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Abstract

This paper presents a boundary element formulation for the analysis of linear elastic fracture mechanics problems involving anisotropic
bimaterials. The most important feature associated with the present formulation is that it is a single domain method, and yet it is accurate,
efficient and versatile. In this formulation, the displacement integral equation is collocated on the uncracked boundary only, and the traction
integral equation is collocated on one side of the crack surface only. The complete Green’s functions for anisotropic bimaterials are also
derived and implemented into the boundary integral formulation so that discretization along the interface can be avoided except for the
interfacial crack part. A special crack-tip element is introduced to capture exactly the crack-tip behavior.

Numerical examples are presented for the calculations of stress intensity factors for a straight crack with various locations in infinite
bimaterials. It is found that very accurate results can be obtained by the proposed method even with relatively coarse discretization.
Numerical results also show that material anisotropy can greatly affect the stress intensityda38@ Elsevier Science Ltd. All rights
reserved.
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1. Introduction the crack faces were also present near the crack-tips for
anisotropic interface cracks. Recent studies on interfacial
Fracture mechanics in bimaterials is getting increasing cracks in anisotropic materials have been conducted by
attention because of its direct applications to composite many authors [7—16] and different definitions for the stress
laminates which are widely used in aircraft and space struc- intensity factor exist. By introducing a characteristic length,
tures. It is well known that laminated structures are prone to however, the definition given by Wu [12,13] and Gao et al.
defects such as broken fibers, cracks in the matrix material,[16] is consistent with Rice’s general definition [4] and
and interface delaminating. Premature failure due to the appears to be more explicit than other definitions.
existence of delamination is one of the most common failure  The Boundary element method (BEM) is particularly
modes in composite materials and bonded joints. suited to cases where better accuracy is required due to
Theoretically, interfacial crack problems in isotropic problems such as stress concentrations at the crack-tip.
bimaterials were studied [1-3] where the authors showed Another important feature associated with the BEM is that
that the stresses possess the singularity 8. Rice [4] it only requires discretization of the boundary rather than the
re-examined the elastic fracture mechanics concepts for thedomain. Previously, the BEM has been applied to interfacial
isotropic interfacial crack and introduced an intrinsic mate- cracks in isotropic bimaterials [17,18] and in anisotropic
rial length scale so that the definition of the stress intensity bimaterials [19,20]. It is noted that, however, in these
factor (SIF) possesses the same physical significance agprevious BEM formulations, the Green’s functions in an
those for the homogeneous cracks. Clements [5] and Willis infinite-plane were used, which therefore require discretiza-
[6] studied interfacial crack problems in dissimilar aniso- tion along the interface. Although Yuuki and Cho [17] used
tropic materials. They showed that the oscillatory behavior Hetenyi's solution for isotropic bimaterials, their BEM
of the stresses and the phenomenon of interpenetrating offormulation still requires the subdivision of the whole bima-
terial domain. Furthermore, the off-interface crack or the
crack across the interface in bimaterials cannot be studied
* Corresponding author. easily with their BEM formulations.
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In this paper, we present a BEM formulation for the follows [11,26,29]
analysis of linear elastic fractures in anisotropic bimaterials. 5 s
First, we derive the complete Green'’s functions for aniso- ,, _ e o e
tropic bimaterials and show their implementation into our 4 ZRG[;A”f'(Z')] 72 Zqu:Zl Byf1(3)]
BEM formulation so that discretization along the interface D
is avoided except for the interfacial crack part. Since the 3 , 3
interfacial crack has an oscillation singular behavior, we 71 — _ZRG[_Z By ifj(3)] Ti= —ZRGLZ B;fi(3)]
introduce a special crack-tip element to exactly capture =t =t
this behavior. The most important feature of the present wherez = x + ;y; Re denotes the real part of a complex
analysis is that it is a single-domain method, and yet it is variable or function; a prime denotes the derivative; the
accurate, efficient and versatile. This single-domain formu- three complex numbe,(j = 1,2,3) and the elements of
lation resembles the dual boundary element method [21-23]the complex matrice8 and A are functions of the elastic
and is a direct extension of the authors’ recent BEM work properties [11,26,29].
for homogeneous and anisotropic media [24,25] where the  Assume that the medium is composed of two joined
displacement and traction integral equations are collocated,dissimilar anisotropic and elastic half-planes. We let the
respectively, on the uncracked boundary only and on oneinterface be along the-axis, and the uppety > 0) and
side of the crack surface only. lower (y < 0) half-planes be occupied by materials #1 and
Calculation of the SIFs is conducted for several situa- #2, respectively.
tions, like cracks along or off an interface. Numerical For concentrated force acting at the paitt y°) in mate-
results show that the proposed method is very accuraterial #2 (y° < 0), we express the complex vector function as
even with relatively coarse mesh discretization. This is [11]
the first time that the single-domain BEM method developed
for homogeneous media has been extended to the bimateriafl { Y2 zel

