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Regularized MFS-Based Boundary Identification in
Two-Dimensional Helmholtz-Type Equations

Liviu Marin1 and Andreas Karageorghis2

Abstract: We study the stable numerical identification of an unknown portion
of the boundary on which a given boundary condition is provided and additional
Cauchy data are given on the remaining known portion of the boundary of a two-
dimensional domain for problems governed by either the Helmholtz or the modified
Helmholtz equation. This inverse geometric problem is solved using the method
of fundamental solutions (MFS) in conjunction with the Tikhonov regularization
method. The optimal value for the regularization parameter is chosen according to
Hansen’s L-curve criterion. The stability, convergence, accuracy and efficiency of
the proposed method are investigated by considering several examples.

Keywords: Helmholtz-Type Equations; Inverse Geometric Problem; Method of
Fundamental Solutions (MFS); Regularization.

1 Introduction

In direct problems in mechanics, the goal is to determine the response of a system
when the governing system of partial differential equations, the initial and bound-
ary conditions for the primary and/or secondary fields, the material properties and
the geometry of the domain occupied by the material under investigation are all
known. The existence and uniqueness of the solution to such problems have been
well established. If, however, at least one of the above data is partially or entirely
missing, this yields an inverse problem. It is well known that such problems are in
general unstable, in the sense that small measurement errors in the input data may
significantly amplify the errors in the solution, see e.g. Hadamard (1923).

An important class of inverse problems in mechanics is represented by inverse ge-
ometric problems which can be divided into the following categories: (i) shape and
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design optimization; (ii) identification of defects, e.g. cavities, inclusions, cracks;
and (iii) identification of an unknown part of the boundary. For problems belong-
ing to the last category, both Dirichlet and Neumann data, i.e. Cauchy data, can be
measured on an accessible and known part of the boundary of the solution domain,
whilst either a Dirichlet, Neumann or Robin-type condition is prescribed on the
remaining, inaccessible and unknown, part of the boundary. In such problems, the
goal is to reconstruct the unknown part of the boundary from the available boundary
conditions.

Most of the studies available in the literature which investigate the boundary iden-
tification (reconstruction) problem deal with the Laplace equation. Aparicio and
Pidcock (1996) analysed the problem of determining a part of the boundary of a
domain, where a potential satisfies the Laplace equation, and proposed two meth-
ods to solve this problem, provided that the potential is monotonic along the un-
known boundary. The stability of determining a portion of the boundary, which
encloses a two-dimensional bounded domain where the Laplace equation is satis-
fied, from Cauchy data was studied by Beretta and Vessela (1998). Various con-
ditional stability estimates for this problem, according to a priori assumptions on
the regularity of the unknown sub-boundaries, were provided by Bukhgeim, Cheng
and Yamamoto (1999). Hsieh and Kassab (1986) proposed a general numerical
method to determine an unknown boundary for heat conduction problems which is
independent of the type of condition imposed on the unknown boundary. Huang
and Chao (1997) investigated a steady-state shape identification problem by us-
ing both the Levenberg-Marquardt algorithm and the conjugate gradient method.
Their work was later extended by Huang and Tsai (1998) to a transient inverse
geometric problem in identifying the irregular boundary configurations from exter-
nal measurements using the boundary element method (BEM). Park and Ku (2001)
considered the inverse problem of identifying the boundary shape of a domain from
boundary temperature measurements, when the temperature is dominated by natu-
ral convection. Lesnic, Berger and Martin (2002) determined the boundary in po-
tential corrosion damage from Cauchy data available on the known portion of the
boundary by employing a regularized BEM minimization technique. Their method
was also extended to the Lamé system of linear elasticity and the Helmholtz equa-
tion by Marin and Lesnic (2003), and Marin (2006), respectively.

The method of fundamental solutions (MFS) is a meshless boundary collocation
method which is applicable to boundary value problems for which a fundamental
solution of the operator in the governing equation is known. Although the ideas
behind the method had been around for a number of years, it was introduced as
a numerical method in the late 70’s by Mathon and Johnston (1977). In recent
years the MFS has been used for the numerical solution of a large variety of phys-
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ical problems, see e.g. Tsangaris, Smyrlis and Karageorghis (2004); Alves and
Antunes (2005); Reutskiy (2005); Young, Tsai, Lin and Chen (2006); Godinho,
Tadeu and Amado Mendes (2007); Chen, Kao and Chen (1995). For a com-
prehensive application of the MFS to various problems, we refer the reader to the
survey papers Fairweather and Karageorghis (1998); Golberg and Chen (1999);
Fairweather, Karageorghis and Martin (2003) and Cho, Golberg, Muleshkov and
Li (2004). The main reason for the popularity of the method is the ease with
which it can be implemented, especially for problems in complex geometries and
three-dimensional domains.

Predictably, this ease of implementation of the method for problems with com-
plex boundaries has attracted the attention of several researchers in the area of
inverse problems and as a result, the MFS has been used extensively for the nu-
merical solution of such problems; for a brief review see Marin, Karageorghis and
Lesnic (2009). In particular, recently, the MFS has been successfully applied to
solving inverse problems associated with the heat equation [Hon and Wei (2004);
Hon and Wei (2005); Dong, Sun and Meng (2007); Ling and Takeuchi (2008);
Marin (2008); Shigeta and Young (2009)], linear elasticity [Marin and Lesnic (2004);
Marin (2005a); Fam and Rashed (2009)], steady-state heat conduction in function-
ally graded materials (FGMs) [Marin (2005b)], Helmholtz-type equations [Marin
and Lesnic (2005a); Marin (2005c); Jin and Zheng (2006)], the biharmonic
equation [Marin and Lesnic (2005b); Zeb, Ingham and Lesnic (2008)], source
reconstruction in heat conduction problems [Jin and Marin (2007); Yan, Fu and
Yang (2008)], Stokes problems [Chen, Young, Tsai and Murugesan (2005)], etc.

