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The coupling of the boundary element method (BEM)/the traction boundary element method (TBEM)

and the method of fundamental solutions (MFS) is proposed for the transient analysis of acoustic wave

propagation problems in the presence of multi-inclusions to overcome the limitations posed by each

method. The full domain is divided into sub-domains which are modeled using the BEM/TBEM and the

MFS, and the sub-domains are coupled with the imposition of the required boundary conditions. The

accuracy of the proposed algorithms, using different combinations of BEM/TBEM and MFS, is verified by

comparing the solutions against reference solutions. The applicability of the proposed method is shown

by simulating the acoustic behavior of a rigid acoustic screen in the vicinity of a dome and by

computing the acoustic attenuation provided by a fluid-filled thin inclusion separating two railway

tracks in an underground train station.

& 2009 Elsevier Ltd. All rights reserved.
1. Introduction

The propagation of acoustic waves due to static and moving
pressure sources has been studied intensively in the past few
decades. These waves may be produced by vehicles in the
presence of acoustic barriers, by speakers in acoustic rooms, by
ultrasound devices in the presence of cracks and inclusions and by
acoustic logging tools inside boreholes. During this time some
significant technical advances have been made, and our under-
standing of how waves propagate and radiate in elastic and
acoustic media has improved, especially when the wave propaga-
tion process is linearly elastic and the solid is relatively
homogenous.

Analytical solutions are only known for very simple geometric
and material conditions such as circular cylindrical inclusions,
homogeneous full spaces and half-spaces subjected to line loads
and point loads of constant amplitude and infinite duration. The
superposition of Green’s functions (fundamental solutions) can be
used for more complex situations like layered media. The
resulting integral expressions are so complex, however, that they
can only be evaluated by numerical means, and in general they
require great computational effort.

The modeling of practical engineering acoustic vibration
problems is usually quite difficult and several numerical methods
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of varying complexity have been developed (e.g. the thin layer
method (TLM) [1], boundary element method (BEM) [2], the finite
element method (FEM) [3,4], the finite difference method [5], the
ray tracing technique [6]).

Of these techniques the BEM is one of the most suitable for
modeling homogeneous unbounded systems containing irregular
interfaces and inclusions since the far field conditions are
automatically satisfied and only the boundaries of the interfaces
and inclusions need to be discretized. Despite the fact that the
BEM requires only boundary meshing it still needs prior knowl-
edge of fundamental solutions, i.e. Green’s functions. Its efficiency
also depends on the correct integration of the singular and
hypersingular integrals. In addition, for a certain level of accuracy,
the number of boundary elements depends on the excitation
frequency, requiring the use of many boundary elements to model
high frequency responses. This leads to an undesirably high
computational cost. Furthermore, the BEM tends to break down
when applied to cracks and very thin heterogeneities [7]. The
traction boundary element method (TBEM) is one numerical
method that solves the thin-body difficulties that arise when
modeling wave propagation in the presence of very thin
heterogeneities such as small imperfections, dimensionless cracks
or almost imperceptible defects.

The appearance of hypersingular integrals is one of the
difficulties posed by these formulations. Different attempts have
been made to overcome this difficulty [8–10]. Most of the work
published refers to 2D geometries and, in some cases, 3D
geometries. Amado Mendes and Tadeu [11] solved the case of a
2D empty crack buried in an unbounded medium subjected to a
abound.2009.11.003
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Fig. 1. Sketch of the geometry of the problem.

A. Tadeu et al. / Engineering Analysis with Boundary Elements ] (]]]]) ]]]–]]]2
3D source. The solution requires the application of a spatial
Fourier transform along the direction in which the geometry of
the crack does not vary. Thus, the 3D solution is obtained as a
summation of 2D solutions for different spatial wavenumbers.
The resulting hypersingular kernels were computed analytically
by defining the dynamic equilibrium of semi-cylinders above the
boundary elements that discretize the crack. That work extended
the work by Prosper and Kausel [12] who defined the behavior of
a 2D flat horizontal crack. Following that, Tadeu et al. [13]
proposed a combined (or dual) BEM/TBEM formulation able to
solve the case of fluid-filled thin inclusions placed in an
unbounded medium, and in [14] they applied the same numerical
techniques to the case of elastic scattering produced by thin rigid
inclusions.

A frequency domain TBEM formulation has been presented by
Tadeu et al. [15] and used to study the behavior of rigid acoustic
screens attached to a tall building, and excited by a pressure/
acoustic load. The model uses Green’s functions that take into
account the presence of the tall building’s fac-ade and a rigid floor,
therefore making their discretization unnecessary. Using a similar
technique, the 3D wave propagation around 2D rigid acoustic
screens, with thickness approaching zero and placed in a fluid
layer was studied by António et al. [16].

Another fairly common strategy is to formulate the problem
using solid, finite elements, ideally with absorbing boundaries of
some kind such as paraxial boundaries, or the rather effective
transition elements obtained with the perfectly matched layer
technique (PML). Finite elements have the added advantage that
one can also model nonlinear effects near the load. However, the
finite element method (FEM) requires the full discretization of the
medium being analyzed. Unfortunately the FEM is computationally
infeasible for very large scale models unless we take substantial
short-cuts, by allowing coarse elements, restricting models to low
frequencies, or tolerating boundary artifacts, not to mention
neglecting the inherent nonlinearity of soils near the loads.

