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Abstract

The subject of this paper is the evaluation of ®nite parts (FPs) of certain singular and hypersingular integrals, that appear in boundary

integral equations (BIEs), when the source point is an irregular boundary point (situated at a corner on a one-dimensional plane curve or at a

corner or edge on a two-dimensional surface). Two issues addressed in this paper are: an uni®ed, consistent and practical de®nition of a FP

with an irregular boundary source point, and numerical evaluation of such integrals together with solution strategies for hypersingular BIEs

(HBIEs). The proposed formulation is compared with others that are available in the literature and interesting connections are made between

this formulation and those of other researchers. q 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

1.1. The hypersingular boundary element method

Hypersingular boundary integral equations (HBIEs) are

derived from a differentiated version of the usual boundary

integral equations (BIEs). HBIEs have diverse important

applications and are the subject of considerable current

research (see, for example, Krishnasamy et al. [1], Tanaka

et al. [2], Paulino [3] and Chen and Hong [4] for recent

surveys of the ®eld). HBIEs, for example, have been

employed for the evaluation of boundary stresses (e.g. Guig-

giani et al. [5], Wilde and Aliabadi [6], Zhao and Lan [7],

Chati and Mukherjee [8]), in wave scattering (e.g. Krishna-

samy et al. [9]), in fracture mechanics (e.g. Cruse [10], Gray

et al. [11], Lutz et al. [12], Paulino [3], Gray and Paulino

[13]), to obtain symmetric Galerkin boundary element

formulations (e.g. Bonnet [14], Gray et al. [15], Gray and

Paulino ([16,17]), to evaluate nearly singular integrals

(Mukherjee et al. [18]), to obtain the hypersingular bound-

ary contour method (HBCM) (Phan et al. [19], Mukherjee

and Mukherjee [20]), to obtain the hypersingular boundary

node method (Chati et al. [21]), and for error analysis

(Paulino et al. [22], Menon [23], Menon et al. [24], Chati

et al. [21], Paulino and Gray [25])) and adaptivity [21].

Of particular interest to the present paper is the elegant

approach of regularizing singular and hypersingular

integrals using simple solutions, as ®rst proposed by

Rudolphi [26]. Several researchers have used this idea to

regularize hypersingular integrals before collocating an

HBIE at a regular boundary point. Examples are Cruse

and Richardson [27], Lutz et al. [12], Poon et al. [28] and

Mukherjee et al. [29].

1.2. Hypersingular integrals with irregular boundary

source points

A regular boundary point is one at which the boundary of

the body is locally smooth. It is sometimes useful to collo-

cate an HBIE at an irregular boundary point (a point located

at a corner on a one-dimensional (1-D) boundary of a 2-D

body, or at a corner or an edge on a 2-D boundary of a 3-D

body.) Gray and Manne [30] have carried this out success-

fully for the 2-D Laplace equation and Gray and Lutz [31]

for 3-D problems, using a limit to the boundary (LTB)

approach. This approach is a uni®ed one that works for

both singular and hypersingular integrals. Typically,

symbolic programming is used to evaluate certain integrals.

It is interesting to note that Gray and Manne [30], referring

to one of the prevailing de®nitions of the ®nite part (FP) at

that time, state that ªthe FP method fails for a boundary

cornerº. In fact, the FP approach discussed in the present

paper is closely related to the LTB approach of Gray and his

co-authors, and it is shown here that this approach does,

indeed, work at a boundary corner.

Guiggiani et al. [5], Telles and Prado [32] and Chen and

Hong [33] have (independently) considered the same
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problem in 2-D for a corner with locally straight segments.

Free terms have been derived in these papers when an HBIE

for the 2-D Laplace equation is collocated at such a corner.

The 3-D Laplace equation is also considered in detail in Ref.

[5] but closed-form explicit expressions for the free terms

are only derived for the 2-D case.

Guiggiani [34] and ManticÆ and Paris [35] have also inde-

pendently considered this same problem and have demon-

strated (by asymptotic analysis with a vanishing exclusion

zone) that the hypersingular integral equation for Laplace's

equation, collocated at a corner, produces, in the most

general case (i.e. at a corner with locally curved segments),

two (bounded) free terms. One of these multiplies the poten-

tial function and the other the potential gradient at the

source point. Each of these researchers present the closed-

form expression for the term that multiplies the potential for

the case of 2-D potential theory and ManticÆ and Paris [35]

also present explicit expressions for the 3-D case. The

expressions for the free terms multiplying the potential

gradient appear in earlier papers by Guiggiani et al. [5],

Telles and Prado [32] and Chen and Hong [33]. Very

recently, Paulino and Gray [25] have considered corners

in the context of the Galerkin BIE, and have proposed an

elegant approach for dealing with this matter. Also, Cruse

and Richardson [27] have proved that their HBIE for linear

elasticity, regularized by using ªsimple solutionsº (see their

equation (28)), is also valid at an irregular boundary point,

provided that the primary variables satisfy certain smooth-

ness requirements.