The first attempt to solve an inverse geometric problem by a meshless method was
carried out by Hon and Wu (2000), where radial basis functions were used to ap-
proximate the solution. The MFS was, apparently, used for the first time for the so-
lution of an inverse boundary determination problem in Mera and Lesnic (2005),
where the authors solved the corresponding inverse problem associated with the
three-dimensional Laplace equation arising in potential corrosion damage. In Hon
and Li (2008), the MFS was applied to one- and two-dimensional inverse boundary
determination heat conduction problems. Zeb, Ingham and Lesnic (2008) applied
the MFS, without any physical constraints, to the solution of an inverse bound-
ary determination problem associated with the two-dimensional biharmonic equa-
tion. Recently, a combined MFS-Tikhonov regularization method was introduced
to reconstruct the inaccessible and unknown part of the boundary of the domain
from Cauchy data on the remaining accessible portion of the boundary for two-
dimensional harmonic problems, FGMs and isotropic linear elastic materials, see
Marin, Karageorghis and Lesnic (2009), Marin (2009a) and Marin (2009b), re-
spectively.
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To the best of our knowledge, the application of the MFS to two-dimensional in-
verse geometric problems governed by either the Helmholtz or the modified Helmholtz
equation, has not yet been investigated. More specifically, we try to identify, in a
stable manner, the shape of an inaccessible and unknown part of the boundary
of the solution domain, from a prescribed boundary condition on this portion of
the boundary and Cauchy data available on the remaining, accessible and known
part of the boundary. This inverse problem is solved using the MFS, in conjunc-
tion with the Tikhonov first-order regularization method, i.e. by extending the
method proposed by Marin, Karageorghis and Lesnic (2009), Marin (2009a) and
Marin (2009b) to problems governed by the two-dimensional Helmholtz and mod-
ified Helmholtz equations. The optimal value of the regularization parameter is
chosen according to Hansen’s L-curve criterion.

2 Mathematical formulation

Helmholtz-type equations arise naturally in many physical applications such as the
vibration of a structure, the acoustic cavity problem, the radiation wave, the scat-
tering of a wave and the heat conduction in fins. In this work, in order to refer to a
specific physical problem, we shall consider Helmholtz problems in the context of
heat transfer problems, see e.g. Kraus, Aziz and Welty (2001).

We therefore assume that the temperature field, u(x), satisfies the Helmholtz or the
modified Helmholtz equation in an open bounded domain Ω⊂ R2, namely

L u(x)≡
(
∆±κ

2)u(x) = 0, x = (x1,x2) ∈Ω, (1)

where κ > 0, while the plus and minus signs correspond to the Helmholtz and
the modified Helmholtz equations, respectively. Moreover, we assume that the
domain Ω is bounded by a smooth or a piecewise smooth curve ∂Ω, such that
∂Ω = ∂Ω1 ∪ ∂Ω2, where ∂Ω1 6= /0, ∂Ω2 6= /0 and ∂Ω1 ∩ ∂Ω2 = /0. For example,
when L ≡ ∆−κ2, the partial differential equation (1) models the heat conduction
in a fin where u is the dimensionless local fin temperature, κ2 = h

/
(k δ f ) , h is the

surface heat transfer coefficient [W
/(

m2K
)
], k is the thermal conductivity of the

fin [W
/
(mK) ] and δ f is the half-fin thickness [m].

Let n(x) be the unit outward normal vector to the boundary ∂Ω and q(x)≡∇u(x) ·
n(x) be the normal heat flux at a point x ∈ ∂Ω. In the direct problem formulation,
the knowledge of the constant κ , the location, shape and size of the entire boundary
∂Ω, the temperature and/or the normal heat flux on the entire boundary ∂Ω gives
the corresponding Dirichlet, Neumann, or mixed boundary conditions which enable
one to determine the unknown boundary conditions, as well as the temperature dis-
tribution in the solution domain. A different and more interesting situation arises
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when a part of the boundary, say ∂Ω2, is unknown, while some additional informa-
tion is supplied on the remaining part of the boundary ∂Ω1 = ∂Ω\∂Ω2. More pre-
cisely, we consider the following inverse geometric problem for two-dimensional
Helmholtz-type equations:

Determine the boundary ∂Ω2 ⊂ ∂Ω, ∂Ω2 6= /0, such that the temperature u satisfies
the Helmholtz (or modified Helmholtz) equation (1), both temperature and flux
conditions, i.e. Cauchy data, are given on the known part of the boundary, and
either a Dirichlet, Neumann or Robin boundary condition is prescribed on ∂Ω2,
namely

L u(x)≡
(
∆±κ

2)u(x) = 0, x ∈Ω, (2a)

u(x) = ũ(x), x ∈ ∂Ω1, (2b)

q(x) = q̃(x), x ∈ ∂Ω1, (2c)

αu u(x)+αq q(x) = f̃(x),αq, x ∈ ∂Ω2. (2d)

Here αu,αq ∈ R, while ũ, q̃ and f̃ are prescribed Dirichlet, Neumann and Robin
boundary conditions, respectively. It should be noted that, in Eq. (2d), the cases
when αu = 1 and αq = 0, and αu = 0 and αq = 1 correspond to given Dirichlet and
Neumann boundary conditions on ∂Ω2, respectively, while the condition αu αq 6= 0
is associated with a prescribed Robin boundary condition on ∂Ω2.

In addition, we assume that the known boundary ∂Ω1 is the graph of a known
Lipschitz function φ1 : [−r,r]−→ [0,∞), whilst the unknown boundary ∂Ω2 is the
graph of an unknown Lipschitz function φ2 : [−r,r]−→R, where φ1(x) > φ2(x) for
all x ∈ (−r,r). Moreover, both the known and unknown boundaries intersect the
x1−coordinate axis at the points (±r,0), see e.g. Fig. 1.

This inverse geometric problem is considerably more difficult to solve than the di-
rect problem, both analytically and numerically, since the solution does not satisfy
the general conditions of well-posedness. Although the problem may have a unique
solution, it is well-known that this solution is unstable with respect to small per-
turbations to the data on ∂Ω1, see e.g. Hadamard (1923). Thus the problem is
ill-posed and we cannot use a direct approach, such as the least-squares method, in
order to solve the system of linear equations which arises from the discretization of
the partial differential equations (2a) and the boundary conditions (2b)− (2d).

