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Abstract

The present paper is concerned with the e�ective numerical implementation of the two-dimensional
Dual Boundary Element Method to analyse the mixed-mode crack growth in bolted joints. All the
boundaries are discretized with discontinuous quadratic boundary elements and the crack-tip is modeled
by singular elements that exactly represent the strain ®eld singularity 1/

��
r
p

. The Stress Identity Factors
can be computed very accurately from the crack opening displacement at collocation points extremely
close to the crack tip. Furthermore, the analysis of two-dimensional elastic contact problems is
developed, with an iterative procedure. The contact equations are written explicitly with both
transactions and displacements retained as unknowns. The computed results show that the proposed
approach for Stress Intensity Factors evaluation is simple, produces very accurate solutions and has
little dependence on the size of the elements near the crack tip. The algorithm is applied to several two-
dimensional examples and the results obtained are in very good agreement with analytical solutions and
experimental results carried out at the AEROSPATIALE Research Centre. # 1998 Published by
Elsevier Science Ltd. All rights reserved.
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1. Introduction

The Dual Boundary Element Method is a well established numerical technique to
study linear elastic fracture mechanic problems [1,2,7,8], and one of the important ®elds
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of research in fracture mechanics is the study of di�erent procedures for the evaluation of
the stress and displacement ®elds near the tip of a crack and in particular of the Stress
Intensity Factor (SIF) [9]. In this paper the SIF are computed from the crack opening
displacements at nodes of a singular element that exactly reproduces the strain ®eld singularity
1=

��
r
p

. The improper integrals, that arise in the dual integral equations, are handled
analytically.
Furthermore, the analysis of two-dimensional elastic contact problems is developed. The

load is applied in one total step and a performing iteration method is applied. The contact
equations are written explicitly with both tractions and displacements retained as unknowns
[4,6].
We have applied them to study several examples: the ®rst one shows the accuracy and

stability of the singular element, and the two others concern its application to bolted joint
crack problems.

2. Dual boundary integral equations

The dual equations, on which the DBEM is based, are the displacement and the traction
boundary integral equations. In the absence of body forces, the boundary integral
representation of the displacement components ui, at a boundary point P, not on crack
surfaces, is given by

Cij�P�uj�P� �
�
@O

Tij�P,Q�uj�Q� ds�Q� �
�
@O

Uij�P,Q�tj�Q� ds�Q� �1�

where i and j denote Cartesian components; Tij(P, Q ) and Uij(P, Q ) represent the Kelvin
traction and displacement fundamental solutions, respectively, at a boundary Q.
The stress components sij are obtained by di�erentiation of Eq. (1), followed by the

application of Hooke's law; they are given by (when Cij � 1
2dij):

1

2
sij�P� �

�
@O

Sijk�P,Q�uk�Q� ds�Q� �
�
@O

Dijk�P,Q�tk�Q� ds�Q� �2�

and the traction components, tj, are given by

1

2
tj�P� � ni�P�

�
@O

Sijk�P,Q�uk�Q� ds�Q� � ni�P�
�
@O

Dijk�P,Q�tk�Q� ds�Q� �3�

where ni denotes the ith component of the unit outward normal to the boundary, at point P. If
P is on the crack surfaces the displacement equation becomes:

1

2
ui�P�� � 1

2
ui�Pÿ� �

�
@O

Tij�P�,Q�uj�Q� ds�Q� �
�
@O

Uij�P�,Q�tj�Q� ds�Q� �4�
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and the traction equation becomes:

1

2
ti�P�� � 1

2
ti�Pÿ� � ni�P��

�
@O

Sijk�P�,Q�uk�Q� ds�Q�

� ni�P��
�
@O

Dijk�P�,Q�tk�Q� ds�Q�
�5�

3. Singular element

The crack tip is modeled by singular elements that exactly represent the strain ®eld
singularity 1=

��
r
p

. The nodes are positioned at x=ÿ 2/3, x=0 and x=2/3. The shape functions
of this element are:

N1�x� � 3

2

�3ÿ �����
15
p �x� 2

�����������
1� x
p ÿ 2�����

15
p � ���

3
p ÿ 6

N2�x� � 3� �����
15
p ÿ ���

3
p �xÿ 12

�����������
1� x
p � 2� �����

15
p � ���

3
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2� �����
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� ���
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�����������
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15
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The displacement at the collocation points Ml (l=1, 3) of the singular element are:

ui�x� �
X3
l�1

ui�Ml�Nl�x� �i � 1,2� �7�

This formulation represents exactly the strain ®eld singularity:

@ui
@x
�x � ÿ1� � @S

3
l�1ui�Ml�Nl�x�

@x
�x � ÿ1� �

X3
l�1

ui�Ml�@Nl�x�
@x
�x � ÿ1� � 1 �8�

because

@Nl

@x
�x � ÿ1� � 1 �9�

The improper integrals, that arise in the dual integral equations, are handled analytically [3]�
Gs

T i
j�P,Q�Nl�x� dx�Q�

�
Gs

S i
jk�P,Q�Nl�x� dx�Q� �10�

where Gs is the singular element.
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4. The stress intensity factor evaluation

There are several approaches to compute SIF using a dual boundary element formulation. In
the present work, they are computed from the crack opening displacements at nodes which are
extremely close to the tip [3].

