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Abstract

This paper is concerned with calculation of charge distribution on conducting elements in microelectromechanical and

nanoelectromechanical systems (MEMS and NEMS). The conductors are beam like in MEMS or nanotubes in NEMS. The ground

plane is typically present in such problems. This is usually modeled by constructing image elements with the ground treated as a flat

mirror, thereby doubling the size of a problem. An alternative approach is to model the ground directly in a boundary element method

(BEM) formulation of the problem. The latter approach is adopted in this paper. The governing BEM equations, and their

regularization, is discussed in detail. Numerical results are presented for selected examples and their results are compared with analytical

solutions whenever possible.

r 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Microelectromechanical systems (MEMS) have demon-
strated important applications in a wide variety of
industries including mechanical and aerospace, medicine,
communications, information technology etc. Nanoelec-
tromechanical systems (NEMS) are ‘‘smaller’’ MEMS in
the sense that they have submicron critical dimensions.
Owing primarily to their small size, NEMS can offer very
high sensitivities (e.g. force sensitivities at the attonewton
level, mass sensitivities at a single molecule or even a single
atom level, and charge sensitivities at the level of the charge
on a single electron). In addition, they offer mechanical
quality factors in the tens of thousands and fundamental
frequencies in the microwave range [1,2]. Fabrication of
silicon nanotweezers [3] and nanoresonators [4] has been
demonstrated recently. Carbon nanotubes (CNTs) have
remarkable properties—they are very stiff, have low
density, ultra-small cross-sections and can be defect
free. They offer fascinating applications possibilities.
e front matter r 2006 Elsevier Ltd. All rights reserved.
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Natural frequencies of tunable CNTs have been measured
recently [5].
Numerical simulation of electrically actuated MEMS

devices have been carried out for around a decade or so by
using the boundary element method (BEM—see, e.g.
[6–10]) to model the exterior electric field and the finite
element method (FEM—see, e.g. [11–13]) to model
deformation of the structure. The commercial software
package MEMCAD [14], for example, uses the commercial
FEM software package ABAQUS for mechanical analysis,
together with a BEM code FastCap [15] for the electric
field analysis. Other examples of such work are [16–19]; as
well as [14,20,21] for dynamic analysis of MEMS. A very
nice recent example of NEMS simulation is [22]. This paper
employs the classical electrostatic model for nano con-
ductors and three different electrostatic models: classical,
semiclassical and quantum-mechanical, for semiconduc-
tors.
Many applications in MEMS and NEMS require BEM

analysis of the electric field exterior to thin conducting
objects. In the context of MEMS with very thin beams or
plates (see Fig. 1), a convenient way to model such a
problem is to assume plates (or beams) with vanishing
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Fig. 1. Parallel plate resonator: geometry and detail of the parallel plate

fingers (from [23]).
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thickness and solve for the sum of the charges on the upper
and lower surfaces of each plate [24] (or beam). The
standard boundary integral equation (BIE) with a weakly
singular kernel is used in [24] and this approach works well
for determining, for example, the capacitance of a parallel
plate capacitor. For MEMS calculations, however, one
must obtain the charge densities separately on the upper
and lower surfaces of a plate (or beam) since the traction at
a surface point on a plate (or beam) depends on the square
of the charge density at that point. The gradient BIE is
employed in [25] to obtain these charge densities sepa-
rately. The formulation given in [25] is a BEM scheme that
is particularly well-suited for MEMS analysis of very thin
plates—for h=Lp0:001—in terms of the length L (of a side
of a square plate) and its thickness h. A similar approach
has also been developed for MEMS with very thin beams
[26]. Similar work has also been reported recently by
Chuyan et al. [27] in the context of determining fringing
fields and levitating forces for 2D beam shaped conductors
in MEMS combdrives. A fully coupled BEM/FEM MEMS
calculation with very thin plates has just been completed
[28]. See, also, [29] for an application of the thin plate idea
for modeling damping forces on MEMS with thin plates.

Another interesting problem that has been solved
recently deals with charge distribution on thin conducting
CNTs [30]. A line model for a nanotube is proposed here.
As before for beams and plates, this model overcomes the
problem of dealing with nearly singular matrices that occur
when the standard BEM is applied to very thin features
(objects or gaps). The charge distribution per unit length
on the surface of a nanotube is obtained first. The charge
density per unit area on the entire nanotube surface is
obtained next by a post-processing step. This new
approach is very efficient. Numerical results are presented
for various examples. Results for selected problems are
compared with those from a full 3D BEM calculation [31]
as well as with available analytical solutions [32]. Excellent
agreement is obtained with available analytical solutions.
In MEMS and NEMS calculations of the type con-
sidered here, ground planes are typically present. The
typical approach for dealing with this issue is to construct
an image plane with the ground plane treated as a flat
mirror. This, of course, doubles the size of a given problem.
The BEM formulation is modified in the present work so
that the ground plane is modeled directly. Problems with
conducting beams are considered first. This is followed by
problems with thin conducting nanotubes.
An alternative way of modeling the ground plane is to

use half-space Green’s functions in the BEM formulation.
This approach is presented in [30] for nanotube problems.
One advantage of the approach discussed in the present
paper is that, unlike in other formulations, the charge
distribution on the ground is also obtained here. This
information can be useful in certain problems.
The present paper is organized as follows BIEs are first

presented for an infinite region containing two thin
conducting beams. This is followed by BIEs in a semi-
infinite region containing one thin conducting beam and
the ground. The next section deals with a semi-infinite
region containing an arbitrary number of beams, together
with the ground plane. Each beam can be of arbitrary
length and be oriented in an arbitrary direction, but their
mid-planes must all lie in the same plane. Numerical results
are presented for some beam problems. Analysis of
conducting nanotubes follows using the same format as
described above. A concluding remarks section completes
the paper.
2. BIEs in infinite region containing two thin conducting

beams

Consider the situation shown in Fig. 2 with two parallel
beams. Of interest is the solution of the following Dirichlet
problem for Laplace’s equation:

r2fðxÞ ¼ 0; x 2 B; fðxÞ prescribed for x 2 qB, (1)

where f is the potential and B is the region exterior to the
two beams, each of length L and height h. The unit normal
n to qB is defined to point away from B (i.e. into a beam).
2.1. Regular BIE—source point approaching a beam surface

sþ1

It is first noted that, for this problem, one can write (see,
e.g. [26,33]):

fðnÞ ¼ �
Z

s

ln rðn; yÞsðyÞdsðyÞ

2p�
þ C, (2)

where s is the charge density, per unit area, at a point on a
beam surface and s is the total surface of the two beams.
Also, rðn; yÞ ¼ y� n (with n a source and y a field point),
r ¼ jrj, and � is the dielectric constant of the medium
outside the conductors. The constant C is given by the
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Fig. 2. Two parallel conducting beams.
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expression [33]:

