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a b s t r a c t

In-plane crack analysis of functionally graded piezoelectric solids under time-harmonic
loading is performed by using a non-hypersingular traction based boundary integral equa-
tion method (BIEM). The material parameters are assumed to vary quadratically with both
spatial variables. A frequency dependent fundamental solution, as well as its derivatives
and asymptotic expressions, is derived in closed-form by using an appropriate algebraic
transformation for the displacement vector and the Radon transform. Numerical results
for the stress intensity factors (SIFs) are discussed for different examples. The accuracy
of the presented method is checked by comparison with available results from the litera-
ture. Investigated are the effects of the inhomogeneity parameters, the frequency of the
applied electromechanical load and the geometry of the crack scenario on the K-factors.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Piezoelectric functionally graded materials (FGMs) are composites with continuously varying properties that have signif-
icant advantages over discretely layered materials. The most used piezoelectric devices as bimorphs and monomorphs usu-
ally consist of two long and thin piezoelectric elements, which are bonded along their long faces by adhesive epoxy resin, and
suitable covered with electrodes. The well-known drawback is that the bonding agent may crack during the fabrication pro-
cess or in-service loading conditions. The advantage of using devices made of FGMs or its usage as a transit layer instead of
the bonding agent is that failure from internal debonding or from stress peaks in conventional bimorphs can be avoided. The
gradual variation of material properties in piezoelectric is quite effective to decrease the thermal and residual stresses and to
increase the bonding strength and toughness. In principle, by controlling the material gradation during the manufacturing
process, the desired electromechanical response may be attained. The special feature of graded spatial compositions provides
some freedom in the design of novel smart structures.

On the other hand, FGMs are challenging regarding modeling and numerical simulation of their inhomogeneous struc-
ture. The mathematical background of models describing the mechanical behavior of these materials involves the solution
of partial differential equations with spatially varying coefficients. The number of works devoted to dynamically loaded
cracks in inhomogeneous piezoelectric materials is rather small. Most of them are focused on the anti-plane case, see Li
and Weng [1], Wang and Zhang [2], Ma et al. [3,4], Rangelov et al. [5], Ding and Li [6], Chue and Ou [7], Keqiang et al. [8],
Chen et al. [9]. The method used therein is mainly the singular integral equation method. There are only a few papers dealing
. All rights reserved.
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Nomenclature

a inhomogeneity parameter (Section 2)
c half crack length (Section 5.1)
CiJKl generalized stiffness tensor (Section 2)

C0
iJKl generalized stiffness tensor of the reference material (Section 2)

d dimensionless magnitude (Section 5.2)
Di electric displacement’s components (Section 2)
eij piezoelectric coefficients (Section 2)
Ei electric field’s components (Section 2)
G piezoelectric solid (Section 2)
hðxÞ inhomogeneity function (Section 2)
K K-factor, stress intensity factor (Section 1)
KI mode 1 stress intensity factor (Section 5.1, Eq. (15))
KII mode 2 stress intensity factor (Section 5.1, Eq. (15))
KIV mode 4 stress intensity factor (Section 5.1, Eq. (15))
KD KIV , electric displacement intensity factor (Section 5.1)
KE electric field intensity factor (Section 5.1, Eq. (16))
S boundary of the piezoelectric solid G (Section 2)
Scr crack’s line (Section 2)
tJ generalized traction’s components (Section 2)
uJ generalized displacement’s components (Section 2)
u�KM components of the fundamental solution of Eq. (8) (Section 3)
U�KM components of the fundamental solution of Eq. (10) (Section 3)
lj length of the j-th boundary element (Section 5.2)
sKl generalized strain (Section 2)
r magnitude of the inhomogeneity gradient (Section 2)
a direction of the inhomogeneity gradient (Section 2)
d Dirak’s distribution (Section 3, Eq. (8))
dJK Kroneker simbol (Section 3, Eq. (8))
DuJ generalized crack opening displacement(Section 4, Eq. (14))
eii dielectric coefficients (Section 2)
u orthotropy ratio (Section 5.2)
/ electric potential (Section 2)
x frequency of the electromechanical loading (Section 2)
X normalized frequency (Section 5.2)
q mass density (Section 2, Eq. (1))
rlJ generalized stress (Section 2)
r�lJM stress of the fundamental solution (Section 3)