1.3. Finite parts of integrals

There exists an intimate relationship between HBIEs and

FP integrals in the sense of Hadamard [36]. Krishnasamy et

al. [9], for example, have proved that, provided that the

primary variables satisfy certain smoothness requirements,

a HBIE integral, obtained in the limit as an internal or

external source point approaches a regular point on the

boundary, can be interpreted as a FP integral. This author

feels, however, that a conventional FP de®nition, such as in

Martin [37] (see, also, Toh and Mukherjee [38] equation (1))

leaves something to be desired if one is interested in the

actual evaluation of FPs of integrals. Also, various existing

interpretations of FPs are not consistent Ð compare, for

example, equation (46) in ManticÆ and Paris [35] and equa-

tion (29) in Cruse and Richardson [27], with Eqs. (15) and

(52), respectively, in the present paper.

Toh and Mukherjee [38] proposed a consistent and prac-

tical de®nition of the FP of a singular integral. Their de®ni-

tion is general in that it applies to integrals with any order of

singularity (provided that the primary variables are suf®-

ciently smooth) in any number of physical dimensions.

This paper also presents a regularization scheme for the

evaluation of such integrals. This interpretation is based

on the LTB concept. Results obtained from this interpreta-

tion agree with the results from Krishnasamy et al. [9] on

scattering of acoustic waves and are completely consistent

with complex variable formulations for 2-D BIEs (Hui and

Mukherjee [39]). Finally, in a recent paper (Mukherjee and

Mukherjee [20]), this FP interpretation has been shown to be

consistent with a HBCM formulation for 3-D linear elasti-

city. The relationship between the Cauchy principal value

(CPV) and FP of an integral, when its CPV exists, is

explored in Mukherjee [40]. It is important to state,

however, that the work of Toh and Mukherjee [38] and

Mukherjee [40] is limited to the case where a boundary

source (collocation) point is regular. Irregular source

points are of concern in the present paper.

1.4. Outline of the present paper

The primary contributions of the present paper are:

² Present a uni®ed, consistent and practical de®nition of

the FP of a singular or hypersingular integral that is valid

for both a regular as well as an irregular boundary collo-

cation point.

² Present a strategy for numerical evaluation of a regular-

ized version of the FP above, and then for solving the

associated HBIE using suitable boundary elements.

The next section of this paper presents the de®nition of the FP

together with a proof of its relationship with the LTB approach

of Gray and his co-authors. Similar to the LTB approach (see

Gray and Manne [30]), the present formulation is also able to

handle both strongly singular and hypersingular integrals in a

uni®ed manner. The next section considers an example

problem Ð the gradient BIE for the 2-D Laplace equation

collocated at a corner. It is shown that the results from the

present formulation are consistent with those of Guiggiani

[34] and ManticÆ and Paris [35] obtained by considering a

vanishing exclusion zone. It is also demonstrated next that

this same FP formulation, this time with a ªcomplete exclu-

sion zoneº, leads to the regularized equations (obtained from

use of simple solutions) of Rudolphi [26], for potential

theory, and of Cruse and Richardson [27] for linear elasticity.

The last topic discussed in this paper is smoothness require-

ments for interpolation functions for collocation of an HBIE at

an irregular point (Martin et al. [41]). Mukherjee and Mukher-

jee [42] have recently proved that, for a certain admissible

class of problems, interpolation functions employed in the

boundary contour method (BCM) satisfy all such smoothness

requirements. Therefore, such functions are possible candi-

dates for the hypersingular boundary element method

(HBEM), with regular as well as irregular collocation points.

2. The FP of a hypersingular integral collocated at an
irregular boundary point

2.1. De®nition

Consider, for speci®city, the space R3, and let S be a
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surface in R3. Let the points x [ S and j Ó S: Also, let Ŝ

and �S , Ŝ be two neighborhoods (in S) of x such that x [ �S

(Fig. 1). The point x can be an irregular point on S.