C ¼ f1 � GðR1ÞQ, (3)

where f1 and GðR1Þ are the potential and the Green’s
function at infinity, respectively, and Q is the total charge
(per unit beam width) on the two beams. In the above, the
Green’s function is Gðx; yÞ ¼ � ln rðx; yÞ=ð2p�Þ. Also, one
has Q1 ¼ �Q, where Q1 is the total charge at infinity. For
the problem under consideration, Q ¼ 0, so that C ¼ f1.

Next, Eq. (2) is written for the special case of very thin
beams (i.e. h=L51). One now gets:

fðnÞ ¼ �
Z

sþ
1
[sþ

2

ln rðn; yÞqðyÞ

2p�
dsðyÞ þ C, (4)

where qðyÞ ¼ sðyþÞ þ sðy�Þ.
As n! xþ 2 ŝ1

þ
� sþ1 (see Fig. 2—here ŝ1

þ is a
neighborhood of xþ), one can write Eq. (4) as

fðxþÞ ¼ �
Z

sþ
1
[sþ

2

ln rðxþ; yÞqðyÞ

2p�
dsðyÞ þ C (5)

and then as

fðxþÞ ¼ �
Z

sþ
1
�ŝ1
þ

ln rðxþ; yÞqðyÞ

2p�
dsðyÞ

�

Z
ŝ1
þ

ln rðxþ; yÞqðyÞ

2p�
dsðyÞ

�

Z
sþ
2

ln rðxþ; yÞqðyÞ

2p�
dsðyÞ þ C. ð6Þ

The constant C in (6) is unknown and a constraint equation
is needed to determine this constant. This equation isZ

sþ
1
[sþ

2

qðyÞdsðyÞ ¼ Q ¼ 0. (7)

The second integral on the right-hand side of (6) is
logarithmically singular, while the rest are usually regular.
It should be noted, however, that the last integral on the
right-hand side of (6) becomes nearly logarithmically
singular when the gap 2g between the beams is very small.
Numerical evaluation of nearly logarithmically singular
integrals is discussed, for example, in [26]. It should be
mentioned, however, that the thin feature BEM approach
presented in this paper breaks down if 2g � h (see Fig. 2).
In other words, the gap 2g can be very small but must be at
least around 3h for this method to work [28].
A similar equation can be written for ~xþ 2 sþ2 . For the

case shown in Fig. 2 (with f1 ¼ V1, f2 ¼ �V 1), however,
this is not necessary since qðyÞ is equal and opposite on the
two beams. Also, for this case, f1 ¼ C ¼ 0 [26]. There-
fore, Eq. (6) is sufficient to solve for q on both the beams!

2.2. Gradient BIE—source point approaching a beam

surface sþ1

It is first noted that for x 2 sþk [ s�k , k ¼ 1; 2:

sðxÞ ¼ �
qf
qn
ðxÞ ¼ �nðxÞ � ½=nfðnÞ�n¼x. (8)

Consider the limit n! xþ 2 sþ1 . (It is important to
realize that this limit is meaningless for a point x on either
end of a beam since the charge density is singular at these
locations). One has

sðxþÞ ¼ ¼
Z

sþ
1
[sþ

2

qðyÞrðxþ; yÞ � nðxþÞ

2pr2ðxþ; yÞ
dsðyÞ; xþ 2 sþ1 . (9)

where the symbol ¼
R
denotes the finite part of the integral in

the sense of Mukherjee [34].
Eq. (9) is regularized as follows. One writes

sðxþÞ ¼
Z

sþ
1
�ŝ1
þ

qðyÞrðxþ; yÞ � nðxþÞ

2pr2ðxþ; yÞ
dsðyÞ

þ

Z
ŝ1
þ

rðxþ; yÞ � ½qðyÞnðxþÞ � qðxÞnðyÞ�

2pr2ðxþ; yÞ
dsðyÞ

þ
qðxÞ

2p
Cðŝ1

þ;xþÞ

þ

Z
sþ
2

qðyÞrðxþ; yÞ � nðxþÞ

2pr2ðxþ; yÞ
dsðyÞ,

xþ 2 ŝþ1 � sþ1 . ð10Þ
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In the above, the angle subtended by the line element ŝ1
þ

at the point xþ (see [35,36] and Fig. 3) is

Cðŝ1
þ;xþÞ ¼ ¼

Z
ŝ1
þ

rðxþ; yÞ � nðyÞ

r2ðxþ; yÞ
dsðyÞ ¼ cA þ cB. (11)

Also, (see Fig. 3), a unit vector u , through the point xþ,
is chosen such that it intersects ŝ1

þ. Now, c is the angle
between the positive u vector and rðxþ; yÞ with y 2 ŝ1

þ.
This angle can be obtained from the equation:

cosðcðyÞÞ ¼
rðxþ; yÞ � u

rðxþ; yÞ
. (12)

In the above, the integrals on the right-hand side of (10) are
usually regular. The last integral on the right-hand side of
(10), however, becomes nearly strongly singular if the gap 2g

is small. Once q is known on both tubes, (10) can be used, as a

post-processing step, to obtain sþ and s� on both the beams.

2.3. Equations for straight beams

First, it should be emphasized that Eqs. (6) and (10) are
valid for bent as well as for straight beams. For a pair of
symmetric straight beams (see Fig. 2), let ‘ be the length of
ŝ1
þ and xþ be located at a distance ‘1 from its left end.