Acronyms
BIEM boundary integral equation method (Section 1)
BIE boundary integral equation (Section 1)
BVP boundary-value problem (Section 1)
COD crack opening displacement (Section 4)
GaN gallium nitrate (Section 1)
FGM functionally graded material (Section 1)
SIF stress intensity factor (Section 1)
2D two-dimensional (Section 1)
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with the respective in-plane case. The dynamic piezoelectric Mode-I problem is treated in Chen et al. [10] where the material
properties are assumed to vary continuously only along one coordinate axis. Using the singular integral equation method the
influence of the inhomogeneity on the K-factors for an impact loading is studied. In Chen and Liu [11] crack interaction is
investigated based on the same method. The dynamic response of an exponentially graded piezoelectric finite plate contain-
ing a crack perpendicular to the free boundaries under the action of normal impact is considered in Ueda [12]. The same
author in [13,14] studied the problem of a finite crack in a graded piezoelectric strip by using the singular integral equation
method after applying integral transform technique. As an alternative numerical tool the meshless formulation in recent
years has been successfully applied to homogeneous and inhomogeneous piezoelectric problems, see Sladek et al. [15–
17]. In Sladek et al. [16] this method is used for the solution of central and edge crack problems in strips subjected to pure
static mechanical and/or electrical loads. The same configurations under Heaviside impact loadings are solved in Sladek et al.
[17] for impermeable and permeable cracks.
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The BIEM has well-known advantages for the solution of linear problems in fracture mechanics. At the same time the di-
rect application of the BIEM to crack problems leads to degeneration and then other computational techniques of this meth-
od are developed (see Chen and Hong [18], Aliabadi [19]), such as: (a) the multi-domain method [19], introducing artificial
boundaries into the body by connecting the crack to the boundary in such a way so that each region contains a crack surface;
(b) the non-hypersingular traction based BIEM derived by using the two-state conservation law of elastodynamic in its inte-
gral form [20]; (c) the dual boundary element method based on the dual integral equations in a general formulation which
incorporates the displacement and traction BIEs, see Hong and Chen [18,21]. The application of the BIEM to dynamic prob-
lems in inhomogeneous piezoelectric solids meets serious difficulties because the method requires the fundamental solution
for the corresponding FGM. In general, partial differential equations with variable coefficients do not possess explicit funda-
mental solutions that can easily be implemented in the existed BIEM software. This prevents the reduction of a boundary-
value problem (BVP) to a system of boundary integral equations (BIE) which can be treated by standard numerical quadra-
ture techniques. The key role of the fundamental solution in a BIEM formulation is to reduce a given BVP into a system of BIE
by using the reciprocal theorem. For this reason the representation of the fundamental solutions in analytical form is so
important. In elastodynamics, the following ways have been proposed to obtain BIEM solutions for inhomogeneous elastic
continua: (i) Use of available fundamental solutions for homogeneous material, see Manolis and Shaw [22]. Here, by apply-
ing suitable algebraic transformations the partial differential equation with variable coefficients is reduced to one with con-
stant coefficients. (ii) Use of the dual-reciprocity BIEM based on the fundamental solution for the homogeneous case, see
Park and Ang [23] and Ang et al. [24]. Fundamental solutions for restricted cases of quadratic and exponential inhomoge-
neous piezoelectric material have been derived in Rangelov and Dineva [25] by using an appropriate algebraic transforma-
tion and the properties of the Radon transform.

The literature review shows that there exist only a few results for dynamic in-plane crack problems in inhomogeneous
piezoelectric solids. To the authors best knowledge the 2D problem for a crack in a functionally graded piezoelectric solid
under time-harmonic mechanical and electrical loading has not been solved up to now.

The aim of the present work is to develop a non-hypersingular traction BIEM for SIFs computation of in-plane cracked
functionally graded piezoelectric materials based on the frequency dependent fundamental solution. The applicability of
the method is demonstrated by numerical examples for the GaN piezoelectric material. This paper is an extension of our ef-
forts in [5] where we consider anti-plane cracked piezoelectric solids. Both papers aim to show that stress concentration
fields near the crack-tips in piezoelectric solids depend not only on different factors discussed separately in each of the
two works, but also depend on the polarization phenomenon which is extremely significant in the areas of the smart struc-
tures and multifunctional materials.