A different class of numerical techniques has become popular
recently: the so-called meshless techniques that require neither
domain nor boundary discretization [17–22]. The method of
fundamental solutions (MFS) seems to be particularly effective for
studying wave propagation since it overcomes some of the
mathematical complexity of the BEM and provides acceptable
solutions at substantially lower computational cost. Godinho et al.
[23] studied the performance of the MFS for simulating the
propagation of acoustic waves in a fluid domain with an inclusion.
The authors concluded that the method can be very efficient, even
outperforming the BEM for this type of problem. Godinho et al.
[24] subsequently successfully employed the MFS to study
acoustic and elastic wave propagation around thin structures
using a domain decomposition technique. The MFS has been used
more recently to simulate ground rotations along 2D topographi-
cal profiles under the incidence of elastic plane waves [25]. Other
authors have proposed the use of enrichment functions to model
torsional problems, including cracks [26].

Still, the use of the MFS has its own shortcomings and
limitations in the presence of thin inclusions and inclusions with
twisting (sinuous) boundaries. This work addresses the coupling
of the BEM/TBEM and the MFS to overcome some of the
limitations posed by each method.

The boundary element method (BEM)/traction boundary
element (TBEM) and the method of fundamental solutions
(MFS) are coupled for the transient analysis of acoustic wave
propagation problems in the presence of multi-inclusions. The full
domain is divided into sub-domains which are modeled using the
BEM/TBEM and the MFS, and the sub-domains are coupled with
the required boundary conditions being imposed. The approach is
implemented for general 2D problems. In order to investigate the
Please cite this article as: Tadeu A, et al. (2009), doi:10.1016/j.engan
accuracy of the proposed coupling algorithms, using different
combinations of BEM/TBEM and MFS formulations, a verification
analysis is performed using reference solutions.

The problem is defined in the next section, and then the BEM/
TBEM and MFS acoustic coupling formulations are established
when multi-inclusions are submerged in an unbounded fluid
medium. The coupling formulations are first verified against
solutions obtained using BEM or MFS formulations, used as
reference solutions. A brief section then describes how responses
in the time domain are obtained by means of the fast inverse
Fourier transformation, using a Ricker pulse as the excitation
dynamic wavelet source. Finally, the applicability of the proposed
method is shown by means of two numerical examples. In the
first, the TBEM/MFS coupling algorithm is used to obtain the
sound pressure attenuation provided by a null-thickness rigid
acoustic barrier placed between an acoustic source and a dome. In
the second, the BEM+TBEM/MFS coupling algorithm computes
the scattered wavefield in the time domain produced by a thin
acoustic barrier placed in an underground station, when illumi-
nated by the pressure elicited by an acoustic source.
2. Boundary integral coupling formulations

Consider two two-dimensional irregular cylindrical inclusions,
submerged in a spatially uniform fluid medium 1 with density r1

(Fig. 1). This system is subjected to a harmonic point pressure
source at O (xs, ys), which oscillates with a frequency o, and
originates an incident pressure at (x, y),

pincðx; y;oÞ ¼ AH0ðka1
r1Þ ð1Þ

where the subscript inc represents the incident field,

r1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx�xsÞ

2
þðy�ysÞ

2
q

, A the wave amplitude, ka1
¼ ðo=a1Þ, a1

the pressure wave velocity of the fluid medium, and Hn(y)
correspond to second Hankel functions of order n. The fluid media
2 and 3 inside inclusions 1 and 2 have densities r2, and r3 and
allow pressure wave velocities a2 and a3, respectively.

2.1. BEM/MFS coupling formulation

This section describes the coupling between the BEM and the
MFS formulations used to obtain the two-dimensional pressure
field generated by a pressure point source placed in the vicinity of,
but outside, the two submerged inclusions with irregular shapes.
One of the inclusions is modeled using the BEM while the other is
solved with the MFS. Three types of inclusions will be modeled:
fluid-filled inclusions, cavities with null pressures and rigid
inclusions with null pressure gradients prescribed along their
boundary.
abound.2009.11.003
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2.1.1. Fluid-filled inclusions

The pressure (p) at any point of the spatial domain can be
calculated using the Helmoltz equation

r
2pðx; y;oÞþðkaÞ2pðx; y;oÞ ¼ 0; ð2Þ

where r2
¼ @2

@x2 þ
@2

@y2

� �
.

Considering a host homogeneous fluid medium containing
fluid inclusion 1, bounded by a surface S1, and subjected to an
incident pressure field given by pinc, the boundary integral
equation can be constructed by applying the reciprocity theorem
(e.g. Manolis and Beskos [27]) leading to

a) in the exterior domain of inclusion 1 (Medium 1)

cpð1Þðx0; y0;oÞ ¼
R

S1
qð1Þðx; y;nn1;oÞGð1Þðx; y; x0; y0;oÞds

�
R

S1
Hð1Þðx; y;nn1; x0; y0;oÞpð1Þðx; y;oÞdsþpincðx0; y0; xs; ys;oÞ:

ð3Þ

In these equations, the superscript 1 corresponds to the
exterior domain; nn1 is the unit outward normal along the
boundary S1; G and H are, respectively, the fundamental solutions
(Green’s functions) for the pressure (p) and pressure gradient (q),
at (x,y) due to a virtual point pressure load at (x0, y0). pinc is the
pressure incident field at (x0, y0), when the point pressure source
is located at (xs, ys). The factor c is a constant defined by the shape
of the boundary, taking the value 1/2 if x0; y0ð ÞAS1 and S1 is
smooth.