Let the function K(x,y), y [ S; have its only singularity at

x � y of the form 1/r3 where r � ux 2 yu; and let f (y) be a

function that has no singularity in S and is of class C1,a at

y � x for some a . 0:

The FP of the integral

I�x� �
Z

S
K�x; y�f�y� dS�y� �1�

is de®ned as:

ÿ
Z

S
K�x; y�f�y� dS�y�

�
Z

S \ Ŝ
K�x; y�f�y� dS�y�1

Z
Ŝ

K�x; y��f�y�2 f�x�

2 f ; p�x��yp 2 xp�� dS�y�1 f�x�A�Ŝ�1 f;p�x�Bp�Ŝ�
�2�

where Ŝ is any arbitrary neighborhood (in S) of x and:

A�Ŝ� � ÿ
Z

Ŝ
K�x; y� dS�y� �3�

Bp�Ŝ� � ÿ
Z

Ŝ
K�x; y��yp 2 xp� dS�y� �4�

The above FP de®nition can be easily extended to any

number of physical dimensions and any order of singularity

of the kernel function K(x,y). Please refer to Toh and

Mukherjee [38] for further discussion of a previous closely

related FP de®nition for the case when x is a regular point on

S, and to Mukherjee [40] for a discussion of the relationship

of this FP to the CPV of an integral when the CPV exists.

2.1.1. Evaluation of A and B
There are several equivalent ways for evaluating A and B.

Method one. Replace S by Ŝ and Ŝ by �S in Eq. (2). Now,

setting f�y� � 1 in Eq. (2) and using Eq. (3), one gets:

A�Ŝ�2 A� �S� �
Z

Ŝ \ �S
K�x; y� dS�y� �5�

Next, setting f�y� � �yp 2 xp� (note that, in this case,

f�x� � 0 and f;p�x� � 1) in Eq. (2), and using Eq. (4),

one gets:

Bp�Ŝ�2 Bp� �S� �
Z

Ŝ \ �S
K�x; y��yp 2 xp� dS�y� �6�

The formulae (5) and (6) are most useful for obtaining A

and B when Ŝ is an open surface and Stoke regularization is

employed. An example is the application of the FP de®ni-

tion (2) (for a regular collocation point) in Toh and Mukher-

jee [38], to regularize a hypersingular integral that appears

in the HBIE formulation for the scattering of acoustic waves

by a thin scatterer. The resulting regularized equation is

shown in Ref. [38] to be equivalent to the result of Krish-

nasamy et al. [9]. Eqs. (5) and (6) are also used in Mukherjee

and Mukherjee [20] and in Section 3.2 of this paper.

Method two. From Eq. (5):

A�Ŝ�2 A� �S� �
Z

Ŝ \ �S
K�x; y� dS�y� � lim

j!x

Z
Ŝ \ �S

K�j; y� dS�y�
�7�

The second equality above holds since K(x,y) is regular

for x [ �S and y [ Ŝ \ �S: Assuming that the

limj!x

R
Ŝ K�j; y� dS�y� and limj!x

R
�S K�j; y� dS�y� exist,

then:

A�Ŝ� � lim
j!x

Z
Ŝ

K�j; y� dS�y� �8�

Similarly:

Bp�Ŝ� � lim
j!x

Z
Ŝ

K�j; y��yp 2 xp� dS�y� �9�

Eqs. (8) and (9) are most useful for evaluating A and B
when Ŝ � 2B; a closed surface that is the entire boundary of

a body B. An example appears in Section 3.3 of this paper.

Method three. A third way for evaluation of A and B is to

use an auxiliary surface (or ªtentº) as ®rst proposed for

fracture mechanics analysis by Lutz et al. [12]. (see, also,

Mukherjee et al. [29], Mukherjee [43] and Section 3.2.1 of

this paper). This method is useful if S is an open surface.

2.2. The FP and the LTB

There is a very simple connection between the FP,

de®ned above, and the LTB approach employed by Gray

and his co-authors. With, as before, j Ó S; x [ S (x can be

an irregular point on S), K�x; y� � O�ux 2 yu 23� as y! x
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and f�y� [ C1;a at y� x, this can be stated as:

lim
j!x

Z
S

K�j; y�f�y� dS�y� � ÿ
Z

S
K�x; y�f�y� dS�y� �10�

Of course, j can approach x from either side of S.

2.2.1. Proof of Eq. (10)

Consider the ®rst and second terms on the right hand side

of Eq. (2). Since these integrands are regular in their respec-

tive domains of integration, one has:Z
S \ Ŝ

K�x; y�f�y� dS�y� � lim
j!x

Z
S \ Ŝ

K�j; y�f�y� dS�y� �11�

andZ
Ŝ

K�x; y��f�y�2 f�x�2 f ; p�x��yp 2 xp�� dS�y�

� lim
j!x

Z
Ŝ

K�j; y��f�y�2 f�j�2 f ;p�j��yp 2 jp�� dS�y�
�12�

Use of Eqs. (8), (9), (11) and (12) in Eq. (2) proves

Eq. (10).

3. The gradient BIE for the 2-D Laplace equation
collocated at a corner

Collocation of the gradient BIE for the 2-D Laplace equa-

tion, at an irregular point, is considered as an example

problem in this section. It is proved that with a vanishing

exclusion zone, one recovers, from the proposed FP de®ni-

tion (Eq. (2)), the results in Guiggiani [34], Guiggiani et al.