The paper is organized as follows: The problem formulation for a cracked finite piezoelectric solid is given in Section 2.
The fundamental solution for a quadratic type of inhomogeneity is described in Section 3. The non-hypersingular traction
based BIEM is solved in Section 4. A series of numerical results for different examples is presented in Section 5, followed
by a discussion and some conclusions in Section 6.

2. Formulation of the boundary-value problem

Consider the 2D problem of a finite inhomogeneous piezoelectric solid G with a smooth boundary S and an internal crack
– an open arc Scr , subjected to time-harmonic with a prescribed frequency x electromechanical loading, see Fig. 1. Let the
poling direction coincides with the x3-axis of the coordinate system and assume plane-strain conditions in the x1; x3-plane.
The mechanical and electrical loading is assumed to be such that the only non-zero field quantities are the displacement ui,
the stress rij, the electric field Ei and the electric displacement Di, where i; j ¼ 1;3. In this case the governing equations in the
absence of volume forces consist of the mechanical and electrical balance equations in the frequency domain
rij;i þ qx2uj ¼ 0; Di;i ¼ 0; ð1Þ
the strain-displacement and electric field-potential relations
sij ¼
1
2
ðui;j þ uj:;iÞ; Ei ¼ �/;i ð2Þ
and the constitutive equations
r11 ¼ c11u1;1 þ c13u3;3 þ e31/;1

r33 ¼ c13u1;1 þ c33u3;3 þ e33/;3

r13 ¼ c44u1;3 þ c44u3;1 þ e15/;3

D1 ¼ e15u1;3 þ e15u3;1 � e11/;1

D3 ¼ e31u1;1 þ e33u3;3 � e33/;3

ð3Þ
Here /; sij and q are the electric potential, the strain tensor and the mass density, respectively. Subscript commas denote
partial differentiation and the summation convention over repeated indices is invoked. The material tensor consists of the
elastic stiffnesses c11; c33; c44; c13, the piezoelectric constants e31; e33; e15 and the dielectric constants e11; e33. Using the Voigt



Fig. 1. Cracked inhomogeneous finite piezoelectric solid.
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notation where uK ¼ ðu1;u3;/Þ; sKl ¼ ðs11; s33;2s13; E1; E3Þ;rlK ¼ ðr11;r33;r13;D1;D3Þ; tJ ¼ riJni are the generalized displace-
ment, strain, stress, traction and ni is the outer normal vector to the boundary, respectively, Eqs. (1)–(3) can be written in
the compact form
riJ;i þ qJKx
2uK ¼ 0; ð4Þ
where
riJ ¼ CiJKluK;l ¼ CiJKlsKl and qJK ¼
q; J;K ¼ 1;3;
0; J ¼ 4 or K ¼ 4:

�
ð5Þ
Here, the generalized stiffness tensor is given by
C ¼
c e
e0 �e

� �
; c ¼

c11 c13 0
c13 c33 0
0 0 c44

0
B@

1
CA; e ¼

0 e31

0 e33

e15 0

0
B@

1
CA; e ¼

e11 0
0 e33

� �
:

where e0 is the transpose matrix to the matrix e. The matrices C and e are assumed to be positive definite in order to ensure
the thermodynamical based necessary condition of a stable piezoelectric material, see Dieulesaint and Royer [26].

We assume that the mass density and the material parameters vary in the same manner with x ¼ ðx1; x3Þ, i.e. there exists a
function hðxÞ ¼ ða1x1 þ a3x3 þ 1Þ2;hðxÞ > 0 in G, such that CiJKlðxÞ ¼ C0

iJKlhðxÞ and qJKðxÞ ¼ q0
JK hðxÞ. The constant vector

a ¼ ða1; a3Þ is such that G
T
fðx1; x3Þ : a1x1 þ a3x3 þ 1 ¼ 0g ¼ ;. The main inhomogeneity parameter, the vector a can be writ-

ten in polar coordinates as a ¼ ðr cos a; r sin aÞ, where a 2 ½0;p� and r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2

1 þ a2
3

q
are the direction and the magnitude of the

inhomogeneity gradient. Furthermore, regarding the reference material tensor, the following restrictions are assumed:
c0
13 ¼ c0

44 and e0
31 ¼ e0

15 ð6Þ
These equalities are approximately fulfilled for example for the piezoelectric material GaN, see Bykhovski et al. [27] and Lev-
inshtein et al. [28].

