
ARTICLE IN PRESS

Engineering Analysis with Boundary Elements 33 (2009) 522–528
Contents lists available at ScienceDirect
Engineering Analysis with Boundary Elements
0955-79

doi:10.1

� Corr

E-m

d_mirza
journal homepage: www.elsevier.com/locate/enganabound
A numerical method based on the boundary integral equation and dual
reciprocity methods for one-dimensional Cahn–Hilliard equation
Mehdi Dehghan �, Davoud Mirzaei

Department of Applied Mathematics, Faculty of Mathematics and Computer Science, Amirkabir University of Technology, No. 424, Hafez Ave., 15914, Tehran, Iran
a r t i c l e i n f o

Article history:

Received 7 March 2008

Accepted 14 August 2008
Available online 25 September 2008

Keywords:

Boundary integral equation

Dual reciprocity method

Cahn–Hilliard equation

Mass conservation

Energy dissipation
97/$ - see front matter & 2008 Elsevier Ltd. A

016/j.enganabound.2008.08.008

esponding author.

ail addresses: mdehghan@aut.ac.ir (M. Dehgh

ei@aut.ac.ir (D. Mirzaei).
a b s t r a c t

This paper describes a numerical method based on the boundary integral equation and dual reciprocity

methods for solving the one-dimensional Cahn–Hilliard (C–H) equation. The idea behind this approach

comes from the dual reciprocity boundary element method that introduced for higher order

dimensional problems. A time-stepping method and a predictor–corrector scheme are employed to

deal with the time derivative and the nonlinearity respectively. Numerical results are presented for

some examples to demonstrate the usefulness and accuracy of this approach. For these problems the

energy functional dissipation and the mass conservation properties are investigated.

& 2008 Elsevier Ltd. All rights reserved.
1. Introduction

The Cahn–Hilliard (C–H) equation [1,2]

qu

qt
þ gD2u�Dc0ðuÞ ¼ 0; g40 (1.1)

was originally introduced as a phenomenological model of phase
separation in a binary systems, such as alloys, glass and polymer
mixtures. This equation is very important in materials science (see
[1–3] and the references therein). It is a conservation law, in the
sense that the average of the order parameter, which corresponds
to a density of atoms, is conserved [4]. Since the pioneering work
of Cahn and Hilliard [2], the C–H equation has been extensively
applied to the inter-diffusion in binary polymer mixtures [5], in
interfaces of polymers with dissimilar properties [6] and in the
formation of interfaces via the inter-diffusion of layers [7]. The
viscous C–H equation, which arises as a singular limit of the phase
field model of phase transition, has been studied in [8]. The C–H
equation with a logarithmic free energy (c contains logarithmic
terms) has been considered in [9,10], where they also studied
finite element approximation of the model equation. Global
existence and uniqueness of the solution for (1.1) have been
shown in [11–14] and etc. Long time behaviour of the solution has
been studied in [15–17] using the free energy method.

There have been many algorithms developed and simulations
performed for the C–H equations, using Finite Element Methods
[18–25], Discontinuous Galerkin Techniques [26–28], Finite
ll rights reserved.

an),
Difference Schemes [29–36], Spectral Methods [37,38], Colloca-
tion Techniques [39–41], Adomian Decomposition Procedure [42],
m-transform [43] and etc.

Finite Galerkin approximate solutions have been obtained by
Elliott and French [18] and French and Jensen [22] for one-
dimensional problems. For multidimensional problems, Elliott and
French [19] considered nonconforming finite element method.
Elliott and Larsson [20] have obtained error estimates of finite
Galerkin solutions for smooth data as well as nonsmooth initial
data. Elliott et al. [21] have obtained optimal order error bounds
using a second order splitting method. Mixed finite element
method has been applied to obtain approximate solutions for
(1.1) by Dean et al. [23]. A multigrid finite element solver has been
presented by Kay and Welford [25], a discontinuous Galerkin finite
element method has been developed by Wells et al. [27] and
adaptive finite element methods in two and three dimensions were
considered by Baňas and Nürnberg [24] for this problem. Xia et al.
[28] have developed the local discontinuous Galerkin (LDG)
methods for (1.1) and Abels and Wilke [14] have investigated the
asymptotic behavior of the nonlinear C–H equation with a
logarithmic free energy and similar singular free energies, etc.