Eq. (3) does not yet take into account the presence of the
neighboring inclusion 2, which is modeled using the MFS. The
MFS assumes that the response of this neighboring inclusion is
found as a linear combination of fundamental solutions simulat-
ing the pressure field generated by two sets of NS virtual sources.
These virtual loads are distributed along the inclusion interface at
distances d from that boundary towards the interior and exterior
of the inclusion (lines Ĉ

ð1Þ
and Ĉ

ð2Þ
in Fig. 2) in order to avoid

singularities. Sources inside the inclusion have unknown
amplitudes að2Þn_ext , while those placed outside the inclusion have
unknown amplitudes að2Þn_int . In the exterior and interior fluid
medium, the scattered pressure fields are given by

pð1Þðx; y;oÞ ¼
XNS

n ¼ 1

að2Þn_extG
ð1Þðx; y; xn_ext ; yn_ext ;oÞ

h i

pð3Þðx; y;oÞ ¼
XNS

n ¼ 1

að2Þn_intG
ð3Þðx; y; xn_int ; yn_int ;oÞ

h i
; ð4Þ

where Gð1Þðx; y; xn_ext ; yn_ext ;oÞ and Gð3Þðx; y; xn_int ; yn_int ;oÞ are the
fundamental solutions which represent the pressures at points
(x, y) in mediums 1 and 3, generated by pressure loads acting at
positions ðxn_ext ; yn_extÞ and ðxn_int ; yn_intÞ. n_ext and n_int are the
subscripts that denote the load order number placed along lines
Ĉ
ð1Þ

and Ĉ
ð2Þ

, respectively.
Fig. 2. Discretization of the system: position of virtual loads, collocation points

and boundary elements.

Please cite this article as: Tadeu A, et al. (2009), doi:10.1016/j.engan
The pressure field generated by this second inclusion can be
viewed as an incident field that strikes the first inclusion. So
Eq. (3) needs to be modified accordingly

cpð1Þðx0; y0;oÞ ¼
R

S1
qð1Þðx; y;nn1;oÞGð1Þðx; y; x0; y0;oÞds

�

Z
S1

Hð1Þðx; y;nn1; x0; y0;oÞpð1Þðx; y;oÞdsþpincðx0; y0; xs; ys;oÞ

þ
XNS

n ¼ 1

að2Þn_extG
ð1Þðx0; y0; xn_ext ; yn_ext ;oÞ

h i
ð5Þ

b) in the interior domain of inclusion 1 (Medium 2)

cpð2Þðx0; y0;oÞ ¼
R

S1
qð2Þðx; y;�nn1;oÞGð2Þðx; y; x0; y0;oÞds

�

Z
S1

Hð2Þðx; y;�nn1; x0; y0;oÞpð2Þðx; y;oÞds: ð6Þ

In Eq. (6), the superscript 2 corresponds to the domain inside
inclusion 1.

c) in the interior and exterior domain of inclusion 2 (Mediums
1 and 3)

To determine the amplitudes of the unknown virtual pressure
loads að2Þn_ext and að2Þn_int , it is also necessary to impose the continuity
of pressures and normal pressure gradients at interface S2, which
is the boundary of inclusion 2, along NS collocation points
ðxcol; ycolÞ. This must be done taking into account the scattered
field generated at inclusion 1. Thus the following two equations
are defined:R

S1
qð1Þðx; y;nn1;oÞGð1Þðx; y; xcol; ycol;oÞds

�

Z
S1

Hð1Þðx; y;nn1; xcol; ycol;oÞpð1Þðx; y;oÞdsþpincðxcol; ycol; xs; ys;oÞ

þ
XNS

n ¼ 1

að2Þn_extG
ð1Þðxcol; ycol; xn_ext ; yn_ext ;oÞ

h i

¼
XNS

n ¼ 1

að2Þn_intG
ð3Þðxcol; ycol; xn_int ; yn_int ;oÞ

h i
; ð7Þ

R
S1

qð1Þðx; y;nn1;oÞ
@Gð1Þ

@nn2
ðx; y;nn2; xcol; ycol;oÞds

�
R

S1

@Hð1Þ

@nn2
ðx; y;nn1;nn2; xcol; ycol;oÞpð1Þðx; y;oÞds

þ
@pinc

@nn2
ðxcol; ycol;nn2; xs; ys;oÞ

þ
XNS

n ¼ 1

að2Þn_ext

@Gð1Þ

@nn2
ðxcol; ycol;nn2; xn_ext ; yn_ext ;oÞ

� �

¼
XNS

n ¼ 1

að2Þn_int

r1

r3

@Gð3Þ

@nn2
ðxcol; ycol;nn2; xn_int ; yn_int ;oÞ

� �

ð8Þ

In these equations, nn2 is the unit outward normal to the
boundary S2.

d) Final system of equations
The global solution is obtained by solving Eqs. (5–8). This

requires the discretization of the interface S1, which is the
boundary of inclusion 1. Throughout this work this interface is
discretized into N straight boundary elements, with one nodal
point in the middle of each element (see Fig. 2).