case. '@ +13@ ze€2

@3]

where the vector function
2. Green’s functions in anisotropic bimaterials f(2) = [f,(2), f2(2), 221" 3

with the argument having the generic foma= x + wy.

The complex variable function method has been found to 0 - i : ;
In Eqg. (2),f3 is a singular solution corresponding to a

be very suitable for the study of 2D anisotropic elastic ; 0 0 . CD
media [26]. Notably, Eshelby et al. [27], Stroh [28] and POINt force acting at the poirtk”, y) in an anisotropic infi-
Lekhnitskii [26] have studied the Green’s functions in infi- N/t€ Plane with the elastic properties of material #2. This
nite planes using the complex function method. The Singular solution can be expressed as [11,29]

complete Green’s functions in an elastic, anisotropic, and -1

infinite-plane are well known, and their expressions can be fj(2) = Z{Hp}j In(z—s) 4
found, for instance, in Ting’s book [29]. For an anisotropic

half-plane, the Green'’s functions were studied by Suo [11] Where% =0 + ijol p is the point force vector, and is
using the one-complex function method, and by Ting [29] given by

based on the Stroh formalism. Using the one-complex func-

tion method, the authors derived tbempleteGreen'sfunc- H=A"Yy 1+vy™H 1 y=iaB? (5)
tions and incorporated them into their anisotropic half-plane
BEM formulation [30].

Green'’s functions in anisotropic and elastic bimaterials
were studied previously by Tewary et al. [10] using the
Fourier transform method, by Suo [11] using the one-
complex function method, and by Ting [29] using the
Stroh formalism. Recently, the first author, [31] derived
thecompleteGreen'’s functions for anisotropic piezoelectric
infinite plane, half plane and two joined dissimilar half
planes. In the following we present briefly the Green’s func-
tion solution for a point force in an anisotropic and elastic
bimaterial. The procedure is similar to that used by Suo [11]

f@ = {

There are two unknown vector functions to be solved in
Eq. (2), that i (2) andf"(2). While the former is analytic
in the upper (material #1) half plane, the latter is analytic in
the lower (material #2) half-plane. These expressions can be
found by requiring continuity of the resultant traction and
displacement across the interface, along with the standard
analytic continuation arguments. Following this approach
and after some complex algebraic manipulation, the
complex vector functions in materials #1 and #2 are
obtained as

~ v —1v 0
and Pan [31]. Bu(Ya + YY) ‘(Yo + Yo)Baf@ zel

With three complex analytical functiorigz ), one can, in Bo (Y + YY) ‘(Yo — Yu)Bofo@ + i@ z€2
general, express displacements, stresses, and tractions as (6)
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InEq. (6), the special subscript (1) and (2) are used exclusively[23,34] for homogeneous materials and is now extended to

to denote that the corresponding matrix or vector is in anisotropic bimaterials.

material #1(y > 0) and material #2y < 0), respectively. For a pointPs on the uncracked boundary, the following
Similarly, for a point force in material #° > 0), these displacement integral equation can be derived [24]

complex functions can be found as

Lt o t o
f(2) = {Bu)l(\?(a +Ya) 'Y~ Ye)Bafy@ + @ ze1 i §(Ps) + L T (Ps: XU(X) dSXs) + J’FT" (P Xr+)

Ba (Yo + Ya) 'Yy + Y)Buwf(y(@ ze2
@)

where the vector functiorﬁ)l) is the infinite-plane solution = J U{,-k(PS,XS)'I'J-‘(XS) dsS(Xs) + J Ti'f(Ps, XS)(ujp(Xs)
given in Eq. (4) but with the elastic properties of material S s
#l. o — WP(Py) dS(Xy)