3 Method of fundamental solutions

3.1 Boundary discretization

The boundary ∂Ω of the solution domain Ω is discretized by selecting N1 bound-
ary points z(i), i = 1, . . . ,N1, on the known boundary ∂Ω1 and N2 boundary points
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z(N1+i), i = 1, . . . ,N2, on the unknown boundary ∂Ω2, such that N = N1 +N2. Con-
sequently, the boundary ∂Ω is approximated by

∂Ω≈ ∂ Ω̃ =
N1+N2⋃

i=1

Γ
(i), where Γ

(i) =
[
z(i),z(i+1)

]
, i = 1, . . . ,N1 +N2, (3)

x2

x1O

z(k)

z(k+1)
x(k)

z(N1+1)

z(N1+N2)

z(1)

1

2

Figure 1: Geometry and boundary discretization of the problem.

with the convention z(N1+N2+1) = z(1). As a direct consequence of the discretization
given by Eq. (3), the known and unknown boundaries ∂Ω1 and ∂Ω2 are approxi-
mated by

∂Ω1 ≈ ∂ Ω̃1 =
N1⋃
i=1

Γ
(i) and ∂Ω2 ≈ ∂ Ω̃2 =

N1+N2⋃
i=N1+1

Γ
(i), respectively. (4)

Further, we take the MFS boundary collocation points to be the midpoints x(i),
i = 1, . . . ,N1 +N2, of each segment Γ(i), i = 1, . . . ,N1 +N2, namely

x(i) =
1
2

(
z(i) + z(i+1)

)
= x(i)

(
z(i),z(i+1)

)
, i = 1, . . . ,N1 +N2. (5)

In this way, the outward unit normal vector n to the approximate boundary ∂ Ω̃ at
the MFS boundary collocation points is given by

n(x(i)) = 1
‖z(i+1)− z(i)‖

(
z(i+1)

2 − z(i)
2 ,−z(i+1)

1 + z(i)
1

)
= n(i)

(
z(i),z(i+1)

)
,

i = 1, . . . ,N1 +N2.

(6)
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The boundary points z(i), i = 1, . . . ,N1 +N2, are chosen so that their x1−components
are uniformly distributed on the segment [−r,r], while the x2−components are ex-
pressed as functions of the corresponding x1−components. More specifically, we
define the boundary points z(i), i = 1, . . . ,N1 + N2, in the following way, see also
Fig. 1,

z(i) =
(

z(i)
1 ,z(i)

2

)
, i = 1, . . . ,N1 +N2, (7a)

z(i)
1 = r

(
1−2 i−1

N1

)
, z(i)

2 = φ1(z
(i)
1 ), i = 1, . . . ,N1, (7b)

z(N1+i)
1 =−r

(
1−2 i−1

N2

)
, z(N1+i)

2 = φ2(z
(N1+i)
1 ), i = 1, . . . ,N2, (7c)

z(1) = (r,0), z(N1+1) = (−r,0). (7d)

Consequently, the MFS boundary collocation points x(i), i = 1, . . . ,N1 + N2, are
given by

x(i) =
(

x(i)
1 ,x(i)

2

)
, i = 1, . . . ,N1 +N2, (8a)

x(i)
1 = r

(
1− 2i−1

N1

)
, x(i)

2 = 1
2

(
z(i)

2 + z(i+1)
2

)
, i = 1, . . . ,N1, (8b)

x(N1+i)
1 =−r

(
1− 2i−1

N2

)
, x(N1+i)

2 = 1
2

(
z(N1+i)

2 + z(N1+i+1)
2

)
, i = 1, . . . ,N2.

(8c)

From Eqs. (7) and (8), it follows that the unknown boundary ∂Ω2 is completely

determined by the unknown vector z =
[
z(N1+2)

2 , . . . ,z(N1+N2)
2

]T
∈ RN2−1.

3.2 MFS approximation

The fundamental solutions of the Helmholtz (GH) and the modified Helmholtz
(GMH) equations in two-dimensions are given by, see e.g. Fairweather and Kara-
georghis (1998), and Marin and Lesnic (2005a)

GH(x,ξ ) =
i
4

H(1)
0 (κ ‖x−ξ‖) , x ∈Ω, ξ ∈ R2 \Ω, (9a)

and

GMH(x,ξ ) =
1

2π
K0 (κ ‖x−ξ‖) , x ∈Ω, ξ ∈ R2 \Ω, (9b)
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respectively. Here i =
√
−1, ξ is a singularity (or source point), H(1)

0 is the Hankel
function of the first kind of order zero and K0 is the modified Bessel function of the
second kind of order zero.

In the MFS, we approximate the temperature in the solution domain by a lin-
ear combination of fundamental solutions with respect to M singularities ξ

( j), j =
1, . . . ,M, in the form

u(x)≈ uM(c,ξ ;x) =
M

∑
j=1

c j G(x,ξ ( j)), x ∈Ω, (10)

where c = [c1, . . . ,cM]T and ξ ∈ R2M is a vector containing the coordinates of the
singularities ξ

( j), j = 1, . . . ,M. Taking into account the definitions of the nor-
mal heat flux and the fundamental solutions for the Helmholtz and the modified
Helmholtz equations (9), the normal heat flux, through a curve defined by the out-
ward unit normal vector n(x), can be approximated on the boundary ∂Ω by

q(x)≈ qM(c,ξ ;x) =
M

∑
j=1

c j H(x,ξ ( j)), x ∈ ∂Ω. (11)

Here H(x,ξ ) = ∇xG(x,ξ ) ·n(x), and H = HH in the case of the Helmholtz equation
and H = HMH in the case of the modified Helmholtz equation, where

HH(x,ξ ) =− iκ
4

H(1)
1 (κ ‖x−ξ‖)

[
x−ξ

‖x−ξ‖
·n(x)

]
, x ∈Ω, ξ ∈ R2 \Ω, (12a)

and

HMH(x,ξ ) =− κ

2π
K1 (κ ‖x−ξ‖)

[
x−ξ

‖x−ξ‖
·n(x)

]
, x ∈Ω, ξ ∈R2 \Ω, (12b)

respectively. In Eqs. (12a) and (12b), H(1)
1 is the Hankel function of the first kind

of order one and K1 the modified Bessel function of second kind of order one.

From the MFS approximations (10) and (11), boundary conditions (2b)− (2d)
yield

M

∑
j=1

G(x(i),ξ ( j))c j = ũ(x(i)), i = 1, . . . ,N1,
(
∂Ω1

)
(13a)

M

∑
j=1

H(x(i),ξ ( j))c j = q̃(x(i)), i = 1, . . . ,N1,
(
∂Ω1

)
(13b)
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M

∑
j=1

[
αu G(x(i),ξ ( j))+αq H(x(i),ξ ( j))

]
c j = f̃(x(i)),

i = N1 +1, . . . ,N1 +N2.