The required two-dimensional Green’s functions for pressure
and pressure gradients in Cartesian co-ordinates are those for an
unbounded solid medium

GðmÞðx; y; xk; yk;oÞ ¼�ði=4ÞH0ðkam rÞ ð9Þ

HðmÞðx; y;nn1; xk; yk;oÞ ¼ ði=4Þkam H1 kam r
� � @r

@nn1
ð10Þ
abound.2009.11.003
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@GðmÞ

@nn2
ðx; y;nn2; xk; yk;oÞ ¼ ði=4Þkam H1 kam r

� � @r

@nn2
ð11Þ

@HðmÞ

@nn2
ðx; y;nn1;nn2; xk; yk;oÞ ¼

ði=4Þkam

(
1

r
H1 kam r
� �

�kam H2 kam r
� �� �

@r

@nn1

@r

@nn2
þ

H1 kam r
� �

r

�
@r

@y

	 
2 @x

@nn1

@x

@nn2
�
@r

@y

@r

@x

@x

@nn1

@y

@nn2
þ

@x

@nn2

@y

@nn1

	 
"

þ
@r

@x

	 
2 @y

@nn1

@y

@nn2

#)
; ð12Þ

in which r¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x�xkð Þ

2
þ y�ykð Þ

2
q

. The pressure wave velocities in
these equations are the ones associated with the exterior and the
interior fluid of the inclusions (m=1,2).

The required integrations in Eqs. (5–8) are evaluated using a
Gaussian quadrature scheme when they are not performed along
the loaded element. For the loaded element, the existing singular
integrands in the source terms of the Green’s functions are
calculated analytically, following the expressions in Tadeu et al. [28],Z L=2

0
H0 karð Þdr ¼

L

2
H0 ka

L

2

	 

þp L

4
H1 ka

L

2

	 

S0 ka

L

2

	 
�

�H0 ka
L

2

	 

S1 ka

L

2

	 
�
; ð13Þ

where Sns(y) are Struve functions of order ns and L the boundary
element length.

The final integral equations are manipulated and combined so
as to impose the continuity of pressure and pressure gradients
along the boundary of the inclusions 1 and 2, to establish a system
of ð2NSþ2NÞ � ð2NSþ2NÞ½ � equations,

Gð1Þkl �Hð1Þkl Gð1Þkn
p 0

�
r2

r1

Gð2Þkl �Hð2Þkl 0 0

Gð1Þnl �Hð1Þnl Gð1Þnn
p �Gð3Þnn

p

@Gð1Þnl

@nn2
�
@Hð1Þnl

@nn2

@Gð1Þnn
p

@nn2
�
r1

r3

@Gð3Þnn
p

@nn2

2
6666666664

3
7777777775

qð1Þl

pð1Þl

an
n_ext

an
n_int

2
66664

3
77775¼

�pk
inc

0

�pn
inc

�
@pn

inc

@nn2

2
6666664

3
7777775
;

ð14Þ

where k,l=1, N, n=1, NS, l identifies the element being integrated,

GðmÞkm ¼
R

Cl
GðmÞðxl; yl; xk; yk;oÞdCl; HðmÞkl ¼

R
Cl

HðmÞðxl; yl;nn1; xk; yk;oÞdCl;

Gð1Þnl ¼
R

Cl
Gð1Þðxl; yl; xn; yn;oÞdCl; Hð1Þnl ¼

R
Cl

Hð1Þðxl; yl;nn1; xn; yn;oÞdCl;

Gð1Þkn
p ¼ Gð1Þðxk; yk; xn_ext ; yn_ext ;oÞ; Gð1Þnn

p ¼ Gð1Þðxn; yn; xn_ext ; yn_ext ;oÞ;

Gð3Þnn
p ¼ Gð3Þðxn; yn; xn_int ; yn_int ;oÞ:

The solution of this system of equations gives the nodal pressures
and pressure gradients along the boundary S1 and the unknown
virtual pressure load amplitudes, að2Þn_ext and að2Þn_int , which allow the
pressure field to be defined inside and outside the inclusions.

2.1.2. Rigid inclusions (null pressure gradients along their

boundaries)

In this case, the boundary conditions prescribe null normal
pressure gradients along the boundary S. Thus, Eqs. (5–8) are
simplified to

cpð1Þðx0; y0;oÞ ¼

�

Z
S1

Hð1Þðx; y;nn1; x0; y0;oÞpð1Þðx; y;oÞdsþpincðx0; y0; xs; ys;oÞ

þ
XNS

n ¼ 1

að2Þn_extG
ð1Þðx0; y0; xn_ext ; yn_ext ;oÞ

h i
; ð15Þ
Please cite this article as: Tadeu A, et al. (2009), doi:10.1016/j.engan
�
R

S1

@Hð1Þ

@nn2
ðx; y;nn1;nn2; xcol; ycol;oÞpð1Þðx; y;oÞds

þ
@pinc

@nn2
ðxcol; ycol;nn2; xs; ys;oÞ

þ
XNS

n ¼ 1

að2Þn_ext

@Gð1Þ

@nn2
ðxcol; ycol;nn2; xn_ext ; yn_ext ;oÞ

� �
¼ 0 ð16Þ

The solution of this integral for the boundary surface (S1) again
requires the discretization of the boundary of inclusion 1 into N

straight boundary elements and the simulation of inclusion 2
using NS collocation points/virtual sources. The procedure is
similar to the one described above and leads to a system of
ðNSþNÞ � ðNSþNÞ½ � equations.
2.1.3. Cavity inclusions (null pressures along their boundaries)

