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Abstract

A complex boundary integral equation method, combined with series expansion technique, is presented for the problem of an infinite,

isotropic elastic plane containing multiple circular holes. Loading is applied at infinity or on the boundaries of the holes. The sizes and

locations of the holes are arbitrary provided they do not overlap. The analysis procedure is based on the use of a complex hypersingular

integral equation that expresses a direct relationship between all the boundary tractions and displacements. The unknown displacements on

each circular boundary are represented by truncated complex Fourier series, and all of the integrals involved in the complex integral equation

are evaluated analytically. A system of linear algebraic equations is obtained by using a Taylor series expansion, and the block Gauss–Seidel

algorithm is used to solve the system. Several numerical examples are considered to demonstrate the accuracy, versatility, and efficiency of

the approach.
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1. Introduction

The problem of calculating the displacement and stress

fields in an elastic body containing an assortment of holes is

of considerable interest in engineering. Among other

applications, this problem is important in understanding

the mechanical behavior of perforated solids and determin-

ing their effective elastic properties. Particular situations

may involve large numbers of regularly or randomly

distributed holes, some of which might be closely spaced.

A general method to tackle the problem should therefore

allow one to effectively and accurately calculate the

interactions among multiple holes with arbitrary sizes and

locations.

A number of numerical methods have been developed for

solving problems involving multiple holes (and also elastic

inclusions) in an infinite elastic solid. Excluding differential

methods (e.g. finite elements), these can be classified as

series expansion methods, boundary integral equation

methods, or a combination of the two. Special variants of

these approaches have been devised for periodic arrays of

holes [1,2], but we are concerned here only with randomly

distributed holes of different sizes. We are also concerned

with the special (but practically very important) case in

which all of the holes are circular.

Early attempts to solve problems involving multiple,

randomly distributed circular holes using series expansions

are reported by Green [3], Yu [4], and Yu and Sendeckyj

[5]. Green solved the problem by expanding Airy’s stress

function into a Fourier series whose unknown coefficients

were themselves represented by infinite series. For the case

of three holes in a row, Green proved that his method

converged provided the holes were well separated. He was,

however, unable to obtain any general conditions of

convergence for arbitrary hole sizes and locations. To our

knowledge, no attempts have been made to implement

Green’s method on a modern-day digital computer.

Yu [4] and Yu and Sendeckyj [5] considered the

more general problem of multiple randomly distributed

circular inclusions and treated a hole as the limiting case of

an inclusion with zero shear modulus. Their numerical

technique was based on the singular solution (in the form

of series expansions of the Kolosov –Muskhelishvili
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potentials) for an infinite plane containing a circular

inclusion, together with an implementation of Schwarz’s

alternating method [6]. The authors claimed that the number

of inclusions and their locations and elastic properties were

arbitrary, but the convergence of their algorithm was found

to be poor if the inclusions were close together or if more

than a few inclusions were present. It appears that Yu and

Sendeckyj did not pursue this work beyond their initial

investigations.

More recently, Ting et al. [7] described an alternating

method for analyzing the interactions among multiple

circular holes. Their method is based on the analytical

solution to the problem of an infinite plane containing a

single circular hole subjected to arbitrary boundary tractions

represented as truncated Fourier series. A problem invol-

ving multiple holes is solved by an iterative superposition

process in which each hole is treated as an isolated entity

whose boundary conditions are specified in terms of the

effects of all of the other holes. The authors do not explicitly

state whether they used numerical or analytical integration

to obtain the Fourier coefficients that account for the hole to

hole interactions.

Meguid and Shen [8] and Gong and Meguid [9] used a

series expansion approach to treat the problem of multiple

randomly distributed circular holes and inclusions in an

infinite plane. In their approach, the Kolosov–Muskhelish-

vili potentials are represented as Laurent series. The

boundary conditions for the problem are used to obtain an

infinite system of linear algebraic equations whose unknown

coefficients are further expanded into infinite series with

respect to a characteristic parameter that depends on the

relative distances between the circular holes or inclusions.

Similar to Green’s [3] approach, the use of double series

introduces an additional computational cost and makes

convergence difficult to achieve for closely spaced

inclusions and holes. In addition, the algorithm is dependent

on the choice of the characteristic parameter.

The second general approach for solving problems

involving multiple, randomly distributed circular holes is

to use a boundary integral equation method. Most

investigators use Fourier series approximations for the

unknowns in the boundary integral equation [10,11], but it is

also possible to use a conventional boundary element

method in which the boundary is subdivided into elements

and the unknowns are approximated in piecewise fashion by

polynomials, i.e. by collocation [12,13]. The latter

approach, of course, is applicable to boundaries of arbitrary

shape. Interestingly, apart from our own work [14,15], all of

the papers that we have been able to find on boundary

element solutions of the multiple hole problem employ

indirect boundary element formulations in which the

unknowns in the governing integral equations (typically a

density function of some kind) do not have a clear physical

meaning.

For example, Horii and Nemat-Nasser [10] presented a

general technique for circular holes called the ‘method of

pseudotractions.’ This method is based on the solution of a

system of boundary integral equations with the unknown

pseudotractions expressed as complex Fourier series. A

system of algebraic equations for the Fourier coefficients is

obtained analytically, ensuring that the surfaces of the holes

are traction free. Horii and Nemat-Nasser’s examples are

restricted to two or three randomly spaced holes or a row of

periodically spaced holes, and they do not address the issue

of how to choose the number of terms in the Fourier series.

Duan et al. [11] developed an approach that combines the

boundary integral method with series expansions to treat

problems involving circular holes. They obtained a system

of complex boundary integral equations for holes using a

complex analog of the body force method [16]. A

comparison was made for a simple case of two symme-

trically located holes using a conventional boundary

element method with collocation and a method using

Fourier series expansions for the unknown body force

densities. Duan et al. found that the asymptotic behavior for

the hole-to-hole interactions is similar to that of stress

behavior near a crack tip, and that the conventional

boundary element method is not effective in capturing this

behavior, even for the case of two closely spaced holes.

