ
The numerical scheme proposed in this study is based on the minimisation of the objective function
FðgðjÞ
1 ; gðjÞ

2 ; rj; j ¼ 1; . . . ;NcÞ ¼
1

2

XN0

n¼1

fT nðgðjÞ
1 ; gðjÞ

2 ; rj; j ¼ 1; . . . ;NcÞ � eT ng2; ð22Þ
subject to the physical constraints which require that the circular cavities Dj, j = 1, . . . ,Nc, stay within the

domain X ðDj � X; j ¼ 1; . . . ;NcÞ and any two distinct cavities Dj and Dl, 1 6 j < l 6 Nc, be disjointed
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ðDj [ Dl ¼ ;; 1 6 j < l 6 NcÞ. In the case of Problem 2, it should be noted that the discretised BEM system

of equations (18) is regarded as the solution of a direct problem with the boundary conditions T ðxÞ ¼ eT ðxÞ,
x 2 oX and UðxÞ ¼ eUðxÞ, x 2 oXi, whilst the objective function F minimises the difference between the cal-

culated UnðgðjÞ
1 ; gðjÞ

2 ; rj; j ¼ 1; . . . ;NcÞ, n = 1, . . . ,N0, and the measured fluxes eUn, n = 1, . . . ,N0, on the outer

boundary oX, namely
FðgðjÞ
1 ; gðjÞ

2 ; rj; j ¼ 1; . . . ;NcÞ ¼
1

2

XN0

n¼1

fUnðgðjÞ
1 ; gðjÞ

2 ; rj; j ¼ 1; . . . ;NcÞ � eUng2: ð23Þ
If we assume that the domain X is a disk of radius R centred in the origin, i.e. X ¼ x ¼
ðx1; x2Þ j x21 þ x22 < R2g, then the following 3Nc physical bounds and Nc for Nc = 1 or Nc(Nc � 1)/2 for

Nc P 2 nonlinear constraints, respectively, are imposed on the geometrical variables which determine the
circular cavities Dj, j = 1, . . .,Nc:
�R < gðjÞ
1 < R; �R < gðjÞ

2 < R; 0 < rj < R; j ¼ 1; . . . ;Nc; ð24Þ

rj þ rl <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðgðjÞ

1 � gðlÞ
1 Þ2 þ ðgðjÞ

2 � gðlÞ
2 Þ2

q
< ðR� rjÞ þ ðR� rlÞ; 1 6 j < l 6 Nc: ð25Þ
It should be mentioned that the geometrical constraints (24) and (25) can be easily formulated provided

that the domain X is simple, e.g. triangle, square, rectangle, hexagon, etc., however, it is more difficult to

express these constraints for a domain with a general shape.

Numerically, the objective function (22) is minimised using the NAG subroutine E04UPF, which is de-

signed to minimise an arbitrary smooth sum of squares subject to constraints. This may include simple
bounds on the variables, linear constraints and smooth nonlinear constraints. Each iteration of the subrou-

tine includes the following: (a) the solution of a quadratic programming subproblem; (b) a line search with

an augmented Lagrangian function; and (c) a quasi-Newton update of the approximate Hessian of the

Lagrangian function, for more details, see [32]. It should be noted that it is important to impose the con-

straints (24) and (25) in order to generate feasible solutions since unconstrained minimisation was found to

produce physically meaningless solutions. The gradient of the objective function (22) has been calculated

using forward finite differences with a step of 10�3 which was found to be sufficiently small that a further

decrease in this value does not affect significantly the accuracy of the numerical results.
5. Numerical results and discussion

It should be mentioned that the numerical technique proposed in this study can be regarded as a parti-

cular case of the algorithm introduced by Mallardo and Aliabadi [14], in the sense that these authors de-

tected a single elliptical cavity in the case when the scalar Helmholtz equation was coupled with the

vectorial Cauchy–Navier equations. However, the retrieval of a single and two cavities embedded in a do-
main where Helmholtz-type equations are satisfied from boundary data can be attained accurately and sta-

bly using the simple constrained least-squares minimisation technique presented in Section 4, in conjunction

with the BEM described in Section 3, as will be shown in this section.