Null pressures are now prescribed on the surface of the
cavities, which leads to the equations

R
S1

qð1Þðx; y;nn1;oÞGð1Þðx; y; x0; y0;oÞdsþpincðx0; y0; xs; ys;oÞ

þ
XNS

n ¼ 1

að2Þn_extG
ð1Þðx0; y0; xn_ext ; yn_ext ;oÞ

h i
¼ 0;

ð17Þ

R
S1

qð1Þðx; y;nn1;oÞGð1Þðx; y; xcol; ycol;oÞds

þpincðxcol; ycol; xs; ys;oÞþ
XNS

n ¼ 1

að2Þn_extG
ð1Þðxcol; ycol; xn_ext ; yn_ext ;oÞ

h i
¼ 0

ð18Þ

The solution of this equation is once again obtained using the
procedure described before. Other combinations of inclusions can
be solved by simplifying Eqs. (5–8) according to the required
boundary conditions.
2.2. TBEM/MFS coupling formulation

The traction boundary element method (TBEM) can be
formulated as for the case of fluid-filled thin inclusions in
an elastic medium [29], leading to the following Eqs. (19–20)
that replace the former Eqs. (5–6), while modeling the first
inclusion

apð1Þðx0; y0;oÞþcqð1Þðx0; y0;nn1;oÞ

¼

Z
S1

qð1Þðx; y;nn1;oÞ�G
ð1Þ
ðx; y;nn2; x0; y0;oÞds

�

Z
S1

�H
ð1Þ
ðx; y;nn1;nn2; x0; y0;oÞpð1Þðx; y;oÞds

þ�pincðx0; y0;nn2; xs; ys;oÞ

þ
XNS

n ¼ 1

að2Þn_ext
�G
ð1Þ
ðx0; y0;nn2; xn_ext ; yn_ext ;oÞ

h i
; ð19Þ

apð2Þðx0; y0;oÞþcqð2Þðx0; y0;nn1;oÞ

¼
R

S1
qð2Þðx; y;nn1;oÞ�G

ð2Þ
ðx; y;nn2; x0; y0;oÞdsR

S1

�H
ð2Þ
ðx; y;nn1;nn2; x0; y0;oÞpð2Þðx; y;oÞds:

ð20Þ

Eqs. (7) and (8) can be kept the same. Eqs. (19) and (20)
can be seen to result from the application of dipoles
(dynamic doublets) along the boundary surface (S1). As noted
by Guiggiani [30] the coefficient a is zero for piecewise
straight boundary elements. The factor c is a constant defined as
above.
abound.2009.11.003
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Table 1
Problems solved: types of inclusion and host medium.

Inclusion 1 Inclusion 2 Host medium

Case 1 Fluid Fluid unbounded

Case 2 Rigid Rigid unbounded

Case 3 Cavity Cavity unbounded

Case 4 Fluid Rigid unbounded

Case 5 Rigid Rigid half-space
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The solutions of these equations are defined as before by
discretizing the boundary surface (S1) into N straight boundary
elements, with one nodal point in the middle of each element.
The required two-dimensional Green’s functions are now defined
as
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where nk and nl are the unit outward normals to the boundary
segments being loaded and integrated, respectively. In Eq. (19)
the incident field is computed as

pincðx; y;nk; xs; ys;oÞ ¼
iA
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The integrations in Eqs. (19) and (20) are performed through
a Gaussian quadrature scheme when the element being inte-
grated is not the loaded one. When the element being
integrated (Cl) is the loaded one, the following integral becomes
hypersingular:
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This integral can be evaluated analytically, considering the
dynamic equilibrium of a semi-cylinder bounded by the boundary
element, leading toZ
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where L stands for the length of the boundary element. The
integral

R L=2
0 H0 kam rð Þdr is evaluated as indicated above. The final

system of equations is obtained by combining Eqs. (7,8), and
Eqs. (19,20) and imposing the continuity of pressure and pressure
gradients along the boundary of inclusions 1 and 2.
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where k,l=1, N, n=1, NS,

G
ðmÞkl
¼

Z
Cl

G
ðmÞ
ðxl; yl;nn2

; xk; yk;oÞdCl;

H
ðmÞkl
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Z
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G
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p ¼ G
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; xn_ext ; yn_ext ;oÞ:

Manipulating Eqs. (7,8), and Eqs. (19,20), as described above,
the cavity and the rigid inclusions can also be modeled.

The present TBEM formulation overcomes the thin-body diffi-
culty, while the classical direct BEM formulation degenerates. The
direct application of this method allows an empty or rigid crack to
be modeled using a single open line representation. In the case of a
rigid or empty submerged fissure the results identify the pressure or
pressure gradient jumps between the two sides of the element.
2.3. Combined TBEM+BEM/MFS coupling formulation

The TBEM and BEM formulations can be combined so as to
solve the same problems described above. However, it allows the
solution to be defined when the inclusion 1 is a thin fluid-filled
inclusion. Part of the boundary surface of that inclusion is loaded
with monopole loads (BEM formulation), while the remaining
part is loaded with dipoles (TBEM formulation). This leads to the
following system of equations:
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with k1=1, (N/2), k2=(N/2)+1, N, l=1, N, n=1, NS.
In this case the thin bodies can be solved using a closed

surface. The empty or the rigid inclusions may exhibit zero
thickness, and the pressure or pressure gradients are computed
directly on both sides of the element.
3. Verification of the coupling algorithms

The proposed coupling algorithms (BEM/MFS, TBEM/MFS and
combined BEM+TBEM/MFS) described are verified against BEM
and MFS solutions by solving the scattered field produced by two
circular inclusions, centered at (0.0, 20.0) and (20.0, 5.0), with
radii between 5.0 and 4.0 m, respectively, submerged in an
unbounded or half-space fluid medium. Five distinct problems
are solved by combining different types of inclusion, viz. a fluid
inclusion, a rigid inclusion and a cavity, according to Table 1.