Also, let ‘ ¼ ‘1 þ ‘2: Now, Eq. (6) has the form:

fðxþÞ ¼ �
Z

sþ
1
�ŝ1
þ

ln rðxþ; yÞqðyÞ

2p�
dsðyÞ

�

Z
ŝ1
þ

ln rðxþ; yÞ½qðyÞ � qðxÞ�

2p�
dsðyÞ

�
qðxÞ

2p�
½‘1 ln ‘1 þ ‘2 ln ‘2 � ‘�

�

Z
sþ
2

ln rðxþ; yÞqðyÞ

2p�
dsðyÞ þ C; xþ 2 ŝþ1 , ð13Þ

where all the integrals are regular as long as g is not very
small.
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Fig. 3. Evaluation of angles.
Further, the first and second integrals on the right-hand
side of (10) vanish, C ¼ p, and one is left with the simple
equation:

1
2
½sðxþÞ � sðx�Þ�

¼

Z
sþ
2

qðyÞrðxþ; yÞ � nðxþÞ

2pr2ðxþ; yÞ
dsðyÞ; xþ 2 ŝþ1 . ð14Þ

Eqs. (13) and (14) are appropriate for straight nano-
tubes. Eq. (13) (with qðyþÞ ¼ �qð~yþÞ—see Fig. 2, C ¼ 0) is
used to solve for qðyÞ on each beam and (14) is used, as a

post-processing step, to calculate sðx�Þ on the upper beam.
Eq. (14) (which is a simpler version of (10)) implies that

sðxþÞ ¼ sðx�Þ if one has only one beam. This, of course, is
true. The existence of the second beam in Fig. 2 is the
reason for (in general) sðxþÞasðx�Þ.

3. BIEs in semi-infinite region containing one thin

conducting beam and the ground

Many problems in electrostatic simulation include a
ground plane (Fig. 4(a)). The traditional approach used to
solve such problems is to construct an image plane with the
ground plane treated as a flat mirror (Fig. 4(b)); thereby
doubling the size of the problem (Here, as shown in
Eq. (19), f2 ¼ 2fG � f1Þ. An alternative approach is
to model a semi-infinite plane which includes the ground
(Fig. 4(a)). The latter approach is described below.

3.1. Regular BIE

3.1.1. Source point approaching the ground surface

For a source point n! x 2 ^qBG � qBG (see Fig. 5) one
has

fðxÞ ¼ �
Z
qBG

sðyÞ ln rðx; yÞ

2p�
dsðyÞ

þ ¼

Z
qBG

rðx; yÞ � nðyÞfðyÞ
2pr2ðx; yÞ

dsðyÞ

�

Z
sþ

qðyÞ ln rðx; yÞ

2p�
dsðyÞ þ C; x 2 qB̂G, ð15Þ

where sðyÞ, y 2 qBG, is the charge density, per unit length,
on the ground surface.
The first integral in (15) is log singular, the second is

strongly singular and the third is regular. Evaluation of the
first and second integrals is discussed in Section 3.2.

3.1.2. Source point approaching the beam surface sþ

Let n! xþ 2 ŝþ � sþ (see Fig. 5). One has

fðxþÞ ¼ �
Z
qBG

sðyÞ ln rðxþ; yÞ

2p�
dsðyÞ

þ

Z
qBG

rðxþ; yÞ � nðyÞfðyÞ
2pr2ðxþ; yÞ

dsðyÞ

�

Z
sþ

qðyÞ ln rðxþ; yÞ

2p�
dsðyÞ þ C; xþ 2 ŝþ. ð16Þ
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This time the third integral is log singular and the rest
are regular. Evaluation of the third integral in (16) is
discussed in Section 3.2. With f ¼ fG, a constant, the
second integral is f=ð2pÞ times the angle subtended by the
ground at xþ. Also, with the ground being straight and of
infinite length, this angle equals p; so that this second
integral has the value fG=2:

3.1.3. Value of C in Eqs. (15) and (16)

Eq. (3), for the two beam model without the ground, is
obtained from [33]

C ¼ f1

Z
qB1

rðx; yÞ � nðyÞ

2pr2ðx; yÞ
dsðyÞ �

lnðR1Þ

2p�
Q1, (17)

where

Q1 ¼

Z
qB1

s1 dsðyÞ, (18)

with s1 is the charge density, per unit area, on qB1, the
‘‘surface at infinity.’’ Assuming uniform charge distribu-
tion on qB1, one has Q1 ¼ 0! s1 ¼ 0: Also, the integral
multiplying f1 in (17), for any source point x in the region
of interest, is unity.

Eq. (4) is now used to evaluate the potential f on the
mid-line (ground) between the two beams in Fig. 4(b). With
qðyþ 2 sþ1 Þ ¼ �qð~yþ 2 sþ2 Þ (for corresponding points yþ

and ~yþ and assuming each beam to have vanishing
thickness—i.e. line models for the beams), one gets
fG ¼ C. Next, using Appendix A of [26], one has (for
Q1 ¼ 0):

f1 ¼ fG ¼ ðf1 þ f2Þ=2. (19)

Finally, consider the model with the ground in Fig. 4(a).
This time, the region of interest is semi-infinite, so that,
Eq. (17) (with qB1 semi-infinite and Q1 ¼ 0), yields

C ¼ f1=2 ¼ fG=2. (20)

The expression for C from (20) can also be confirmed
from Eqs. (15)–(16). First consider (15) for the special case
f1 ¼ fG: In this case the charges are zero everywhere, so
that, with ¼

R
qBG
½ðr � nÞ=ð2pr2Þ�fðyÞdsðyÞ ¼ fG=2 (see Section

3.2.2) and fðxÞ ¼ fG; C ¼ fG=2. For Eq. (16), under the
same conditions, fðxþÞ ¼ f1 ¼ fG, qðyÞ ¼ sðyÞ ¼ 0,R
qBG
½ðr � nÞ=ð2pr2Þ�fðyÞdsðyÞ ¼ fG=2, so that, again, C ¼

fG=2:
It is also worth pointing out that, as expected, the values

of the charges q and s remain unaltered if a constant
additional voltage is applied to both the beam and the
ground.
Given f, Eqs. (15), (16) can be solved for sðyÞ on qBG

and qðyÞ on sþ.
3.2. Evaluation of singular integrals

3.2.1. First integral in (15)

This log-singular integral is evaluated as follows:

Z
qBG

ln rðx; yÞ

2p�
sðyÞdsðyÞ

¼

Z
qBG�qB̂G

ln rðx; yÞ

2p�
sðyÞdsðyÞ

þ

Z
qB̂G

ln rðx; yÞ

2p�
½sðyÞ � sðxÞ�dsðyÞ

þ
sðxÞ
2p�

Z
qB̂G

ln rðx; yÞdsðyÞ. ð21Þ

A convenient way to evaluate the last log-singular
integral above is given in [37].
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3.2.2. Second integral in (15)

This strongly singular integral is evaluated as follows:

¼

Z
qBG

rðx; yÞ � nðyÞfðyÞ
2pr2ðx; yÞ

dsðyÞ

¼

Z
qBG�qB̂G

rðx; yÞ � nðyÞfðyÞ
2pr2ðx; yÞ

dsðyÞ

þ

Z
qB̂G

rðx; yÞ � nðyÞ

2pr2ðx; yÞ
½fðyÞ � fðxÞ�dsðyÞ

þ
fðxÞ
2p

Cðŝþ;xþÞ. ð22Þ

Please see Eq. (11) and Fig. 3 for an explanation of the
angle C in the last term of (22).