With the complex functions given in Egs. (6) and (7), the
Green'’s functions of the displacement and traction can be .
obtained by substituting these complex functions into Eq.  — L Ujj (Ps, X9 TP(Xs) dS(Xs)

(1). These Green’s functions have four different forms ®)
depending on the relative locations of the field and source

points. Their complete expressions are given in Appendix \yhere the superscripts t and p denote the total and
A. particular solutions, respectivelyh; are coefficients

It is noteworthy that these Green’s functions can be used that depend only upon the local geometry of the
to solve both plane stress and plane strain problems in anisoncracked boundary aPs dS and d” are the line
tropic bimaterials. Although the isotropic solution cannot be glements on the uncracked boundary and crack surface,
analytically reduced from these Green'’s functions, one can respectively, with the corresponding points being denoted
numerically approximate it by selecting a very weak aniso- py subscripts andI'; U; andT; are the bimaterial Green’s
tropic (or nearly isotropic) medium [24,32]. displacements and tractions given in Appendix A; and a

point on the positive (or negative) side of a crack is denoted

by Xr, (or Xr_). In deriving Eq. (8), we have assumed that
3. BEM formulation for 2D cracked anisotropic the tractions on the two faces of a crack are equal and
bimaterials opposite. We emphasize here that since the bimaterial

Green’s functions are included in Eqg. (8), discretization

It is well known that a cracked domain poses certain along the interface can be avoided, with the exception of
difficulties for BEM modeling [33]. Previously, fracture the interfacial crack part which will be treated by the trac-
mechanics problems in isotropic or anisotropic bimaterials tion integral equation presented below.
were mostly handled by the multi-domain method in which It is noted that all the terms on the right-hand side of Eq.
each side of the crack surface is put into different domains (8) have only weak singularities, thus, are integrable.
and artificial boundaries are introduced to connect the crack Although the second term on the left-hand side of Eq. (8)
surface to the uncracked boundary. For the bimaterial case has a strong singularity, it can be treated by the rigid-body
discretization along the interface is also required if one usesmotion method. At the same time, the calculationbgf
the Kelvin-type (infinite domain) Green'’s functions. which is geometry dependent, can also be avoided.

In this section, we present a single-domain BEM formu-  Since, for a cracked domain, Eqg. (8) does not have a
lation in which neither the artificial boundary nor the discre- unique solution for the unknowns [23,33,34], we introduce
tization along the uncracked interface is necessary. Thisa traction integral equation [25] for the anisotropic medium.
single-domain BEM formulation was widely used recently Assume thaPy is a smooth point on the crack, the traction

X [U(Xprs) — U(X )] dXrs)

Table 1
Comparison of the SIFs (horizontal crack)
G,/Gy di2a Ki/py/ma Ky /pJ/ma

Isida and Noguchi [37] Yuuki and Cho [17] Present Isida and Noguchi [37] Yuuki and Cho [17] Present
0.25 0.05 1.468 1.4684 1.4773 0.286 0.2923 0.2862
0.25 0.5 1.197 1.1964 1.1982 0.071 0.0717 0.0706
2.0 0.05 0.872 0.8693 0.8712 -0.087 —0.0848 —0.0869

2.0 0.5 0.935 0.9341 0.9354 —-0.024 —0.0226 —0.0235
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integral equation can be derived as crack displacements behind the crack-tip. This asymptotic
‘ N expression has different forms depending on the location of
05(Ti(Pry) = Ti(Pr-)] the crack-tip. In this paper, two cases will be discussed, that
is, a crack-tip within the homogeneous material and an
+ nm(PF+)J Cimik T k(P XU (Xs) dS(Xo) interfacial crack-tip. Inclined cracks terminated at the inter-
s face will be discussed in a future paper.

