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Abstract

The dual boundary element method (Dual BEM) has established as a numerical approach for solving arbitrary 3D-crack problems in linear

elastostatics. In the case of symmetrically loaded cracks Ð especially traction-free cracks Ð often the more ef®cient displacement

discontinuity method (DDM) is used, because one obtains a reduced system of algebraic equations.

In our paper we will show that the discontinuity method is just a special formulation of the basic Dual BEM and can be applied to arbitrary

boundary value problems on the crack. We will present a numerical example for an unsymmetrically loaded crack and discuss which

combinations of boundary conditions on the crack surfaces lead to a reduced system of algebraic equations. The savings in memory and

computing time compared to the basic formulation of the Dual BEM will be quanti®ed and illustrated by the numerical simulation of 3D

crack propagation. q 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

In the boundary element method, the linear-elastic bound-

ary value problem of a non-cracked body is usually solved

by the numerical evaluation of the boundary integral equa-

tion (BIE) of displacements [2]. It was ®rst shown by Cruse

[4], that this standard procedure could not be applied to

crack problems.

To overcome the dif®culties arising from source point

locations at coincident crack surfaces, there are basically

three modelling techniques. The most common approach

is the multi-region formulation, where the crack surfaces

belong to different subregions [1]. Another possibility is

the application of Green's functions [27]. Because of the

developments in treating singular integrals of higher

order, nowadays the so-called dual formulations are widely

used [3,5,7±9,20,24,28,29]. Here, the boundary value

problem can be solved within a single-region formulation

by evaluating both the strongly singular displacement-BIE

and the hypersingular traction-BIE on the crack. The advan-

tages concerning arbitrary 3D crack con®gurations

[12,16,19] and the simulation of crack propagation

[10,17,19,21] are obvious.

The dual formulations can be distinguished by the

unknown quantities on the crack surfaces. In case of the

dual boundary element method (Dual BEM [20]), the real

boundary data (displacements and tractions) are used.

Therefore, we will call this the basic formulation. In the

discontinuity formulation [5,29], substituted quantities Ð

the discontinuities of displacements and stresses at the crack

Ð are introduced as new unknowns. Whereas problems

with general boundary conditions on the crack can be solved

with the Dual BEM, the discontinuity formulation ®rst was

restricted to symmetrically loaded cracks (especially trac-

tion-free). For this case the name displacement discontinuity

method (DDM) was introduced.

In our paper, we will show that the discontinuity formula-

tion can be applied to arbitrary boundary value problems on

the crack. We will also discuss that for certain combinations

of boundary conditions on the crack Ð not only restricted to

symmetric traction loading Ð the size of the system matrix

can be reduced. For these cases we will compare both

formulations with respect to memory demand and comput-

ing time and quantify the achievable effectiveness.

2. Basic formulation

Fig. 1 shows the boundary value problem of a 3D linear-

elastic cracked body V without body forces.1 The boundary
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G is divided into the normal boundary G n and the coincident

crack surfaces G c and G �c with opposite normal vectors.

In the basic formulation of the dual boundary element

method, for source point locations j on the normal bound-

ary G n the strongly singular displacement-BIE

cij�j�uj�j�

�
Z
G

Uij�j; x�tj�x� dG�x�2 ÿ
Z
G

Tij�j; x�uj�x� dG�x�;

j [ G n

�1�

is valid, which usually is evaluated in its weakly singular

form

0 �
Z
G

Uij�j; x�tj�x� dG�x�

2
Z
G

Tij�j; x��uj�x�2 uj�j�� dG�x�; j [ G n
: �2�

For source point locations on the crack �j [ G c < G �c�; both

the strongly singular displacement-BIE
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and the hypersingular traction-BIE

1

2
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�Uaj�j; x�tj�x� dG�x�2�
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have to be applied [8,20]. Uij and Tij denote the Kelvin

fundamental solutions. The kernel functions of the trac-

tion-BIE are de®ned as �Uaj � �2Uij=2j l�Cabiln
c
b�j� and

�T aj � �2Tij=2j l�Cabiln
c
b�j�: Cabil denotes the elasticity tensor.

Due to the opposite directed surface normals n c
b�j� �

2n �c
b�j�; one obtains the minus sign of the traction vector

t �ca �j�: For the validity of the hypersingular BIE, on both

crack surfaces a smooth boundary, C1,a-continuity for the

displacements and C0,a-continuity for the tractions have to

be assumed at the source point. In recent publications Refs.