The problem statement is completed by the boundary conditions. They are given on the outer boundary S by a prescribed
displacement �uJ on the part of the boundary Su and a prescribed traction �tJ on the complementary part Su; S ¼ Su

S
St ;

Su
T

St ¼ ;. The finite crack Scr here is assumed to be impermeable and mechanical traction free:
uJjSu
¼ �uJ ; tJjSt

¼ �tJ ; tJ jScr
¼ 0; ð7Þ
but also other crack boundary conditions could have been used.
Our aim is to solve the BVP (4) and (7) via a validated BIEM. For this purpose, using an appropriate fundamental solution,

the BVP must be formulated as an equivalent integrodifferential equation on the crack surface Scr and the solid’s surface S.

3. Inhomogeneity and fundamental solution

The fundamental solution of Eq. (4) is defined as solution of the equation
r�iJM;i þ qJKx
2u�KM ¼ �dJMdðx� nÞ ð8Þ



Fig. 2. Inhomogeneous rectangular plate (a), discretization (b).
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where r�iJM ¼ CiJKlu�KM;l; x ¼ ðx1; x3Þ; n ¼ ðn1; n3Þ; d is Dirac’s distribution and dJM the Kronecker symbol. The fundamental solu-
tion is derived in three steps, see Rangelov and Dineva [25]. First, by a suitable change of functions, Eq. (8) is transformed into
an equation with constant coefficients. In the second step, Radon transform is applied. The system of differential equations
then is decoupled via linear algebra tools. The third step is to apply the inverse Radon transform and to find the fundamental
solution.

Applying the smooth transformation of u�KM in G as
u�KM ¼ h�1=2U�KM ð9Þ
Eq. (8) becomes an equation for U�KM with constant coefficients. Indeed,
r�iJM;i þ qJKx
2u�KM ¼ h1=2fC0

iJKl½U
�
KM;il þ h�1=2ðh1=2

;i U�KM;l � h1=2
;l U�KM;i � h1=2

;il U�KMÞ� þ q0
JKx

2U�KMg ¼ h1=2½C0
iJKlU

�
KM;il þ q0

JKx
2U�KM�
since h1=2
;il ¼ 0 and due to restriction (6), C0

iJKlðh
1=2
;i U�KM;l � h1=2

;l U�KM;iÞ ¼ 0 is satisfied. Dividing (8) by h1=2 and having in mind that
h�1=2ðxÞdðx; nÞ ¼ h�1=2ðnÞdðx; nÞ we obtain
½MJKð@Þ þ CJK �U�KM ¼ �h�1=2ðnÞdJMdðx� nÞ; ðx; nÞ 2 G� G ð10Þ
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where MJKð@Þ ¼ C0
iJKl@i@ l;CJK ¼ q0

JKx2. Eq. (10) represents three systems of linear partial differential equations of second order
with constant coefficients. Applying Radon transform, see Zayed [29], to both sides of Eq. (10), solving the obtained system of
ordinary differential equations and applying the inverse Radon transform a fundamental solution of Eq. (8) in the form
u�JK ¼ h�1=2ðnÞh�1=2ðxÞU�0JK ð11Þ
is derived where U�0JK is the fundamental solution for the homogeneous case, see Gross et al. [30]. The stress, associated to the
fundamental solution, is
r�iJM ¼ CiJKl½h�1=2
;l ðnÞh�1=2ðxÞU�0KM þ h�1=2ðxÞh�1=2ðnÞU�0KM;l� ð12Þ
The representations (11) and (12) for the fundamental solution and the associated stress show their dependence on the
mechanical properties of the reference material, on the location and distance between the source and observation point,
on the frequency of the applied load and on the inhomogeneity function and it’s derivatives. Using the properties of the sine
and cosine integral functions for small arguments and the properties of the function h, the asymptotic behavior of (11) and
(12) for x! n is given by
u�as
JK ¼ h�1ðnÞbJK ln jx� nj;

r�as
iJM ¼ h�1=2ðnÞh;lðnÞpiJMl ln jx� nj þ qiJM

1
jx� nj

ð13Þ
where bJK ; piJMl and qiJM depend on the elastic, dielectric, piezoelectric constants and the density, but not on the frequency.
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4. Non-hypersingular traction BIEM