[5] and ManticÆ and Paris [35], while, with a complete exclu-

sion zone, one recovers the results from Rudolphi [26]. (It

should be noted that while Rudolphi [26] only considers

collocation at a regular boundary point, his equation (20)

is also valid at an irregular boundary point.)

3.1. FP Formulation

Consider a body B (an open set) with boundary 2B. With

j Ó 2B; the well-known BIE for Laplace's equation7 2u � 0

in 2-D can be written as:

g�j�u�j� �
Z
2B
�U�j; y�q�y�2 T�j; y�u�y�� dS�y� �13�

and its differentiated form, the HBIE:

g�j� 2u�j�
2j i

�
Z
2B
�2Di�j; y�q�y�1 Si�j; y�u�y�� dS�y� �14�

In the above, q � �2u=2n��y�; g�j� � 1 for j [ B;

g�j� � 0 for j Ó B; and the kernels are given in Appendix A.

Let j! x where x [ 2B can be an irregular point, and

u�y� [ C 1;a at y� x. With an exclusion zone Ŝ (Fig. 2), and

j an exterior point, g �j� � 0: Now, using the LTB property

of the FP from Eq. (10), (14) becomes:

0 � ÿ
Z
2B
�Si�x; y�u�y�2 Di�x; y�q�y�� dS�y� �15�

With S � 2B; application of the de®nition of the FP (Eq.

(2)) allows Eq. (15) to be written as:

0 �
Z
2B \ Ŝ
�Si�x; y�u�y�2 Di�x; y�q�y�� dS�y�

1
Z

Ŝ
Si�x; y��u�y�2 u�x�2 u; p�x��yp 2 xp�� dS�y�

2
Z

Ŝ
Di�x; y��u; p�y�2 u; p�x��np�y� dS�y�1 u�x�Ai�Ŝ�

1 u; p�x��Bip�Ŝ�2 Eip�Ŝ�� (16)

where, using Eqs. (5) and (6), one gets:

Ai�Ŝ�2 Ai� �S� �
Z

Ŝ \ �S
Si�x; y� dS�y� �17�

Bip�Ŝ�2 Bip� �S� �
Z

Ŝ \ �S
Si�x; y��yp 2 xp� dS�y� �18�

and

Eip�Ŝ�2 Eip� �S� �
Z

Ŝ \ �S
Di�x; y�np�y� dS�y� �19�

Finally, de®ne C � B 2 E

3.2. Vanishing exclusion zone

A vanishing exclusion zone, Se ! 0 (Fig. 2) is considered

for this problem by Guiggiani et al. [5], Guiggiani [34] and

ManticÆ and Paris [35]. Se is an arc of a circle in these

papers, whereas it is arbitrary in the present work. Clearly,

Se ! 0 implies that Ŝ! 0; so that the second and third

terms (with regular integrands) on the right hand side of

Eq. (16) vanish in this limit. The ®rst term and the quantity

A are of O�1=e� as Se ! 0 (here e is a length scale for Se; its

radius if Se is a circular arc centered at P in Fig. 2); while C
has a ®nite limit as e! 0: This situation is discussed next.

3.2.1. The vector A
Applying Stokes' theorem in the form:Zb

a
�g;inj 2 g; jni� dS � eij3�g�ba �20�
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(here e is the alternating symbol), with g � �2U�=�2yj� �
Wj; and using the facts that (see Appendix A):

Si�x; y� � 22U�x; y�
2yi2yj

nj�y� � g;inj �21�

and that:

22U�x; y�
2yj2yj

� 0 for y [ Ŝ \ �S �22�

one gets:

Ai�Ŝ�2 Ai� �S� � eij3��Wj� �aâ 1 �Wj�b̂�b� � eij3��Wj�b̂â 2 �Wj� �b�a�
�23�

so that:

Ai�Ŝ� � eij3�Wj�b̂â �24�
In the present work, Se is an arbitrary curve joining the

points â and b̂. This curve can be considered to be an exam-

ple of an auxiliary surface to Ŝ as ®rst proposed by Lutz et

al. [12] (see, also, Mukherjee [43]) for evaluating hypersin-

gular integrals (method 3 in the present paper). The identity

(see equation (20) in Mukherjee [43]):

ÿ
Z
~S
Si�x; y� dS�y� � 0 �25�

can be obtained by using the uniform solution u�y� � c (c is

a constant) in Eq. (15) for any closed surface ~S. Choosing
~S � Ŝ < Se; one gets (see Eqs. (17) and (3)):

ÿ
Z

Ŝ
Si�x; y� dS�y� � 2

Z
Se

Si�x; y� dS�y� ) Ai�Ŝ� � Ai�Se�
�26�

in view of the directions of the normals on Ŝ and on Se in

Fig. 2.