They concluded that the series expansion technique is

superior to the conventional boundary element method

when the holes are very close together. Duan et al. [11] did

not notice that all integrations in their series expansion

approach could be done analytically; instead, they calcu-

lated regular integrals numerically using Simpson’s rule.

Helsing and Jonsson [13] combined an indirect boundary

element technique with a fast multipole method [17–19] to

treat large-scale problems with holes of arbitrary shapes.

They considered the special case of circular holes in their

work, but the circular boundaries were treated as ordinary

boundary elements, divided into a large number of

discretization points, and no special representation was

used for the density function in their boundary integral

equation. Greengard and Helsing [12] used a similar

approach to solve problems with inclusions of various

shapes, including circular inclusions. The integral equation

used for their work is applicable to two-component

materials only, and is not valid for the case in which the

shear modulus of the inclusion phase is zero, i.e. for holes.

For circular inclusions, the authors mention that the density

function in their integral equation can be represented as a

Fourier series and that all integrations can be done

analytically, but they do not give any details.

In the present paper we combine a series expansion

approach with a direct boundary element formulation to

solve the problem of multiple circular holes in an infinite

elastic plane. A similar approach was presented by

Mogilevskaya and Crouch [14] for an infinite plane with

an arbitrary number of randomly distributed, perfectly

bonded circular elastic inclusions with arbitrary elastic

properties; subsequently, this approach was extended to

include inclusions with homogeneously imperfect interfaces
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[15]. Both types of problems—holes and inclusions—are

governed by a complex hypersingular boundary integral

equation [20] that expresses a direct relationship between

boundary displacements (or displacement discontinuities)

and tractions. For problems involving perfectly bonded

inclusions, the displacement discontinuities are equal to

zero and the tractions on the boundaries of the inclusions are

unknown; for holes, the tractions are known and the

displacement discontinuities (which are equal to the

displacements on the boundaries of the holes) are unknown.

In applying Linkov and Mogilevskaya’s complex hypersin-

gular boundary integral equation, therefore, separate

analyses are required for inclusions and holes. In particular,

a hole cannot simply be viewed as a limiting case of an

inclusion with zero shear modulus but must be treated

separately.

In the work described here, the boundary displacements

are approximated by truncated complex Fourier series,

which are uniformly convergent provided the holes do not

overlap. We take advantage of the circular geometry and

perform all of the integrations in the complex hypersin-

gular boundary integral equation analytically. Using

Taylor series expansions, a system of linear algebraic

equations is set up to obtain the unknown Fourier

coefficients. No double series are involved in our method,

and the matrix of the linear algebraic system has diagonal

submatrices on its diagonal, which allows the system to be

effectively solved using a block Gauss–Seidel iterative

method. The iterative procedure also allows one to

determine the number of terms of the Fourier series

needed to reach a specified accuracy level. Several

numerical examples are given to demonstrate the accuracy

and effectiveness of this approach.

2. Problem description

We consider an infinite elastic body containing an

arbitrary assortment of N nonoverlapping circular holes

(Fig. 1). The holes are assumed to be either traction-free or

subjected to constant normal traction. The entire region is

subjected to an arbitrarily oriented uniform stress field at

infinity. The shear modulus and Poisson’s ratio for the

material are m and y ; respectively. Let Rj; zj; and Lj denote

the radius, center, and boundary of the jth hole, and let pj

denote the constant normal traction acting on Lj (pj , 0 for

compression). Any point of the plane is identified by the

complex coordinate z ¼ x þ iy: The global and local

Cartesian coordinate systems are shown in Fig. 1. The

direction of travel is clockwise for all the boundaries Lj: The

unit tangent s points in the direction of travel and the unit

outward normal n points to the right of this direction, away

from the solid. The distribution of displacements and

stresses in the perforated solid are to be determined.

3. Boundary integral equation

We start with a complex hypersingular integral equation

that was originally developed by Linkov and Mogilevskaya

[20]. We showed in detail in Ref. [14] that this equation has

advantages over the singular and regular integral equations

available in the literature for similar kinds of problems. The

use of complex integral equations has proven its superiority

in solving two-dimensional potential and elasticity pro-

blems (see, for example, Hromadka [21] and Chen and Chen

[22]). After reformulation, the complex hypersingular

integral equation for the present problem can be written as

follows:

1

2pi

XN
j¼1

2
ð

Lj

ujðtÞ

ðt2 tÞ2
dt2

ð
Lj

ujðtÞ
›2

›t›t
K1ðt; tÞdt

(

2
ð

Lj

ujðtÞ
›2

› �t›t
K2ðt; tÞd �tþ

pj

2m
ð12kÞ

ð
Lj

dt

t2 t

"

2k
ð

Lj

›

›t
K1ðt; tÞdtþ

ð
Lj

›

›t
K2ðt; tÞd �t

#)

¼
kþ1

4m
pk 2 ðs1

xx þs1
yyÞ2

d�t

dt
ðs1

yy 2s1
xx 22is1

xyÞ

� �
;

t [ Lk ðk ¼ 1;2;…;NÞ ð1Þ

where uj ¼ ðuxÞj þ iðuyÞj are the complex-valued displace-

ments in the global coordinate system on the boundary of

the jth hole; s1
xx; s

1
yy; and s1

xy are the stresses at infinity;

k¼ 324y for plane strain or k¼ð32 yÞ=ð1þ yÞ for plane

stress; d�t=dt¼ expð22ibÞ and b is the angle between the axis

Ox and the tangent at the point t; and the kernels K1 and K2

are

K1ðt; tÞ ¼ ln
t2 t

�t2 �t
; K2ðt; tÞ ¼

t2 t

�t2 �t

Fig. 1. Problem formulation.
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Eq. (1) is written directly in terms of the displacements and