KI � m
k� 1

����
p
l

r �
5�uN2

2 ÿ uM2

2 � ÿ
3
�����
15
p

5
�uN3

2 ÿ uM3

2 �
�

�11�

and

KII � m
k� 1

����
p
l

r �
5�uN2

1 ÿ uM2

1 � ÿ
3
�����
15
p

5
�uN3

1 ÿ uM3

1 �
�

�12�

where m is the shear modulus and k=3ÿ 4Z; for plane strain Z=n and for plane stress
Z=n/(1+n ), where n is the Poisson ratio.

5. Contact algorithm

The contact constraints are exactly imposed along the interface without the introduction of
additional variables since the overall equations are written in terms of tractions and
displacements. This approach involves the coupling of the overall matrix equations via the
appropriate contact conditions at the common interface of the contacting bodies, thus
satisfying compatibility and equilibrium for the node pairs on each element pair. The load is
applied in one total step and a performing iteration method is applied until stick and slip areas
are found and satis®ed [6].
In the ®rst iteration, the contacting surfaces are assumed to be perfectly glued to each other,

in this case the compatibility and the equilibrium equations are:

ui�A� � ui�B�, ti�A� � ÿti�B�, i � 1,2 �13�
The slip model follows Coulomb's law of limiting friction which is given as

j tt jRm j tn j �14�
where the subscripts t and n refer to the local tangential and normal directions, respectively.
The ratio of the tangential to the normal is calculated; if the absolute value of this ratio
exceeds the coe�cient of friction m, the a�ected nodes are allowed to slip in the next iteration.
Finally, the normal stress at all nodes within the contact zone must be compressive for

contact to be maintained. Therefore, nodes with normal tensile stresses are deleted from the
contact area in the next solution stage.
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6. Crack modeling strategy

The general modeling strategy, can be summarized as follows [7]:

. all boundaries are modeled with discontinuous quadratic elements, except the crack tip
which is modeled by a singular element;

. the displacement Eq. (4) is applied for collocation on one of the crack surfaces;

. the traction Eq. (5) is applied for collocation on the crack surfaces;

. the displacement Eq. (1) is applied for collocation on all non-crack boundaries;

. an e�cient automatic iterative scheme without load incrementation is employed in the
algorithm to handle the contact iterations;

. the SIF are computed from the Crack Opening Displacement at collocation points of the
singular element;

. the new crack-extension increment is modeled with new singular boundary elements. They
will generate new equations and update the ones already existing with new unknowns [3].

7. Numerical results

7.1. Rectangular plate with a central slant crack

Consider a rectangular plate with an inclined central crack as shown in Fig. 4.
The plate is under the e�ect of a uniform traction at two opposite sides s=100 MPa. The

crack has a length 2a and it is inclined 458 with respect to the plate sides. The ratio between

Fig. 1. Shape functions of a singular element.
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the crack length and the plate width is 0.6. The BE discretization consist of 34 quadratic
elements on the external boundary. The crack discretization consists of 2N elements with the
same length L=a/N.
The results obtained with the singular element are compared with those obtained with the

displacement extrapolation of a quadratic element and J-integral method in Table 1 for the
mode-I and mode-II SIF.
Fig. 5 shows the percentage di�erence with respect to Murakami's solution [5]. It can be

seen in the ®gure that the values computed using the proposed approach have a high level of
accuracy and they are stable as N varies.

7.2. Rectangular plate with four cracks

Consider now, a rectangular plate with four cracks represented in Fig. 6. The initial crack
lengths are: a1=5.058 mm, a2=5.032 mm, a3=5.190 mm and a4=5.095 mm. The plate is
subjected to the action of cyclical traction between smax and Rsmax, in which

Fig. 2. Crack-tip element.

Fig. 3. Two bodies in contact.
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R � K min

K max

� s min

s max

� 0:1 �15�

is the stress amplitude ratio of the loading cycle.
The number of loading cycles required to extend the crack a given increment is evaluated by

integration of the generalized Paris model:

da

dN
� C�DK �n �16�

Fig. 4. Initial and deformed boundary element meshes for the centre-crack problem.

