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Abstract

In the numerical solution of three-dimensional boundary value problems, the matrix size can be so large that it is beyond a computer’s
capacity to solve it. To overcome this difficulty, an iterative dual reciprocity boundary element method (DRBEM) is developed to solve
Poisson’s equation without the need of assembling a matrix. The DRBEM procedure requires that the right hand side of Poisson’s equation be
approximated by a radial basis function interpolation. In the iterative solution, it is found that only compactly supported, positive definite
radial basis functions lead to converged results.q 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

In the numerical solution of complex three-dimensional
problems, a large number of discrete unknowns are required
to accurately represent the geometry and the solution varia-
tion. When the matrix representing the linear or nonlinear
system of equations is assembled, its size can be so large
such that it poses difficulty for the computer to store it in the
random access memory and to solve it by elimination.
Consequently, the matrix size becomes the limiting factor
that defines the largest problem a given computer can
solve.

In the finite difference method (FDM), the need for
assembling a solution matrix can be circumvented by
using the so-called relaxation technique pioneered by
Southwell [1,2]. To apply this technique, an initial trial
solution is assigned to a solution grid. The discrete values
at each node is corrected in an iterative manner, until
convergence is achieved. No matrix or matrix solution is
needed. Because of this advantage, large size fluid dynamic
problems are typically solved by the finite difference
method, not by the finite element method (FEM). It appears
that this iterative solution idea can be extended to the
boundary element method (BEM).

A search in the literature finds a number of BEM solu-
tions that utilize iterative techniques [3–7]. However,
matrices were assembled in those implementations. Iterative

techniques were used only to invert the matrices. These
methods do not meet our definition.

Iterative BEMs that do not assemble solution matrices do
exist. To our knowledge, the first such attempt was made by
Cahan, et al. [8] for solving Laplace’s equation based on the
direct BEM formulation. Later, an improved version
was presented by Cahan and Lafe [9]. An iterative
BEM based on the indirect formulation was devised
for solving the governing equations of stochastic bound-
ary value problems [10,11]. In those stochastic
problems, not only the mean, but also the covariances
are obtained. For a boundary geometry discretized into
N nodes, the number of unknown covariances isN2. The
matrix, if assembled, would be of the sizeN2 × N2

:

These unusually large sizes have necessitated the use
of an iterative technique.

In this paper, we shall revisit the iterative BEM with the
goal of solving Poisson’s equation. The inhomogeneous
right-hand side is treated by the dual reciprocity boundary
element method (DRBEM) [12]. The underlying reason for
the current practice is to construct an efficient algorithm to
solve three-dimensional fluid dynamics problems
governed by Navier–Stokes equations. By a velocity–
vorticity formulation and a time-marching scheme,
Navier–Stokes equations can be transformed into a
number of Poisson’s and Helmholtz-type equations. The
iterative DRBEM can then be implemented for these
equations. In this paper, however, only two-dimensional
Poisson’s equations are solved as a demonstration of the
methodology.

Engineering Analysis with Boundary Elements 24 (2000) 549–557

0955-7997/00/$ - see front matterq 2000 Elsevier Science Ltd. All rights reserved.
PII: S0955-7997(00)00035-7

www.elsevier.com/locate/enganabound

* Corresponding author. Tel.:11-302-831-2442; fax:11-302-831-3640.
E-mail address:cheng@chaos.ce.udel.edu (A.H.-D. Cheng).



As a part of the DRBEM solution process, the right
hand side of Poisson’s equation is approximated by an
interpolation using radial basis functions. The
coefficients of the interpolation are determined by
collocation. Iterative methods are developed to avoid
the assemblage of matrices. However, it is discovered
that when conventional radial basis functions are used,
none of the iterative methods tested converges. In fact,
only the recently derived compactly supported, positive
definite radial basis functions [13] can achieve conver-
gence. These and other findings are reported in this
paper.