In order to present the performance of the numerical method proposed, we solve the inverse geometric

Problem 1 for both the Helmholtz and the modified Helmholtz equations by considering three examples in

a two-dimensional smooth geometry, namely the disk
X ¼ fx ¼ ðx1; x2Þjx21 þ x22 < R2g; R ¼ 1:50; ð26Þ



L. Marin / Comput. Methods Appl. Mech. Engrg. 194 (2005) 4006–4023 4013
in which a single and two circular cavities are embedded
Xi � X : Xi ¼
[Nc

j¼1

Dj; Dj ¼ fx ¼ ðx1; x2Þ j ðx1 � gðjÞ
1 Þ2 þ ðx2 � gðjÞ

2 Þ2 < r2jg; j ¼ 1; . . . ;Nc; ð27Þ
where Nc = 1 and Nc = 2, respectively. Herein, we do not consider more cavities since theoretical results are
not available as yet.

5.1. Examples

We consider the following analytical solutions for the temperature and its corresponding boundary flux

associated with the Helmholtz-type operator, namely

(H) The Helmholtz equation (k = a + ib, a 2 R, b = 0)
T ðanÞðxÞ ¼ cosða1x1 þ a2x2Þ; x ¼ ðx1; x2Þ 2 X n Xi

UðanÞðxÞ ¼ � sinða1x1 þ a2x2Þða1m1ðxÞ þ a2m2ðxÞÞ; x ¼ ðx1; x2Þ 2 oðX n XiÞ;
ð28Þ
where a = 1.00, a1 = 0.50 and a2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � a21

p
.

(MH) The modified Helmholtz equation (k = a + ib, a = 0, b 2 R)
T ðanÞðxÞ ¼ expða1x1 þ a2x2Þ; x ¼ ðx1; x2Þ 2 X n Xi

UðanÞðxÞ ¼ expða1x1 þ a2x2Þða1m1ðxÞ þ a2m2ðxÞÞ; x ¼ ðx1; x2Þ 2 oðX n XiÞ;
ð29Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiq
where b = 1.00, a1 = 0.50 and a2 ¼ b2 � a21.

In the sequel, we analyse the numerical method presented in Section 4, in conjunction with the BEM

described in Section 3, by solving the Problem 1 for the following examples:

Example 1. The Helmholtz equation (k = a + ib, a 2 R, b = 0) in the disk X given by (26) containing a

single cavity, i.e. Nc = 1 in (27), and having the analytical solution (28).

Example 2. The modified Helmholtz equation (k = a + ib, a = 0, b 2 R) in the disk X given by (26) con-

taining a single cavity, i.e. Nc = 1 in (27), and having the analytical solution (29).

Example 3. The modified Helmholtz equation (k = a + ib, a = 0, b 2 R) in the disk X given by (26) con-

taining two cavities, i.e. Nc = 2 in (27), and having the analytical solution (29).

It is worth noting that by considering the analytical data (28) and (29) as input data in the inverse prob-

lem under consideration, we inherently introduce numerical noise. An alternative way to fabricate the input

data for the inverse problem is to solve a direct problem with complete boundary conditions and consider

the numerically retrieved boundary temperature or flux on oX as the input data for the inverse problem.
More specifically, since analytical expressions for both the temperature and the flux are available in the do-

main X n Xi, we may solve the following mixed boundary value problem:
LT ðexÞðxÞ ¼ 0; x 2 X n Xi

UðexÞðxÞ ¼ UðanÞðxÞ; x 2 oX

T ðexÞðxÞ ¼ T ðanÞðxÞ; x 2 oXi

8><>: ð30Þ
in order to obtain the numerical temperature T(ex)joX. Hence the inverse problem under investigation is

given by Eqs. (1) and (9) in which the input boundary data eUjoX ¼ UðanÞjoX and eT joXi
¼ T ðanÞjoXi

are given

by the corresponding analytical expressions (28) or (29), whilst the input boundary data eT joX ¼ T ðexÞjoX
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is obtained by solving numerically the mixed boundary value problem (30), and in what follows they will be

referred to as ‘‘exact data’’.