Since the ground line is straight, r � n ¼ 0,C ¼ p, and the
above integral has the value fðxÞ=2.

3.2.3. Third integral in (16)

This log-singular integral is evaluated in a manner that is
analogous to Eq. (21) in Section 3.2.1.

3.3. Gradient BIE—source point approaching the beam

surface sþ

The staring point here is Eqs. (8) and (16) for n 2 B.
Take the gradient of (16) (at source point n) with respect to
n, then the limit n! xþ 2 sþ, and finally take the dot
product with nðxÞ: The result is (see Fig. 5)

sðxþÞ ¼ ¼
Z

sþ

qðyÞrðxþ; yÞ � nðxþÞ

2pr2ðxþ; yÞ
dsðyÞ

þ

Z
qBG

sðyÞrðxþ; yÞ � nðxþÞ
2pr2ðxþ; yÞ

dsðyÞ

�

Z
qBG

�fðyÞnðxþÞ � nðyÞ
2pr2ðxþ; yÞ

dsðyÞ

þ

Z
qBG

�fðyÞ½rðxþ; yÞ � nðxþÞ�½rðxþ; yÞ � nðyÞ�
pr4ðxþ; yÞ

dsðyÞ.

ð23Þ

The first term in (23) is strongly singular. It is regularized
as shown in Eqs. (10)–(12).

With prescribed f on qBG and known sðyÞ on qBG and
qðyÞ on sþ, Eq. (23) is used, as a post-processing step, to
calculate sðxþÞ on the beam surface sþ.

A major simplification occurs when the beam is straight,
the potential f on the ground is constant, and the ground is
straight and of infinite length. In this case, analytical
φ2

φ1

φG = 0
ground

∂B∞

(a)

Fig. 6. Model with two beams: (a) se
integration reveals that the last two terms on the right-
hand side of (23) cancel each other out! One is now left
with (see Eq. (11))

sðxþÞ ¼
qðxÞ

2
þ

Z
qBG

sðyÞrðxþ; yÞ � nðxþÞ
2pr2ðxþ; yÞ

dsðyÞ. (24)

As a consistency check, (24) collocated at x� has the
form:

sðx�Þ ¼
qðxÞ

2
þ

Z
qBG

sðyÞrðx�; yÞ � nðx�Þ
2pr2ðx�; yÞ

dsðyÞ. (25)

In view of the relationships: nðxþÞ ¼ �nðx�Þ, and, in the
limit of a very thin beam, rðxþ; yÞ ¼ rðx�; yÞ; adding (24)
and (25) gives sðxþÞ þ sðx�Þ ¼ qðxÞ.

4. BIEs in semi-infinite region containing N thin conducting

beams and the ground

Consider the case with N conducting beams, with
arbitrary lengths and orientations, and the ground with
zero potential. (Fig. 6(a) shows an example with two
beams). The typical approach for solving these problems
is to reflect the beams about the ground, as shown in
Fig. 6(b), and solve the problem in an infinite plane, with
zero total charge on the beams. An easier way is to solve
the problem in the semi-infinite plane directly. This is done
below. This time, without loss of generality, fG is taken to
be zero.

4.1. Regular BIEs

This time, the equations corresponding to (15) and (16)
are

0 ¼ �

Z
qBG

sðyÞ ln rðx; yÞ

2p�
dsðyÞ

�
XN

k¼1

Z
sþ
k

qðyÞ ln rðx; yÞ

2p�
dsðyÞ; x 2 qBG, ð26Þ

fk ¼ �

Z
qBG

sðyÞ ln rðxþ; yÞ

2p�
dsðyÞ

�
XN

j¼1

Z
sþ
j

qðyÞ ln rðxþ; yÞ

2p�
dsðyÞ,

xþ 2 ŝk
þ; k ¼ 1; 2; . . . ;N. ð27Þ
−φ2

−φ1

φ2

φ1

φG = 0
ground

∂B∞

(b)

mi-infinite and (b) infinite plane.
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It is noted that (26)–(27), in which C ¼ 0, satisfies Q ¼ 0
where Q is the total charge on all the conductors in the
infinite domain in Fig. 6(b).

Given fk, Eqs. (26), (27) can be solved for sðyÞ on qBG

and qðyÞ on sþk .

4.2. Gradient BIE for straight beams

Eqs. (8) and (27) can be used to find the charge sðxþÞ
with xþ 2 sþk : One gets:

sðxþÞ ¼
qðxÞ

2
þ

Z
qBG

sðyÞrðxþ; yÞ � nðxþÞ
2pr2ðxþ; yÞ

dsðyÞ

þ
XN

j¼1
jak

Z
sþ
j

qðyÞrðxþ; yÞ � nðxþÞ

2pr2ðxþ; yÞ
dsðyÞ,

xþ 2 sþk ; k ¼ 1; 2; . . . ;N, ð28Þ

with qðxÞ ¼ sðxþÞ þ sðx�Þ.
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Fig. 7. Total charge density: (a) along beam and (b) along ground in a

semi-infinite plane shown in Fig. 4(a). f1 ¼ 3V, fG ¼ 2V, L ¼ 10mm,

LG ¼ 100mm, g=L ¼ 0:05, h=L ¼ 10�4, � ¼ 8:854� 10�12 F=m.
5. Numerical results for beam problems with the ground