2. Formulation of DRBEM

The governing equation investigated is Poisson’s
equation,

7 2f�x� � f �x� �1�

In a DRBEM formulation, the right-hand side of Eq. (1) is
interpolated using a combination of monomials and radial
basis functions: [14]

f �x� �
Xnr

i�1

aiw�ri�1
Xnp

i�1

bipi�x� �2�

wherew�r� is a radial basis function,ri � ixi 2 xi is the
Euclidean distance between a field pointx and theith collo-
cation pointxi, pi(x) is a multi-variate monomial,ai andbi

are coefficients to be determined by collocation and
constraint equations,nr is the number of collocation
nodes, andnp is the number of monomial terms needed
to support the convergence and stability of the approx-
imation scheme [14]. The collocation nodes are distrib-
uted in the interior as well as on the boundary, hence
their number is relatively large.ai and bi need to be
solved from Eq. (2) prior to the implementation of the
BEM. In addition, we need to find the particular solu-
tions of the following Poisson’s equations using the
radial and monomial basis functions as the right hand
side:

7 2c � w�r� �3�

7 2qi � pi ; i � 1;…; np �4�

The analytical expressions forc andqi can be found in
the literature [14,15], hence is not repeated here. We shall
return to more details of the RBF in Section 4.

Given a radial-basis-function interpolation, a ‘boundary-
only’ integral equation that solves Poisson’s Eq. (1) can be

found as [12]
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"Xnr

i�1

aic�x 2 x i�1
Xnp

i�1

biqi�x�
#

1
Z
G

G�x 2 x�
"
2f�x�
2n�x� 2

Xnr

i�1

ai
2c�x 2 x i�

2n�x� 2
Xnp

i�1

bi
2qi�x�
2n�x�

#
dx

2
Z
ÿ
G

2G�x 2 x�
2n�x�

"
f�x�2

Xnr

i�1

aic�x 2 x i�2
Xnp

i�1

biqi�x�
#

dx

�5�
wherex is the base point,x [ G is a field point,x i [ V is a
collocation point,G denotes the solution boundary, andV
the solution domain,c is a geometric factor equal to 0, 1/2,
or 1, depending on the location ofx, n is the outward normal
direction of G , and G is the free-space Green’s function
given by

G� 2
ln r
2p

�6�

for two-dimensional problems, withr � ix 2 xi: We note
that the second integral in Eq. (5) is strongly (Cauchy)
singular whenx [ G; due to the presence of the kernel
2G=2n: The integration is performed in the Cauchy principal
value sense and is denoted byO:

We observe that Eq. (5) is in a natural form for an itera-
tion procedure. Similar to the relaxation method, we can
assign a set of initial trial values to all boundary nodes.
We then apply Eq. (5) by placing the base point on a bound-
ary node wheref is an unknown. Performing the integra-
tion and summation according to the right hand side of Eq.
(5), we obtain an updated value off at that node. We then
move on to the next node and repeat the procedure.

In a mixed boundary value problem, there exist nodes on
which 2f=2n; instead off , is the unknown. To have a
formula for this situation, the dual integral equation
approach [16] is taken. Eq. (5) can be differentiated at a
boundary pointx [ G in the direction of boundary normal
n. The resultant equation is a hypersingular equation
containing Hadamard finite part integrals denoted by

Zoo :
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�7�
The pair of integral Eqs. (5) and (7), can be alternately

used in Neumann and Dirichlet type boundary conditions to
update the missing boundary values. The process continues
until convergence is reached.
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The hypersingular Eq. (7), however, adds to the complex-
ity of the solution. The hypersingularity needs to be regu-
larized before its finite part can be evaluated. Several
techniques exist [16]. In this paper we choose to avoid
this issue by using only the Cauchy singular Eq. (5). To
overcome the difficulty of solving mixed boundary value
problems, the iterative scheme suggested by Cahan and
Lafe [9] is adopted. Details of the method are presented in
the next section.