With r;1 � cos f and r;2 � sin f; one has:

A1�Se� � 2
sin f�e�

2pe

� �b̂

â
; A2�Se� � cos f�e�

2pe

� �b̂

â
; �27�

Here, the angle f is a function of the distance e (see Fig.

3) because the corner is a meeting of curved elements.

Please note that below his equation (14), Guiggiani [34],

with Se a circular arc of radius e centered at P, has F1 �
sin f=2p; F2 � 2cos f=2p; the sign differences being due

to the difference in the de®nition of the kernel S in Ref. [34]

and in the present paper.

Using asymptotic analysis (see Fig. 3), Guiggiani [34]

and ManticÆ and Paris [35] have independently proved that:

Ai�Se� � bi

e
1 ai 1 O�e�

� �b̂

â
�28�

so that, in the limit as Se ! 0 (i.e. e! 0), one has F�Ai� �
ai: (Here F denotes the FP of the appropriate quantity as in

ManticÆ and Paris [35] Ð their equations (7) and (8)). These

researchers have also obtained the explicit values of ai: The

®nal result, from Refs. [34,35], in the present notation, is:

a1 �F�A1� � 1=4p�cos f2�0�k2�0�1 cos f1�0�k1�0��

a2 �F�A2� � 1=4p�sin f2�0�k2�0�1 sin f1�0�k1�0�� �29�
where f1�0� and f2�0� are the angles made by the tangents

to the curves C1�f1�e�� and C2�f2�e�� at x (in Fig. 3), with

the positive y1 axis; and k1�0� and k2�0� are the signed

curvatures of C1 and C2 at x. In general, for a plane curve

parameterized as y1�j�; y2�j�; the signed curvature is

de®ned here as in [34]:

k�j� � � _r £ �r�´k
i _ri 3

� 2 �y1 _y2 1 �y2 _y1

�� _y1�2 1 � _y2�2�3=2
�30�

where r � iy1 1 jy2; k � i £ j and a superscribed dot

denotes a derivative with respect to the parameter j .

Guiggiani [34] combines the term �bi�x�=e�u�x� (see Eq.

(28)) with the ®rst integral in the right hand side of Eq. (16)

in order to get a ®nite result as Se ! 0: He has shown that

(in the present notation), b1 � 2�1=�2p���sin�f2�0�2
sin�f1�0��; b2 � �1=�2p���cos�f2�0�2 cos�f1�0��: Details

are available in Guiggiani et al. [5].

3.2.2. The tensor C
From Eqs. (18) and (19):

Cip�Ŝ�2 Cip� �S� �
Z

Ŝ \ �S
�Si�x; y��yp 2 xp�

2 Di�x; y�np�y�� dS�y� �31�
Using the expressions in Appendix A, one has:

Cip�Ŝ�2 Cip� �S�

�
Z

Ŝ \ �S
�Wj;i�x; y��yp 2 xp�2 U;i�x; y�dpj�nj�y� dS�y�

�
Z

Ŝ \ �S
�Wj�x; y��yp 2 xp�2 U�x; y�dpj�;inj�y� dS�y�

2
Z

Ŝ \ �S
Wj�x; y�dpinj�y� dS�y� �32�

The procedure followed now is quite analogous to that

used in the previous section for determining A. Using:

g � Wj� yp 2 xp�2 Udpj �33�
in Stokes' theorem (20), and noting that g; j � 0 for x [ �S
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and y [ Ŝ \ �S; one gets:

Cip�Ŝ�2 Cip� �S�

� eij3��Wj�yp 2 xp�2 Udpj�b̂â 2 �Wj�yp 2 xp�2 Udpj� �b�a�

2
Z

Ŝ \ �S
Tdpi dS�y�

; I1 1 I2 (34)

Using the fact that (see, for example, Ghosh et al. [44]):

T�x; y� � 2
1

2pr

2r

2n
�y� � 1

2p

2f

2s
�35�

where s is a length coordinate that is measured around 2B

(Fig. 2) in a clockwise direction, the second term in Eq. (34)

becomes:

I2 � 2
1

2p
��f� �aâ 1 �f�b̂�b� � 2

1

2p
��f�b̂â 2 �f� �b�a� �36�

Using Eqs. (34) and (36), one has:

Cip�Ŝ� � Cip�Se�

� eij3�Wj�yp 2 xp�2 Udpj�b̂â 2 �1=�2p���f�b̂âdpi �37�
In the limit Se ! 0; one gets (as in Guiggiani et al. [5] but

with a sign change due to the sign differences in the de®ni-

tions of the kernels S and D in [34] and in the present paper):

C11 � 2
1

2p
�f2�0�2 f1�0��1

sin�2f2�0��2 sin�2f1�0��
2

� �
�38�

C22 � 2
1

2p
�f2�0�2 f1�0��2

sin�2f2�0��2 sin�2f1�0��
2

� �
�39�

C12 � C21 � 2
1

2p
�sin2�f2�0��2 sin2�f1�0��� �40�

Note that the term �U�b̂â does not contribute to C.