[11,13,14,22,23] it could be shown, that the smoothness

requirement can be relaxed to smoothness in a piecewise

sense, which will not be discussed further in this paper.

For the numerical solution of the problem, the whole

boundary including both crack surfaces is discretized and

the boundary values are approximated via shape functions.

In the framework of a collocation method, the appropriate

BIEs are evaluated at the nodes of the elements: u-BIE (Eq.

(2)) at kn nodes on G n, u-BIE (Eq. (3)) at kc nodes on G c and

t-BIE (Eq. (4)) at k �c � kc nodes on G �c
: In analogy to

problems without cracks, the resulting system of algebraic
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equations couples the nodal values of displacements and

tractions and can be written as

Hnn Hnc Hn�c

Hcn Hcc Hc�c

H�cn H�cc H�c�c

2664
3775

un

uc

u�c

2664
3775 �

Gnn Gnc Gn�c

Gcn Gcc Gc�c

G�cn G�cc G�c�c

2664
3775

tn

tc

t�c

2664
3775:
�5�

Taking into account the boundary conditions, the system

can be rearranged as

Ann Anc An�c

Acn Acc Ac�c

A�cn A�cc A�c�c

2664
3775

xn

xc

x�c

2664
3775 �

bn

bc

b�c

2664
3775 �6�

to compute the 3�kn 1 2kc� unknown values on the bound-

ary G n and on both crack surfaces.

In our implementation the crack surfaces G c and G �c are

meshed with discontinuous elements (see Fig. 2a) to ful®ll

the continuity requirements for the hypersingular BIE for

arbitrarily shaped cracks in 3D, e.g. kinked, curved or

branched cracks. The non-cracked boundary G n is discre-

tized with continuous elements. In the case of surface break-

ing cracks, edge- and node-discontinuous elements are used

on G n for the transition to the crack surfaces (see Fig. 2b).

3. Discontinuity formulation

As both crack surfaces G c and G �c differ only in the direc-

tion of their normal vectors, the integration with respect to

one crack surface can be expressed by the other:Z
G c 1G �c

K�j; x� dG�x� �
Z
G c
�Kc�j; x�1 K �c�j; x�� dG�x�:

�7�
In order to eliminate the crack surface G �c from the BIEs of

the Dual BEM, the arbitrary kernel function K�c�j; x�;
consisting of the product of the fundamental solution and

the corresponding boundary value from G �c
; has to be written

in terms of the quantities of G c.

Considering the discontinuities in the ®elds of displace-

ments and stresses at the crack and taking into account the

opposite directed normal vector nc
b�x� � 2n�c

b�x�; the new

variables

ûc
j �x� � uc

j �x�2 u�c
j �x� �8�

and

t̂c
j �x� � nc

b�x��s c
jb�x�2 s �c

jb�x�� � tc
j �x�1 t�cj �x� �9�

can be introduced to express the boundary values at G �c in

terms of G c
: For a ®xed source point location j , the Kelvin

fundamental solutions only depend on the location of the

®eld point x and the according normal vector nb(x). There-

fore, at the crack the following relations are valid:

U c
ij �j; x� � U �c

ij �j; x� and T c
ij �j; x� � 2T �c

ij �j; x�; �10�

�U c
aj�j; x� � �U �c

aj�j; x� and �T c
aj�j; x� � 2 �T �c

aj�j; x�: �11�
Using Eqs. (8)±(11), the integrals over G �c in the BIEs of

the Dual BEM can be eliminated, which is described in

detail in the following section.

3.1. Elimination of one crack surface

The weakly singular displacement-BIE (2) for source

point locations j [ G n contains only regular integrals

over the crack surfaces:

I1i � un
j �j�

Z
G c 1G �c

Tij�j; x� dG�x�

� u n
j �j�

Z
G c
�Tc

ij�j; x�1 T �c
ij �j; x�� dG�x� � 0; �12�

I2i �
Z
G c 1G �c

Tij�j; x�uj�x� dG�x�

�
Z
G c
�Tc

ij�j; x�u c
j �x�1 T �c

ij�j; x�u �c
j �x�� dG�x�; �13�

I3i �
Z
G c 1G �c

Uij�j; x�tj�x� dG�x�

�
Z
G c
�Uc

ij�j; x�t c
j �x�1 U �c

ij�j; x�t �cj �x�� dG�x�: �14�

Because of the symmetry relations (10) of the fundamental

solutions, integral I1i vanishes and together with the new

variables (8) and (9), the integrals I2i and I3i can be trans-

formed to

I2i �
Z
G c

Tc
ij�j; x��u c

j �x�2 u�c
j �x�� dG�x�

�
Z
G c

Tij�j; x�û c
j �x� dG�x�; �15�

I3i �
Z
G c

Uc
ij�j; x��t c

j �x�1 t�cj �x�� dG�x�

�
Z
G c

Uij�j; x�t̂ c
j �x� dG�x�: �16�

Thus, the weakly singular displacement-BIE for source

point locations j [ G n can be rewritten asZ
G n

Tij�j; x��u n
j �x�2 un

j �j�� dG�x�1
Z
G c

Tij�j; x�û c
j �x� dG�x�

�
Z
G n

Uij�j; x�t n
j �x� dG�x�1

Z
G c

Uij�j; x�t̂ c
j �x� dG�x�:

�17�
For source point locations on the crack �j [ G c < G �c�; the
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free terms in BIEs (3) and (4) transform as

1

2
uc

i �j�1
1

2
u �c

i �j� � u c
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j �j� �18�
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1

2
t c
a �j�2

1

2
t �ca �j� � t c

a �j�2
1

2
t̂ c

a�j�: �19�

Thus, the strongly singular displacement-BIE (3) and the

hypersingular traction-BIE (4) can be represented as

u c
i �j� � 1

2
û c

i �j�2 ÿ
Z
G c

Tij�j; x�û c
j �x� dG�x�

2
Z
G n

Tij�j; x�u n
j �x� dG�x�

1
Z
G c

Uij�j; x�t̂ c
j �x� dG�x�

1
Z
G n

Uij�j; x�t n
j �x� dG�x� �20�
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t c
a �j� � 1

2
t̂ c

a�j�1 ÿ
Z
G c

�Uaj�j; x�t̂ c
j �x� dG�x�

1
Z
G n

�Uaj�j; x�t n
j �x� dG�x�

2�
Z
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�Taj�j; x�û c
j �x� dG�x�

2
Z
G n

�Taj�j; x�u n
j �x�dG�x�: �21�

The continuity requirements for the evaluation of the

strongly and hypersingular integrals are the same as for

the variables of the basic formulation.

In Table 1, the derived BIEs of the discontinuity formula-

tion are summarized as functions of the boundary values and

the discontinuities. While the u-BIE for j [ G n correlates

the boundary values un
j �x� and tn

j �x� along the normal bound-

ary Gn with the discontinuities û c
j �x� and t̂c

j �x� along the

de®ning crack surface G c, the BIEs on the crack are

representation formulas for the corresponding boundary

value on the crack �u c
j �j� and t c

j �j��: This fact can be

exploited for certain boundary conditions on the crack.

3.2. Numerical solution

After the elimination of one crack surface it is suf®cient

to discretize only one crack surface G c in addition to G n. At

the crack surface G c the boundary values �u c
j �x�; tc

j �x�� and

also the discontinuities �ûc
j �x�; t̂c

j �x�� have to be approxi-

mated via shape functions. Using discontinuous elements

as in the basic formulation to ful®ll the continuity require-

ments, general crack con®gurations can be considered. The

evaluation of the BIEs in Table 1 at the collocation nodes of

the elements yields a suf®cient number of algebraic equa-

tions to determine the 3�kn 1 kc� unknown boundary values

xn and xc as well as the 3kc discontinuities x̂c at the crack for

arbitrary boundary conditions.

The advantage of introducing the discontinuities is the

opportunity to compute the unknowns xn and x̂c indepen-

dently of the unknowns xc in case of appropriate boundary

conditions at the crack. This fact can easily be illustrated by

assuming that either the displacements uc
j �x� and ûc

j �x� or the

tractions tc
j �x� and t̂c

j �x� are given on both crack surfaces,

which include the technically relevant crack problems of

traction free and symmetrically loaded cracks. In Table 2

the discretized BIEs resulting from the collocation of the

BIEs of Table 1 at the nodes of the elements are summarized

in dependency of the unknown boundary values xn, x̂c and

xc. The u-BIE on G n only depends on the unknown bound-

ary values xn of G n and on the unknown discontinuities x̂ c
:

On the crack this is also valid for the BIE of the given

boundary value, i.e. t-BIE for given tractions and u-BIE

for given displacements. Thus, the resulting system of equa-

tions can be written as

Ann Anc 0

Acn Acc 0

~A
cn ~A

cc
1

2664
3775

xn

x̂c

xc

2664
3775 �

bn

bc

~b
c

2664
3775: �22�

Therefore it is possible to determine the essential unknowns

xn and x̂c by solving the reduced system

Ann Anc

Acn Acc

" #
xn

x̂c

" #
� bn

bc

" #
: �23�

Then the unknown boundary values

xc � ~bc 2 ~Acnxn 2 ~Accx̂c �24�
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Table 1

Boundary integral equations after elimination of G �c

u-BIE �j [ G n� 0 � fi�un
j �x�; tn

j �x�; ûc
j �x�; t̂c

j �x��
u-BIE �j [ G c� uc

i �j� � gi�un
j �x�; tn

j �x�; ûc
j �x�; t̂c

j �x��
t-BIE �j [ G c� tc

a�j� � ha�un
j �x�; tn

j �x�; ûc
j �x�; t̂c

j �x��

Table 2

Discretized BIEs in dependency of the unknowns xn and x̂c

tc, t̂
c

given: x̂c � ûc
; xc � uc uc, ûc given: x̂c � t̂c

; xc � tc

u-BIE �j [ G n� 0 � f �xn
; x̂c�1 bn 0 � f �xn

; x̂c�1 bn 3kn eqns.

u-BIE �j [ G c� xc � g�xn
; x̂c�1 ~bc 0 � g�xn

; x̂c�1 bc 3kc eqns.

t-BIE �j [ G c� 0 � h�xn
; x̂c�1 bc xc � h�xn

; x̂c�1 ~bc 3kc eqns.



can be calculated in a postprocessing step of computation. In

the same way displacements and stresses at internal points

can be evaluated, as the corresponding BIEs also depend

only on the essential unknowns xn and x̂c
:

The reduction of the system matrix is not restricted to the

considered boundary value problems at the crack used for

illustration. The same holds, if any three of the six compo-

nents of the discontinuities at each collocation node at the

crack are unknown.

Usually, traction free or symmetrically loaded cracks

with tc
j �x� � 2t�cj �x� are considered, where t̂c

j �x� � 0 holds

and the displacement discontinuities ûc
j �x� at the crack are

unknown. For this standard case the displacement disconti-

nuity method was developed [5,29] and accordingly the

name was introduced. As the stress intensity factors can

be calculated from the crack opening displacements ûc
j �x�;

the determination of uc
j �x� usually is omitted. But, for study-

ing the behaviour of cracks in detail, it is necessary to

compute and visualize the complete state of deformation

at the crack. Therefore, the same number of BIEs are eval-

uated for the Dual BEM and the DDM to determine all

unknown boundary values.

As the discontinuity formulation can also be applied to

arbitrary boundary conditions at the crack, a more conveni-

ent name would be Dual Discontinuity Method (DDM),

which includes the classical displacement discontinuity

method. Thus, the DDM can be seen as an ef®cient formula-

tion of the Dual BEM in case of appropriate boundary

conditions at the crack.

4. Comparison of both formulations

In the following, it is assumed that the system of equa-

tions can be reduced by 3kc degrees of freedom with the

discontinuity formulation. Introducing the ratio kn
c � kn

=kc
;

which relates the number of collocation nodes at G n with the

ones at G c, the savings in computing time and memory

requirements can be quanti®ed.

In general, the memory requirements M of the system

matrix and the computing time T for solving the system

via Gauss elimination show the following dependencies of

the degrees of freedom f:

M , f 2 and T , f 3
: �25�

The ratio MDDM=M0; respectively, TDDM=T0 yields the rela-

tive change of these quantities with respect to the basic

formulation (index 0). The savings in memory sM and

computing time sT can be written as

sM � 1 2
MDDM

M0

� 1 2
�3�kn 1 kc��2
�3�kn 1 2kc��2 � 1 2

kn
c 1 1

kn
c 1 2

� �2

�26�
and

sT � 1 2
TDDM

T0

� 1 2
�3�kn 1 kc��3
�3�kn 1 2kc��3 � 1 2

kn
c 1 1

kn
c 1 2

� �3

�27�
in dependency of kn

c : Sample values are given in Table 3.