Furihata et al. [29] have examined the boundedness of the
solution of a finite difference scheme [55] using discretized
Lyapunov functional. Furihata [30] has depicted the dissipation of
energy and conservation of mass for this problem. Also this author
[31] has proposed a stable and conservative finite difference
scheme to solve numerically the C–H equation. Alikakos et al. [13]
have established rigorously the existence of some extremely
slowly evolving solutions. Numerical solutions for Eq. (1.1) have
been considered by Choo and Chung [32] using the Crank–
Nicolson type finite difference method for one-dimensional problem
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and by Choo et al. [33] using a nonlinear conservative difference
scheme for two-dimensional problem. Another Crank–Nicolson
type method has been developed by Khiari et al. [34] for (1.1) in
one dimension. Mello et al. [36] have presented a stable and fast
conservative finite difference scheme to solve (1.1) with two
improvements. Kim [35] has considered a conservative nonlinear
multigrid method for the C–H equation with a variable mobility.

Ye [39] has employed the Fourier collocation method and Ye and
Cheng [37] have developed the Fourier spectral method to solve
numerically the C–H equation with periodic boundary conditions.
Ye [40] has also used the Legendre collocation method to study this
problem with Neumann boundary conditions. Danumjaya and
Nandakumaran [41] have employed the orthogonal cubic spline
collocation method for this equation. He et al. [38] have analyzed a
class of large time-stepping methods for this equation.

It is worth pointing out that as a semi-analytic approach the
Adomian decomposition method has been applied for the solution
of viscous C–H equation by Momani and Erturk [42]. Two
applications of m-transform to the C–H equation have been
presented by Mitlin [43]. Miranville and Piétrus [4] have obtained
a new formulation of the generalizations of the C–H equation
based on constitutive equations proposed by Gurtin. Hongjun and
Changchun [44] have studied the instability of the traveling waves
of the convective–diffusive C–H equation.

In this research we propose an alternative approach based on
the boundary integral equation and dual reciprocity method
(DRM) for solving the one-dimensional C–H equation (1.1). The
idea behind this approach comes from the DRM introduced by
Brebbia and Nardini [45] and Partridge and Brebbia [46] for higher
order dimensional problems and it is to expand the inhomoge-
neous and nonlinear terms in terms of their values at the nodes
which lie in the domain of problem. The inhomogeneous and
nonlinear terms are approximated by interpolation in terms of
some well-known functions fðrÞ, called radial basis functions
(RBFs), where r is the distance between a source point and the
field point. There exist a large class of interpolating RBFs that can
be used [47]. These include the linear 1þ r, the polynomial PjðrÞ,
the thin plate spline (TPS) r2n logðrÞ, the Gaussian expð�r2=c2Þ, and
the multiquadrics ðc2 þ r2Þ

1=2, where c is the constant parameter,
etc. In this paper we shall use the linear RBF. It is worth to point
out that, there exist another class of RBFs such as C � r and C2

�

r2 ln r which used in method of particular integrals, where C is a
constant chosen to be the largest dimension of the problem
domain. To study this approach, authors refer the reader to
[48,49] and the references therein.

Some authors (for example [50–52]) employed a similar
approach for one-dimensional problems. Also the authors of
[53,54] combined the dual boundary element method (DBEM) and
multiple reciprocity method (MRM) to solve one-dimensional
eigenproblems. This paper is meaningful to study and develop its
idea to solve some one-dimensional partial differential equations.

The remainder of the paper is organized as follows: In
Section 2, brief discussions for C–H equation are presented. In
Section 3 the discretized version of equation is obtained and a
predictor–corrector scheme is described to deal with the
nonlinearity. In Section 4, numerical results are considered for
two test problems and the known properties of equation are
tested. Section 5 ends this report with a brief conclusion.