Following the method of Zhang and Gross [20] for homogeneous elastic isotropic materials, Wang and Zhang [2] and
Gross et al. [31] for homogeneous piezoelectric materials, the non-hypersingular BIE formulation on the boundaries
S
S

Scr is derived. For the considered linear BVP, Eqs. (4) and (7) the superposition principle is valid, see [32,33] and the
displacement and traction are written as uJ ¼ u0

J þ uc
J ; tJ ¼ t0

J þ tc
J . Here u0

J ; t
0
J are the fields due to the external load on

the boundary S of the crack free body, while the fields uc
J ; t

c
J are induced by the load tc

J ¼ �t0
J on the crack Scr with zero bound-

ary conditions on the boundary S. Using the representation formula for the generalized displacement gradients uK;l and
taking the limit x! S

S
Scr the following system of non-hypersingular traction BIEs for the posed problem is obtained:
1
2

t0
J ðxÞ ¼ CiJKlðxÞniðxÞ

Z
S
½ðr�gPKðx; yÞu0

P;gðyÞ � qQPx
2u�QKðx; yÞu0

PðyÞÞdkl � r�kPKðx; yÞu0
P;lðyÞ�nkdS

� CiJKlðxÞniðxÞ
Z

S
u�PK;lðx; yÞt0

PðyÞdS; x 2 S;

tJðxÞ ¼ CiJKlðxÞniðxÞ
Z

Sþcr

½ðr�gPKðx; yÞDuc
P;gðyÞ � qQPx

2u�QKðx; yÞDuc
PðyÞÞdkl � r�kPKðx; yÞDuc

P;lðyÞ�nkðyÞdScr

þ CiJKlðxÞniðxÞ
Z

S
½ðr�gPKðx; yÞuc

P;gðyÞ � qQPx
2u�QKðx; yÞuc

PðyÞÞdkl � r�kPKðx; yÞuc
P;lðyÞ�nkdS

� CiJKlðxÞniðxÞ
Z

S
u�PK;lðx; yÞtc

PðyÞdS; x 2 S [ Scr

ð14Þ
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Fig. 8. Normalized SIFs versus normalized frequency X at the right crack-tip for a piezoelectric inhomogeneous plate. (a) KI , (b) KII , (c) KE .
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where
tJ ¼
tc

J =2 on S

�t0
J on Scr

(

and Duc
J ¼ uc

J jSþcr
� uc

J jS�cr
is the generalized crack opening displacement (COD). Furthermore, x ¼ ðx1; x3Þ and y ¼ ðy1; y3Þ denote

the position vector of the observation point and source point, respectively. Eq. (14) constitute an system of integrodifferen-
tial equations for the unknowns Duc

J on Scr and u0
J ;u

c
J ; t

c
J on S. From its solution the generalized displacement uJ and traction tJ

at each internal point can be determined by using the corresponding representation formulae.

5. Numerical results

5.1. Solution procedure

The solution procedure follows the numerical algorithm developed and validated in Gross et al. [31] for the equivalent
homogeneous piezoelectric problem. The boundaries S and Scr are discretized by quadratic shape functions away from the
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crack-tip and special crack-tip quarter-point element near the crack-tip to model the correct asymptotic behavior of the dis-
placement and traction. Applying the shifted point scheme, the singular integrals converge in Cauchy Principle Value sense,
since the smoothness requirements DuJ 2 C1þaðScrÞ;uJ 2 C1þaðSÞ and tJ 2 CaðSÞ;a < 1 in the approximation are fulfilled, see
Rangelov et al. [34].The regular integrals are computed employing Gaussian quadrature for one-dimensional integrals and
Monte Carlo integration for two-dimensional integrals. All singular integrals are solved analytically in a small neighborhood
of the observation point, utilizing the asymptotics of the fundamental solution for a small argument.