Numerical results for various problems with thin beams
are presented in this section. Here, � ¼ 8:854� 10�12 F=m.
The first and last boundary elements on a beam are
nonconforming ones with Z1 ¼ �0:5, Z2 ¼ 0, Z3 ¼ 1:0; and
Z1 ¼ �1:0, Z2 ¼ 0, Z3 ¼ 0:5, respectively, to allow for
singularities in q at the two ends of the beam. (Here, Z,
with �1pZp1, is the intrinsic coordinate on a quadratic
boundary element and Zk, k ¼ 1; 2; 3, are its nodal values).
The rest of the elements are the usual quadratic conforming
ones.
5.1. Results for a single beam with the ground

The first set of results concerns the arrangement shown
in Fig. 4. This time, 100 quadratic elements are used to
discretize the beam and 200 elements to discretize the
ground. Again, the elements at each end of each object are
nonconforming, the rest are conforming ones.
Results for the semi-infinite plane (with ground) model

(Fig. 4(a)) are shown in Figs. 7 and 8. The total charge
distribution along the beam and the charge distribution
along the ground, from Eqs. (15), (16), appear in Figs. 7(a)
and (b), respectively. Identical results are obtained for the
total charge along the beam for the infinite plane
arrangement shown in Fig. 4(b).
Next, the gradient Eq. (24) is used to separate the

charges sþ and s� on the beam. These results are shown in
Fig. 8. As expected, the charge profiles are similar to those
on a thin beam [26]—almost uniform along the beam, but
singular at the edges. Also, s�Xsþ because of the
proximity of the ground to the lower side of the beam in
Fig. 4(a).
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Fig. 8. Charge densities sþ and s� along beam in a semi-infinite plane

shown in Fig. 4(a). f1 ¼ 3V, fG ¼ 2V, L ¼ 10mm, LG ¼ 100mm,

g=L ¼ 0:05, h=L ¼ 10�4, � ¼ 8:854� 10�12 F=m.
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For a beam of infinite length with the ground, the
potential gradient between the beam and the ground, for
this problem, is 2V=mm ¼ 2000V=m. This number equals
qf=qn ([32, p. 152]), so that, from (8), s� ¼ 17:708 nC=m2

(assuming unit width of the beam). The numerical solution
in Fig. 8, at the center of the bottom surface of the beam, is
within 0:2% of this exact solution for an infinite beam.

It is also important to compare this result with previous
work [26]. Fig. 8 of that paper shows the charge density at
the center of the upper surface of the bottom beam (for a
two beam arrangement with f1 ¼ �1V, f2 ¼ 1V), for
� ¼ 1F=m, to be 2000C=m2. This is in agreement with the
present work. (Of course, the BEM formulations employed
in [26] and in the present work, for a two-beam
arrangement, are identical; but the computer codes were
created by different people.)

Finally, the effect of the ground length (in the computa-
tional domain), on the computed value of q at the center of
the beam, is shown in Table 1. The error here refers to the
Table 1

Charge density q0 at the center of the beam as a function of LG=L with

L ¼ 10mm, g=L ¼ 0:05, h=L ¼ 10�4, � ¼ 8:854� 10�12 F=m

LG=L q0 ðnC=m
2Þ Error (%)

1 17.376 7.02

2 18.490 1.06

5 18.669 0.105

10 18.688 0

One beam with ground with f1 ¼ 3V, and fG ¼ 2V.
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Fig. 9. Total charge density q: (a) along beam 1; (b) along beam 2 (A–B); (c) alo

L
2
¼ 5mm, LG ¼ 100mm, g=L1 ¼ d=L1 ¼ 0:5, h1=L1 ¼ h2=L2 ¼ 10�4, � ¼ 8:8
percentage difference between a value of q and its value for
LG=L ¼ 10 (which is the result obtained without the
ground but with an image beam). It is seen that LG=LX2
gives acceptable results.

5.2. Results for two beams with the ground

The next set of results concerns the arrangement shown in
Fig. 6. This time, 100 quadratic elements are used to discretize
each beam and the ground. Again, the elements at each end of
each object are nonconforming, the rest are conforming ones.
Results for the semi-infinite plane (with ground) model

(Fig. 6(a)) are shown in Figs. 9 and 10. The total charge
distributions along the beams and the charge distribution
along the ground, from Eqs. (26), (27), appear in
Figs. 9(a)–(c). Identical results are obtained for the total
charge along each beam for the infinite plane arrangement
shown in Fig. 6(b).
It is interesting to examine the results shown in Fig. 9(b).

Following the heat transfer analogy, it is clear that heat
would flow into beam 2 at end B, thereby leading to a
negative total charge q at that end. Also, q is positive at end
A. As expected, q is singular at each end, but finite results
are obtained here since singular end elements are not
employed in this work. The magnitude of q at end B of
beam 2 is larger than that at end A. This is a consequence
of the fact that f1 � f2 ¼ 24f2 � fG ¼ 1.
Next, the gradient Eq. (28) is used to separate the

charges sþ and s� on the two beams. These results are
shown in Fig. 10. As expected, the charge profiles in
Axial coordinate along beam 2 (mm)

q 
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Fig. 11. A carbon nanotube.
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Fig. 10(a) are similar to those on a thin beam [26]—almost
uniform along the beam, but singular at the edges. Also,
s�1 Xsþ1 because of the proximity of the second beam and
the ground to the lower side of the first beam in Fig. 9(d).
Finally, because of symmetry, sþ2 ¼ s�2 ¼ q=2 on beam 2.

6. BIEs in semi-infinite region containing one thin

conducting nanotube and the ground

6.1. Nanotube models

A CNT is a thin hollow tube, of circular cross-section, as
shown in Fig. 11. This figure shows a straight tube, but a
CNT can be bent.

6.2. BIEs for a CNT with the ground modeled with an image

tube

This section presents BIEs for a single thin conducting
nanotube with an infinite ground plane (see [30]). The
ground is modeled by adding on a suitable image nanotube
in the computational domain (see Figs. 12 and 13).