* t
+ nm(P”)JrclmikTiJ,k(P”’X”)[UJ'(X”) 4.1. A crack-tip within a homogeneous material
- u}(XF_)] Al Xry) Assume that the crack-tip is within material #1, the
9 asymptotic behavior of the relative displacement at a
= 0.5[T|p(Pr+) - T,”(Pp_)] distancer behind the crack-tip can be expressed in terms
i of the three SIFs as [11]:
+ n(Pra) | GmikUju(Pres X9 T{(Xs) dSXo) o
s 8 Au(r) = 2,/ —Re&(Y q)K (10
. ™
+ Nm(Pry) sclmikTi}k,k(PF+7 Xs)ujp(xs) dS(Xs) where
' ) . K = (K. Kp, K 1" 1y
— Nm(Pr+) Sclmikuij,k(PFJr’xs)Tj (Xs) dS(Xs)

is the SIF vector, anY is a matrix with elements related to

wheren,, is the outward normal at the crack surfate. and the anisotropic properties in material #1, as defined in Eq.

Cimik 1S the fourth order stiffness tensor. (5)- -
Egs. (8) and (9) form a pair of boundary integral equa- In order to capture the square-root characteristics of the

tions [23,25,35] and can be used for the calculation of SiFs rélative crack open displacements (COD) near the crack-tip,
in anisotropic bimaterials. The main feature of this BEM W€ construct the following new crack-tip element with the

formulation is that it is a single-domain formulation with the  tP ats= —1:

displacement integral Eq. (8) being collocated on the 3

uncracked boundary only and the traction integral Eq. (9) AU = dRAuf (12
on one side of the crack surface only. For problems without k=1

cracks, one needs Eqg. (8) only, with the integral on the crack where the subscriitdenotes the relative COD component
surface being discarded. Eq. (8) then reduces to the well-and the superscrifg= 1, 2, 3) denotes the relative CODs at

known displacement integral equation. On the other hand, nodess = —2/3, 0, 2/3, respectively. The shape functiops
for problems containing crack surface only, one needs Eq. gre those introduced by Pan [25]

(9) only, with the integral on the uncracked boundary being
discarded. Eq. (9) then reduces to the well-known DDM ¢; = 37‘/5\/5+ 15— 8(s+ 1) + 3(s + 1)?]
formulation [35].

For given particular solutions (related to the body force of ¢2= 7vs+ -5+ 18s+ 1) — 9s+ 1] (13
gravity, rotational forces, and the far-field stresses), the
boundary integral equations (8) and (9) can be discretized 3 = %ﬁvs+ 11— 4s+ 1)+ 3(s+ 1%
and solved numerically for the unknown boundary displace-
ments (or displacement discontinuities on the crack surface)
and tractions. In solving these equations, the hypersingular
integral term involved in Eq. (9) can be handled by an
accurate and efficient Gauss quadrature formulae which is
similar to the traditional weighted Gauss quadrature but
with a different weight [24,36].

The node displacements in Eq. (12) are obtained in
solving the discretized formulations of the boundary inte-
gral equations (8) and (9). Equating these displacements to
those given in Eqg. (10) and extrapolating to the crack-tip
gives the SIFs.

4.2. An interfacial crack-tip

. ) For this case, the relative crack displacements at a
4. Crack-tip modelling distancer behind the interfacial crack-tip can be expressed,

. . i . in terms of the three SIFs, as [16]
In fracture mechanics analysis, especially in the calcula-

tion of the SIFs, one needs to know the asymptotic behavior

of the displacements and stresses near the crack-tip. In ourAu(r) -
BEM analysis of the SIFs, we propose to use the extrapola-

tion method of the crack-tip displacements. We therefore with ¢;, §;, Q; andD being defined in Appendix B. Compar-
need to know the exact asymptotic behavior of the relative ing this equation to Eqg. (10), we notice that while the

3 .
(Z CjDQj efﬂrrSirl/ZJrléj)K (14)
j=1



E. Pan, B. Amadei / Engineering Analysis with Boundary Elements 23 (1999) 683-691

2a

Tel

r
irl |

AY
ol

<

Material # 1
Material # 2

A

02

Fig. 1. A horizontal crack under uniform pressure within material #1 of an
infinite bimaterials.
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distance,d, to the interface. The Poisson ratios for both
materials #1 and 2 are the same, wg= v, = 0.3, while
the ratio of the shear modul,/G; varies. A plane stress
condition is assumed. In order to calculate the SIFs at the
crack tip A or B, 20 quadratic elements were used to discre-
tize the crack surface. The results are given in Table 1 for
various values of the shear moduli ratio. They are compared
to the results given by Isida and Noguchi [37] using a body-
force integral equation method and those by Yuuki and Cho
[17] using a multi-domain BEM formulation. As can be
observed from this table, the results compare quite well.
The mode Il SIF was also calculated when the crack
surface is loaded by a uniform anti-shear strgssThe

relative crack displacement behaves as a square-root for &IFs calculated by the present method afg;/q./ma=

crack-tip within a homogeneous medium, for an interfacial
crack-tip, its behavior is¥2*%, a square-root feature multi-
plied by weak oscillatory behaviors.