(
∂Ω2

)
(13c)

Eqs. (13a)− (13c) represent a system of 2N1 + N2 nonlinear algebraic equa-
tions with M +N2−1 unknowns, namely the MFS coefficients c = [c1, . . . ,cM]T ∈

RM and the x2−coordinates z =
[
z(N1+2)

2 , . . . ,z(N1+N2)
2

]T
∈ RN2−1 of the bound-

ary points that determine the unknown boundary ∂Ω2. It should be noted that in
order to uniquely determine the solution (c,z) ∈RM×RN2−1 of the system of non-
linear algebraic equations (13a)− (13c), the number N1 of boundary collocation
points on the known boundary ∂Ω1 and the number M of singularities must satisfy
the inequality M− 1 ≤ 2N1. Further, the system of nonlinear algebraic equations
(13a)−(13c) cannot be solved by direct methods, such as the least-squares method,
since such an approach would produce a highly unstable solution.

3.3 MFS boundary collocation points and singularities

In order to implement the MFS, the location of the singularities has to be deter-
mined and this is usually achieved by considering either the static or the dynamic
approach. In the static approach, the singularities are kept fixed throughout the so-
lution process, while in the dynamic approach, the singularities and the unknown
coefficients are determined simultaneously during the solution process, see Fair-
weather and Karageorghis (1998). In the latter approach which is computationally
much more expensive, the uniqueness of the solution is not always guaranteed.
Thus the dynamic approach transforms the inverse geometric problem into a non-
linear ill-posed problem. We have therefore decided to employ the static approach
with the singularities, ξ

( j), j = 1, . . . ,M, located on the boundary, ∂ΩS, of a disk of
radius RS and centered at the origin, defined by ΩS =

{
x = (x1,x2)

∣∣x2
1 +x2

2 < R2
S

}
,

that encloses the solution domain, as well as its boundary, i.e. Ω⊂ΩS.

4 Description of the algorithm

In this section, we present a numerical scheme for the stable solution of the system
of nonlinear algebraic equations (13a)− (13c), as well as details regarding the
numerical implementation of the proposed method.

4.1 Tikhonov regularization method

Several regularization techniques used for the stable solution of systems of linear
and nonlinear algebraic equations are available in the literature, such as the Singular
Value Decomposition (SVD) [Hansen (1998)], the Tikhonov regularization method



268 Copyright © 2009 Tech Science Press CMC, vol.10, no.3, pp.259-293, 2009

[Tikhonov and Arsenin (1986)] and various iterative methods [Kunisch and Zou
(1998)]. Recently, Liu (2008a) proposed a new and robust numerical technique for
the stable solution of ill-posed systems of linear algebraic equations, namely the
Fictitious Time Integration Method (FTIM). This method consists of introducing
a fictitious time variable that plays the role of a regularization parameter, while
its filtering effect is better than that of the Tikhonov and exponential filters. The
FTIM was successfully applied to solving inverse vibration problems [Liu (2008b);
Liu (2008c); Liu, Chang, Chang and Chen (2008)], nonlinear complementarity
problems [Liu (2008d)], large systems of nonlinear algebraic equations [Liu and
Atluri (2008a)], boundary value problems for elliptic partial differential equations
[Liu (2008e)] and inverse Sturm-Liouville problems [Liu and Atluri (2008b)]. Liu
and Atluri (2009) have recently shown that, when applied to solving an ill-posed
system of linear equations, the general FTIM may be viewed as a special case of
the Tiknonov regularization method.

The inverse geometric problem investigated in this paper is solved, in a stable man-
ner, by minimizing the following Tikhonov regularization functional, see
Tikhonov and Arsenin (1986),

Fλ (·, ·) : RM×RN2−1 −→ [0,∞), Fλ (c,z) = FLS(c,z)+Rλ (z), (14)

where FLS is the least-squares functional associated with the inverse geometric
problem investigated in this study, Rλ is the regularization term to be specified and
λ > 0 is the regularization parameter to be prescribed.

The least-squares functional, FLS, in Eq. (14) is given by

FLS(·, ·) : RM×RN2−1 −→ [0,∞),

FLS(c,z) = 1
2

N1

∑
i=1

{[
F1(c,ξ ;x(i))

]2
+
[
F2(c,ξ ;x(i))

]2
}

+1
2

N1+N2

∑
i=N1+1

[
F3(c,ξ ;x(i))

]2
,

(15)

where

F1(c,ξ ;x(i)) = ũ(x(i))−uM(c,ξ ;x(i)), i = 1, . . . ,N1, (16a)

F2(c,ξ ;x(i)) = q̃(x(i))−qM(c,ξ ;x(i)), i = 1, . . . ,N1, (16b)

F3(c,ξ ;x(i)) = f̃(x(i))−
[
αu uM(c,ξ ;x(i))+αq qM(c,ξ ;x(i))

]
,

i = N1 +1, . . .N1 +N2.
(16c)
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The regularization term, Rλ , in Eq. (14) is chosen to be the Tikhonov first-order
regularization term, namely

Rλ (·) : RN2−1 −→ [0,∞), Rλ (z) = λ‖z′‖2. (17)

Here z′ =
[
z(N1+2)

2 − z(N1+1)
2 , . . . ,z(N1+N2+1)

2 − z(N1+N2)
2

]T
denotes an approximation

to the first-order derivative of the function φ2, keeping in mind that z(i+1)
1 − z(i)

1 ,
i = N1, . . . ,N1 +N2, is constant.

It should be emphasized that the zeroth-order Tikhonov regularization procedure,
which is based on penalizing the norm of the solution, i.e. Rλ (z) = λ‖z‖2 in
Eq. (14), rather than its derivative, i.e. Rλ (z) = λ‖z′‖2, did not produce satis-
factorily accurate and stable results for the unknown boundary ∂Ω2. This obser-
vation is consistent with the results obtained by Peneau, Jarny and Sarda (1996),
Lesnic, Berger and Martin (2002), and Marin, Karageorghis and Lesnic (2009);
Marin (2009a); Marin and Lesnic (2003), and Marin (2009b); and Marin (2006)
who have solved a similar problem for the Laplace equation, FGMs, the Lamé
system and Helmholtz-type equations, respectively. However, Zeb, Ingham and
Lesnic (2008) successfully employed the zeroth-order Tikhonov regularization
functional, without imposing any physical constraints on the x2−coordinates of
the unknown boundary ∂Ω2.