3.2.3. Final equation

The ®nal form of Eq. (16), with a vanishing exclusion

zone, has two free terms. It is (see Guiggiani [34]):

0 � ai�x�u�x�1 Cip�x�u; p�x�1 lim
Ŝ!0

(Z
2B \ Ŝ
�Si�x; y�u�y�

2 Di�x; y�q�y�� dS�y�1
bi�x�
e

u�x�
)

�41�
An alternative equivalent form (see ManticÆ and Paris

[35]) is:

0 �F�Ai�x��u�x�1 Cip�x�u; p�x�

1 F
Z
2B \ Ŝ
�Si�x; y�u�y�2 Di�x; y�q�y�� dS�y�

� �
�42�

with the FPs F evaluated for the limit Ŝ! 0:

It is interesting to compare (the equivalent) Eqs. (15)

and (42). One contains two free terms, the other does

not. Both contain FPs, de®ned in different ways. The

LTB de®nition of Gray and Manne [30] is equivalent to the

FP Eq. (15) although they do not use the designation ª®nite

partº.

3.3. Complete exclusion zone

The situation in which Ŝ � 2B is referred to as a

ªcompleteº exclusion zone. Now, the FP Eq. (15) (see Eq.

(16)) has the form:

0 �
Z
2B

Si�x; y��u�y�2 u�x�2 u; p�x��yp 2 xp�� dS�y�

2
Z
2B

Di�x; y��u; p�y�2 u; p�x��np�y� dS�y�1 u�x�Ai�2B�

1 u; p�x�Cip�2B� (43)

with (see Eqs. (8) and (9)):

Ai�2B� � lim
j!x

Z
2B

Si�j; y� dS�y� �44�

Cip�2B� � lim
j!x

Z
2B
�Si�j; y��yp 2 jp�2 Di�j; y�np�y�� dS�y�

�45�
Since an exclusion zone is implied here, one has j Ó B,

x [ 2B, i.e. the (possibly irregular) boundary point x is

approached from outside the body B.

The quantities A and C can be easily evaluated using the

imposition of simple solutions. Following Rudolphi [26],

use of the uniform solution u�y� � c (c is a constant) in

Eq. (14) gives:

Z
2B

Si�j; y� dS�y� � 0 �46�

while use of the linear solution:

u�y� � c�yp 2 jp�; q�y� � cnp�y� �with p � 1; 2� �47�

in Eq. (14) (with g � 0) gives:

Z
2B
�Si�j; y��yp 2 jp�2 Di�j; y�np�y�� dS�y� � 0 �48�
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Therefore, (assuming continuity) A � C � 0 and one

obtains a simple, fully regularized form of Eq. (43) as:

0 �
Z
2B

Si�x; y��u�y�2 u�x�2 u; p�x��yp 2 xp�� dS�y�

2
Z
2B

Di�x; y��u; p�y�2 u; p�x��np�y� dS�y� �49�

A few comments are in order. First, Eq. (49) is the

same as Rudolphi's [26] equation (20) with (his) k � 1

and (his) S0 set equal to S and renamed 2B. (See, also,

Kane [45], equation (17.34)). Second, this equation can

also be shown to be valid for the case j [ B, i.e. for an

inside approach to the boundary point x. Third, as noted

before, x can be a corner point on 2B (provided, of course,

that u(y) [ C1,a at y� x Ð Rudolphi had only considered a

regular boundary collocation point in his excellent paper

ten years ago). Finally, as discussed in the next section,

Eq. (49) is analogous to the regularized stress BIE in

linear elasticity Ð equation (28) in Cruse and Richardson

[27].

4. The stress BIE for 3-D linear elasticity collocated at an
irregular boundary point

The case of the hypersingular stress BIE for 3-D linear

elasticity, collocated at an irregular boundary point, is

brie¯y discussed below. Only the case of the complete

exclusion zone is considered here.

The well-known BIE for 3-D linear elasticity, with

j Ó 2B (Rizzo [46], Cruse [47]) is:

g�j�ui�j� �
Z
2B
�Uik�j; y�tk�y�2 Tik�j; y�uk�y�� dS�y� �50�

The hypersingular stress BIE in 3-D linear elasticity, with

j Ó 2B (Cruse [47]) is:

g�j�sij�j� �
Z
2B
�2Dijk�j; y�tk�y�1 Sijk�j; y�uk�y�� dS�y�

�51�

In the above, u is the displacement ®eld, t is the traction

®eld, s is the stress ®eld, g�j� � 1 for j [ B; g�j� �
0 for j Ó B; and the kernels are given in Appendix A.