3. Iterative scheme

To devise a scheme that uses only Eq. (5), we seek its
discretized form, which can be expressed as follows:XN
k�1

ajkf
k 2

XN
k�1

bjkf
k
n � cj ; j � 1;…;N �8�

wherefk is the discrete value off at nodek, fk
n is the

discrete value of2f=2n at nodek, coefficientsajk, bjk, and
cj are constants obtained by integration over the elements.
Given either a Dirichlet or a Neumann type condition, we
can extract the corresponding unknown variable2f=2n and
f , respectively, to form the following iterative formulae

fj
n � 1

bjj
2cj 1

XN
k�1

ajkf
k 2

X
k�1
k±j

N

bjkf
k
n

2664
3775; if fj is given

�9�

fj � 1
ajj

cj 2
X
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N
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k 2

XN
k�1

bjkf
k
n

2664
3775; if fj

n is given

�10�
Hence the pair of Eqs. (9) and (10) forms the basis of an

iterative scheme. Particularly, a procedure similar to the
Gauss–Seidel scheme, in which an updated datum is imme-
diately put into use in the evaluation of next datum, can be
applied.

The above equations differ from a typical FDM relaxation
formula in that the solution at a given node is dependent on
values on all nodes of the boundary, not just a few neighbor-
ing nodes. An advantage of this property is that in the
summation of Eqs. (9) and (10) half of the data are already
correct, supplied by the known boundary conditions. This
allows zero initial trial values be assigned to all the
unknowns. The first correction can already bring the solu-
tion into a reasonable range of the true solution. Hence a
stable scheme is expected.

In a standard BEM, Eqs. (9) and (10) are assembled into a
matrix system

�A�{ x} � { b} �11�
where [A] is an N × N matrix. In the current iterative

scheme, [A] is not assembled. Its elements are calculated
on the fly and immediately discarded. Hence only column
matrices of sizeN are needed. We also notice that all quan-
tities under the summation signs in Eqs. (5) and (6) are
known quantities that do not change from iteration to itera-
tion. These parts are computed only once and stored in an
array of sizeN.

The need for regenerating elements in the coefficient
matrix over and over is a major disadvantage of the iterative
method as the cost of numerical integration can be high.
This problem is alleviated by the use of low-order elements,
over which exact integration is available. For the current
implementation, constant elements and their exact integra-
tions are used. Hence the cost of integration is minimized.

4. Radial basis functions

The theoretical basis of radial basis function (RBF) and
its application in DRBEM have been well explored by
Golberg, Chen, and co-workers in a series of articles. See,
for example, Golberg et al. [14] for a recent review. There
exist a number of RBFs, such as the conical, spline, Gaus-
sian, and multiquadric types. The conical type is given by

w�r� � r2n21
; n� 1;2;3;… �12�

The polyharmonic spline functions typically give better
performance [17] and are given by

w�r� � r2n ln r ; n� 1;2; 3;… �13�
The casen� 1 is known as the thin-plate spline. As

indicated in Eq. (2), these RBFs need to be supplemented
by a monomial family

pi � {1 ; x; y; x2
; y2

; xy; x3
;…} �14�

to ensure proper convergence and stability of the scheme.
Take for example, for the thin-plate spliner2 ln r ; terms up
to linear order, {1; x; y} ; need to be included. For higher
order splinesr2n ln r ; terms up to nth order must be
incorporated.

The interpolation of the functionf(x) in Eq. (2) is accom-
plished by solving a set of collocation equations

Xnr

i�1

aiw�rij �1
Xnp

i�1

bipi�xj� � f �xj�; j � 1;2;…; nr �15�

whererij � ixi 2 xji; nr is the number of collocation nodes,
andnp is the number of monomial terms needed. To deter-
mine the additional coefficients associated with the mono-
mial terms, the following constraint equations are imposed:Xnr

i�1

aipj�xi� � 0; for j � 1; 2;…;np �16�

Eqs. (15) and (16) form a linear system ofnr 1 np equa-
tions, solving for thenr 1 np unknowns,ai and bi : As
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mentioned above, the number of monomial terms needed is
dependent on the order of the RBF.