4.2 Physical constraints

In order to retrieve an accurate and physically correct numerical solution of the
inverse geometric problem investigated herein, the Tikhonov first-order functional
given by Eq. (14) is minimized subject to the following simple bounds imposed on

the components of the unknown vector z =
[
z(N1+2)

2 , . . . ,z(N1+N2)
2

]T
∈ RN2−1:

−
√

R2
S−
(

z(i)
1

)2
< z(i)

2 < φ1(z
(i)
2 ), i = N1 +2, . . . ,N1 +N2. (18)

The simple bounds (18) require that the x2−coordinates of the unknown boundary
∂Ω2 be situated below those corresponding to the known boundary ∂Ω2, and the
singularities be located outside Ω. Alternatively, one can impose different lower
and/or upper bounds for the components of the unknown vector z, provided that
some additional a priori information about the location of the unknown boundary
∂Ω2 is known. For example, if it is known that the x2−coordinates of the unknown
boundary ∂Ω2 are situated below the x1−axis, then the simple bounds (18) can be
replaced by

−
√

R2
S−
(

z(i)
1

)2
< z(i)

2 < 0, i = N1 +2, . . . ,N1 +N2. (19)
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In summary, the Tikhonov regularization method solves a (physically) constrained
minimization problem using a smoothness norm in order to provide a stable so-
lution which both fits the data and possesses a minimum structure. More pre-
cisely, the MFS system of nonlinear equations (13a)− (13c) associated with the
inverse geometric problem for two-dimensional Helmholtz-type equations given
by Eqs. (2a)− (2d) is solved numerically by minimizing the Tikhonov first-order
regularization functional (14) with respect to the unknown pair of vectors (c,z) ∈
RM×RN2−1, subject to the physical constraints (18) or (19), i.e.

(cλ ,zλ ) : Fλ (cλ ,zλ ) = min
(c,z)∈RM×RN2−1

{
Fλ (c,z)

∣∣∣zsatisfies Eq. (18) or (19)
}

.

(20)

4.3 Numerical implementation

The minimization of the constrained Tikhonov first-order regularization functional
(20) is obtained using the NAG subroutine E04UNF [NAG Library Mark 21 (2007)]
which minimizes a sum of squares subject to constraints. This may include simple
bounds, linear constraints and smooth nonlinear constraints. Each iteration of the
subroutine E04UNF includes the following: (i) the solution of a quadratic program-
ming subproblem; (ii) a line search with an augmented Lagrangian function; and
(iii) a quasi-Newton update of the approximate Hessian of the Lagrangian function,
see e.g. Gill, Murray and Wright (1981).

4.3.1 Tikhonov regularization functional

In order to adjust our code to E04UNF, we denote by η = (c,z) ∈ RM+N2−1, i.e.

η` = c`, ` = 1, . . . ,M; ηM+` = z(M+`+1)
2 , ` = 1, . . . ,N2−1; (21)

and we also recall that relation (8c) is satisfied. We then re-write the Tikhonov
first-order regularization functional defined by Eq. (14) in the following form:

Fλ (·) : RM+N2−1 −→ [0,∞),

Fλ (η) =
1
2

2N1+N2

∑
i=1

[
yk−Fk(η)

]2
︸ ︷︷ ︸

= FLS(c,z)

+
1
2
[
y2N1+N2+1−F2N1+N2+1(η)

]2︸ ︷︷ ︸
= Rλ (z)

, (22)

where the vectors F(η) =
[
F1(η), . . . ,F2N1+N2+1(η)

]T ∈ R2N1+N2+1 and

y =
[
y1, . . . ,y2N1+N2+1

]T ∈ R2N1+N2+1 are given by
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Fk(η) =
M

∑
j=1

G(x(k),ξ ( j))c j, yk = ũ(x(k)), k = 1, . . . ,N1, (23a)

FN1+k(η) =
M

∑
j=1

H(x(k),ξ ( j))c j, yN1+k = q̃(x(k)), k = 1, . . . ,N1, (23b)

F2N1+k(η) =
M

∑
j=1

[
αu G(x(N1+k),ξ ( j))+αq H(x(N1+k),ξ ( j))

]
c j,

y2N1+k = f̃(x(N1+k)), k = 1, . . . ,N2,

(23c)

F2N1+N2+1(η) =
√

2λ

[
N2+1

∑
j=2

(
z(N1+ j)

2 − z(N1+ j−1)
2

)2
]1/2

, y2N1+N2+1 = 0. (23d)

4.3.2 Gradient of the Tikhonov regularization functional

We define the components of the gradient, J(η)= ∇Fλ (η)∈R(2N1+N2+1)×(M+N2−1),
corresponding to the Tikhonov first-order regularization functional, as defined in
Eq. (22), by

Jk,`(η) =

 G(x(k),ξ (`)), k = 1, . . . ,N1, ` = 1, . . . ,M,

0, k = 1, . . . ,N1, ` = M +1, . . . ,M +N2−1,
(24a)

JN1+k,`(η) =

 H(x(k),ξ (`)), k = 1, . . . ,N1, ` = 1, . . . ,M,

0, k = 1, . . . ,N1, ` = M +1, . . . ,M +N2−1,

(24b)

J2N1+k,`(η) =



αu G(x(N1+k),ξ (`))+αq H(x(N1+k),ξ (`)),
k = 1, . . . ,N2, ` = 1, . . . ,M,

M

∑
j=1

∂

∂η`

[
αu G(x(N1+k),ξ ( j))+αq H(x(N1+k),ξ ( j))

]
c j,

k = 1, . . . ,N2, ` = M +1, . . . ,M +N2−1,

(24c)

J2N1+N2+1,`(η) =


0, ` = 1, . . . ,M,

√
2λ

∂

∂η`
‖z′‖, ` = M +1, . . . ,M +N2−1.

(24d)
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It should be mentioned that providing as many exact values for the components of
the gradient J(η) = ∇Fλ (η) as possible to the NAG subroutine E04UNF results
not only in an improvement in the accuracy of the numerical approximation of
the unknown boundary, but also in a marked decrease in the computational time
required to minimize the Tikhonov first-order regularization functional given by
(14) with respect to the unknown vector η ∈ RM+N2−1, subject to the physical
constraints (18) or (19).