After the discretization procedure an algebraic system of equations is obtained and numerically solved. For this purpose, a
FORTRAN code has been developed. Knowing the tractions, the generalized dynamic SIFs at the tips are calculated, see Suo
et al. [35]. For example, in case of a straight crack along the interval ð�c; cÞ on the x1-axis, the respective formulae are given
by
KI ¼ lim
x1!�c

t3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðx1 � cÞ

p
;

KII ¼ lim
x1!�c

t1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðx1 � cÞ

p
; ð15Þ

KIV ¼ lim
x1!�c

t4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðx1 � cÞ

p
;

where tJ is the generalized traction at the point ðx1;0Þ close to the crack-tip. Regarding the electrical SIFs, the electric field SIF
KE is given by
KE ¼ lim
x1!�c

E3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðx1 � cÞ

p
; E3 ¼ ðc33t4 � e33t3Þðe33c33 þ e2

33Þ
�1 ð16Þ
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and the electric displacement SIF KD ¼ KIV can also be determined. Eqs. (15) and (16) are based on the fact that the stresses
and electric displacements at the crack-tip in functionally graded materials still exhibit a square-root singularity, see Kon-
dratiev [36].

5.2. Results

The numerical study aims to illustrate the sensitivity of the mechanical and electrical SIFs on the frequency of the applied
electromechanical load, on the direction and magnitude of the material gradient and on the geometry of the crack
configuration.

In all examples a straight crack of length 2c ¼ 5 mm is considered which is discretized by 7 boundary elements (BE), see
Fig. 2b. The numerical studies showed that this number is sufficient to achieve a satisfying accuracy within the considered
frequency range. The first and the last element are quarter-point quadratic BE while the remaining elements are ordinary qua-
dratic BE. Their lengths have been chosen as l1 ¼ l7 ¼ 0:375 mm;l2 ¼ l6 ¼ 0:5 mm;l3 ¼ l5 ¼ 1:0 mm;l4 ¼ 1:25 mm. As reference
piezoelectric material GaN (Gallium Nitride) is taken with the following properties (see Bykhovski et al. [27] and Levinshtein

et al. [28]): c0
11 ¼ 39:0� 1010 N=m2; c0

13 ¼ c0
44 ¼ 10:6�1010 N=m2;c0

33¼39:8�1010 N=m2;e0
31¼e0

15¼�0:3C=m2;e0
33¼0:65C=m2;

e0
11¼0:8407�10�10 C=Vm;e0

33¼0:9204�10�10 C=Vm;q0¼6:5�103 kg=m3.
The crack is centered in a rectangular plate with the dimensions 20 mm� 40 mm which is loaded by an uniform time-

harmonic electromechanical tension along the x3-axis at the opposite sides with amplitudes r0 ¼ 400� 106 N=m2 and

D0 ¼ 0:1 C=m2, see Fig. 2a and b. A normalized frequency is introduced through X ¼ cx
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q0=c0

44

q
, where x½1=s� is the angular
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frequency. The mechanical SIFs KI and KII are normalized by r0
ffiffiffiffiffiffi
pc
p

, while the electrical SIF KD is normalized by D0
ffiffiffiffiffiffi
pc
p

, and
the electric field SIF KE is normalized by jr0j

ffiffiffiffiffiffi
pc
p

=e33. A total number of 20 quadratic BE on the external boundary S have been
used, see Fig. 2b.

A detailed validation study of the proposed numerical scheme for the homogeneous crack problem in an infinite region
are presented in Gross et al. [30,31] and therefore is omitted here. For all examples the authors’ BIEM solutions showed a
very good agreement with the available results of Chirino and Dominguez [37], Ohyoshi [38] and Shindo and Ozawa [39].