2. C–H equation

Let us consider the following classical C–H equation (1.1) in
one-dimensional:

qu

qt
þ g q

4u

qx4
�
q2c0ðuÞ
qx2

¼ 0; x 2 O; tX0, (2.1)
with Neumann boundary conditions

qu

qx
¼
q3u

qx3
¼ 0; x 2 qO, (2.2)

and initial condition

uðx;0Þ ¼ u0ðxÞ; x 2 O, (2.3)

where

c0ðuÞ ¼ fðuÞ ¼ r2u3 þ r1u2 þ r0u, (2.4)

and g is a prescribed positive constant, O ¼ ½a; b� and r0, r1, r2 are
given constants.

It is known if the initial data u0 2 H2
EðOÞ ¼ ff 2 H2

ðOÞ: qf=qx ¼

0 on qOg then the problem (2.1)–(2.3) has a unique solution for all
times [11].

Let us introduce w, the chemical potential, defined by

w ¼ fðuÞ � guxx, (2.5)

then (2.1) may be rewritten as

ut �wxx ¼ 0;

w�fðuÞ þ guxx ¼ 0:

(
(2.6)

We have, in view of (2.2) and (2.5), the following boundary
condition on w:

qw

qx
¼ 0; x 2 qO,

therefore the boundary conditions

qu

qx
¼
qw

qx
¼ 0; x 2 qO (2.7)

are equivalent to (2.2).
The initial conditions for u and w are

uðx;0Þ ¼ u0ðxÞ; wðx;0Þ ¼ fðu0Þ � g
q2u0

qx2
; x 2 O. (2.8)

The important features of C–H equations are as follows:
(i)
 For the extended Ginzberg–Landau free energy functional

FðuÞ ¼

Z
O

g
2

u2
x þ cðuÞ

h i
dx, (2.9)

where cðuÞ is a Lyapunov functional (see [11,18,20,39]),
ðd=dtÞFðuÞp0: i.e., the energy is dissipative as time passes.
(ii)
 The total mass remains constant, i.e.

1

jOj

Z
O

uðx; tÞdx ¼
1

jOj

Z
O

uðx;0Þdx ¼M; t40. (2.10)
These properties play an important role in analyzing the solution
of C–H equation.
3. Mathematical formulation

We use mixed boundary integral equation and Dual Recipro-
city Method (DRM) for the system (2.6)–(2.8) to compute the
approximate solutions. In order to derive the integral equation
formulations for the problem, we start with the following integral
identities of Eq. (2.6):Z b

a

q2w

qx2
�
qu

qt

" #
G dx ¼ 0 (3.1)

andZ b

a
g q

2u

qx2
þw�fðuÞ

" #
G dx ¼ 0, (3.2)
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where the function G is the fundamental solution for the one-
dimensional Laplace operator defined by the equation

q2G

qx2
ðx; xÞ ¼ dðx; xÞ, (3.3)

where x and x are a field point and a source point, respectively
and d is the Dirac delta function. The fundamental solution and its
derivative are given as follows:

Gðx; xÞ ¼ 1
2jx� xj, (3.4)

G;xðx; xÞ ¼ G0ðx; xÞ ¼ 1
2sgnðx� xÞ (3.5)

in which the symbol ‘‘sgn’’ denotes the signum function.
For applying the method, N source points xj, j ¼ 1;2; . . . ;N are

chosen in ½a; b� where a ¼ x1ox2o � � �oxN�1oxN ¼ b and the
following approximations are made:

qu

qt
¼ gðx; tÞ ¼

XN

k¼1

mkðxÞakðtÞ, (3.6)

1

g
½fðuÞ �w� ¼ hðx; tÞ ¼

XN

k¼1

mkðxÞbkðtÞ, (3.7)

where mkðxÞ ¼ 1þ rk is a linear RBF and rk ¼ jx� xkj for
k ¼ 1;2; . . . ;N. From (3.1) and (3.6), we haveZ b

a

q2w

qx2
G dx ¼

XN

k¼1

Z b

a
mkðxÞG dx

" #
akðtÞ (3.8)

and from (3.2) and (3.7), we haveZ b

a

q2u

qx2
G dx ¼

XN

k¼1

Z b

a
mkðxÞG dx

" #
bkðtÞ. (3.9)