5 Numerical results and discussion

In this section we investigate the performance of the proposed numerical method,
namely the regularized MFS described in Section 4. To do so, we solve numerically
the inverse geometric problem given by Eqs. (2a)− (2d) for the two-dimensional
modified Helmholtz equation, i.e. L ≡ ∆−κ2, in the two-dimensional geometries
which are schematically presented in Figs. 2(a)–(d). It should be mentioned that
similar numerical results have been obtained for the inverse problem (2a)− (2d)
associated with the two-dimensional Helmholtz equation, i.e. L ≡ ∆ + κ2, and
therefore only one such example is included in this section (Example 5), for com-
pleteness.

5.1 Examples

In Examples 1−4, we consider the following analytical solution for the temperature

u(an)(x) = ea1 x1+a2 x2 , x = (x1,x2) ∈Ω, (25)

where κ = 2.0, a1 = 1.0 and a2 = −
√

κ2− a2
1 = −

√
3, whilst the corresponding

analytical normal heat flux on the boundary ∂Ω is given by

q(an)(x) = [a1 n1(x)+ a2 n2(x)] ea1 x1+a2 x2 , x = (x1,x2) ∈ ∂Ω. (26)

Example 1. We consider the unit disk Ω =
{

x = (x1,x2)
∣∣x2

1 +x2
2 < r2

}
, r = 1.0,

whose boundary ∂Ω consists of two parts, namely

∂Ω1 =
{

x = (x1,x2)
∣∣∣∣−1≤ x1 ≤ 1; x2 =

√
r2−x2

1

}
(27a)

and

∂Ω2 =
{

x = (x1,x2)
∣∣∣∣−1 < x1 < 1; x2 =−

√
r2−x2

1

}
. (27b)
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(a) Example 1: Disk
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(b) Example 2: Peanut-shaped domain
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(c) Example 3: Rotated square
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(d) Example 4: Hexagon

Figure 2: Schematic diagram of the domain Ω, and the known and unknown bound-
aries ∂Ω1 and ∂Ω2, respectively, for the inverse geometric problems analysed.
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Example 2. We consider the peanut-shaped domain Ω =
{

x = (x1,x2)
∣∣x2

1 +x2
2

< r2(θ); θ ∈ [0,2π)
}

, where r2(θ) = cos2(θ)+ 1
4 sin2(θ), which is bounded by

the following curves

∂Ω1 =
{

x = (x1,x2)
∣∣x1 = r(θ)cos(θ); x2 = r(θ)sin(θ); θ ∈ [0,π]

}
(28a)

and

∂Ω2 =
{

x = (x1,x2)
∣∣x1 = r(θ)cos(θ); x2 = r(θ)sin(θ); θ ∈ (π,2π)

}
. (28b)

Example 3. We consider the domain Ω as the square
(
−r
/√

2, r
/√

2
)2

, r = 1.0,
rotated by an angle θ = π/4, whose boundary ∂Ω consists of two parts, namely

∂Ω1 =
{

x = (x1,x2)
∣∣0≤ x1 ≤ r; x2 = r−x1

}
∪
{

x = (x1,x2)
∣∣− r≤ x1 ≤ 0; x2 = r+x1

} (29a)

and

∂Ω2 =
{

x = (x1,x2)
∣∣− r < x1 ≤ 0; x2 =−(r+x1)

}
∪
{

x = (x1,x2)
∣∣0≤ x1 < r; x2 =−(r−x1)

}
.

(29b)

Example 4. We consider the regular hexagonal domain Ω inscribed in the circle
∂B(0; r) =

{
x = (x1,x2)

∣∣x2
1 +x2

2 = r2
}

, r = 1.0, which is bounded by the following
curves

∂Ω1 =
{

x = (x1,x2)
∣∣∣ r
2 < x1 ≤ r; x2 = (r−x1)

√
3
}

∪
{

x = (x1,x2)
∣∣∣∣− r

2 ≤ x1 ≤ r
2 ; x2 = r

√
3

2

}
∪
{

x = (x1,x2)
∣∣∣−r≤ x1 <− r

2 ; x2 = (r+x1)
√

3
} (30a)

and

∂Ω2 =
{

x = (x1,x2)
∣∣∣−r < x1 <− r

2 ; x2 =−(r+x1)
√

3
}

∪
{

x = (x1,x2)
∣∣∣∣− r

2 ≤ x1 ≤ r
2 ; x2 =−r

√
3

2

}
∪
{

x = (x1,x2)
∣∣∣ r
2 < x1 < r; x2 =−(r−x1)

√
3
}

.

(30b)



Boundary Identification in Two-Dimensional Helmholtz-Type Equations 275

The inverse geometric problems investigated in this paper have been solved us-
ing a uniform distribution of both the MFS boundary collocation points x(i), i =
1, . . . ,N, and the singularities ξ

( j), j = 1, . . . ,M, as described in Sections 3.1 and
3.3, respectively, with N1 = N2 = 12, M = N = N1 + N2 and RS = 2.0. Also,
the Tikhonov first-order regularization functional (14) has been minimized sub-
ject to the physical constraints (19), see also Eq. (20), and this is consistent with
the shape of the unknown boundary ∂Ω2 considered in Examples 1− 4, see Eqs.
(27b), (28b), (29b) and (30b). Moreover, in all examples, the initial guesses for
the unknown MFS coefficients c = [c1, . . . ,cM]T and the unknown x2−coordinates

z =
[
z(N1+2)

2 , . . . ,z(N1+N2)
2

]T
of the boundary points that determine the unknown

boundary ∂Ω2 were taken as:

(i) η` = c` = 1.0×100, ` = 1, . . . ,M;

(ii) ηM+` = z(M+`+1)
2 =−1.0×10−15, ` = 1, . . . ,N2−1.