The numerical results presented in this section have been obtained using a discretisation of the outer

boundary oX and the inner boundary oXi corresponding to the cavities Dj, j = 1, . . .,Nc, with N0 = 20

and Ni ¼
PNc

j¼1N
ðjÞ
i boundary elements, respectively, where N ðjÞ

i ¼ 20, j = 1, . . .,Nc, i.e. the total number
of boundary elements used for the discretisation of the problem is given by N = N0 + Ni = 20(Nc + 1). These

values were found to be sufficiently large such that any further refinement of the mesh size did not signi-

ficantly improve the accuracy of the results.

5.2. Stability of the method

Exact data is seldom available in practice since measurement errors always include noise in the pre-

scribed boundary conditions and this is studied next. In order to investigate the stability of the numerical
method proposed, the boundary data eT joX has been perturbed as
eT ejoX ¼ eT joX þ deT ; deT ¼ G05DDFð0; rÞ; r ¼ max

oX
jeT j pT

100
; ð31Þ
where deT is a Gaussian random variable with mean zero and standard deviation r, generated by the NAG

subroutine G05DDF, and pT is the percentage of additive noise included in the input data eT joX in order to

simulate the inherent measurement errors.

Starting with an arbitrary initial guess ðgðj;gÞ
1 ; gðj;gÞ

2 ; rðgÞj ; j ¼ 1; . . . ;NcÞ, for the cavities Dj, j = 1, . . . ,Nc, we

estimate their exact values, ðgðjÞ
1 ; gðjÞ

2 ; rj; j ¼ 1; . . . ;NcÞ, using the numerical method proposed in Section 4

and various levels of noise pT added into the input temperature data TjoX, for the examples considered.
More precisely, we consider the following exact solutions and initial guesses for the parameters describing

the cavities:

(E1) D1: gð1Þ
1 ¼ �0:20, gð1Þ

2 ¼ �0:30, r1 = 0.50;

(E2) D1: gð1Þ
1 ¼ 0:20, gð1Þ

2 ¼ 0:30, r1 = 0.70;

(E3) D1: gð1Þ
1 ¼ 0:70, gð1Þ

2 ¼ 0:50, r1 = 0.40; D2: gð2Þ
1 ¼ �0:60, gð2Þ

2 ¼ �0:40, r2 = 0.20;

and

(G1) DðgÞ
1 : gð1;gÞ

1 ¼ gð1;gÞ
2 ¼ 0:0, rðgÞ1 ¼ 1:40;

(G2) DðgÞ
1 : gð1;gÞ

1 ¼ gð1;gÞ
2 ¼ 0:0, rðgÞ1 ¼ 1:40;

(G3) DðgÞ
1 : gð1;gÞ

1 ¼ 0:0, gð1;gÞ
2 ¼ 0:70, rðgÞ1 ¼ 0:60; DðgÞ

2 : gð1;gÞ
1 ¼ 0:0, gð1;gÞ

2 ¼ �0:70, rðgÞ2 ¼ 0:60;

for the numerical Examples 1–3 described in Section 5.1, respectively.

Fig. 2 illustrates the exact and the numerical solution for the cavity D1 given by (E1), obtained for Exam-

ple 1 starting with the initial guess (G1) and various levels of noise added into the input temperature eT joX,
namely pT 2 {1,3,5,7,10}. It can be seen that as pT decreases, so the level of noise added into the input dataeT joX also decreases, then the numerical solution for the cavity D1 more closely approximates the exact tar-
get, while remaining at the same time stable. The same conclusion can be drawn from Table 1 which pre-

sents the values of the objective function F, the number of iterations performed niter, the numerically

retrieved values for the parameters characterising the position and the shape of the cavity D1 and the cor-