If we represent the value of the function mk at source point xi by
mik for i ¼ 1;2; . . . ;N, and set F as a N � N matrix that Fði; kÞ ¼ mik

and E ¼ F�1, then we have

akðtÞ ¼
XN

j¼1

EkjgjðtÞ (3.10)

and

bkðtÞ ¼
XN

j¼1

EkjhjðtÞ, (3.11)

where gjðtÞ ¼ gðxj; tÞ and hjðtÞ ¼ hðxj; tÞ. Now consider a set of
functions f k such that

q2f k

qx2
¼ mk, (3.12)

the function f k is easily determined as

f k ¼
1
2r2

k þ
1
6r3

k . (3.13)

Substituting (3.12) into (3.8) and (3.9) and applying the integra-
tion by parts, we can get the following expressions:

½GiðxÞpðx; tÞ�
b
a � ½wðx; tÞG

0

iðxÞ�
b
a þwiðtÞ ¼

XN

k¼1

½½Gif
0

k�
b
a � ½f kG0i�

b
a þ f ik�akðtÞ

(3.14)

and

½GiðxÞqðx; tÞ�
b
a � ½uðx; tÞG

0

iðxÞ�
b
a þ uiðtÞ ¼

XN

k¼1

½½Gif
0

k�
b
a � ½f kG0i�

b
a þ f ik�bkðtÞ

(3.15)

for i ¼ 1;2; . . . ;N, where pðx; tÞ ¼ qwðx; tÞ=qx, qðx; tÞ ¼ quðx; tÞ=qx

and GiðxÞ ¼ Gðx; xÞjx¼xi
are the weight functions at the points i ¼

1;2; . . . ;N which satisfy in Eq. (3.3). uiðtÞ ¼ uðx; tÞjx¼xi
, wiðtÞ ¼
wðx; tÞjx¼xi
, f ik ¼ f kðxiÞ and f 0k is the derivative of f k and can be

expressed as

f 0k ¼ rk þ
1
2r2

k . (3.16)

If we set

Sik ¼ ½Gif
0

k�
b
a � ½f kG0i�

b
a þ f ik, (3.17)

then Eqs. (3.14) and (3.15) take the following forms:

½GiðxÞpðx; tÞ�
b
a � ½wðx; tÞG

0
iðxÞ�

b
a þwiðtÞ ¼

XN

k¼1

SikakðtÞ, (3.18)

½GiðxÞqðx; tÞ�
b
a � ½uðx; tÞG

0

iðxÞ�
b
a þ uiðtÞ ¼

XN

k¼1

SikbkðtÞ. (3.19)

From (3.10), the right-hand side of Eq. (3.18) can be written as

XN

k¼1

SikakðtÞ ¼
XN

k¼1

Sik

XN

j¼1

EkjgjðtÞ ¼
XN

j¼1

MijgjðtÞ, (3.20)

and from (3.11), the right-hand side of Eq. (3.19) is

XN

k¼1

SikbkðtÞ ¼
XN

k¼1

Sik

XN

j¼1

EkjhjðtÞ ¼
XN

j¼1

MijhjðtÞ, (3.21)

where

Mij ¼
XN

k¼1

SikEkj. (3.22)

In other hand if

L ¼

�G1ðaÞ G1ðbÞ

�G2ðaÞ G2ðbÞ

..

. ..
.

�GNðaÞ GNðbÞ

2666664

3777775
N�2

; H ¼

�G01ðaÞ G01ðbÞ

�G02ðaÞ G02ðbÞ

..

. ..
.

�G0NðaÞ G0NðbÞ

2666664

3777775
N�2

, (3.23)

then Eqs. (3.18), (3.20) and (3.22) yield

½L�
p1ðtÞ

pNðtÞ

" #
� ½H�

w1ðtÞ

wNðtÞ

" #
þ ½I�

w1ðtÞ

w2ðtÞ

..

.

wNðtÞ

2666664

3777775 ¼ ½M�
g1ðtÞ

g2ðtÞ

..

.

gNðtÞ

2666664

3777775 (3.24)

and Eqs. (3.19), (3.21) and (3.22) give

½L�
q1ðtÞ

qNðtÞ

" #
� ½H�

u1ðtÞ

uNðtÞ

" #
þ ½I�

u1ðtÞ

u2ðtÞ

..

.

uNðtÞ

2666664

3777775 ¼ ½M�
h1ðtÞ

h2ðtÞ

..