5.2 Numerical results obtained without regularization

In what follows, the temperature, u|∂Ω1 = u(an)|∂Ω1 , and/or the normal heat flux,
q|∂Ω1 = q(an)|∂Ω1 , on the known boundary have been perturbed as

ũε |∂Ω1 = u|∂Ω1 +δu, δu = G05DDF(0,σ1), σ1 = max
∂Ω1
|u|× (p1/100) , (31)

and

q̃ε |∂Ω1 = q|∂Ω1 +δq, δq = G05DDF(0,σ2), σ2 = max
∂Ω1
|q|× (p2/100) , (32)

respectively. Here δu and δq are Gaussian random variables with mean zero and
standard deviations σ1 and σ2, respectively, generated by the NAG subroutine
G05DDF [NAG Library Mark 21 (2007)], while p1% and p2% are the percentages
of the added noise included in the input boundary temperature, u|∂Ω1 , and normal
heat flux, q|∂Ω1 , respectively, in order to simulate the inherent measurement errors.

The initial guess and the exact and reconstructed shapes of the boundary ∂Ω2, ob-
tained using the least-squares method functional (15) subject to the physical con-
straints (19), perturbed Dirichlet data on ∂Ω1, αu = 1 and αq = 0, in the case of
Examples 2 and 4 are illustrated in Figs. 3(a) and 3(b), respectively. As can be
observed from these figures, the MFS approximations are poor and oscillatory and,
in some cases unbounded, i.e. unstable. Hence, Figs. 3(a) and 3(b) indicate the ne-
cessity of employing regularization methods to obtain accurate and stable solutions
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Figure 3: Initial guess, exact and reconstructed shapes of the boundary ∂Ω2, ob-
tained using the least-squares method, perturbed Dirichlet data on ∂Ω1, αu = 1 and
αq = 0, for (a) Example 2, and (b) Example 4.
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to the problems investigated. Similar results have been obtained for the other ex-
amples considered in this paper, as well as for exact Neumann or Robin conditions
prescribed on the unknown boundary, ∂Ω2, which are therefore not presented.

5.3 Accuracy errors

In order to analyse the accuracy of the numerical results obtained for the unknown
boundary, ∂Ω2, of the two-dimensional domain, Ω, occupied by an FGM, using
various values of the regularization parameter, λ > 0, we define the root mean-
square (RMS) error by

ez(λ ) =

√√√√ 1
N2−1

N1+N2

∑
i=N1+2

(
z(i;λ )

2 − z(i;an)
2

)2
, λ > 0, (33)

where z(i;λ )
2 is the numerically retrieved value corresponding to the regularization

parameter, λ > 0, for the exact x2−coordinate, z(i;an)
2 that determines the unknown

boundary, ∂Ω2.

Figs. 4(a) and 4(b) present on a log-log scale the RMS error, ez, defined by
Eq. (33), as a function of the regularization parameter, λ , obtained using the
MFS-based Tikhonov first-order regularization method described in Section 4, var-
ious levels of noise added into the boundary temperature data u|∂Ω1 , namely p1 ∈
{1%,5%,10%}, αu = 1 and αq = 0, for the inverse geometric problems given by
Examples 2 and 4, respectively. From these figures it can be seen that, for each level
of noise, the RMS error ez reaches its minimum for an optimal value of the regu-
larization parameter, λ = λopt. Moreover, the minimum in the error ez decreases as
the level of noise added into the Dirichlet data on ∂Ω1 increases.

5.4 Selection of the optimal regularization parameter

The performance of regularization methods depends a lot on a suitable choice of the
regularization parameter. One extensively studied criterion is the discrepancy prin-
ciple, see e.g. Morozov (1966). Although this criterion is mathematically rigorous,
it requires a reliable estimation of the amount of noise added to the data which may
not be available for practical problems. Heuristic approaches are preferable in the
case when no a priori information about the noise is available. Several heuristic
approaches have been proposed for the Tikhonov regularization method, including
the L-curve criterion, see Hansen (1998), and the generalized cross-validation, see
Wahba (1977). In this study, we employ the L-curve criterion to determine the
optimal regularization parameter, λopt.
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Figure 4: The RMS error, ez, as a function of the regularization parameter, λ ,
obtained using the Tikhonov regularization method, perturbed Dirichlet data on
∂Ω1, αu = 1 and αq = 0, for (a) Example 2, and (b) Example 4.
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Figure 5: The L-curves obtained using the Tikhonov regularization method, per-
turbed Dirichlet data on ∂Ω1, αu = 1 and αq = 0, for (a) Example 2, and (b) Ex-
ample 4.
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If we define on a logarithmic scale the following curve{(√
2FLS(ηλ ),

√
2R(zλ )

) ∣∣λ > 0
}

=
{(
‖F(ηλ )−y‖, ‖z′

λ
‖
) ∣∣λ > 0

}
, (34)

where F(η) =
[
F1(η), . . . ,FN1+N2(η)

]T and y =
[
y1, . . . ,yN1+N2

]T, then typically
this has an L-shaped form and hence it is referred to as the L-curve. According
to the L-curve criterion, the optimal regularization parameter corresponds to the
corner of the L-curve since a good tradeoff between the residual and solution norms
is achieved at this point. Numerically, the L-curve method is robust and stable with
respect to both uncorrelated and highly correlated noise. Furthermore, this criterion
works effectively for certain classes of practical problems, see Hansen (1998) and
Chen, Chen, Hong and Chen (1995). For a discussion of the theoretical aspects of
the L-curve criterion, we refer the reader to Hanke (1996) and Vogel (1996).

Figs. 5(a) and 5(b) clearly illustrate the L-shaped curves retrieved using the Tikhonov
regularization method and perturbed temperature data on the known boundary, ∂Ω1
(αu = 1 and αq = 0), in the case of Examples 2 and 4, respectively. The correspond-
ing values for the optimal regularization parameter, λopt, obtained according to this
criterion, are as follows:

(i) λopt = 1.0× 10−3, λopt = 5.0× 10−3 and λopt = 1.0× 10−2 for p1 = 1%,
p1 = 5%, and p1 = 10%, respectively, in the case of Example 2;

(ii) λopt = 1.0× 10−4 and λopt = 5.0× 10−2 for p1 = 1% and p1 = 5%,10%,
respectively, in the case of Example 4.

Comparing Figs. 4 and 5, it can be observed that, for both Examples 2 and 4 and all
levels of noise added into the Dirichlet data on ∂Ω1, the minimum in the RMS error,
ez, is attained for λ ≈ λopt, with λopt given by the L-curve criterion. Similar results
have been obtained for the other inverse geometric problems investigated and hence
they are not presented. We can therefore conclude that Hansen’s L-curve criterion
provides a very good approximation for the optimal regularization parameters.