responding percentage absolute errors defined by
ErrðgðjÞ
i Þ ¼ jgðjÞ

i � gðj;numÞ
i j

jgðjÞ
i j

� 100; ErrðrjÞ ¼
jrj � rðnumÞ

j j
jrjj

� 100; i ¼ 1; 2; j ¼ 1; . . . ;Nc; ð32Þ
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Fig. 2. (a) The exact (—) and the numerical solution for the cavity D1 given by (E1), obtained with the initial guess (G1) and various

levels of noise added into the temperature data TjoX, namely pT = 1% (� � �), pT = 3% (– � –), pT = 5% (– � �–), pT = 7% (– � � �–) and

pT = 10% (– � � � �–), for Example 1, and (b) a closer view of the exact and numerical results obtained for the cavity D1.

Table 1

The values of the objective functionF, the number of iterations performed niter and the numerically retrieved values for the parameters

characterising the position and the shape of the cavity D1 given by gð1Þ
1 ¼ �0:20, gð1Þ

2 ¼ �0:30 and r1 = 0.50, obtained using the initial

guess gð1;gÞ
1 ¼ gð1;gÞ

2 ¼ 0:0 and rðgÞ1 ¼ 1:40, and various levels pT of noise added into the input temperature data T(an)joX, for Example 1

pT gð1;numÞ
1 Err(gð1Þ1 ) gð1;numÞ

2 Err(gð1Þ2 ) rðnumÞ
1 Err(r1) F niter

1 �0.1968 1.5903 �0.3013 0.4192 0.5016 0.3209 0.8206 · 10�8 8

3 �0.1922 3.9000 �0.3028 0.9308 0.5048 0.9567 0.7671 · 10�7 9

5 �0.1891 5.4542 �0.3035 1.1625 0.5079 1.5843 0.2217 · 10�6 9

7 �0.1868 6.5766 �0.3036 1.1939 0.5110 2.2040 0.4521 · 10�6 9

10 �0.1844 7.8031 �0.3037 1.2383 0.5156 3.1191 0.9779 · 10�6 9
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obtained with the noisy input data eT e
given by (31). It can be seen from this table that the objective function

F decreases as the level of noise added into the outer boundary temperature data decreases and the number

of iterations performed niter is relatively small.

The exact and numerical solutions for the cavities Dj, j = 1, . . . , Nc, given by (E2) and (E3), obtained

using various levels of noise added into the input temperature eT joX and the initial guess (G2) for Example

2 and (G3) for Example 3 are presented in Figs. 3 and 4, respectively. From Figs. 2(b) and 3(b), and Fig.

4(a) and (b), respectively, it can be noticed that cavities with a large radius are more accurately retrieved
than cavities with a small radius. However, the numerical results obtained for the location and size of

the cavities Dj, j = 1, . . .,Nc, embedded in the domain X using the algorithm presented in Section 4 represent

very good approximations for their exact values for all the examples analysed. Moreover, from Figs. 2–4

and Table 1 we can conclude that the proposed numerical method is stable with respect to decreasing

the amount of noise added into the input data.

Fig. 5(a) and (b) illustrate the behaviour of the percentage absolute errors Errðgð1Þ
1 Þ, Errðgð1Þ

2 Þ and Err(r1),

defined by relations (32), obtained with pT = 10% noise added into the input temperature eT joX and the ini-

tial guesses (G1) and (G2) for Examples 1 and 2, respectively, with respect to the number of iterations niter
performed. From these figures it can be seen that the minimisation process is very rapid, in the sense that

the errors given by (32) decrease very rapidly and attain reasonable values after a small number of itera-
tions, namely niter = 5 and niter = 7 for Examples 1 and 2, respectively. Although not presented here, it

should be noted that the evolution of the absolute errors ErrðgðjÞ
1 Þ, ErrðgðjÞ

2 Þ and Err(rj), j = 1,2, obtained

using the initial guess (G3) and noisy input temperature data eT joX for Example 3, is similar to that pre-

sented in Fig. 5(a) and (b) for Examples 1 and 2, respectively.