tractions on the boundaries. In our case, the tractions are

known and the unknown displacements are to be deter-

mined. The stresses and displacements at any point z inside

the solid can be calculated from the boundary values of

displacements and tractions by using the Kolosov–Musk-

helishvili formulae [23]

uxðzÞþ iuyðzÞ ¼
1

2m

�
kwðzÞ2 zw0ðzÞ2cðzÞ

�
sxx þsyy ¼ 4 Rew0ðzÞ

syy 2sxx þ2isxy ¼ 2½�zw
00ðzÞþc0ðzÞ� ð2Þ

where the two potentials ðzÞ and cðzÞ can be can be written

in the form of integral equations as [24]

wðzÞ ¼
m

piðkþ1Þ

XN
j¼1

ð
Lj

ujðtÞ

t2 z
dtþw1ðzÞ

cðzÞ ¼2
m

piðkþ1Þ

XN
j¼1

pj

2m

ð
Lj

�t dt

t2 z

"(

þk
ð

Lj

lnðt2 zÞd �t

#
þ
ð

Lj

ujðtÞ

t2 z
dt2

ð
Lj

ujðtÞ

t2 z
d �t

þ
ð

Lj

ujðtÞ �t

ðt2 zÞ2
dt

)
þc1ðzÞ ð3Þ

where

w1ðzÞ ¼
s1

xx þs1
yy

4
z

c1ðzÞ ¼
s1

yy 2s1
xx þ2is1

xy

2
z

4. Numerical solution

4.1. Complex Fourier series representation

In order to solve the hypersingular integral Eq. (1), we

expand the unknown displacement ujðtÞ on the circular

boundary Lj by truncated complex Fourier series as

ujðtÞ ¼D0j þ
XMj

m¼1

½D2mj expð2imujÞþDmj expðimujÞ�; t[ Lj

ð4Þ

where uj is the angle between the axis Ox and the vector

t2 zj; and thus we have t2 zj ¼Rj expðiujÞ: For notational

convenience, we define a function gjðtÞ as follows,

gjðtÞ ¼
Rj

t2 zj

ð5Þ

Representation (4) can then be rewritten as

ujðtÞ¼D0j þ
XMj

m¼1

½D2mjg
m
j ðtÞþDmjg

2m
j ðtÞ�; t[ Lj ð6Þ

The complex coefficients D^mj (m¼ 1;…;Mj) and D0j

involved in the above series expansions need to be

determined. This can be done by setting up and solving a

simultaneous, linear algebraic equations, as described

below. We note that the number of terms needed in the

series expansion for each hole is also unknown and is not

necessarily the same for all the individual holes.

4.2. Evaluation of the integrals and resulting equations

Based on the above representations of the unknown

displacements on the boundaries, all the integrals in Eq. (1)

can be evaluated analytically by using the Cauchy integral

theorem and the residue theorem. The procedure for

calculating these integrals is similar to that in Mogilevskaya

and Crouch [14], and thus only the results are given here.

If the evaluation point t is on boundary Lk; then substitution

of approximation (6) into Eq. (1) yields the following

results for the first three integrals involving the unknown

displacements:

I1 ¼
ð
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ujðtÞ
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¼

2
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XMk
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m½D2mkgmþ1
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2
2pi
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mD2mjg
mþ1
j ðtÞ; j – k

8>>>>><
>>>>>:

ð7Þ
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ð
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ujðtÞ
›2

›t›t
K1ðt; tÞdt
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2
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Rj
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m½D2mjg
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j ðtÞ2Dmjg

2
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8>><
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ð8Þ
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Similarly, another three integrals involving the known

tractions on boundaries Lj can easily be calculated,

I4¼
ð

Lj

dt

t2 t
¼

2pi; j¼k

0; j–k

(
ð10Þ

I5¼
ð

Lj

›

›t
K1ðt;tÞdt¼

0; j¼k

2pig2
kðtÞg

2
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8<
: ð11Þ

I6¼
ð

Lj

›

›t
K2ðt;tÞd �t¼

22pi; j¼k

22pig2
kðtÞg

2
j ðtÞ; j–k

8<
: ð12Þ

Upon substitution integrals I1 through I6 into Eq. (1), we

obtain a system of N complex algebraic equations (one

equation for each hole), which are given as follows

for the case where evaluation point t is on the boundary

Lk ðk¼1;2;…;NÞ;

XMk

m¼1

mD2mkgmþ1
k ðtÞþðD1kþ �D1kÞþ

XMk
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k ðtÞ

þ
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2
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2
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:

þ
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2
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2
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pjg
2
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Eq. (13) involve 2
PN

k¼1 Mk complex coefficients

D^mk ðm¼1;2;…;MkÞ: However, the imaginary parts of

D1k are not involved because D1k and �D1k always come as

pairs. Also, it can be seen that the coefficients

D0k ðk¼1;2;…;NÞ do not appear in the system of

equations. Although D0k and the imaginary parts of D1k

cannot be found from Eq. (13), we will see from Section

4.3 that they can be obtained from the boundary

displacements.

4.3. Approximation of the potentials

The Kolosov–Muskhelishvili potentials wðzÞ and cðzÞ

can be obtained by substituting representation (6) into

expressions (3). Again, all of the integrals involved in Eq. (3)

can be calculated analytically; the results are
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Upon substitution of J1 through J6 into Eq. (3), the

potentials can therefore be expressed in terms of the values

of the complex Fourier coefficients for the displacements at

the boundaries of the holes, as follows:

wðzÞ ¼
2m

kþ 1

XN
j¼1

XMj

m¼1

D2mjg
m
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s1
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2
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As can be seen from Eq. (15), the potentials are actually

a superposition of the potentials for the individual holes

and the potentials arising from tractions on the

boundaries of the holes and from the conditions at

infinity.

The displacements and stresses at any point inside the

material are obtained by substituting the expressions (15)

into the Kolosov–Muskhelishvili formulae (2). For the

limiting case that the point is on the boundary of hole Lj;

the first equation regarding displacements in Eq. (2) is

equivalent to representation (6), from which the coeffi-

cients D0j and the imaginary parts of D1j can be obtained.