6.2.1. Regular BIE—source point approaching the nanotube

axis s1
For a source point n 2 B! x 2 ŝ1 � s1 (see Figs. 12

and 13), one has

fðxÞ ¼
Z
qB̄N1

qðyÞ

4p�rðx; yÞ
d‘ðyÞ

þ

Z
~s1

qðyÞ

4p�rðx; yÞ
d‘ðyÞ þ C; x 2 ŝ1 � s1, ð29Þ
with

qðyÞ ¼

Z 2p

0

sðy3; b; yÞbdy; y3 2 s1 or ~s1. (30)
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Here, s is the charge density, per unit surface area, on
the nanotube and q is the charge density, per unit length,
on the nanotube axis s1. The axial coordinate for a straight
nanotube is y3. For a bent nanotube, y3 must be replaced
by the arc length coordinate ‘ along the (bent) axis of the
tube and the integration in (30) must be carried out on a
planar cross-section of the tube that is normal to the local
arc length direction.

The starting point for the first integral on the right-hand
side of (29) is the double integral:

Z
qB̄N1

d‘ðyÞ

Z 2p

0

sðyÞbdy
4p�rðx; yÞ

, (31)

where qB̄N1
is a line on the nanotube surface qBN1

which is
parallel to the nanotube axis s1. In view of (31), and the
fact that rðx; yÞ in this case is, in fact, independent of y (and
therefore of y), the first term on the right-hand side of (29)
is exact. The second integral on the right-hand side of (29)
follows from the assumption that gbb (where g is the gap
between the nanotube and the ground and b in the
nanotube radius (see Figs. 12 and 13)). Therefore, one
has rðx; yÞbb and it is assumed that r is independent of y
with the field point y moving on the boundary of a cross-
section of the image nanotube. Next, rðx; yÞ is approxi-
mated to be the distance from x 2 s1 and y 2 ~s1. Exactly
how large g has to be compared to b is a matter that needs
further investigation. This matter is discussed in [30].

The first integral in (29) is nearly strongly singular and
the second is regular. An evaluation procedure for the first
integral is discussed in Section 6.4.2.

It is noted that in Fig. 12, with the charge qðyÞ at a point
y 2 s1, the charge is �qðyÞ at a corresponding point on the
axis of the image nanotube y 2 ~s1. Also (see the last
paragraph in Section 2.1):

f1 ¼ C ¼ 0. (32)

Therefore, C ¼ 0 in (29).
Given f, Eq. (29) can be solved for qðyÞ on s1.
Fig. 14. Nanotube with ground.

S

n(x)x

y

y
r(x,y)

r(x,y)

∂BN

∂BG ground

.

.

nanotube

^

^

^
^

a

b

y2

B

wG

θ

Fig. 15. Nanotube cross-section with ground.
6.2.2. Gradient BIE—source point approaching the

nanotube surface qBN1

Let n! x̂ 2 qBN1
(see Fig. 13). Using (29) and (8), one

can write

sðx̂Þ ¼
Z

s1[~s1

rðx̂; yÞ � nðx̂ÞqðyÞ

4pr3ðx̂; yÞ
d‘ðyÞ; x̂ 2 qBN1

. (33)

With qðyÞ known, (33) can be used, as a post-processing

step, to find the charge density distribution sðxÞ on the
outer surface of the nanotube with axis s1.

The integral on s1 in (33) is nearly hypersingular. Its
evaluation is discussed in Section 6.4.3. The integral on ~s1 is
regular.
6.3. BIEs for a CNT with an explicit model for the ground

6.3.1. Regular BIE—source point approaching the ground

surface

For a source point n 2 B! x 2 ^qBG � qBG (see Figs. 14
and 15), one has

fðxÞ ¼
Z
qBG

sðyÞ
4p�rðx; yÞ

dsðyÞ þ

Z
s

qðyÞ

4p�rðx; yÞ
d‘ðyÞ

þ ¼

Z
qBG

rðx; yÞ � nðyÞfðyÞ
4pr3ðx; yÞ

dsðyÞ þ C,

x 2 qB̂G � qBG, ð34Þ

with

qðyÞ ¼

Z 2p

0

sðy3; b; yÞbdy; y3 2 s. (35)

Here, s is the charge density, per unit surface area, on
the nanotube and on the ground surface; and q is the
charge density, per unit length, on the nanotube axis. The
ground surface is qBG and s is the nanotube axis. The
ground is flat, with wG the width of the ground in the y2

direction and ‘G its length in the y3 direction. (Of course,
the ground is really of infinite extent but, in this work, wG

and ‘G are taken to be sufficiently large but finite.) Finally,
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the symbol ¼
R
in (34) denotes the finite part of the integral

in the sense of Mukherjee [34].
The first and third integrals in (34) are singular and the

second is regular. Evaluation procedures for the third
integral is discussed in Section 6.4.1 and that of the first in
Section 6.6.
6.3.2. Regular BIE—source point approaching the nanotube

axis s

Let n! x 2 ŝ � s (see Fig. 14). One has

fðxÞ ¼
Z
qBG

sðyÞ
4p�rðx; yÞ

dsðyÞ þ

Z
qB̄N

qðyÞ

4p�rðx; yÞ
d‘ðyÞ

þ

Z
qBG

rðx; yÞ � nðyÞfðyÞ
4pr3ðx; yÞ

dsðyÞ þ C,

x 2 ŝ � s. ð36Þ

This time the first and third integrals are regular and the
second is nearly strongly singular. Evaluation of the second
integral in (36) is discussed in Section 6.4.2.

It is now assumed, for the rest of this paper, that
fðyÞ ¼ fG, a constant, for y 2 qBG.

Also, (20) still applies, i.e.:

C ¼ fG=2 ¼ f1=2. (37)

Given f and fG, Eqs. (34), (36) can be solved for sðyÞ on
qBG and qðyÞ on s.
b

x y
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l/2 l/2_

z

∂ BN1
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6.3.3. Gradient BIE—source point approaching the

nanotube surface qBN

Let n! x̂ 2 qBN (see Fig. 13). Using (36) and (8), one
can write

sðx̂Þ ¼
Z

s

rðx̂; yÞ � nðx̂ÞqðyÞ

4pr3ðx̂; yÞ
d‘ðyÞ

þ

Z
qBG

rðx̂; yÞ � nðx̂ÞsðyÞ
4pr3ðx̂; yÞ

dsðyÞ

�

Z
qBG

�fðyÞnðx̂Þ � nðyÞ
4pr3ðx̂; yÞ

dsðyÞ

þ

Z
qBG

3�fðyÞ½rðx̂; yÞ � nðx̂Þ�½rðx̂; yÞ � nðyÞ�
4pr5ðx̂; yÞ

dsðyÞ,

x̂ 2 qBN . ð38Þ

With qðyÞ and sðyÞ known, (38) can be used, as a post-

processing step, to find the charge density distribution sðxÞ
on the outer surface of the nanotube.