Eqg. (14) can be recast into the following form, which is
more convenient for the current numerical applications:

Au(r):\/gM(d)K

whered is the characteristic length, ai is a matrix func-
tion with its expression being given in Appendix B.

Again, in order to capture the square-root and the weak
oscillatory behavior, we construct a crack-tip element with
tip ats= —1 in terms of which the relative crack displace-
ment is expressed as

' (15

G1AUL + $ALEE + h3AL3

;
Au(r) =M (H) B1AU; + B AUZ + bsAUS
B1AUz + B AUZ + daAU3

(16)

It is noted that this expression of the interfacial crack-tip

displacement is similar to that proposed by Tan et al. [19].

Once the nodal displacements in Eq. (16) are solved, the
interfacial SIFs can then be obtained by equating the relative
displacements in equation (16) to those in Eq. (15), and by
extrapolating to the crack-tip.

5. Numerical examples

The aforementioned Green’s functions and the particular
crack-tip elements have been incorporated into the bound-

1.3648 and 1.0534 fod/2a = 0.05 and 0.5, respectively
when G,/G; = 0.25; andK,,/g./ma = 0.8927 and 0.9739
for d/2a = 0.05 and 0.5, respectively, wheb,/G; = 2.0.

The effect of material anisotropy on the SIFs was also
studied for this example. The anisotropic elastic properties
in material #1 were assumed to be those of glass/epoxy with
E, =4826 GPa E,=1724GPa G;,=6.89 GPa
v1o = 0.29. For material #2, a graphite/epoxy wily =
1448 GPa E, =117 GPa G;, =9.66 GPa »;, =0.21
was selected [38]. The material axts in materials #1
and #2 makes angles; and «,, respectively, with respect
to the horizontal direction (Fig. 1).

Figs. 2—4 show the variation of the SIFs at tips A and B
with the anglea, as it varies between 0 and 90n these
figures,a 1 is 0, 45 and 99 respectively. These figures show
that while K; decreases with increasing,, K, reaches a
minimum betweeny, = 0 anda, = 90.

Example 2. Vertical crack intersecting an interface
Consider a vertical crack intersecting an interface and
subjected to far-field horizontal stresses as shown in Fig.
5. The horizontal far field stresses applied in materials #1
and #2 are, respectively;; ando; (= 01G,/G,). The Pois-
son ratiosy; andv, are again assumed to be equal to 0.3 and
the shear modulus rati®G,/G; is assumed to vary. The
distance of the crack tips A and B to the interface are the
same, i.ed; = d, = a, the half-length of the crack. Again, a
plane stress condition is assumed and 20 quadratic elements
were used to discretize the crack surface. The SIFs at the
crack tips A and B are listed in Table 2 for several values of
the shear modulus ratio, and are compared to those given by

ary integral equations presented above, and the results havésida and Noguchi [37]. Again, the results between the two

been programmed. In this section, three numerical
examples are presented to verify the formulation and
to show the efficiency and versatility of the present
BEM method for problems related to fracture in anisotropic
bimaterial full-space.

Example 1. Horizontal crack in material #1
A horizontal crack under a uniform pressyris shown in
Fig. 1. The crack has a lengta, and is located at a

numerical analyses compare quite well.
Example 3. Interfacial horizontal crack in infinite bima-
terials

An interfacial crack along the-axis of length 2is shown
in Fig. 6. The crack surface is under a uniform presgure
and the materials can be either isotropic or anisotropic.
Twenty quadratic elements were used to discretize the
crack and the characteristic length is assumedaas 2

The normalized SIFs under plane stress condition are
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Fig. 2. Variation of the SIFs at crack tips A and B of Fig. 1 with material Fig. 4. Same as in Fig. 2, but with material angle= 90".

anglea, when material angle;, = 0°.