The host fluid medium (r1=4000 kg/m3) is homogeneous,
permitting a pressure wave velocity a1=750 m/s. The fluid filling
inclusions 1 and 2, with density r2=2000 and r3=3000 kg/m3,
exhibits a pressure wave velocity a2=2121 and a3=577 m/s,
respectively. The system is excited by a harmonic point pressure
load, applied at point O (3.0, 4.0 m), as in Fig. 3.
abound.2009.11.003
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Fig. 3. Two circular inclusions in a homogeneous fluid medium: (a) unbounded medium; (b) half-space.
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The pressure responses are computed for receiver R1, placed at
(10.0, 17.0 m). The computations are performed in the frequency
domain in the range from 1 to 100Hz.

The computations are performed for different numbers of
boundary elements and virtual sources in order to verify the
consistency of results. The BEM/BEM results, using 120 boundary
elements to model each inclusion are used as reference.
Combinations of BEM/MFS, TBEM/MFS and MFS/MFS use different
numbers of constant boundary elements and virtual sources. The
distances between the virtual sources and the boundary have
been determined by analyzing the errors along the boundary.
The errors along the boundary interface were found by placing a
set of receivers along the boundary, in addition to the collocation
points used to solve the problem. The global boundary error is
found by computing the integral error surface which is generated
by the difference between the responses at these receivers
and the prescribed boundary conditions. The distances finally
adopted for the position of the virtual sources were those
that led to the lowest boundary errors. All illustrated simula-
tions used interior and exterior virtual sources placed respecti-
vely at distances 0.9� r and 1.1.� r from the centre of the
inclusion.

The half-space coupling solutions (Case 5) are solved using
half-space Green’s functions. Thus, the Green’s functions defined
by Eq. (9) must be reformulated to satisfy the boundary
conditions at the rigid ground, which require null normal pressure
gradients. These conditions can be satisfied automatically by
superposing the pressure field generated by the real source
(placed at (xk, yk)) and the one elicited by a virtual source (image
source), located in such a way that it constitutes a mirror in
relation to the horizontal ground plane leading to a Green’s
function defined by Eq. (28). This mirror technique can be
visualized as a superposition of the actual source and sound field
reflected from the ground. Thus only the cross-sections of the
inclusions need to be discretized.

The half-space Green’s function is then expressed as

GðmÞhalf ðx; y; xk; yk;oÞ ¼�ði=4Þ H0 kam r1

� �
þH0 kam r2

� � �
; ð28Þ

in which r1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx�xkÞ

2
þðy�ykÞ

2
q

and r2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx�xkÞ

2
þðyþykÞ

2
q

correspond to the distances between the receiver and the real
and the virtual source, respectively.
Please cite this article as: Tadeu A, et al. (2009), doi:10.1016/j.engan
The reference solution is provided by a BEM code that uses
Green’s functions for an unbounded medium. The geometry of the
problem is thus built using the real inclusions and load, and its
mirror images in relation to the horizontal plane x=0.0m (see
Fig. 4).
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Fig. 5. BEM, MFS and coupling responses when the system is excited by a pressure load.— BEM/BEM (120/120); MFS/MFS (J 40/40 � 80/80 � 120/120); BEM/MFS

(& 40/40 0 80/80 2 120/120) ; TBEM/MFS (W 40/40 X 80/80 m 120/120): (a) Case 1; (b) Case 2; (c) Case 3; (d) Case 4; (e) Case 5.

A. Tadeu et al. / Engineering Analysis with Boundary Elements ] (]]]]) ]]]–]]] 7
Fig. 5 presents the real (left column) and imaginary (right
column) parts of the pressure responses for cases 1–5. The lines
correspond to the BEM responses (used here as reference
solutions), that is, when both inclusions are modeled with 120
Please cite this article as: Tadeu A, et al. (2009), doi:10.1016/j.engan
boundary elements, while the different MFS and coupling
solutions are represented by the marked points and labeled
‘‘MFS/MFS’’, ‘‘BEM/MFS’’ and ‘‘TBEM/MFS’’. The numbers of
boundary elements and virtual sources used in the coupling
abound.2009.11.003
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solutions are 40, 80 and 120. An analysis of the results reveals that
a very good agreement between the proposed coupling solutions
and both the BEM and MFS models’ solutions is reached,
especially when the number of virtual sources and boundary
elements is 120.
4. Pressure in time-space

Given that the computations are performed in the frequency
domain, time responses in the space domain are computed by
applying an inverse (Fast) Fourier Transform in o, using a Ricker
pulse as the dynamic excitation source, with temporal variation
given by

uðtÞ ¼ Að1�2t2Þe�t
2

; ð29Þ

where A represents the amplitude; and t¼ ðt�tsÞ=t0, with t being
the time, ts, the time when the wavelet takes its maximum value,
and pt0 the characteristic (dominant) period of the Ricker wavelet.