Fig. 3. (a) The exact (—) and the numerical solution for the cavity D1 given by (E2), obtained with the initial guess (G2) and various

levels of noise added into the temperature data TjoX, namely pT = 1% (� � �), pT = 3% (– �–), pT = 5% (– � �–), pT = 7% (– � � �–) and

pT = 10% (– � � � �–), for Example 2 and (b) a closer view of the exact and numerical results obtained for the cavity D1.
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Fig. 4. (a) The exact (—) and the numerical solution for the cavities D1 and D2 given by (E3), obtained with the initial guesses (G3) and

various levels of noise added into the temperature data TjoX, namely pT = 1% (� � �), pT = 3% (– �–) and pT = 5% (– � �–), for Example 3. A

closer view of the exact and numerical results obtained for the cavities (b) D1, and (c) D2.
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Fig. 5. The percentage absolute errors Errðgð1Þ
1 Þ (–h–), Errðgð1Þ

2 Þ (–s–) and Err(r1) (–n–), as functions of the number of iterations niter,

obtained with pT = 10% noise added into the temperature data TjoX, and the initial guesses (G1) and (G2), for Examples (a) 1, and

(b) 2, respectively.
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5.3. Influence of the boundary conditions on the internal boundaries

For the inverse problem analysed in this paper it is impossible to obtain measurements on the boundaries

of the cavities, since the location and size of the cavities embedded in the solution domain are not known.

However, in practical engineering problems some boundary conditions are a priori known on the inner
boundaries, in the sense that either the temperature distribution or the flux is prescribed on the boundaries

of the cavities. Therefore, it is important to realise if and how much the type of boundary conditions given

on the inner boundaries do influence the identification process. To do so, we consider Examples 1–3 and

their corresponding exact solutions (E1)–(E3), respectively, and we try to retrieve the cavity/cavities using

the same initial guess, the same amount of noise added into the outer boundary temperature or flux data

and either temperature or flux data on the inner boundary, i.e. we solve both Problems 1 and 2 with the

same initial guess and measurements on the outer boundary.

Fig. 6 presents the exact and the numerical solution for the cavity D1 given by (E1), obtained for Exam-
ple 1 starting with the initial guess (G1) and using noisy input temperature eT joX, namely pT = 10, and
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Fig. 6. (a) The exact (—) and the numerical solution for the cavity D1 given by (E1), obtained with the initial guess (G1), pT = 10%

noise added into the temperature data T joX, and temperature (� � �) and flux (––) measurements on oXi, for Example 1, and (b) a closer

view of the exact and numerical results obtained for the cavity D1.
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different boundary conditions on the internal boundary. It can be seen that both numerical solutions for

Problems 1 and 2 represent very good approximations for the exact cavity, with the mention that the cavity

retrieved employing flux data on the inner boundary (Problem 2) is more accurate than that obtained using

temperature data on the boundary of the cavity (Problem 1). Similar conclusions can be drawn from Figs. 7

and 8 which illustrate the numerical results obtained for the cavities Dj, j = 1, . . .,Nc, in the case of Example
2 starting with the initial guess (G2) and pT = 10 and Example 3 starting with the initial guess (G3) and

pT = 5, respectively, in comparison with their corresponding exact solutions. Moreover, from Figs. 6–8 it

can be concluded that the cavity detection problem is more sensitive with respect to the type of inner

boundary conditions for the modified Helmholtz equation than for the Helmholtz equation, in the sense

that Neumann data on the inner boundaries provide more accurate approximate solutions. In addition,

the influence of the boundary conditions on the inner boundaries is better emphasised in the case of iden-

tifying two cavities in Helmholtz-type equations, see e.g. Fig. 8.