Table 4 and compared to the exact solutions proposed by
listed in Table 3 for various values of the shear modulus Wu [12]. Table 5 lists the results when thg-axis in mate-
ratio G;/G, (with »; = », = 0.3), and are compared to the rial #1 is along the horizontal directiqa; = 0) and thek;-
exact solution proposed by Rice [4]. A very good agreement axis in material #2 makes an angle with respect to the
is found between the numerical analysis and the exact solu-horizontal direction. Tables 4 and 5 indicate that the present
tion. method can also be used to calculate accurately the inter-

The SIFs at the crack tips of an interfacial crack were also facial SIFs.
calculated for the anisotropic bimaterial case. The anisotro-
pic elastic properties in materials #1 and #2 are the same as

those in Example 1. While the material afigin material 6. Conclusions
#2 was assumed to be along the horizontal direction (i.e. ; lation has b d for f
a, = 0), the E;-axis in material #1 makes an angtg with A BEM formulation has been proposed for fracture

respect to the horizontal direction. The interfacial SIFs at mechanics analysis of cracked 2D anisotropic elastic bima-

crack tip B obtained by the present method are listed in t_enals in which the displacement gnd traction integral equa-
tions are collocated on the outside boundary (uncracked

4o B o boundary) only and on one side of the crack surface only,
‘ respectively. Since in the present BEM formulation, the
displacements or tractions are used as unknowns on the
outside boundary and displacement differences as
unknowns along the crack surface, the method proposed
herein combines the best attributes of the traditional displa-

= 1 [ g 1 cement BEM and the DDM. While the Cauchy singularity in
< 06— | —@— Modelata — the displacement equation is avoided by the common rigid-
E Mode I at B 1 body motion method, the hyper-singularity in the traction
g 0.4 — - 2 - ModeIlat A
E i “ﬂ - Mode Il at B H :_—____——______[A_ ____________ l
" Ol : : [
0.2 — S Lo,
Al __A | a |
| S o - | |
0.0 1& - _\_‘_\_\*_ &7 J i Mater%al#l E
] Tt-el .- i Material # 2 |
‘ ST | a :
0.2 ‘ — o | o
0 30 60 90 i B 1
| |

Material angle o,

Fig. 3. Same as in Fig. 2, but with material angle= 45°. Fig. 5. Vertical crack intersecting an interface under far-field stresses.
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Comparison of the SIFs (vertical crack)
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G,/Gy Isida and Noguchi [37] Present

Koy yma KB/ /ma Kioyyma  KPlopyma
0.1 1.062 1.153 1.063 1.156
0.3 1.015 1.064 1.016 1.066
0.5 1.000 1.028 1.001 1.029
0.8 0.997 1.006 0.998 1.007
Table 3

Comparison of the SIFs for isotropic case (interfacial crack)

G//G, Exact [4] Numerical

Ki/py/ma Ky /py/ma Ki/py/ma K /p/ma
2.0 1.0000 0.0746 1.0038 0.0747
3.0 1.0000 0.1126 1.0055 0.1122
4.0 1.0000 0.1357 0.9999 0.1347
5.0 1.0000 0.1513 0.9986 0.1497
10.0 1.0000 0.1875 0.9954 0.1839
100.0 1.0000 0.2276 0.9917 0.2206
Table 4

Comparison of the SIFs for anisotropic case= 0 (interfacial crack)

@ Exact [12] Numerical
Ki/py/ma Ki/py/ma Ki/py/ma Kii/py/ma

0 1.0000 — 0.0382 1.0054 — 0.0384
30 0.9968 — 0.0349 1.0022 - 0.0351
45 0.9965 — 0.0318 1.0019 — 0.0320
60 0.9971 — 0.0290 1.0025 - 0.0291
90 1.0000 — 0.0264 1.0054 — 0.0265
Table 5

Comparison of the SIFs for anisotropic case= 0 (interfacial crack)

a; Exact [12] Numerical
Ki/py/ma Ky /py/ma Ki/py/ma Ki/py/ma
0 1.0000 — 0.0383 1.0054 — 0.0384
30 0.9941 — 0.0334 0.9995 — 0.0335
45 0.9936 — 0.0289 0.9989 — 0.0290
60 0.9946 — 0.0247 1.0000 — 0.0248
90 1.0000 — 0.0208 1.0054 — 0.0209
2a
2
< o
@ A T T P T B o
® TP % »

Fig. 6. Interfacial crack within infinite bimaterials.

equation is handled by introducing a new Gauss quadrature
formulae which is very similar to the traditional weighted
Gauss quadrature but with a different weight.