The first integral in (38) is nearly hypersingular. Its
evaluation is discussed in Section 6.4.3. The last two
integrals are discussed in Section 6.5.2.
xs1
^

Fig. 16. Evaluation of last integral in (42).
6.4. Evaluation of singular integrals

6.4.1. Third integral in (34)

As mentioned before, the ground is assumed to be
flat. This strongly singular integral is evaluated as
follows (see [25]):

¼

Z
qBG

rðx; yÞ � nðyÞfðyÞ
4pr3ðx; yÞ

dsðyÞ

¼

Z
qBG

rðx; yÞ � nðyÞ½fðyÞ � fðxÞ�
4pr3ðx; yÞ

dsðyÞ

þ
fðxÞ
4p
¼

Z
qBG

rðx; yÞ � nðyÞ

r3ðx; yÞ
dsðyÞ. ð39Þ

The solid angle subtended by the flat surface qBG at
x 2 qBG (in the sense of an FP integral with
n 2 B! x 2 qBG) is

OðqBG; xÞ ¼ ¼

Z
qBG

rðx; yÞ � nðyÞ

r3ðx; yÞ
dsðyÞ ¼ 2p. (40)

The first integral on the right-hand side of (39), which is
weakly singular, vanishes on a flat ground since r � n ¼ 0:
With fðxÞ ¼ fG for x 2 qBG, one finally gets

¼

Z
qBG

rðx; yÞ � nðyÞfðyÞ
4pr3ðx; yÞ

dsðyÞ ¼
fG

2
. (41)

6.4.2. Second integral in (36) (same as first integral in

(29))

This nearly strongly singular integral is evaluated as
follows (see Fig. 16):Z
qB̄N

qðyÞ

4p�rðx; yÞ
d‘ðyÞ ¼

Z
qB̄N�q

^̄BN

qðyÞ

4p�rðx; yÞ
d‘ðyÞ

þ

Z
q ^̄BN

z

rðx; yÞ

½qðyÞ � qðx̂Þ�

4p�z
d‘ðyÞ

þ
qðx̂Þ

4p�

Z ‘̂=2

�‘̂=2

dzffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 þ b2

p ,

x 2 center of ŝ, ð42Þ

where the length of the nanotube segment ŝ is ‘̂. This
segment is assumed to be straight and the last integral on
the right-hand side of (42), which is nearly strongly
singular, is evaluated analytically.
Please note that the field point y is placed on the outer

surface qBN of the nanotube while the source point x lies
on its axis s. The quantity z=rðx; yÞ in the second integral on
the right-hand side of (42) is Oð1Þ and ! 0 as y! x̂.
Therefore, the total integrand in this integral is regular.
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(See [25] for the use of a similar idea for the evaluation of
nearly weakly singular integrals.)

Finally, it is assumed that qðxÞ ¼ qðx̂Þ in (42). The source
point x is at the mid-point of ŝ in the last integral on the
right-hand side of (42) (see Fig. 16). Please refer to the
Appendix of [30] for the general situation where x is any
point on ŝ.
6.4.3. First integral in (38) (same as integral on s1 in (33))

This nearly hypersingular integral is evaluated as
follows:

Z
s

rðx̂; yÞ � nðx̂ÞqðyÞ

4pr3ðx̂; yÞ
d‘ðyÞ

¼

Z
s�ŝ

rðx̂; yÞ � nðx̂ÞqðyÞ

4pr3ðx̂; yÞ
d‘ðyÞ

þ

Z
ŝ

rðx̂; yÞ � nðx̂Þ½qðyÞ � qðx̄Þ � q0ðx̄Þðy� x̄Þ�

4pr3ðx̂; yÞ
d‘ðyÞ

þ qðx̄Þ

Z
ŝ

rðx̂; yÞ � nðx̂Þ

4pr3ðx̂; yÞ
d‘ðyÞ

þ q0ðx̄Þ

Z
ŝ

rðx̂; yÞ � nðx̂Þðy� x̄Þ

4pr3ðx̂; yÞ
d‘ðyÞ,

x̂ 2 qB̂N � qBN , ð43Þ

where x̄ 2 ŝ is closest to x̂ 2 qBN (see Fig. 17). Also, x̂ is at
the mid-point of the segment qB̂N of qBN . This is sufficient
since (33) is a post-processing step.

Referring to Fig. 17, for a piecewise quadratic approx-
imation for qðyÞ, the second integral on the right-hand side
of (43) (using the Taylor series for qðyÞ about x̄) becomes:

q00ðx̄Þ

8p

Z ‘̂=2

�‘̂=2

bz2 dz

ðz2 þ b2
Þ
3=2

. (44)

This integral can be evaluated analytically.
Again referring to Fig. 17, the third integral on the right-

hand side of (43) becomes:

qðx̄Þ

Z
ŝ

rðx̂; yÞ � nðx̂Þ

4pr3ðx̂; yÞ
d‘ðyÞ ¼

qðx̄Þ

4p

Z ‘̂=2

�‘̂=2

bdz

ðz2 þ b2
Þ
3=2

. (45)
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Fig. 17. Evaluation of third integral in (43).
This integral can be evaluated analytically. The last
integral on the right-hand side of (43) is

q0ðx̄Þ

Z
ŝ

rðx̂; yÞ � nðx̂Þðy� x̄Þ

4pr3ðx̂; yÞ
d‘ðyÞ

¼
q0ðx̄Þ

4p

Z ‘̂=2

�‘̂=2

bzdz

ðz2 þ b2
Þ
3=2
¼ 0. ð46Þ

Finally, (43) has the simple form

Z
s

rðx̂; yÞ � nðx̂ÞqðyÞ

4pr3ðx̂; yÞ
d‘ðyÞ

¼

Z
s�ŝ

bqðyÞ

4pr3ðx̂; yÞ
d‘ðyÞ þ

q00ðx̄Þ

8p

Z ‘̂=2

�‘̂=2

bz2 dz

ðz2 þ b2
Þ
3=2

þ
qðx̄Þ

4p

Z ‘̂=2

�‘̂=2

b dz

ðz2 þ b2
Þ
3=2
; x̂ 2 qB̂N � qBN . ð47Þ

It is easy to observe from (33) and (47) that, for a single
nanotube without the ground, sðx̂Þ, on any cross-section of
a nanotube, is, as expected, axisymmetric.