5.4. Convergence of the method

Starting with the initial guess (G1) for the cavity D1 and setting pT = 5, we estimate the exact values (E1)

using the numerical method proposed in Section 4, for the inverse problem given by Example 1. Fig. 9(a)

illustrates the iterative convergence process as the initial guess for the cavity D1 moves towards the target,

for various numbers of iterations performed. From this figure it can be seen that the numerically retrieved

cavity is a very good approximation of the target and the convergence is achieved after a small number of

iterations, namely niter = 9. Consequently, the numerical results for the location and the size of the cavity,

gð1;numÞ
1 ¼ �0:1891, gð1;numÞ

2 ¼ �0:3035 and rðnumÞ
1 ¼ 0:5079 are in good agreement with their exact values.

Fig. 9(b) presents the iterative convergence process for the numerical flux U(num)joX towards its exact value

U(exact)joX for various numbers of iterations performed, namely n 2 {1,3,6}, obtained for the inverse geo-

metric problem given by Example 1. It can be seen that the convergence is very rapid and at the end of

the iterative process the numerical and the exact values of the flux on the outer boundary oX are almost

identical.
Similar results are obtained for the inverse problems given by Example 2 with the exact solution (E2), the

initial guess (G2) and pT = 5 and Example 3 with the exact solution (E3), the initial guess (G3) and pT = 3,

respectively. The iterative convergence process as the initial guess for the cavities Dj, j = 1, . . . , Nc, where

Nc = 1 in the case of Example 2 and Nc = 2 for Example 3, moves towards the target for the various num-
-2 -1 0 1 2

x1

-2

-1

0

1

2

x2

(a) (b)
-0.5 0.0 0.5 1.0

x1

-0.5

0.0

0.5

1.0

x2

Fig. 7. (a) The exact (—) and the numerical solution for the cavity D1 given by (E2), obtained with the initial guess (G2), pT = 10%

noise added into the temperature data TjoX, and temperature (� � �) and flux (––) measurements on oXi, for Example 1, and (b) a closer

view of the exact and numerical results obtained for the cavity D1.
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Fig. 9. The iterative convergence process for (a) the circular cavity D1 as the initial guess (–––) given by (G1) moves towards the target

(—), i.e. the exact solution (E1), and (b) the numerical flux U(num)joX (—) towards the analytical flux U(an)joX (–––), for pT = 5% and

various numbers of iterations performed, namely n = 1 (� � �h� � �), n = 3 (� � �s� � �), n = 5 (� � �n� � �) and n = 9 (� � �*� � �), for Example 1.
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Fig. 8. (a) The exact (—) and the numerical solution for the cavities D1 and D2 given by (E3), obtained with the initial guesses (G3),

pT = 5% noise added into the temperature data TjoX, and temperature (� � �) and flux (– –) measurements on oXi, for Example 3. A closer

view of the exact and numerical results obtained for the cavities (b) D1, and (c) D2.
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bers of iterations performed are graphically presented in Fig. 10(a) and (b), respectively. It can be seen

from these figures that the number of iterations niter required in order for the objective function F to attain
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Fig. 10. (a) The iterative convergence process for the circular cavity D1 as the initial guess (–––) given by (G2) moves towards the

target (—), i.e. the exact solution (E2), for pT = 5% and various numbers of iterations performed, namely n = 1 (� � �h� � �), n = 3

(� � �s� � �), n = 5 (� � �n� � �) and n = 10 (� � �*� � �), for Example 2. (b) The iterative convergence process for the circular cavities D1 and D2

as the initial guesses (–––) given by (G3) move towards their targets (—), i.e. the exact solutions (E3), for pT = 3% and various numbers

of iterations performed, namely n = 1 (� � �h� � �), n = 5 (� � �s� � �), n = 10 (� � �n� � �) and n = 19 (� � �*� � �), for Example 3.
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convergence is larger in the case of Example 3 (i.e. niter = 19) than that obtained for Example 2 (i.e.
niter = 10) and this is due to the larger number of cavity parameters involved in the minimisation function

corresponding to Example 3. However, the number of iterations required to terminate the minimisation

process is relatively small for all the inverse geometric problems investigated in this study.