The application of a Fourier transformation to this function,
leads to

UðoÞ ¼ A 2t0

ffiffiffiffi
p
p

e�iots

h i
O2e�O

2

; ð30Þ

with O¼ot0=2.
The Fourier transformation is computed by adding together a

finite number of terms. This process corresponds to summing
equally spaced sources with time intervals of T=2p/Do. In these
expressions the frequency increment is defined by Do. It is
essential that Do is small enough to avoid contaminating the
response in the time domain (aliasing phenomena). This is almost
eliminated by the introduction of complex frequencies with a
small imaginary part of the form oc ¼o�iZ (with Z¼ 0:7Do).
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Fig. 7. Rigid acoustic screen in the vicinity of a dome: position of the virtual loads,

collocation points and boundary elements.
5. Applications

The applicability of the proposed coupling formulations is
illustrated by solving two problems. The acoustic behavior of a
rigid acoustic screen in the vicinity of a dome is addressed in the
first example. The second example concerns the computation of
the pressure field produced by a pressure source in an under-
ground train station in the presence of a thin barrier that is
modeled as a fluid-filled thin inclusion. The wave velocity allowed
in the host medium and its density are kept constant and equal to
340 m/s and 1.22 kg/m3, respectively.

The computations are performed in the frequency domain for
frequencies ranging from 4 to 2048 Hz, with a frequency
increment of 4 Hz, which determines a total time window for
the analysis of 0.25 s.

5.1. Null-thickness rigid acoustic screen in the vicinity of a dome

A rigid acoustic screen, placed in a vicinity of a dome, is used to
illustrate the capabilities of the proposed TBEM/MFS formulation.
The pressure source is placed 4.0 m from the barrier in the
horizontal direction, and 0.5 m above the ground, as Fig. 6 shows.
The barrier, 3.0 m, tall, is placed 5.0 m from a semi-circular dome.

The pressure response is obtained over a two-dimensional grid
of 26,347 receivers arranged along the x and y directions at equal
intervals and placed in the vicinity of the acoustic barrier and
dome from x=0.0 to 25.0 m and from y=0.0 to 10.0 m.

The barrier is modeled as a rigid screen using the TBEM. It has
null-thickness and is discretized using an appropriate number of
boundary elements defined by the relation between the wave-
length and the length of the boundary elements, which was set at
Please cite this article as: Tadeu A, et al. (2009), doi:10.1016/j.engan
6. A minimum of 30 boundary elements were used. The dome is
assumed to be rigid and simulated by MFS, using a minimum of
200 virtual loads/collocation points. In the present example, the
virtual loads are placed 0.5 m from its boundary. This distance
was determined by using a procedure similar to that described
previously in the verification section, based on the calculation of
errors along the boundary. The number of virtual sources/
collocation points increases with the frequency according to the
relation between the wavelength and the distance between
collocation points, which was set at 6.

Fig. 7 illustrates schematically the position of the virtual
sources, collocation points and boundary elements. The problem
uses adequate Green’s functions for a half-space, taking into
account the presence of a rigid ground floor.

The source time dependence is assumed to be a Ricker wavelet
with a characteristic frequency of 500 Hz. A set of snapshots taken
from computer animations is presented to illustrate the resulting
wave field in the vicinity of both the acoustic barrier and dome at
different time instants.

The system is subjected to a pressure pulse, with a character-
istic frequency of 500.0 Hz, which starts acting at t=0 s. Fig. 8
shows contour plots of the pressure field at different time instants
when the waves propagate in the vicinity of the acoustic barrier.
In the plots red represents the higher pressure amplitudes and
blue the lower ones.

In the first plots, at t=0.31 ms, the incident pulse is visible and
propagating away from the source point without perturbations as
it has not yet reached the ground and the acoustic barrier. As
expected, the magnitude of the pressures is uniform along the
cylindrical wavefronts.

At t=3.05 ms the incident pulse has struck the rigid ground
and a reflected pulse is already visible. At t=10.68 ms the incident
pulse has just hit the acoustic barrier. The reflected pulse is still
very close to the acoustic barrier. The result of the waves’
diffraction at the top of the barrier can be seen at t=14.65 ms. At
abound.2009.11.003
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t=18.01 and 21.06 ms the diffracted waves that originate at the
top of the barrier can be seen travelling around the screen, while
the incident and first reflected waves are reflected back at the
barrier. At t=28.69 ms these waves are reflected on the ground,
travelling upwards. As time passes the first set of reflections from
the dome are visible (t=39.67 ms). The dome and the barrier are
responsible for a set of multiple reflections, travelling back and
forward between the two structures, shown in Fig. 8
(t=47.30 ms). In the last snapshot, these effects are more evident,
and pulses trapped between rigid screens are visible in the
response, particularly at receivers placed close to the ground
(t=57.98 ms).
Fig. 8. Pressure wave propagation in the vicinity of an acoustic barrier and a dome.

t=18.01 ms (e), t=21.06 ms (f), t=28.69 ms (g), t=39.67 ms (h), t=47.301 ms (i) and t=