In an iterative scheme, the matrix corresponding to the
linear systems (15) and (16) is not assembled. The matrix
elements given asw�rij �; 1, xi, yi, etc. are instantly generated.
Because of their simple form, the computation time is
minimal.

Several standard iterative techniques, such as the Gauss–
Seidel method and the conjugate gradient method, have
been employed to perform the iteration. However, to our
surprise, none of the iterative schemes worked! Replacing
the RBF from spline types to conical types makes no differ-
ence. For the Gauss–Seidel method, a check of convergence
condition shows that the spectral radius is greater than 1,
hence the solution diverges as expected. For the conjugate
gradient method, a check of the matrices shows that they are
not positive definite. Convergence is not guaranteed.

Indeed, as commented by Chen, et al. [18] all of the
above-mentioned RBFs are globally defined. The resulting
interpolation matrix is dense and can be highly ill-condi-
tioned, especially for a large number of interpolation points.
This can cause serious stability problems. It was suggested
[19] that the difficulty can be overcome by the use of a
compactly supported, positive definite RBF (CS-PD-RBF)
[13].

CS-PD-RBFs became available only recently. It was
demonstrated by Wendland [13] that for a given dimension
d and smoothnessC2k, a positive definite radial basis func-
tion in the form of a univariate polynomial of minimal
degree always exists, and is unique within a constant factor.
Results were given ford � 1;3; 5: For the current two-
dimensional problems, we choose two of the CS-PD-RBFs

[13,18]: for d � 3 andk � 0

w�r� 1 2
r
a

� �2

; for 0 # r # a

0; for r . a

8><>: �17�

and ford � 3 andk � 1

w�r� 1 2
r
a

� �4

1 1
4r
a

� �
; for 0 # r # a

0; for r . a:

8><>: �18�

Although d � 3 is used in the above, the corresponding
CS-PD-RBF is valid for any lower dimension, which is a
consequence of positive definiteness. Hence they are valid
for the current two-dimensional problems. In the above,a is
an influence radius beyond which the function is truncated
to zero. The influence radius controls the density of the
matrix. If a is larger than the largest span of the domain,
the matrix is fully populated. Ifa is smaller than the smallest
distance between two collocation nodes, the matrix becomes
diagonal. A propera value should fall between these two
limits.

The interpolation equation for CS-PD-RBF is given by

f �x� �
Xnr

i�1

aiw�ri� �19�

As compared to Eq. (15), we notice that polynomial terms
are not needed for the CS-PD-RBF, for its positive
definiteness. The coefficientsai are determined from the
collocation equations

Xnr

i�1

aiw�rij � � f �xj�; j � 1; 2;…;nr �20�

The implementation of an iterative scheme solving the
above system will be discussed in Section 5.

For the purpose of DRBEM implementation, the particu-
lar solution satisfying Eq. (3) with the CS-PD-RBF as the
right hand side is needed. This has been found by Chen, et
al. [18] The particular solution corresponding to Eq. (17) is

c �
r 2

4
2

2r3

9a
1

r4

16a2 ; for 0 # r # a

13a2

144
1

a2

12
ln

r
a

� �
; for r . a:

8>>><>>>: �21�

In the second line of the above equation, we have
corrected an error that exists (see Table 2 in Ref. [18]).
For Eq. (18), the corresponding particular solution is

c �
r 2

4
2

5r4

8a2 1
4r5

5a3 2
5r6

12a4 1
4r7

49a5 ; for 0 # r # a

529a2

5880
1

a2

14
ln

r
a

� �
; for r . a

8>>><>>>:
�22�
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5. Example

To test the algorithm, an example with a known exact
solution is investigated [15]. The problem is governed by
the following Poisson’s equation