It is also observed that D0j and the imaginary parts of D1j

are not involved in the potentials and have therefore no
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contribution to the stresses and displacements in the

matrix.

4.4. Special case of one hole

For the particular case of a single hole Lk; Eq. (13)

reduces to the following simple form

XMk

m¼1

mD2mkgmþ1
k ðtÞ þ 2D1k þ

XMk

m¼2

mDmkg12m
k ðtÞ

¼ 2
pk

m
Rk þ

kþ 1

4m
Rk½s

1
xx þ s1

yy 2 g2
kðtÞ

� ðs1
yy 2 s1

xx þ 2is1
xyÞ�; t [ Lk ð16Þ

Both sides of this equation represent a truncated complex

Fourier series. By comparing the corresponding coefficients

of the same power of gkðtÞ; we obtain the results of the

Fourier coefficients for one hole,

D21k ¼ 2
kþ 1

4m
Rkðs

1
yy 2 s1

xx þ 2is1
xyÞ

D1k ¼
kþ 1

8m
Rkðs

1
xx þ s1

yyÞ2
pk

m
Rk

D^mk ¼ 0; m $ 2 ð17Þ

In this case, the displacements on Lk are exactly

represented by a two-term complex Fourier series.

Substituting Eq. (17) into Eq. (15) and then using Eq.

(2), we get the analytic solution for a circular hole with

uniform pressure in an infinite plane subjected to uniform

far-field stresses.

4.5. Reduction to a linear algebraic system

In the general case of multiple holes, the solution for

the Fourier coefficients in Eq. (13) cannot be obtained as

in case of one hole, because the left-hand sides of these

equations are no longer represented by a truncated

complex Fourier series. A system of linear algebraic

equations needs to be formulated to solve for the

unknown coefficients. Excluding collocation, there are

two ways to reduce Eq. (13) to a linear algebraic system.

One way, used in this paper, is to expand all the influence

functions gm
j ðtÞ in Eq. (13) in Taylor series with respect to

the evaluation point t [ Lk around the center zk of a

representative hole Lk; such that the left-hand sides of

these equations become truncated complex Fourier series.

We can accordingly use a similar process to that used in

case of one hole to obtain a linear system for the complex

Fourier coefficients. Another way to obtain the same

system is to use a Galerkin method as described by

Mogilevskaya and Crouch [14].

4.5.1. Taylor series expansion

As mentioned above, we decompose all the terms

involving the powers of (t 2 zj) in a series with respect to

(t 2 zk) so that Eq. (13) becomes an identity regardless of

the location of the evaluation point t: Taking into account

that

t2 zj ¼ ðt2 zkÞþ ðzk 2 zjÞ ¼ ðzk 2 zjÞ 1þ
t2 zk

zk 2 zj

 !
;

t [ Lk

ð18Þ

we can express functions gm
j ðtÞ as

gm
j ðtÞ ¼

Rm
j

ðzk 2 zjÞ
m 1þ

t2 zk

zk 2 zj

 !m

¼ gm
j ðzkÞ 1þ

t2 zk

zk 2 zj

 !2m

;

t2 zk

zk 2 zj

�����
�����, 1

ð19Þ

Using the Taylor series expansion

ð1þ xÞ2m ¼ 12mxþ
mðmþ1Þ

2
x2 þ · · ·

þð21Þk
ðmþ k21Þ!

k!ðm21Þ!
xk þ · · ·

¼
X1
n¼0

ð21Þn
mþn21

n

0
B@

1
CAxn

; lxl, 1

ð20Þ

where

�m

n

 
¼m!=½n!ðm2nÞ!� are the binomial coefficients,

we can write gm
j ðtÞ and gm

j ðtÞ in series form as

gm
j ðtÞ ¼ gm

j ðzkÞ
X1
n¼0

ð21Þn
mþn21

n

 !
t2 zk

zk 2 zj

 !n

¼ gm
j ðzkÞ

X1
n¼0

mþn21

n

 !
gn

kðzjÞ

gn
kðtÞ

ð21Þ

Taking into account that gn
kðtÞg

n
kðtÞ ¼ 1; we get

gm
j ðtÞ ¼ gm

j ðzkÞ
X1
n¼0

mþn21

n

 !
gn

kðzjÞg
n
kðtÞ ð22Þ

As a result, each term in the expansions of gm
j ðtÞ and

gm
j ðtÞ is a function of gkðtÞ: Substituting Eqs. (21) and

(22) into Eq. (13) and grouping the terms that are of the

same power of gkðtÞ; we obtain the following equations

for t[ Lk; ðk¼ 1;…;NÞ
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Now, both sides of this equation represent complex

Fourier series and thus the complex coefficients for the

terms of the same power must be equal. After neglecting

the high order terms gn
kðtÞ for n.Mk þ1 and n, 12Mk;

Eq. (23) can be decomposed into a series of complex

equations for t[ Lk by equating the corresponding

multiples of the same powers of gkðtÞ:

By equating the coefficients of the positive powers

g‘þ1
k ðtÞ in (1 # ‘ # Mk), the constant terms, and the

negative powers g12‘
k ðtÞ (2 # ‘ # Mk) in Eq. (23), we

obtain a system of 2Mkðk ¼ 1;…;NÞ linear complex

algebraic equations for all the Fourier coefficients

ReðD1kÞ¼2
1

2

XN
j¼1;j–k

Rk

Rj

XMj

m¼1

m½D2mjg
mþ1
j ðzkÞþ �D2mjg

mþ1
j ðzkÞ�

þ
kþ1

8m
Rkðs

1
xxþs1

yyÞ2
pk

2m
Rk ð25Þ

D‘k¼
XN

j¼1;j–k

g‘
k ðzjÞ

XMj

m¼1

mþ‘21

‘

 !
D2mjg

m
j ðzkÞ;