Let j! x, where x [ 2B can be an irregular point, and

u(y) [ C1,a at y � x: With an exclusion zone Ŝ; and j an

exterior point, g�j� � 0: Now, using the LTB property of

the FP from Eq. (10), Eq. (51) becomes:

0 � ÿ
Z
2B
�Sijk�x; y�uk�y�2 Dijk�x; y�tk�y�� dS�y� �52�

With S � 2B; application of the de®nition of the FP (Eq.

(2)) allows Eq. (52) to be written as:

0 �
Z
2B

Sijk�x; y��uk�y�2 uk�x�2 uk; p�x��yp 2 xp�� dS�y�

2
Z
2B

Dijk�x; y��skp�y�2 skp�x��np�y� dS�y�

1 Aijk�2B�uk�x�1 Cijkp�2B�uk; p�x� (53)

with (see Eqs. (8) and (9)):

Aijk�2B� � lim
j!x

Z
2B

Sijk�j; y� dS�y� �54�

Cijkp�2B� � lim
j!x

Z
2B
�Sijk�j; y��yp 2 jp�

2 Ekpm`Dijm�j; y�n`�y�� dS�y� �55�
Simple (rigid body and linear) solutions in linear elasti-

city (see, for example, Lutz et al., [12], Cruse and Richard-

son [27]) are now used in order to determine the quantities A
and C. With j an exterior point, g�j� � 0 Eq. (51). Using

the rigid body mode uk � ck (ck are arbitrary constants) in

Eq. (51), one has:

0 �
Z
2B

Sijk�j; y� dS�y� �56�

while, using the linear mode:

uk � ck�yp 2 jp�;
tm � sm`n` � Emlkpcknl � Ekpm`ckn`

�57�

in Eq. (51) gives:

0 �
Z
2B
�Sijk�j; y��yp 2 jp�2 Ekpm`Dijm�j; y�n`�y�� dS�y�

�58�
Invoking continuity, A � C � 0; so that Eq. (53) reduces

to the simple regularized form:

0 �
Z
2B

Sijk�x; y��uk�y�2 uk�x�2 uk; p�x��yp 2 xp�� dS�y�

2
Z
2B

Dijk�x; y��skp�y�2 skp�x��np�y� dS�y� (59)

which is equation (28) of Cruse and Richardson [27] in the

present notation. As is the case in the present work, Cruse

and Richardson [27] have also proved that their equation

(28) is valid at a corner point, provided that the stress is

continuous there.

It has been proved in this section that the regularized

stress BIE (28) of Cruse and Richardson [27] can also be

obtained from the FP de®nition (2) with a complete exclu-

sion zone.
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5. Solution strategy for a HBIE collocated at an irregular
boundary point

Hypersingular BIEs for a body B with boundary 2B are

considered here. Regularized HBIEs, obtained by using

complete exclusion zones, e.g. Eq. (49) for potential theory

or Eq. (59) for linear elasticity, are recommended as starting

points.

An irregular collocation point x for 3-D problems is

considered next. Let 2Bn, �n � 1; 2; 3;¼;N� be smooth

pieces of 2B that meet at an irregular point x [ 2B. Also,

let a source point, with coordinates xk, be denoted by P, and

a ®eld point, with coordinates yk, be denoted by Q.

Martin et al. [41] state the following requirements for

collocating a regularized HBIE, such as Eq. (59) at an irre-

gular point P [ 2B. These are:

In the above, rn � uy�Qn�2 x�P�u;Qn [ 2Bn; and a . 0.

Also

uL
i �Qn;P� � ui�P�1 ui; j�P��yi�Qn�2 xj�P�� �60�

There are two important issues to consider here.

The ®rst is that, if there is to be any hope for collocating

Eq. (59) at an irregular point P, the exact solution of a

boundary value problem must satisfy conditions (i)±(iv) in

Box 1. Clearly, one should not attempt this collocation if,

for example, the stress is unbounded at P (this can easily

happen Ð see an exhaustive study on the subject in Glush-

kov et al. [48]), or is bounded but discontinuous at P (e.g. at

the tip of a wedge Ð see, for example, Zhang and Mukher-

jee [49]). The discussion in the rest of this paper is limited to

the class of problems, referred to as the admissible class,

whose exact solutions satisfy conditions (i)±(iv).