7 2f � 2
751p2

144
sin

px
6

sin
7px

4
sin

3py
4

sin
5py

4

1
7p2

12
cos

px
6

cos
7px

4
sin

3py
4

sin
5py

4

1
15p2

8
sin

px
6

sin
7px

4
cos

3py
4

cos
5py

4
�23�

in the domain of 1# x # 2 and 1# y # 2: The right hand
side function is plotted in Fig. 1. We observe that it has a
relatively large variability. Eq. (23) is subject to the bound-
ary conditions

f�x;1� � 2
1
2

sin
px
6

sin
7px

4

f�1; y� � 2
1

2
��
2
p sin

3py
4

sin
5py

4

f�x;2� � 2sin
px
6

sin
7px

4

f�2; y� � 2

��
3
p
2

sin
3py

4
sin

5py
4

�24�

The exact solution of this problems is

f � sin
px
6

sin
7px

4
sin

3py
4

sin
5py

4
�25�

which is plotted as Fig. 2.
The first step of solving this boundary value problem by

DRBEM is to approximate the right hand side by a RBF
interpolation. A uniform grid of 11× 11 is laid over the
domain for collocation. For the iterative solution of the
linear system (20), a subroutinelinbcg found in Numerical
Recipes[20], based on the iterative bi-conjugate gradient
method, is used. The subroutine requires a user-supplied
matrix in compacted form. Since the present method does
not assemble a matrix, the subroutine needs to be modified.
This is easily accomplished by changing a few lines in the
subroutineatimes, which performs matrix multiplication,
called by subroutinelincbg.

The iterative method requires an initialization of the solu-
tion. By noticing that the diagonal terms of the CS-PD-RBF
collocation matrix are all equal to unity, we can simply
assign the initial trial values as

ai � f �xi�; i � 1; 2;…;nr �26�
For the influence radius, two cases are chosen:a� 0:5

and 1.5, which cover about 35 and 100% of the maximum
linear dimension of the solution domain, respectively. The
first-order CS-PD-RBF defined in Eq. (17) is adopted. The
solution converges rapidly. For the case ofa� 0:5; it takes
8 iterations for the solution to converge to a relative toler-
ance of 1022, and 17 iterations to a tolerance of 1024. The
iterative scheme is highly efficient.

To investigate the effect of the influence radius and the
order of CS-PD-RBF on the rate of convergence, cases are
run with different combinations of these factors. The result
is presented in Fig. 3. The two lower curves correspond to
the first-order CS-PD-RBF defined in Eq. (17). It shows that
the use of a larger influence radius that produces a full
matrix only slightly increases the number of iterations.
The upper two curves correspond to the second-order CS-
PD-RBF defined in Eq. (18). The number of iterations has
significantly increased, particularly for the larger influence
radius case.

We next investigate the effect of the number of nodes, i.e.
the size of the system, on the convergence rate. The results
presented so far are based on an 11× 11 mesh. We now vary
the mesh size. The first-order CS-PD-RBF with the influ-
ence radius 0.5 is used in these cases. The tolerance is fixed
at 1023. Fig. 4 plots the number of iterations versus the
number of collocation nodes in log–log scale. The result
indicates a relation

iteration number, node number1=2 �27�
This convergence rate is the same as the successive-over-

relaxation (SOR) method of the FDM [20].
The accuracy of the approximation is examined next. We

plot in Fig. 5 the relative error, defined as the error normal-
ized by the maximum absolute value of the solution, using
the 11× 11 grid and the first-order CS-PD-RBF witha�
0:5: The maximum error is found to be 2.8%, located near
the corner (2,2). If we use the second-order CS-PD-RBF, the
accuracy is only slightly improved, with a maximum
error of 22.5%. If the influence radius for the first-order
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CS-PD-RBF is increased toa� 1:5; we also see very little
improvement, with a maximum error of 2.5% observed.
Judging from the performance of accuracy and efficiency,
the first-order CS-PD-RBF witha� 0:5 will be used in the
BEM solution below.