ð‘¼2;…;MkÞ

ð26Þ

D2‘k ¼
XN
j¼1
j–k

g‘
k ðzjÞ

XMj

m¼1

ð‘þ 1Þ
m þ ‘

‘þ 1

 !
�D2mjg

m
j ðzkÞ

gjðzkÞ

gjðzkÞ
2

m þ ‘þ 1

‘þ 1
g2

kðzjÞ2
m þ ‘þ 1

m þ 1
g2

j ðzkÞ

" #
þ 2ReðD1jÞgjðzkÞ

8<
:

þ
XMj

m¼2

m þ ‘2 l

‘

 !
Dmjg

m
j ðzkÞ

9=
;þ

2
kþ 1

4m
Rkðs

1
yy 2 s1

xx 2 2is1
xyÞ2

1 2 k

2m
Rk

XN
j¼1; j–k

pjg
2
j ðzkÞ; ð‘ ¼ 1Þ

2
1 2 k

2m
Rk

XN
j¼1; j–k

pjg
2
j ðzkÞg

‘21
k ðzjÞ; ð‘ ¼ 2;…;MkÞ

8>>>>><
>>>>>:

ð24Þ

XMk

m¼2

mDmkg12m
k ðtÞ þ
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XMj
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m
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1
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XMk
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XMj
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1
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XMj
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In the above procedure, it is observed that an infinite number

of terms of the complex Fourier series gives the analytic

solution for the given problem. This verifies that the

approximation (6) is an accurate representation and the error

only comes from the truncation.

4.5.2. Galerkin method

An alternative way to obtain a system of simultaneous

linear algebraic equations for the overall problem is to

use a Galerkin (weighted residual) method. In this

method, both sides of each equation from the resulting

complex system (13) are multiplied by selected weight

functions, which are the powers of the function gkðtÞ; and

integrated along the boundaries. When evaluating

the integrals, we use the orthogonality of the weight

functions:

þ
C

gm
k ðtÞg

n
kðtÞdt ¼

22piRk; m þ n ¼ 1

0; m þ n – 1

(
ð27Þ

where Rk is the radius of circle C and the ‘ 2 ’ sign

indicates the clockwise traversal for holes.

The additional integrations required to implement the

Galerkin procedure can also be performed analytically [14].

The linear system of complex algebraic equations obtained

in this way is exactly the same as obtained above by using

the Taylor series expansion.

4.5.3. Solution of the system

After separating the real and imaginary parts of the

complex algebraic Eqs. (24)–(26), we obtain a real system

of linear algebraic equations which can be written as

HX ¼ G ð28Þ

where X is a vector of the real and imaginary parts of all the

unknown complex coefficients D2mj; Dmj in approximation

(6); G is a known vector whose components depend on

tractions acting on the holes and the stress conditions at

infinity; and H is the coefficient matrix which can be written

in N £ N blocks

H ¼

H11 H12 · · · H1N

H21 H22 · · · H2N

· · · · · · · · · · · ·

HN1 HN2 · · · HNN

2
6666664

3
7777775 ð29Þ

where the submatrix Hkj ðk – j) expresses the influence of

the jth hole on the kth hole. The individual terms of this

submatrix are expressed in terms of elementary functions,

which are functions of the distances between the centers of

the kth and jth holes and their radii. As can be seen from

Eqs. (24) to (26), the submatrix Hkk is an identity matrix

corresponding to the kth hole.

The transposed vector of the unknowns X and right-hand

side vector G in Eq. (28) can be written as

XT ¼ ½XT
1 XT

2 · · · XT
N �;

GT ¼ ½GT
1 GT

2 · · · GT
N �

ð30Þ

where XT
k and GT

k are, respectively, the transposed vector of

unknowns and right-hand side vector for the kth hole.

The system (28) can be effectively solved by using a

block Gauss–Seidel iteration algorithm. There is no need to

store all elements of the matrix H in computer memory,

because the submatrices Hkj can be easily recalculated

during the iteration process. In the iterative procedure, we

first compute the Fourier coefficients for given values Mk

ðk ¼ 1 to NÞ; and then increase the values of Mk until a

specified degree of accuracy is achieved. Details about

determining the number of terms in the Fourier expansion

and the error estimation are given by Mogilevskaya and

Crouch [14].

5. Numerical examples

5.1. Two circular holes in an infinite plane

As an example, we consider the case of two traction-free

circular holes of different sizes in an infinite plane subjected

to far-field stresses s1
xx; s

1
yy; and s1

xy: As shown in Fig. 2, two

holes C1 and C2 with radii a and b are aligned with the x-

axis and separated by a distance d: The distance between the

centers of the two holes is d: A point on boundary C1 or C2

is represented by u1 or u2 (08 # u1; u2 , 3608).

The solution to this problem was given by Haddon [25]

for the case of uniaxial tension at infinity. Haddon gave the

results for different combinations of b=a and d=a; and for

different inclinations (08, 458, and 908) of the applied

tension. By using the numerical method described in this

paper, we obtained results for b=a ¼ 5 for the following two

cases: (i) longitudinal tension (s1
xx ¼ 1:0; s1

yy ¼ s1
xy ¼ 0)

Fig. 2. Two circular holes in an infinite plane.
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and (ii) transverse tension (s1
yy ¼ 1:0; s1

xx ¼ s1
xy ¼ 0) and

results for b=a ¼ 5 and 10 for the case (iii) pure shear

(s1
xy ¼ 1:0; s1

xx ¼ s1
yy ¼ 0). Tables 1 and 2 show the values

and locations (in degrees) of the maximum and minimum

circumferential stresses along the holes for cases (i) and (ii)

for different values d=a of separation of the two holes. In

these two tables and the following Table 3, the maximum

and minimum stresses on C1 and C2 are denoted by s1 and

s2; respectively, and the corresponding locations are

measured by u1 and u2: The first set of numbers for each

value of d=a gives the maximum stresses and their locations

on the two holes and the second set gives the minimum

stresses and their locations. Our results agree closely with

Haddon’s except for the minimum stresses for hole C2 for

d=a ¼ 0:1 and d=a ¼ 0:4 in case (i) and the maximum

stresses for hole C2 for d=a ¼ 0:1 in case (ii). An

independent calculation using a real variables boundary

integral analog of the method presented in this paper [27]

confirmed that Haddon’s results are erroneous in these

instances, most likely due to a misprint. Table 3 shows the

results for case (iii), which was not considered by Haddon.