5.5 Numerical results obtained with regularization

Figs. 6(a) and 6(b) show the initial guess, the exact and numerical shapes of the
unknown boundary, ∂Ω2, obtained for the inverse geometric problem (2a)− (2d)
with αu = 0 and αq = 1, using the regularized MFS algorithm described in Section
4, the optimal regularization parameter, λ = λopt, chosen according to the L-curve
criterion, and various levels of noise added into the temperature u|∂Ω1 and the nor-
mal heat flux q|∂Ω1 , respectively, in the case of Example 1. From these figures, it
can be observed that the numerical solutions are stable and consistent with respect
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to the amounts of noise p1 and p2 added to the input Dirichlet and Neumann data,
respectively, on the accessible boundary ∂Ω1. Moreover, in both cases considered,
the numerically retrieved solutions converge to the exact solution (27b).
The MFS-based Tikhonov first-order regularization method presented in Section 4,
in conjunction with Hansen’s L-curve criterion for determining the optimal value
of the regularization parameter, produces stable and consistent numerical solutions
with respect to the amount of noise added to the Cauchy data on the known part of
the boundary, ∂Ω1. These solutions are both accurate approximations and converge
to the exact solution, also in the case of two-dimensional non-convex domains with
a smooth boundary, such as the peanut-shaped domain considered in Example 2,
see Eq. (28). These results can be observed in Figs. 7(a) and 7(b) which illus-
trate the initial guess, the exact and numerically retrieved shapes of the unknown
boundary given by Eq. (28b), obtained with a perturbed temperature u|∂Ω1 , i.e.
p1 = 1%,5% and 10%, with given Dirichlet and Neumann data on ∂Ω2, respec-
tively.

The proposed MFS-Tikhonov regularization procedure works equally well for do-
mains bounded by a piecewise smooth boundary, such as the rotated square and the
hexagonal domain considered in Examples 3 and 4, respectively. The initial guess
and the exact and numerical shapes of the unknown boundary, ∂Ω2, in the case of
Examples 3 and 4, obtained using the regularization method presented in Section 4,
the optimal regularization parameter, λ = λopt, selected by Hansen’s L-curve crite-
rion, and various levels of noise added into the Cauchy data, are shown in Figs. 8
and 9, respectively. In both Examples 3 and 4, we observe that the corners are, as
expected, slightly rounded-off since the minimization of the Tikhonov first-order
regularization functional (14) subject to the physical constraints (19) forces the
numerical solution to be smooth.

Example 5. We finally consider the geometry of Example 1 and the corresponding
inverse problem governed by the Helmholtz equation with the analytical solutions
for the temperature and normal heat flux on ∂Ω are given by

u(an)(x) = cos(a1 x1 + a2 x2) , x = (x1,x2) ∈Ω, (35a)

and

q(an)(x) =− [a1 n1(x)+ a2 n2(x)] sin(a1 x1 + a2 x2) , x = (x1,x2) ∈ ∂Ω, (35b)

respectively, where κ = 1.0 and a1 = a2 =
√

2
/

2. In Fig. 10 we present the results
corresponding to Fig. 6. As can be observed from this figure, the behaviour of the
numerical solution for this problem is very similar to that of the problem governed
by the modified Helmholtz equation.
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(a) Perturbed Dirichlet data on ∂Ω1
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Figure 6: Initial guess, exact and reconstructed shapes of the boundary ∂Ω2, ob-
tained using the Tikhonov regularization method, αu = 0 and αq = 1, and perturbed
(a) Dirichlet, and (b) Neumann data on ∂Ω1, in the case of Example 1.
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Figure 7: Initial guess, exact and reconstructed shapes of the boundary ∂Ω2, ob-
tained using the Tikhonov regularization method, perturbed Dirichlet data on ∂Ω1,
(a) αu = 1 and αq = 0, and (b) αu = 0 and αq = 1, in the case of Example 2.
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(a) Perturbed Dirichlet data on ∂Ω1
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Figure 8: Initial guess, exact and reconstructed shapes of the boundary ∂Ω2, ob-
tained using the Tikhonov regularization method, αu = 1 and αq = 0, and perturbed
(a) Dirichlet, and (b) Neumann data on ∂Ω1, in the case of Example 3.
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Figure 9: Initial guess, exact and reconstructed shapes of the boundary ∂Ω2, ob-
tained using the Tikhonov regularization method, perturbed Neumann data on ∂Ω1,
(a) αu = 1 and αq = 0, and (b) αu = 0 and αq = 1, in the case of Example 4.
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Figure 10: Initial guess, exact and reconstructed shapes of the boundary ∂Ω2, ob-
tained using the Tikhonov regularization method, αu = 0 and αq = 1, and perturbed
(a) Dirichlet, and (b) Neumann data on ∂Ω1, in the case of Example 5.
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Although not included in this paper, convergent, consistent and stable numerical
approximations for the inaccessible boundary, ∂Ω2, have also been obtained for
noisy Cauchy data on the accessible part of the boundary, ∂Ω1, and an exact Robin
condition (αu αq 6= 0) on the inaccessible and unknown boundary, ∂Ω2.

6 Conclusions

In this paper, the MFS was successfully applied for obtaining stable and accu-
rate solutions of inverse problems associated with two-dimensional Helmholtz-type
equations, namely the detection of an unknown portion of the boundary from a
given exact boundary condition on this part of the boundary and additional noisy
Cauchy data on the remaining known portion of the boundary. This inverse geo-
metric problem is ill-posed and in discrete form yields an ill-conditioned system of
nonlinear equations, which was solved in a stable manner by using the Tikhonov
first-order regularization method. The optimal value of the regularization param-
eter was chosen according to Hansen’s L-curve criterion. Several examples for
two-dimensional simply connected, convex and non-convex domains, in which
the (modified) Helmholtz equation is satisfied and having smooth and piecewise
smooth boundaries, were considered. From the numerical experiments, it can be
concluded that the proposed method is consistent and stable with respect to decreas-
ing the amount of noise added to the Cauchy data. Furthermore, it is accurate and
computationally very efficient. Moreover, since Helmholtz-type operators and their
associated boundary conditions are linear, it can be concluded that the same obser-
vations as the ones obtained for the cases examined also hold in the case where the
additional boundary measurements available on the accessible boundary are given
by Robin-type conditions.
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