For the lower limit kn
c � 0; which represents a crack in an

in®nite body, the DDM reduces the memory requirements M

by 75% and the computing time by 87.5%. Even if the

number of collocation nodes on G n is ten times the number

of collocation nodes on G c, there is still a reduction of 16%
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Table 3

Relative savings in memory and computing time in %

kn
c 0 1 2 3 4 5 6 7 8 9 10 1

sM 75.0 55.5 43.8 36.0 30.6 26.5 23.4 21.0 19.0 17.3 16.0 0

sT 87.5 70.4 57.8 48.8 42.1 37.0 33.0 29.8 27.1 24.9 23.0 0

a a

b

c

σ

a = 10 mm
b = 0.2 a
c = 0.4 a
σ = 10 MPa
ν = 0.3

AB

Fig. 3. Sketch of problem.

Table 4

Analytical and calculated K-factors

Crack front KI in MPa
�����
mm
p

Rel. error in % KII in MPa
�����
mm
p

Rel. error in %

Analytical Calculated Analytical Calculated

A 2.44 2.42 0.87 20.51 20.52 1.02

B 1.31 1.30 0.62 20.51 20.51 0.68



in memory requirements and of 23% in computing time. For

the upper limit k n
c ! 1 there is no improvement.

For our numerical examples we also used an iterative

solver (GMRES with Jacobi pre-conditioning) [15,25].

Here we observed that the DDM in general required less

iterations than the Dual BEM. Thus, for a lower limit we can

say that the savings in computing time are at least equal to

the savings in memory, usually better.

To specify the savings in computing time for the

complete analysis is dif®cult as it strongly depends on the

implementation. If all unknown boundary values should be

computed, for DDM and Dual BEM the same number of

BIEs must be evaluated. Although the DDM saves the inte-

gration over one crack surface, this reduction of computing

time usually is not signi®cant compared to the solution of

the reduced system of equations. The savings in memory are

always an advantage of the DDM.

5. Numerical examples

5.1. Unsymmetrically loaded through crack

With this example we want to illustrate two facts: ®rst,

the DDM can be applied to unsymmetrically loaded cracks,

and second, the system of algebraic equations can be

reduced because on both crack surfaces the tractions are

given. We consider a through crack in an in®nite body

(Poisson's ratio n ) with constant pressure s on a part of

one crack surface (see Fig. 3). For this problem, an analy-

tical solution for the mixed mode stress intensity factors on

both crack fronts (A and B) is available (see Table 4) [26].

In order to model the in®nite body, the crack was

embedded in a large plate with all surfaces ®xed in normal

direction. The boundary of the plate (G n) was meshed with

P. PartheymuÈller et al. / Engineering Analysis with Boundary Elements 24 (2000) 777±788782

X

Y

X

Y

Z 20 a

20
a

5 a

Fig. 4. Discretization of G n.

X

Y

Z

load on one
crack surface

960 discontinuous elements
on each crack surface

Fig. 5. Discretization of the crack.



688 quadratic quadrilateral elements (584 continuous, 96

edge-discontinuous and 8 node-discontinuous elements

around the crack). Fig. 4 shows the discretitized boundary

G n and Fig. 5 zooms in on the discretization of the crack

(960 discontinuous elements for each crack surface).

For this ®ne discretization, 51872 degrees of freedom

(DOFs) have to be calculated (ratio k n
c � 0:29�: In the

basic formulation, therefore a system matrix of approxi-

mately 10 Gbyte must be solved. As on both crack surfaces

all the tractions are given (see Table 2), with the DDM

a reduction of the DOFs of the system of equations by

23 040 to 29 832 is possible. This leads to a system

matrix of only ca. 3.3 Gbyte, which corresponds to savings

in memory of 68% and computing time of 82% (for the

direct solver).

The stress intensity factors along the crack fronts A and B

were evaluated by an extrapolation method from the ®eld of

stresses [10,19]. The K-values were constant along each

crack front and are in good accuracy with the analytical

results (see Table 4).

For the visualization of the complete crack deforma-

tion (Fig. 6), the displacements of both crack surfaces

were determined in a postprocessing step of computa-

tion. In Fig. 7, the stresses s yy on the boundary Gn are

plotted with the KI-typical distribution around both crack

fronts.