.

hNðtÞ

2666664

3777775, (3.25)

where I is the N by N identity matrix, p1ðtÞ ¼ pða; tÞ, pNðtÞ ¼ pðb; tÞ,
wjðtÞ ¼ wðxj; tÞ, q1ðtÞ ¼ qða; tÞ, qNðtÞ ¼ qðb; tÞ and ujðtÞ ¼ uðxj; tÞ. We
note that

gjðtÞ ¼
qu

qt
ðxj; tÞ (3.26)

and

hjðtÞ ¼ fðuðxj; tÞÞ �wðxj; tÞ. (3.27)

Now, (3.24) and (3.25) constitute a system of 2N equations in 2N

unknown functions of t. Since the Neumann boundary conditions
are applied, the unknown variables are given by ujðtÞ and wjðtÞ,
for j ¼ 1;2; . . . ;N. This system is solved approximately using the
iterative scheme which is described in the following.
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We make the following approximations:

qu

qt

����
j

’
uðnþ1Þ

j � uðnÞj

Dt
; j ¼ 1;2; . . . ;N,

wjðtÞ ’
1
2½w
ðnþ1Þ
j þwðnÞj �; j ¼ 1;2; . . . ;N,

ujðtÞ ’
1
2½u
ðnþ1Þ
j þ uðnÞj �; j ¼ 1;2; . . . ;N, (3.28)

where uðnÞj ¼ uðxj;nDtÞ and wðnÞj ¼ wðxj;nDtÞ. By assuming l ¼ 1=Dt,
u ¼ ½u1;u2; . . . ;uN�

T and w ¼ ½w1;w2; . . . ;wN�
T, (3.24)–(3.28) yield

�
1

2
½H�

w1

wN

" #ðnþ1Þ

þ
w1

wN

" #ðnÞ0@ 1Aþ 1

2
½I�ð½w�ðnþ1Þ þ ½w�ðnÞÞ

¼ l½M�ð½u�ðnþ1Þ � ½u�ðnÞÞ (3.29)
Fig. 1. The evolution

Fig. 2. The energy f
and

�
1

2
½H�

u1

uN

" #ðnþ1Þ

þ
u1

uN

" #ðnÞ0@ 1Aþ 1

2
½I� ½u�ðnþ1Þ þ ½u�ðnÞ
� �

¼ �
1

2
½M�ð½w�ðnþ1Þ þ ½w�ðnÞÞ þ ½M�½F�, (3.30)

where F ¼ ½fðeu1Þ;fðeu2Þ; . . . ;fðeuNÞ�
T, euj is given by the known

approximation of uðxj; tÞ, as described earlier. We note that, due to
the zero boundary conditions (2.7) the first terms of left-hand sides
of Eqs. (3.24) and (3.25) do not appear in (3.29) and (3.30)
respectively. At the first time level (when n ¼ 0), the initial
conditions (2.8) give

uð0Þj ¼ uðxj;0Þ
from t ¼ 0 to 5.

rom t ¼ 0 to 5.
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and

wð0Þj ¼ wðxj;0Þ.

In each time level (for example time level nþ 1) at first we set

fðeujÞ ¼ fðuðnÞj Þ.

Having this, Eqs. (3.29) and (3.30) are solved as a system of
linear algebraic equations for unknowns uðnþ1Þ

j and wðnþ1Þ
j for

j ¼ 1;2; . . . ;N, assuming that uðnÞj and wðnÞj are known from the
previous time level. Recompute

fðeujÞ ¼ fð1=2uðnþ1Þ
j þ 1=2uðnÞj Þ,

where uðnþ1Þ
j is obtained recently from solving Eqs. (3.29) and (3.30).