To compare the accuracy of the CS-PD-RBF with other
RBFs, the same function on the right hand side of Eq. (23)
was approximated by the thin-plate spline RBF using the
same 11× 11 collocation nodes. Fig. 6 shows the relative
error. We observe that the thin-plate spline RBF, which
gives an maximum error of 1.7%, performs better. The
same case is also tested for the first-order conical RBF.
The maximum error is around 2.6%, comparable to the

CS-PD-RBF case. We should comment, however, that
both the spline and the conical RBF collocations diverge
in the iterative procedure, and have to be obtained by matrix
elimination.

The next step is to find the BEM solution using the itera-
tive procedure described in Section 3. The solution bound-
ary is subdivided into 40 constant elements (nodes) with 10
on each side. The 11× 11 collocation mesh is used for RBF
interpolation. Fig. 7 plot the relative error of the solution.
The maximum error is found to be 2%.

It is of interest to examine the rate of convergence of the
iterative DRBEM under different element sizes and accu-
racy requirements. The problem is solved using four

A.H.-D. Cheng et al. / Engineering Analysis with Boundary Elements 24 (2000) 549–557554

Fig. 3. Iterations needed for solution convergence as a function of tolerance, for different order CS-PD-RBFs and different scaling factors.

Fig. 4. Number of iterations as a function of the number of collocation nodes.



different meshes, involving 20, 40, 80, and 160 constant
elements. A relative tolerance is defined as

tol � max

(����� solution at iteratioǹ 2 solution at iteratioǹ 1 1
solution at iteratioǹ

�����
)

�28�
Fig. 8 plots the number of iterations needed for the solu-

tion to converge to a specified tolerance versus the number
of nodes, in log–log scale. We observe the relation

iteration number, node number3=4 �29�
This rate of convergence is better than that of the Gauss–

Seidel iterative scheme used in FDM, which has a rate
proportional to the first power of the node number. It is
however, worse than the SOR scheme, which converges at

the rate of 1/2 power. We note that the current scheme is not
accelerated, hence is equivalent to a Gauss–Seidel scheme.
Acceleration should further improve the efficiency of the
scheme. Furthermore, we should note that the comparison
of efficiency with FDM is made with node number, not
mesh size. As the linear dimension of the element size
decreases, the node number for the BEM increases linearly
for two dimensional problems. For the FDM, the node
number increases by a power of 2. Hence the BEM should
be highly competitive in solving large size problems.

Fig. 9 presents the number of iterations versus tolerance,
in semi-log scale. The relation is roughly a straight line,
suggesting

iteration number, log �tol� �30�
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Fig. 5. Relative error of a first-order CS-PD-RBF interpolation. Thick contour lines mark zero error.

Fig. 6. Relative error of a thin-plate spline RBF interpolation. Thick contour lines mark zero error.



This behavior is the same as the Gauss–Seidel and the
SOR schemes.

6. Conclusions

We have conducted a preliminary study in which an itera-
tive DRBEM is constructed to solve problems governed by
Poisson’s equations. In the application of DRBEM, there are
two linear systems to be solved — one involves the RBF
interpolation of the right hand side of the Poisson’s equa-
tion, and the other concerns the boundary integral equation
solution. For both systems, they are solved by iterative
schemes that do not assemble solution matrix. In the case
of the collocation system for the RBF interpolation, it is
found that only the compactly supported, positive defi-
nite radial basis functions lead to converged results. The
accuracy and the convergence rate are investigated and
compared with other methods. Although only a two-

dimensional problem is solved in the current effort,
the findings clearly indicate that the iterative DRBEM
is a promising technique for solving large-size three-
dimensional problems. This part of study, particularly
relating to the solution of Navier–Stokes equations, is
underway.
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Fig. 9. Convergence rate shown as the number of iterations versus tolerance.