5.5. Sensitivity analysis

Table 2 presents the numerical results obtained for the parameters characterising the position and the

size of the cavity D1 in comparison with their exact values corresponding to Example 2 with the initial guess
(G2) and pT = 1, when the position of the centre of the cavity is varied with respect to the x1-coordinate gð1Þ

1 ,

while keeping the other parameters given by the exact solution (E2) constant, i.e. gð1Þ
2 ¼ 0:30 and r1 = 0.70.

It can be seen that the numerical results retrieved using the numerical method proposed are very good

approximations of their exact values, they are obtained after a maximum n = 14 iterations and the value

of the objective function F is O(10�4) in the worst case. From this table it can be seen that the numerical

results obtained for the parameters determining the location and size of the cavity deteriorate as the bound-
Table 2

The values of the objective functionF, the number of iterations performed niter and the numerically retrieved values for the parameters

characterising the position and the shape of the cavityD1 given by gð1Þ
1 2 f0:10; 0:20; . . . ; 1:10g, gð1Þ

2 ¼ 0:30 and r1 = 0.70, obtained using

pT = 1% noise added into the input temperature data T(an)joX and the initial guess gð1;gÞ
1 ¼ gð1;gÞ

2 ¼ 0:0 and rðgÞ1 ¼ 1:40, for Example 2

gð1Þ1 gð1;numÞ
1 Err(gð1Þ1 ) gð1;numÞ

2 Err(gð1Þ2 ) rðnumÞ
1 Err(r1) F niter

0.00 0.0052 – 0.2927 2.4375 0.7053 0.7630 0.1821 · 10�3 12

0.10 0.1002 0.2371 0.2952 1.5898 0.7055 0.7795 0.1606 · 10�5 10

0.20 0.1974 1.3198 0.2968 1.0753 0.7054 0.7706 0.1640 · 10�5 10

0.30 0.2975 0.8452 0.2968 1.0753 0.7051 0.7303 0.1998 · 10�5 11

0.40 0.3962 0.9450 0.2979 0.6905 0.7046 0.6565 0.2714 · 10�5 11

0.50 0.4894 2.1215 0.3024 0.7989 0.7040 0.5699 0.3535 · 10�5 11

0.60 0.2747 54.2144 0.4905 63.4991 0.6968 0.4633 0.7509 · 10�3 14



Table 3

The values of the objective functionF, the number of iterations performed niter and the numerically retrieved values for the parameters

characterising the position and the shape of the cavities D1 and D2 given by gð1Þ
1 ¼ 0:70, gð1Þ

2 ¼ 0:50, r1 = 0.40, gð2Þ
1 ¼ �0:50, gð2Þ

2 ¼ �0:30

and r2 2 {0.10,0.20, . . ., 0.80}, obtained using pT = 1% noise added into the input temperature data T(an)joX and the initial guess