We iterate between calculating fðeujÞ and computing the approxi-
mate values of the unknowns, until all the unknown quantities
converge to within a prescribed number of significant figures, i.e. a
predictor–corrector approach is adopted in each time level. Once
the prescribed convergence is achieved, we can move on to the
following time level. The resulting solutions from the current time
level, provide the known values for the next iteration. This process is
repeated, until reaching to the desirable time t.
4. Numerical results

To show the efficiency and accuracy of this method, it was
applied to two examples. We need to iterate between finding an
estimation for eu to recompute F and solving the system (3.29)
and (3.30) for a new u that described in previous section. In all the
cases considered, the iteration was stopped when the absolute
values of all the unknowns from two consecutive iterations differ
by less than 10�8. In all cases tested, convergence was achieved
after less than 4 iterations at each time level.
Table 1
The values of M at different time levels

Time t t ¼ 1:0 t ¼ 2:0 t ¼ 3:0 t ¼ 4:0 t ¼ 5:0

Mass 1:6777� 10�6 1:6777� 10�6 1:6777� 10�6 1:6777� 10�6 1:6777� 10�6

Fig. 3. The evolution
4.1. Example 1

In this example, we consider the C–H equation (2.1) in ½0;2p�
with the initial condition u0ðxÞ ¼ 0:5 cos x, g ¼ 0:03 and
cðuÞ ¼ 0:25u4 � 0:5u2. For numerical solution we set Dt ¼ 0:01
and N ¼ 64 where

fxig
N
i¼1 ¼ f0;0:1;0:2; . . . ;6:1;6:2;2pg.

In Fig. 1 the evolution from t ¼ 0 to t ¼ 5 is drawn. In numerical
experiments, we observed that the solution uðx; tÞ for long times
remains at patterns that are nearly piecewise constant, and the
steady-state solution is very close to a piecewise constant
function. In [18,39], also the same results were given. In this
example, the patterns hardly changed after t ¼ 3. Fig. 2 shows the
time dependency of energy functional (2.9) of numerical solu-
tions. Due to the energy functional dissipation property, the
energy functional of numerical solutions theoretically decreases
as time passes. Ye [39] also obtained the same graph for the
energy. As described in Section 2 for the C–H equation, the total
mass remains constant as time increases. In Table 1 the values of
M are shown for different time levels up to t ¼ 5 where the initial
mass is zero. Here the evaluation of energy and mass were
performed using the composite trapezoidal rule for integration.

4.2. Example 2

Consider the C–H equation

qu

qt
¼
qu

qx
ð�0:31þ 2:31u2Þ

qu

qx
�
q3u

qx3

( )
(4.1)

in [0,1] with initial condition

uðx;0Þ ¼ x4ð1� xÞ4. (4.2)

For numerical solution Dt ¼ 0:01 and N ¼ 51 are chosen. Fig. 3
shows the numerical solution up to t ¼ 10. We observed that the
solution uðx; tÞ for long times remains at patterns that are nearly
constant, and the steady-state solution is very close to the
constant function u ¼ 0:00158730158730 that is the value of
initial mass. As before the energy is plotted in Fig. 4 and the values
of M are presented in Table 2 for different time levels to show the
from t ¼ 0 to 10.
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Table 2
The values of M at different time levels

Time t Mass

t ¼ 0:00 0:00158730158730

t ¼ 0:05 0:00158730158933

t ¼ 0:10 0:00158730158933

t ¼ 0:20 0:00158730158933

t ¼ 1:00 0:00158730158933

t ¼ 5:00 0:00158730158933

t ¼ 10:00 0:00158730158933

Fig. 4. The energy from t ¼ 0 to 1.

M. Dehghan, D. Mirzaei / Engineering Analysis with Boundary Elements 33 (2009) 522–528 527
energy dissipation and mass conservation respectively. Table 2
depicts that the mass remains constant with absolute error 10�11

at each time level t.
5. Conclusion

In this paper a numerical method based on the boundary
integral equation and dual reciprocity method outlined for the
one-dimensional Cahn–Hilliard (C–H) equation. The DRM was
applied to eliminate the domain integrals appearing in the
boundary integral equation. Linear RBF was used for DRM and
an iterative scheme was employed for the time derivative. A
predictor–corrector scheme was used to deal with the nonlinear-
ity. Some numerical experiments depicted to demonstrate the
efficiency and accuracy of this method. For all examples the
energy dissipation and the mass conservation were investigated
and the corresponding tables and graphs were presented. These
are the known properties of C–H equation. In general, this proposed
method could be applied for some one-dimensional partial
differential equations (PDEs) such as diffusion and evolution
problems. Finally we would like to mention the possibility of
employing the new technique developed in the current paper to
solve various problems investigated in [56–61].
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