5.2. Crack growth of two shifted elliptical cracks

To illustrate the ef®ciency of the DDM compared to the

Dual BEM, especially for the numerical simulation of 3D

crack growth, two shifted elliptical cracks under tension are

considered. Both cracks are of the same size and shifted in

the x-direction (see Fig. 8).

The small diameter b is 11.67 mm. The radius R and the

length L � 1400 mm of the cylinder are large enough to

compare the ®rst crack con®guration with an in®nite

body solution, for which catalogue values are available

[18]. The cylinder surface was discretized with 192 contin-

uous quadratic quadrilateral elements and ®xed statically

determinated. The initial crack surfaces are meshed with

20 discontinuous quadratic quadrilateral elements (see Fig.

10).

Fig. 9 shows the mixed mode stress intensity factors for

the initial crack con®guration along the crack front of the

ellipse with its centre at �2b=0=700 2 b�: Due to the symme-

try of the problem, only the angle 0 # a # 1808 is plotted.

Even for the considered coarse mesh the computed results

for KI are in good agreement with the numerical solution

given in Ref. [18]. The maximum relative error is about

3.1%. As both ellipses are located close together, also KII

and KIII occur. These cause the cracks to grow towards each

other in the overlapping area (see Fig. 10). For a detailed
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discussion of the calculation of the stress intensity factors

and the numerical simulation of the 3D crack propagation

we refer to Refs. [10,19]. Here, we focus on the comparison

of the basic and the discontinuity formulation of the Dual

BEM with respect to memory requirements and computing

time.

Therefore, we calculated ten increments of crack growth.

In the initial con®guration, we obtained a system of equa-

tions with 3654 DOFs for the basic formulation. In each

increment 16 new boundary elements were generated at

each crack front which results in 768 new DOFs. The

memory requirements for the basic formulation grow from

51 Mbyte in the initial con®guration to 486 Mbyte in the

10th increment.

The reduced system of the DDM contains only 2694

DOFs in the initial con®guration and only half of the

unknowns (364) compared to the basic formulation are

added in each increment. The size of the system increases

from 28 to 163 Mbyte (see Fig. 11). As the memory require-

ments increase quadratically with the DOFs, the DDM

becomes more ef®cient with every increment of crack

growth. Fig. 12 shows the savings in memory sM over the

ratio k n
c :

The calculations were performed on a personal computer

with a 500 MHz Pentium III processor and 1 Gbyte RAM

running under SUN Solaris7 operating system. The system

of equations was solved directly via Gauss elimination as

well as iteratively with the GMRES-algorithm. Fig. 13

depicts the computing time needed for solving the system

of equations in each increment of crack growth. For both

solution techniques, the DDM yields an signi®cant improve-

ment in computing time. The calculated savings in time for
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the direct solver are in good agreement with the estimation

(27) (see Fig. 14). For the iterative solver, the savings in

computing time are even higher, because in this example the

reduced system requires less iterations than the full system

of the basic formulation.

6. Conclusions

In our paper, the discontinuity formulation was derived

from the basic formulation of the Dual BEM by eliminating

one crack surface. Three facts could be shown:

1. Always both BIEs are necessary at the crack to determine

all unknown boundary values. Thus, the same number of

BIEs must be evaluated for the basic and the discontinu-

ity formulation.

2. With the discontinuity formulation arbitrary boundary

value problems at the crack can be solved (not only

traction free or symmetrically loaded cracks). An
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example for an unsymmetrically loaded crack was

presented.

3. In the discontinuity formulation, the system of algebraic

equations can be reduced, if any three of the six compo-

nents of the discontinuities at the crack are unknown (not

only the displacement discontinuities). Therefore, we

propose the name Dual Discontinuity Method (DDM)

for the discontinuity formulation.

The savings in memory and computing time could be quan-

ti®ed in dependence of the ratio kn
c � kn

=kc of the nodes at

the normal boundary and the crack. The ef®ciency of the

DDM, especially for the simulation of crack propagation,

could be illustrated with the numerical examples.

It should be mentioned that, when no reduction of the

system of equations is possible via the DDM, a drawback

of the discontinuity formulation is the introduction of the

new variables. Therefore, in these cases the basic formula-

tion should be used.

A disadvantage of our implementation of the Dual BEM

and the DDM is the usage of discontinuous elements at the

crack, which produces a high number of DOFs. To over-

come this problem, wherever possible, continuous elements

at the crack (as proposed in Refs. [6,30]) should be used to

achieve a further decrease in both memory requirements and

computing time.
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