We find that the maximum and minimum stresses on

the boundaries do not vary much with the distance between

the holes for the case of pure shear, especially for the larger

hole.

In the particular case of two circular holes of equal size,

the results obtained for the cases of longitudinal tension and

transverse tension are the same as those obtained by Ling

[26] and Haddon [25]. To reproduce Haddon’s results in the

same accuracy for the cases of b=a ¼ 1; s1
xx ¼ 1:0; we need

only 11 and 23 terms of the Fourier series for d=a ¼ 1 and

d=a ¼ 0:1; respectively. More recently, Helsing and Jonsson

[13] reconsidered this problem by using the fast multipole

method with a collocation formulation. They found that for

the case of d=a ¼ 0:2; 80 collocation points are needed to

reproduce Haddon’s results. With our approach, only 19

terms of the complex Fourier series are required to obtain

the same accuracy.

5.2. A row of colinear holes

The next example, depicted in Fig. 3, is for a row of N (N

is odd) equally spaced colinear circular holes along the x-

axis in an infinite plane under far-field uniform stresses s1
xx

and s1
yy: All of the holes are of radius a and are separated by

a distance d (the center to center distance is d). This problem

was solved by Howland [28], Horii and Nemat-Nasser [10],

and Isida and Igawa [1], but with an infinite number of

Fig. 3. A row of colinear holes in an infinite plane.

Table 3

Maximum and minimum stresses on C1 and C2 in Fig. 2 ðs1
xx ¼ 1:0Þ

d=a b=a ¼ 5 b=a ¼ 10

s1 u1 s2 u2 s1 u1 s2 u2

0.1 5.601 311.0 4.114 357.3 4.218 314.9 4.002 135.0

25.601 49.0 24.114 2.7 24.218 45.1 24.002 225.0

0.4 5.669 311.1 4.020 134.9 4.462 314.6 4.002 135.0

25.669 48.9 24.020 225.1 24.462 45.4 24.002 225.0

1 5.643 311.7 4.025 134.8 4.783 314.3 4.003 135.0

25.643 48.3 24.025 225.2 24.783 45.7 24.003 225.0

4 5.375 137.7 4.028 134.8 5.362 313.8 4.006 135.0

25.375 222.3 24.028 225.2 25.362 46.2 24.006 225.0

10 4.717 136.0 4.026 315.6 5.246 136.1 4.007 135.0

24.717 224.0 24.026 44.4 25.246 223.9 24.007 225.0

Table 2

Maximum and minimum stresses on C1 and C2 in Fig. 2 (b=a ¼ 5 and

s1
xx ¼ 1:0)

d=a Present method Haddon

s1 u1 s2 u2 s1 u1 s2 u2

0.1 19.312 180.0 9.962 4.1 19.312 180.0 4.596 0.0

21.370 128.8 21.034 88.0 21.370 128.8 21.034 88.0

0.4 9.590 180.0 5.226 7.7 9.590 180.0 5.226 7.7

21.035 105.1 21.028 88.7 21.035 105.1 21.028 88.7

1 6.118 180.0 3.663 10.5 6.118 180.0 3.663 10.5

20.648 95.7 21.021 89.2 20.648 95.7 21.021 89.2

4 3.480 180.0 3.016 180.0 3.480 180.0 3.016 180.0

20.432 88.4 21.004 89.9 20.432 88.4 21.004 89.9

10 3.069 0.0 3.004 180.0 3.069 0.0 3.004 180.0

20.680 89.1 20.995 90.1 20.680 89.1 20.995 90.1

Table 1

Maximum and minimum stresses on C1 and C2 in Fig. 2 (b=a ¼ 5 and

s1
xx ¼ 1:0)

d=a Present method Haddon

s1 u1 s2 u2 s1 u1 s2 u2

0.1 0.403 77.8 3.005 89.7 0.403 77.8 3.005 89.7

24.577 180.0 22.454 4.0 24.577 180.0 21.222 0.0

0.4 0.597 75.3 3.003 89.8 0.597 75.3 3.003 89.8

21.946 180.0 21.271 7.3 21.946 180.0 21.011 180.0

1 0.819 73.8 3.000 90.0 0.819 73.7 3.000 90.0

20.860 180.0 21.004 180.0 20.861 180.0 21.004 180.0

4 1.543 80.4 2.990 90.2 1.543 80.4 2.990 90.2

20.527 0.0 20.997 180.0 20.527 0.0 20.997 180.0

10 2.303 87.5 2.986 90.2 2.303 87.5 2.986 90.2

20.724 0.0 20.995 180.0 20.724 0.0 20.995 180.0
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holes. The variations of the maximum circumferential

stresses along the central hole with N for d=a ¼ 2 and 0.5 for

different loading cases are plotted in Fig. 4, in which the

horizontal dotted lines denote the asymptotic solutions

obtained by Horri and Nemat-Nasser [10] for an infinite

number of holes. We find that our results approach the

asymptotic solutions as N increases, especially for large

value of d=a: The influence of one hole on another falls off

rapidly with the distance between them, and thus the

interaction between the central hole and a noncentral one is

insignificant and can be neglected as long as they are far

enough apart.