gð1; gÞ
1 ¼ 0:0, gð1;gÞ

2 ¼ 0:70, rðgÞ1 ¼ 0:60, gð2;gÞ
1 ¼ 0:0, gð2;gÞ

2 ¼ �0:70 and rðgÞ2 ¼ 0:60, for Example 3

r2 gð1;numÞ
1 gð1;numÞ

2 rðnumÞ
1 gð2;numÞ

1 gð2;numÞ
2 rðnumÞ

2 F niter
Errðgð1Þ1 Þ Errðgð1Þ2 Þ Err(r1) Errðgð2Þ1 Þ Errðgð2Þ2 Þ Err(r2)

0.10 0.7055 0.4917 0.4041 �0.5336 �0.3309 0.1016 0.3029 · 10�5 24

0.7832 1.6678 1.0149 6.7221 10.2919 1.6421

0.20 0.7028 0.4961 0.4028 �0.4960 �0.3087 0.2053 0.5451 · 10�5 25

0.3934 0.7719 0.7716 0.7961 2.8860 2.6501

0.40 0.6997 0.4985 0.4021 �0.4966 �0.3006 0.4029 0.4198 · 10�5 14

0.4092 0.2928 0.5349 0.6740 0.2134 0.7153

0.50 0.6995 0.4989 0.4016 �0.4977 �0.3009 0.5024 0.3230 · 10�5 14

0.0715 0.2119 0.4018 0.4641 0.2902 0.4760

0.60 0.6996 0.4992 0.4011 �0.4983 �0.3011 0.6021 0.2219 · 10�5 13

0.0612 0.1587 0.2682 0.3410 0.3741 0.3548

0.70 0.6996 0.4994 0.4007 �0.4987 �0.3013 0.7020 0.1323 · 10�3 16

0.0612 0.1295 0.1635 0.2566 0.4239 0.2797

0.80 0.5028 0.4219 0.2241 �0.4766 �0.3159 0.8274 0.3658 · 10�5 22

28.1726 15.6155 43.9713 4.6840 5.3146 3.4277
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ary of the cavity D1 approaches the outer boundary of the domain X, i.e. for gð1Þ
1 ¼ 0:60, gð1Þ

2 ¼ 0:30 and

r1 = 0.70. Similar results have been obtained when varying gð1Þ
2 and therefore they are not presented here.

In Table 3 we show the exact and the numerical results for the location and size of the cavities D1 and D2

corresponding to Example 3 with the initial guess (G3) and noisy input temperature data, i.e. pT = 1 in (31),

obtained using the BEM minimisation presented in Section 4, when the position and the size of the cavity

D1 and the location of the centre of the cavity D2 given by the exact solution (E3) are kept constant, whilst

the radius of the cavity D2 is varied, namely r2 2 {0.10, 0.20, . . . , 0.80}. From this table it can be seen that

better estimates of the parameters describing the position and the size of the cavity are obtained, provided
that the radius, r2, of the cavity is large. However, it should be noted that the numerical results obtained

using the proposed numerical method deteriorate as the radius, r2, of the cavity becomes very small, e.g. see

the numerical results obtained for r2 = 0.10, or the boundary of any of the cavities D1 and D2 approaches

the outer boundary oX, e.g. see the numerical results obtained when r2 = 0.80, but they still represent rea-

sonable estimates of their exact values. Although not presented here, it should be noted that the numerical

results also deteriorate as the cavities D1 and D2 become very close.

It is worth noting that the algorithm proposed in this paper fails to provide reasonable results for large

values of jkj in the Helmholtz-type equation (1), i.e. jkj P 4.0, and the smaller the value of jkj, the more
accurate are the numerical results. From Figs. 2–10 and Tables 1–3 it can be concluded that the numerical

method described in Section 4 is very efficient in retrieving circular cavities of different sizes and locations

embedded in the domain X, provided that noisy input data is available on the outer boundary of the do-

main under investigation.
6. Conclusions

In this paper, we have investigated the retrieval of circular cavities embedded in a two-dimensional do-

main where either the Helmholtz or the modified Helmholtz equation is satisfied, from boundary measure-

ments only. It should be noted that the analysis performed in this study can be applied to other partial

differential equations, such as convection–diffusion equations, which can be reduced to Eq. (1) with
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k 2 R or k 2 C n R, see e.g. [33]. The numerical method proposed combines a BEM presented in Section 3

and a constrained least-squares technique described in Section 4 in order to simultaneously identify the

coordinates of the centres and the radii of the cavities.

From the numerical results presented and discussed in Section 5, it can be concluded that the proposed

numerical method produces a stable numerical solution with respect to the location and the size of the cir-
cular cavities embedded in the two-dimensional domain X as the amount of noise added into the input tem-

perature data on the outer boundary decreases. It was also found that the numerical results obtained for the

parameters characterising the position and size of circular cavities deteriorate as the cavities become very

small, the inhomogeneities are located in the vicinity of the outer boundary oX or the cavities are very close.

However, even in these cases the numerical results obtained were found to have a reasonable accuracy. The

very large values of jkj for which the proposed numerical algorithm fails to provide accurate estimates of

the cavities is another limitation of this method. However, future work will involve the numerical recovery

of cavities in Helmholtz-type equations for large values of jkj, as well as the detection of other shapes, such
as polygons or ellipses.
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