The second issue refers to smoothness requirements on

the interpolation functions for u, s and the traction t � n´s
in Eq. (59). It has proved very dif®cult, in practice, to ®nd

BEM interpolation functions that satisfy, a priori, (ii (b)±

(iv)) in Box 1, for collocation at an irregular surface point on

a 3-D body [41]. It has recently been proved in Mukherjee

and Mukherjee [42], however, that interpolation functions

used in the BCM (see, for example, Mukherjee et al. [50],

Mukherjee and Mukherjee [20]) satisfy these conditions a

priori. Another important advantage of using these interpo-

lation functions is that 7u can be directly computed from

them at an irregular boundary point [20], without the need to

use the (unde®ned) normal and tangent vectors at this point.

Numerical results from the hypersingular BCM, collocated

on edges and at corners, are available in Mukherjee and

Mukherjee [42]. In principle, these BCM interpolation func-

tions can also be used in the BEM. This is a recommended

topic for future research.

6. Concluding remarks

The following are the highlights of this paper:

² Presents a consistent uni®ed de®nition of the FP of a

hypersingular integral collocated at an irregular bound-

ary point. This de®nition is valid for an arbitrary exclu-

sion zone. There is no need to consider a direction of a

limit process as for the LTB approach.

² Uni®es, in some sense, the work of researchers such as

Cruse, Rizzo, Gray, ManticÆ, Guiggiani, Rudolphi, Lutz,

and their co-authors, in this subject area.

² Recommends the use of the complete exclusion zone for

regularization of HBIEs de®ned on closed surfaces. This

procedure has the following advantages, that become

most obvious for 3-D problems:

± no need to evaluate free terms;

± no need to compute limits, requiring, perhaps, symbolic

programming.

² Recommends the use of Stoke regularization or auxiliary

surfaces for HBIEs on open surfaces such as in fracture

mechanics problems.

² Recommends research towards the use of HBCM inter-

polation functions, that satisfy smoothness requirements a

priori, for obtaining numerical solutions of HBIEs that

involve collocation at irregular boundary points.

² Recommends consideration of adoption of the FP de®ni-

tion, proposed in this paper, as the standard one for future

research in this subject area.

Appendix A. BIE and HBIE kernels

The kernels for the BIE (13) for Laplace's equation in 2-D

are:

U�j; y� � 1

2p
ln

1

r

� �

Wi�j; y� � 2U

2yi

� 2
r;i

2pr
� 2

�yi 2 j i�
2pr2

T�j; y� � 2U

2n�y� � Wjnj�y� � 2
1

2pr

2r

2n
�y�
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Box 1: Requirements for collocation of a HBIE at an

irregular point (from Ref. [41]).

(i) The displacement u must satisfy the equilibrium

equations in B.

(ii) (a) The stress s must be continuous in B; (b) The

stress s must be continuous on 2B.

(iii) uui�Qn�2 uL
i �Qn;P�u � O�r�11a�

n � as rn ! 0; for

each n.

(iv) �sij�Qn�2 s ij�P��nj�Qn� � O�ran � as rn ! 0; for

each n.



The corresponding kernels for the gradient BIE (14) are:

Di�j; y� � 2
2U

2j i

� Wi

Si�j; y� � 2
2T

2j i

� 2
2Wj

2j i

nj�y� � 22U

2yi2yj

nj�y�

� 1

2pr2
2r;i

2r

2n
�y�2 ni�y�

� �
The Kelvin kernels for the displacement BIE (50) for 3-D

linear elasticity are:

Uik�j; y� � 1

16pG�1 2 n�r ��3 2 4n�dik 1 r;ir;k�

Tik�j; y� � 2
1

8p�1 2 n�r 2

£ {�1 2 2n�dik 1 3r;ir;k}
2r

2n
1 �1 2 2n��r;kni 2 r;ink�

� �
The corresponding kernels for the stress BIE (51) are:

Dijk�j; y� � 2Eijmn

2Umk

2jn

� 2
1

8p�1 2 n�r2
��1 2 2n��dikr; j 1 dkjr;i 2 djir;k�1 3r;ir; jr;k�

Sijk�j; y� � 2Eijmn

2Tmk

2jn

� 2
G

4p�1 2 n�r3

"
{�1 2 2n�dijr;k 1 n�dikr; j 1 djkr;i�

2 5r;ir; jr;k}3
2r

2n
1 3n�nir; jr;k 1 njr;kr;i�

2 �1 2 4n�nkdij 1 �1 2 2n��3nkr;ir; j 1 njdki 1 nidjk�
#

In the above, r � y 2 j with r � iy 2 ji the distance

between a source point j and a ®eld point y, G and n are

the shear modulus and Poisson's ratio, respectively, d ik are

the components of the Kronecker delta and, k ; �2=2yk�:
Also, the components of the (unit outward) normal n, as

well as the normal derivative 2r/2n, are evaluated at the

®eld point y and Eijmn are components of the elasticity tensor

for a homogeneous, isotropic elastic solid.
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