Tables 4 and 5 show the results (in an accuracy of 1024)

of maximum and minimum stresses on the boundary of the

central hole for several combinations of N and d=a for the

cases of longitudinal tension (s1
xx ¼ 1:0) and transverse

tension (s1
yy ¼ 1:0), respectively. For the cases we con-

sidered in Table 4, the maximum and minimum stresses

occurred at u ¼ 08 and u ¼ 908; respectively, except for the

cases d=a # 1:0; where the locations of the minimum

stresses vary with different values of N and d=a: For

example, the locations of the minima for N ¼ 101 for d=a ¼

1:0; 0.5, 0.2, and 0.1 are at u ¼ 18; 26, 31, and 338,

respectively. For all the cases considered in Table 5, the

locations of the maxima and minima are at u ¼ 908 and

u ¼ 08; respectively. Upon comparing the results obtained

by the present method for different finite numbers N with

Horii and Nemat-Nasser’s results for an infinite number of

holes (N ¼ inf) for the cases that d=a ¼ 18; 8, 3, 2, 0.5

(which correspond to the cases 2a=d ¼ 0:1; 0.2, 0.4, 0.5, 0.8

in Horii and Nemat-Nasser [10]), we find that the two sets of

results agree closely for large N except for the minimum

stress for the case that d=a ¼ 0:5: It is most likely that the

value given by Horri and Nemat-Nasser for this instance is

the stress at u ¼ 08; but not the minimum stress at u ¼ 268:

Fig. 4. Variation of the maximum circumferential stress along the central

hole with the number N of colinear holes.

Table 4

Maximum and minimum stresses on the central hole ðs1
xx ¼ 1:0Þ

d=a N ¼ 11 N ¼ 21 N ¼ 41 N ¼ 101 N ¼ inf (Horii)

smax smin smax smin smax smin smax smin smax smin

0.1 1.834 20.391 1.773 20.230 1.739 20.124 1.717 20.091 n/a n/a

0.2 1.854 20.212 1.796 20.138 1.763 20.113 1.742 20.096 n/a n/a

0.5 1.917 20.179 1.864 20.145 1.835 20.126 1.815 20.113 1.8018 20.0029

1 2.021 20.196 1.974 20.172 1.948 20.159 1.931 20.150 n/a n/a

2 2.219 20.427 2.182 20.408 2.161 20.398 2.148 20.391 2.1392 20.3866

3 2.390 20.603 2.360 20.587 2.344 20.579 2.333 20.574 2.3261 20.5699

8 2.792 20.888 2.780 20.882 2.774 20.879 2.770 20.877 2.7676 20.8759

18 2.943 20.971 2.940 20.969 2.938 20.969 2.937 20.968 2.9363 20.9676

Table 5

Maximum and minimum stresses on the central hole ðs1
xx ¼ 1:0Þ

d=a N ¼ 11 N ¼ 21 N ¼ 41 N ¼ 101 N ¼ inf (Horii)

smax smin smax smin smax smin smax smin smax smin

0.1 16.814 20.828 18.955 20.722 20.276 20.653 21.124 20.607 n/a N/a

0.2 9.972 20.749 10.772 20.670 11.230 20.623 11.514 20.592 n/a N/a

0.5 5.335 20.668 5.536 20.619 5.644 20.591 5.711 20.574 5.7553 20.5617

1 3.784 20.634 3.852 20.601 3.888 20.583 3.910 20.571 n/a N/a

2 3.199 20.659 3.219 20.637 3.230 20.625 3.237 20.618 3.2411 20.6124

3 3.078 20.718 3.087 20.701 3.091 20.692 3.094 20.687 3.0961 20.6828

8 3.005 20.898 3.006 20.892 3.006 20.889 3.006 20.887 3.0063 20.8853

18 3.000 20.972 3.000 20.970 3.000 20.969 3.000 20.969 3.0004 20.9682
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For the cases that d=a ¼ 1; 0.2, and 0.1, the results are not

available (n=a) in Horii and Nemat-Nasser [10].

5.3. A zig-zag array of circular holes

In this example, we analyze an array of circular holes in

an infinite plane under uniaxial tension s0 in the y direction

at infinity, as shown in Fig. 5. The center of the central hole

in the array is located at the origin. All of the holes have

radius a and are uniformly spaced in both the x and y

directions. The center-to-center distances between the

adjacent holes in horizontal and vertical rows are 2b and

2c; respectively. This problem is patterned after several

examples given by Isida and Igawa [1] for a periodic zig-zag

array of circular holes in an infinite plane. Isida and Igawa

solved this problem numerically by using a method based on

element-wise resultant forces and displacements for two

triangular and rectangular ‘unit regions.’ The same problem

was solved by Ting et al. [30] for a finite number of holes by

using the alternating method.

By using the present approach, we consider the problem

of a finite array of N circular holes distributed in a zig-zag

pattern inside a representative S £ S square area (Fig. 6).

The hole located at the center of this area is the one of

interest. The numerical results depend upon the following

two dimensionless parameters

h ¼
c

b
; l ¼

a

b

To study the influence of the surrounding holes on the

central one, we consider four different values of S : 20a=3;

40a=3; 20a, and 40a for the case of h ¼ 1:0 and l ¼ 0:6: The

number of holes calculated in the area considered are

accordingly 13, 41, 85, and 313. The results of the

normalized circumferential stresses on the boundary of the

central hole obtained by using the present method are

plotted in Fig. 7. Our calculations show that the influence of

the surrounding holes that are far apart from the center of the

area on the central hole is negligible, and that there is no

significant change of the stress distribution along the central

hole when the number of holes increases.

Fig. 7. Results of the normalized circumferential stress (suu=s0) on the

central hole with different numbers of surrounding holes for l ¼ 0:6 and

h ¼ 1:0:

Fig. 6. Periodic distribution of circular holes in a zig-zag pattern inside the

representative area.