Three numerical examples related to a crack in an infinite
bimaterial full-space were selected to show that with the
current BEM formulation, very accurate SIFs can be
obtained. These examples also show the effect of material
anisotropy on the SIFs. Since the present method is simple
and can be used for curved cracks, it will be straightforward
to extend the current BEM formulation to analyze fracture
propagation in 2D anisotropic bimaterials, which is
currently under investigation by the authors.
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Appendix A. Complete Green’s functions for anisotropic
elastic bimaterials

In this appendix, we present the complete Green’s func-
tions for the displacement),; and tractionT,. Special
superscripts and subscripts (1) and (2) are used exclusively
to denote that the corresponding quantities are in materials
#1 (y > 0) and #2(y < 0), respectively.

A.1. For source (s) and field (z) points in materials #1
(y>0

Uy = —Re{ZA,(l’[In(#) <1>)H<1>
3
+ > Wit InE” — §VHETD (A1)
i=1

Tkl = Re{ Z B(l)I: %(1) i ny H(l)

Dn

BNy —
S WD _(SVH%]} =

where the matriH is defined in Eq. (5) with the anisotropic
elastic properties of material #1, and

WH =By (Yy + Yo) ‘(Yo — Yo)By (A3)
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A.2. For source point (s) in material #¥ > 0) and field
point (z) in material #2y < 0)

* -1 3
Uk = —Re{} A] i Zvv”12 InZ? —sHHPTY  (Ad)
j=1

2
(2) 20 =Ny g
T = —R&‘[Z B \Nll %(2) o7 H ]} (AS)

with

W2 =B/ (Y + Ya) (Yo + Ya)Ba (AB)

A.3. For source (s) and field (z) points in material@2< 0)

U = —Re{ZAi(Z) |n(%<2> (2>)H<2> n ZWJ.ZZ m(%_(Z)

— €AY

(A7)
2)
n J—
T = —Re{ 3 B(z)[ i x (2’)‘3/ HE
@
22 B M — Ny o)
ZVVJ' 42) S(Z) Hik (A8)

where the matriH is defined in Eq. (5) with the anisotropic
material properties of material #2, and

W2 =B (Y + Ya) (Yo — Ya)Be (A9)

A.4. For source point (s) in material #¥ < 0) and field
point (z) in material #1(y > 0)

} -1 3 3
Ui = —Re{ D A'D Witinz" — s2)HPT}  (A10)
oy 4 4
=1 i=1
(1> 1“1(1)”X ”y @
T = —R ZB W 41) H{? (A11)
with
W2 =B (Y + Y2) (Yo + Y2)Bpo (A12)

Appendix B. Asymptotic expressions of displacements at
an interfacial crack-tip

The derivative of the interfacial crack displacements

follows that of Gao et al.[16]. The relative displacement
vector on the crack face was given by Eq. (14) in which

2 _efﬂsdis
T Jzmg T J2m( + 2ie)p costime)
4 (B1)
o — _eﬂ'é‘dle
37 /2m(1 - 2is)? coshime)
1 2
B= —Etr(P) (B2)
1 1+ _ 1
e= o Inl_B—wtanh B (B3)
81 = 0; 52 = &, 53 = —& (B4)

Q1 =P+ p%; Qu=P(P —ipl); Q3 =P(P +ipl) (B5

wherel is a 3x 3 identity matrix. In Egs. (B2) and (B5), the

matrix P is given by
P=-Dv (B6)

whereD andV are two real matrices obtained from the

following relation:

In Eq. (16), the matrix function is given by
Moo = %{(PZ + B

_ [cogeIn x) + 2 sin(e In x)]P* + Blsin(e In x) —
(1 + 4&?) coshime)

2ecode In X)]P }

(B8)
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