6.5. Evaluation of integrals containing constant potentials

6.5.1. Third integral in (36)

It is first observed that, for any n 2 B, one hasZ
qBG

rðn; yÞ � nðyÞ

r3ðn; yÞ
dsðyÞ ¼ OðqBG; nÞ, (48)

where OðqBG; nÞ is the solid angle subtended by qBG at n.
Since the ground qBG is an infinite plane, O ¼ 2p for any
point n 2 B that is ‘‘near’’ the ground in the sense that the
ground is very large compared to the shortest distance
between n and the ground. Therefore, with n ¼ x on the
nanotube axis, and fðyÞ ¼ fG, the third integral on the
right-hand side of (36) equals fG=2:

6.5.2. Third and fourth integrals in (38)

These two integrals together arise from the gradient =n

of the integral on the left-hand side of (48) with its
integrand multiplied by fðyÞ=ð4pÞ. As stated above, when
fðyÞ ¼ fG, a constant, and n is near the ground, this
integral (i.e. the one in (48) multiplied by fG=ð4pÞÞ is a
constant (of value fG=2); so that its gradient with respect
to n vanishes. Therefore, the third and fourth integrals on
the right-hand side of (38), together, vanish! (Please see
Section 3.3 for a similar conclusion in the 2D case).

6.6. Evaluation of integrals on the ground

Consider the first integrals in (34) and (36) and the
second in (38). The domains of these surface integrals is the
ground qBG: The first of these integrals is weakly singular
and the rest are regular.
In all these cases, the 2D ground is discretized into

piecewise constant rectangular elements. Analytical inte-
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gration in employed for the singular element in the first
integral. All other integrals are evaluated by usual Gauss
quadrature.

7. Numerical results for nanotube problems with the ground

Numerical results are presented in this section for the
problem of one nanotube with the ground in semi-infinite
space (see Fig. 4(a) for the corresponding beam problem).
Detailed results for nanotube problems with the ground
modeled with image tubes are available in [30].

The nanotube is parallel to the ground and is positioned
with respect to it in symmetric fashion, as shown in
Fig. 18(a). 1D quadratic elements are used along the
nanotube. The first and last elements on the tube are
nonconforming ones (see the first paragraph of Section 5);
the rest are the usual quadratic conforming ones. The 2D
ground is modeled with constant rectangular elements. The
number of elements on the nanotube, and along the length
and width of the ground, are NN ¼ 101, NL ¼ 100,
NW ¼ 35, respectively.

Results for the total charge q per unit length on the
nanotube appear in Fig. 18(b) while the corresponding
charge density s per unit area on the ground appear in Fig.
19. As before, � ¼ 8:854� 10�12 F=m.

The analytical solution for the charge distribution q, per
unit length, on a conducting tube of infinite length, of
radius b, parallel to, and at a distance g from the ground
(the axis of the tube is at a distance bþ g from the ground)
is [32]

q ¼
2p�f

cosh�1ð1þ g=bÞ
, (49)

with f the potential on the tube and zero potential on the
ground. For the case shown in Fig. 18(b), the analytical
result is 16:0563 pC=m, while the numerical solution at the
center of the nanotube is 16:0480 pC=m. The error is
0:05%.

As a further check of the results shown in Figs. 18(b) and
19, the total charge on the nanotube and the ground are
LN

LG

wG

(a)

(b)

Fig. 18. (a) Top view of nanotube with ground. (b) Charge density q

LG ¼ 10; 000nm, wG ¼ 100nm, fN ¼ 1V, fG ¼ 0V, � ¼ 8:854� 10�12 F=m.
obtained by numerical integration of the charge densities
shown in these figures. In view of the facts that the charge
density is singular at the two ends of the nanotube, and
that singular end elements have not been employed,
contributions from the first and last elements on the
nanotube are ignored for the time being. The calculated
total charge on the nanotube is 15.789 aC while that on the
ground is �15:404 aC. The absolute values of these
numbers agree within 2.44%.
The effect of the size of the ground plane (in the

computational domain), on the value of q at the center of
the nanotube, appears in Table 2. The error is calculated
with respect to the exact solution for a nanotube of infinite
length, which is 16:0480 pC=m. It is seen that one needs, at
least, LG=LN � 4 and wG=g � 4, in order to get results of
acceptable accuracy.

8. Concluding remarks

This paper presents a simple way to model the ground
plane in problems involving conducting beams and
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Table 2

Charge density q0 at the center of the nanotube as a function of LG and wG

with LN ¼ 1000nm, b ¼ 1 nm, g ¼ 15 nm, fN ¼ 1V, fG ¼ 0V,

� ¼ 8:854� 10�12 F=m.

LG (nm) wG (nm) q0 (pC/m) Error (%)

1000 15 14.1623 11.8

2000 30 15.1713 5.5

4000 60 15.7916 1.65

8000 90 15.8946 0.38

10,000 100 16.0480 0.05
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nanotubes for the purpose of applying the BEM to obtain
charge distributions on them in electrostatic problems. The
beams are modeled as lines in a semi-infinite plane; while
the nanotubes are modeled as lines in a half-space. The
ground plane is modeled directly—as a line for beams and
as a plane for nanotubes.

The present paper only deals with conductors for which
the external Dirichlet problem for Laplace’s equation is
applicable. Mixed boundary conditions can also be
handled but would require the full BIE rather than the
truncated one (2). An example is semi-conducting nano-
tubes that, for a Laplace/Poisson semi-classical model,
require matching potentials and prescribed charge differ-
ence across the nanotube surface. An example of this
situation, with the boundary cloud method (BCM) (a
mesh-free version of the standard rather than the thin
feature BIE), is available in [22]. Research along these lines,
with a thin feature BEM, is currently in progress at
Cornell.

The ground, in real life, is of infinite extent, but is finite
for the computations. The chosen dimensions for the
ground, for computations, must be large enough in order
to get accurate results. Based on the results in Tables 1 and
2, the following recommendations are made:
�
 for 2D beam problems: LG=LX2;

�
 for 3D nanotube problems: LG=LNX4, wG=gX4.
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