Fig. 5. A zig-zag array of circular holes in an infinite plane subjected to

uniaxial tension.
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The above observation may lead one into an illusion that

the result of the central hole in a sufficient large area is

accurate enough to represent that of the case of an infinite

array. Actually, the doubly periodic system behaves quite

differently from one-dimensional periodic system and can

never be approximated by a finite array. As an illustration,

we reconsider the case of a finite array of circular holes

distributed in an area of 40a £ 40a: Three different values of

h : 2:0; 1.0, and 0.5 are considered. To keep the adjacent

holes from overlapping one another, the physical limits of l

for these three cases are 1.0,
ffiffi
2

p
=2; and 0.5, respectively. The

maximum values of l we considered, however, are 0.8, 0.6,

and 0.4, and the corresponding maximum number of holes

we calculated in the area considered for these three cases are

281, 313, and 281. For these three worst cases, the

maximum numbers of terms of the Fourier series required

to achieve an accuracy of 1024 are 33, 47, and 39,

respectively. The maximum values of the circumferential

stresses on the boundary of the central hole for different

combinations of h and l are given in Table 6. The results

differ markedly from those for a doubly periodic system

obtained by Isida and Igawa [1], especially for large values

of l: As an additional check on our results, we used a

conventional boundary element method [29] to model the

case for which h ¼ 1:0 and l ¼ 0:6: For this analysis, 85

holes were modeled, with the central hole is discretized into

72 linear elements and each of the surrounding holes into 36

linear elements. The distribution of the circumferential

stress along a quarter of the central hole is plotted in Fig. 8.

It is found that the result from the boundary element method

agrees closely with that obtained from the present method.

Moreover, comparison of our results with those from Ting

et al. [30] shows good agreement. From the above

illustration, one can reach the conclusion that an approach

Table 6

Maximum normalized stresses ðsmax=s0Þ on the central hole, compared

with those for a doubly periodic system

l h ¼ 2:0 h ¼ 1:0 h ¼ 0:5

Present Isida Present Isida Present Isida

0.1 2.989 3.017 3.060 3.099 2.989 3.058

0.2 2.977 3.063 3.229 3.416 3.054 3.386

0.3 2.934 3.132 3.456 4.016 3.453 4.470

0.4 2.863 3.218 3.583 5.030 4.284 7.735

0.5 2.753 3.340 3.419 7.005

0.6 2.657 3.576 3.519 15.710

0.7 2.645 4.156

0.8 2.886 5.707

Fig. 8. Results of the normalized circumferential stress (suu=s0) on the

central hole from the present method and the boundary element method

(BEM) for N ¼ 85; and l ¼ 0:6; h ¼ 1:0:

Fig. 9. Normalized circumferential stress (suu=s0) on the central hole for

discrete values of l for the case of h ¼ 2:0:

Fig. 10. Normalized circumferential stress (suu=s0) on the central hole for

discrete values of l for the case of h ¼ 1:0:
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that assumes a periodic distribution of holes for a finite array

may overestimate the interaction effect, especially when the

holes are very close together.

In Table 6, most of maximum values are obtained at

u ¼ 08 and 1808, except for two cases—h ¼ 1:0; l ¼ 0:5

and h ¼ 1:0; l ¼ 0:6—where the locations of the maximum

stresses are 18 and 288, respectively. Figs. 9–11 show the

distributions of the normalized circumferential stresses

suu=s0 on the central hole for h ¼ 2:0; 1.0 and 0.5. For

small values of l; the maximum and minimum boundary

values of suu on the central hole occur at u ¼ 08 and 908,

while for large values of l the locations of the maxima and

minima depend on the values of h: For example, for h ¼

1:0; the location of (suuÞmax shifts from u ¼ 08 with the

increase of l; for h ¼ 0:5; the location of (suuÞmin shifts

from u ¼ 908: These variations show that the interactive

effects between the holes in the horizontal and vertical rows

change with different values of h and l:

5.4. Multiple randomly distributed holes

As a final example, we demonstrate the use of our

method for solving problems involving multiple randomly

distributed holes. Fig. 12 shows contours of sxx in a plane

with multiple holes subjected to uniform uniaxial tension

s1
xx ¼ 1:0 and uniform pressure p ¼ 21:0 on three holes.

The solution to this problem took less than one minute on a

900 MHz PC. Even though this problem only involves 11

holes, our approach can be used to solve more complicated

Fig. 12. Contours of sxx in a plate with multiple randomly distributed holes subjected to uniaxial tension at infinity (s1
xx ¼ 1:0) and uniform pressure

(p ¼ 21:0) on several holes.

Fig. 11. Normalized circumferential stress (suu=s0) on the central hole for

discrete values of l for the case of h ¼ 0:5:
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problems involving a large number of holes of arbitrary

sizes and locations as long as none of the holes overlap.

During the process of solving the above problems, we

found that the computation time strongly depends on the

distances between the holes and variation of the hole sizes,

because the numbers of terms in the associated Fourier

series depend on these parameters. For holes that are

relatively far apart, the stress field around them is not

disturbed significantly and only a few terms of the truncated

Fourier series are enough to give an accurate representation.

For close-to-touching holes, more than twenty terms of the

series are needed due to the strong interactions. Even for a

large number of holes that are very close together, however,

the problem can be efficiently solved by using the approach

presented in this paper.

6. Conclusions

A numerical procedure based on a complex variable

boundary integral equation and series expansion technique

is presented for the problem of an infinite, isotropic elastic

plane with multiple circular holes. A global representation

of the unknown boundary parameters is used. The global

representation requires no discretization of the boundaries,

which avoids the most serious disadvantage of the

collocation boundary element method. All of the singular

and hypersingular integrals are evaluated analytically. The

method shows that truncated complex Fourier series are

good approximations of the unknown displacements at the

boundaries of the circular holes. The accuracy, efficiency,

and versatility of the method has been established through

the numerical examples presented in the paper.

It is easy to incorporate multiple circular inclusions in the

numerical method [31]. Other extensions are also possible,

including the incorporation of cracks [32], elliptic

inclusions and holes, and a finite external boundary. Work

on these topics is in progress.
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