Please cite this article as: Tadeu A, et al. (2009), doi:10.1016/j.engan
5.2. Thin acoustic barrier separating two railway tracks in an

underground train station

Consider an underground station (air-filled), with two railway
tracks, embedded in an unbounded acoustic medium (treated as
fluid). A thin acoustic barrier (flat fluid-filled element) is placed
inside the station to separate the two railway tracks. The
scattered pressure field generated by the thin acoustic barrier,
when excited by a harmonic point pressure load, is analyzed with
the coupling (combined TBEM+BEM)/MFS formulation. In this
problem, an acoustic point pressure load simulates the noise
caused by a train and excites the same host medium described
Time responses at t=0.31 ms (a), t=3.05 ms (b), t=10.68 ms (c), t=14.65 ms (d),

57.98 ms (j).
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before. A thin flat inclusion with rounded extremities is filled with
a fluid with density 0.18 kg/m3 and allowing a wave velocity of
360.0 m/s (these properties are identical to the density and
dilatational P wave velocity of cork). The unbounded medium
allows a pressure wave velocity of 2000.0 m/s and has a density of
1400.0 kg/m3. As shown in Fig. 9, a cross-section view of the
station, the thin acoustic barrier separates the two railway tracks,
aiming to attenuate the noise produced by the neighboring train.
The thin inclusion is 0.02 m thick and its extremities are defined
by semi-circumferences. Part of the inclusion’s surface is
discretized by the TBEM formulation while the rest is
discretized by the BEM. The surfaces of the underground station
are modeled using the MFS. Fig. 10 shows the position of the
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Fig. 10. Thin acoustic barrier in an underground train station: position
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virtual sources, collocation points and boundary elements. The
virtual sources are placed 0.32 m from the metro station
boundary. The same procedure as that described above was
used to define the distance between the virtual sources and
boundary. The selection of the number of virtual sources/
collocation points was defined at each calculation frequency by
the relation between the wavelength and distance between
successive virtual sources/collocation points, and set at 6. The
number of boundary elements was chosen by setting the relation
between the wavelength and the length of the boundary elements
at 6. A minimum of 700 collocation points/virtual sources and 240
boundary elements were used to discretize the metro station
boundary and the acoustic barrier, respectively.
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Results were computed at a semi-circular grid of 4867
receivers equally spaced. The numerical results are presented in
two-dimensional views at different time instants (Fig. 11), with
color scale plots representing the total pressure field when the
source is assumed to be modeled as a Ricker wavelet with a
characteristic frequency of 400 Hz.
Fig. 11. Thin acoustic barrier separating two railway tracks in an underground train st

field at t=8.54 ms; (d) pressure field at t=12.21 ms; (e) pressure field at t=23.19 ms; (f)

t=63.96 ms.

Please cite this article as: Tadeu A, et al. (2009), doi:10.1016/j.engan
In the first plot, at t=0.73 ms, the pressure wave is propagating
in the host fluid medium before reaching the flat thin inclusion, at
t=4.39 ms. When it hits the fluid-filled inclusion the pressure
incident field is partly reflected back, but part of it passes through
the thin element (t=8.54 ms). In addition, diffracted waves are
observable at the bottom of the barrier. Only a very small
ation. (a) Pressure field at t=0.73 ms; (b) pressure field at t=4.39 ms; (c) pressure

pressure field at t=33.69 ms; (g) pressure field at t=53.71 ms; (h) pressure field at
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perturbation is observed as the pressure wave increases in a thin
inclusion filled with a fluid different from the host medium. At
t=12.21 ms the wave component that passed through the
inclusion has already reached the right grid of receivers as it
propagates away from the source position. The interference
between these waves and those diffracted at the top and bottom
of the barrier can be seen. The propagation of the reflected wave
leftwards and some diffraction patterns generated by the incident
acoustic field are clearly shown (see Fig. 11 e,f). Most of the
reflected and transmitted pulses rise to the upper surface of the
train station (t=53.71 ms), moving then to the right part of
the grid, in last snapshot (t=63.96 ms). The dynamic process
carries on with waves being reflected, diffracted and refracted at
the boundaries of the barrier and of the train station walls until all
the energy is dissipated.
6. Conclusions

The coupling between boundary element method (BEM)/
traction boundary element method (TBEM) and the method of
fundamental solutions (MFS) has been proposed for the transient
analysis of acoustic wave propagation problems in the presence of
multi-inclusions. It was demonstrated that the proposed coupling
algorithms overcome limitations posed by each method. They
require less computational power while maintaining adequate
accuracy.

The TBEM, and a combined formulation that uses both the
TBEM and the classical BEM, coupled with the MFS, was proposed
to overcome the thin-body difficulty. Problems involving thin
heterogeneities which can be rigid, free or fluid-filled, in an
unbounded or half-space homogeneous fluid medium that
contains other inclusions, have been successfully addressed in
this paper. The proposed coupling formulations were corrobo-
rated by comparing their solutions, and seen to closely follow the
behavior of the conventional direct BEM or MFS solutions.

Finally, the proposed coupling formulations were used to solve
two numerical examples. The propagation of two-dimensional
pressure waves in the vicinity of a dome when a null-thickness
rigid acoustic screen is placed between this structure and an
acoustic source was addressed in the first example. In the second
example, the attenuation of a pressure field produced by an
acoustic source in the presence of a thin acoustic screen (seen as a
fluid-filled thin inclusion) placed in a train station was computed
to illustrate the capabilities of the proposed techniques.
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