Table 1
SIF for a rectangular plate with an inclined central crack

Quadratic element [8] Integral-J [8] Singular element Ref. [5]

KI 0.686 0.666 0.6609 0.661

KII 0.579 0.560 0.5660 0.567
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where a is the crack length, N is the number of load cycles, K 2=K 2
I+2 K 2

II, C and n are
material dependent constants; in the present experience C=1.925�10ÿ7 and n=2.85.
Experimental and numerical fatigue-life diagrams are presented in Figs. 7±9. The numerical

results are obtained with 30 crack-extension increments. The di�erence between the

Fig. 5. Di�erence (percentage) of the computed SIF with Murakami's solution.

Fig. 6. Rectangular plate with four cracks.
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experimental results and numerical ones does not exceed 5 per cent. The CPU time is less than
120 s on DEC Alpha 500 (400 MHz).

7.3. Bolted joint with one oversized bolt

Let us consider the analysis of a bolted joint consisting of three 2024 T351 plates connected
together with an oversized bolt as shown in Fig. 10.

Fig. 7. Fatigue-life diagram for a rectangular plate with four cracks.

Fig. 8. Fatigue-life diagram (experimental values).
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Fig. 9. Fatigue-life diagram (numerical values).

Fig. 10. Initial and deformed boundary element meshes for a bolted joint with one oversized bolt.
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Crack growth tests were carried out at AEROSPATIALE Research Centre under R=0.1
constant amplitude loading at a frequency of 15 Hz (smax=54 MPa). Initial cracks were
introduced in the central plate and three evolutions with the number of loading cycles were
measured using an optical microscope (after disassembling the joint). From the corresponding
crack growth rate da/dN, the experimental evaluation of DK with the crack length a was
determined using the material Paris crack growth relation for the aluminium alloy studied,
C=2.98� 10ÿ7 and n=2.56.
In Fig. 11, the experimental variation of the normalized stress intensity factor is compared to

the predictions of the analytical and experimental results. Only the case of a joint with no
clamping force is considered. The analytical model concerns two diametrically opposed cracks
around a loaded hole [10]. The stress intensity factor is given by:

K � asm
������
pa
p �17�

where

sm � P

2re
�18�

is the Caulking stress, P the hole load, e the plate thickness, 2r the hole diameter and a is the
crack length.
Note that for a large crack the analytical model does not take into consideration the edge

e�ect, however, it is an acceptable model for small values of crack length (although it does not

Fig. 11. Variation of normalized stress intensity factors with crack lengths.
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take into consideration the contact e�ect). Also note that the results given by the DBEM are in
good agreement with the experimental values.

7.4. Bolted joint with ten oversized bolts

As a ®nal test, let us consider the analysis of a bolted joint consisting of three aluminium
alloy plates (2024 T351) connected together with ten oversized bolts, as shown in Fig. 12.
Crack growth tests were carried out at AEROSPATIALE Research Centre under R=0.1

constant amplitude loading at a frequency of 10 Hz (smax=100 MPa). Initial cracks were
introduced in the central plate and their evolutions with the number of loading cycles were
measured using an optical microscope (after disassembling the joint). From the corresponding
crack growth rate da/dN, the experimental evaluation of DK with the crack length a was
determined using (16). For the aluminium alloy studied, C=2.05� 10ÿ8 and n=3.61.
In Fig. 13, the experimental variation of the normalized stress intensity factor is compared to

Fig. 12. Initial and deformed boundary element meshes for the bolted joint with ten oversized bolts.
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those carried out with the dual boundary method. Note that the results given by the DBEM
are in good agreement with the experimental values.

8. Conclusions

In this paper, the Dual Boundary Element Method is applied to the incremental linear
elastic analysis of the crack-extension in bolted joints. For each increment of the crack
extension, a stress analysis of the structure is carried out and the SIF are evaluated from the
crack opening displacement at collocation points of the singular elements. This basic
computational cycle is repeated for each crack extension in the direction determined by the
maximum principal stress criterion. Furthermore, the analysis of two-dimensional elastic
contact problems is developed with an iterative procedure. The contact equations are written
explicitly with both tractions and displacements retained as unknowns.
The computed results show that the proposed approach for SIF evaluation is simple,

produces very accurate solutions and has little dependence on the size of the elements near the
crack tip. The algorithm is applied to several two-dimensional examples and the results
obtained are in very good agreement with analytical solutions and experimental results carried
out at the AEROSPATIALE Research Centre.
This simple and accurate SIF evaluation approach can also be used for dynamic crack

problems and for the prediction of multiple crack linkup.

Fig. 13. Variation of normalized SIF with crack lengths.
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