For cracks in finite piezoelectric regions under time-harmonic loading no results, but the own authors’ results in Gross
et al. [31] are available up to now. However, a solution for a cracked anisotropic rectangular plate under time-harmonic load
has been published by Garcia-Sanchez et al. [40]. Fig. 3 shows a comparison of the authors BIEM results: (a) with results of
Chirino and Dominguez [37] for a homogeneous elastic isotropic material and (b) with results of Garcia-Sanchez et al. [40]
for a homogeneous elastic anisotropic Boron-epoxy (type I) composite with the following properties: Young’s moduli
E1 ¼ 224:06 GPa;E3 ¼ 12:69 GPa, shear modulus G13 ¼ 4:43 GPa and Poisson’s ratio m13 ¼ 0:256. It is observed a peak for
the normalized frequency around 0.3 which is considered as a resonance value of the SIF. The existence of this resonance
effect is described and discussed by several authors as for the isotropic cracked domains, see [37], so for the anisotropic
cracked domains, see [40]. As can be seen, the results are in excellent agreement, although very different computational
techniques are used in [37,40] and in the present investigation. To the author’s knowledge there are no available results
for SIF computation for finite cracked piezoelectric solids with quadratic inhomogeneity subjected to in-plane time-har-
monic mechanical and electrical load. Due to this reason the validation is based on the comparison of the author’s BIEM re-
sults with the results of other authors for the homogeneous case. Using the developed program code for inhomogeneous case
and replacing the inhomogeneity function hðxÞ with 1 we show the validation.

For the same homogeneous material, Fig. 4 shows BIEM results revealing the influence of the orthotropy ratio u ¼ E1=E3

on the SIFs. Here, the shear modulus has been defined as G13 ¼ E1=ðuþ 2m13 þ 1Þ, see Garcia-Sanchez et al. [41]. Fig. 4 shows
that with increasing u the resonance peak is shifted to lower frequencies and this effect is the same as those shown in [40].

Following Zhang et al. [32,42] the dimensionless magnitude d ¼ r:c and the direction a of the inhomogeneity gradient are
defined, where the magnitude of the inhomogeneity gradient r is defined in Section 2 and c is the half-length of the crack. In
Figs. 5–11 the inhomogeneity effects are evaluated with respect to d and a. First, by setting the piezoelectric constants of
GaN to zero, the purely elastic anisotropic case is studied. For an inhomogeneity direction perpendicular to the crack,
Fig. 5 shows the normalized KI versus frequency X for different inhomogeneity magnitude d. With increasing d the resonance
peak is shifted to lower frequencies. All further results are devoted to inhomogeneous piezoelectric materials.
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In Figs. 6 and 7a and b the SIFs at the right crack tip for different inhomogeneity magnitudes d and two different inho-
mogeneity directions (a ¼ p=2 and a ¼ p=9) are plotted. The following observations can be made: (a) Generally, the inho-
mogeneity effect is clearly visible. (b) The inhomogeneity effect is more pronounced for the electrical SIFs. (c) The FGM
with d ¼ 0:15 reduces the resonance amplitude, see Fig. 6a due to the material inhomogeneity. (d) A mode KII factor appears
under periodic uniaxial tension on account of the non-symmetry if the inhomogeneity direction is not perpendicular to the
crack plane. This effect has been investigated for general FGMs recently by Zhang et al. [32,42] and Dineva et al. [43]. It will
also be shown in the following examples where the external boundary has a minor influence on the complex wave field in-
side the solid and the inhomogeneity effects can be demonstrated more clear.

In the following examples, in order to decrease the disturbing wave reflection at the external boundary and to compare
the present results with those for a finite crack in an infinite plane, the edge-length W of the square plate with the crack is
taken sufficiently large, say W ¼ 7c, as in Sladek et al. [44]. Fig. 8 demonstrates the influence of the magnitude of the material
gradient d on KI;KII and KE in the case the material properties vary normal to the crack line, i.e. the direction of the material
gradient is a ¼ p=2. Figs. 9 and 10 show the same quantities but now for the inhomogeneity directions a ¼ p=4 and a ¼ p=9,
respectively. In Fig. 11, for the inhomogeneity direction a ¼ p=6 and two different d, the K-factors at the right and the left
crack tip are compared. It can be seen that, as could be expected, the difference between K factors at left and right crack-tips
increase with increasing inhomogeneity magnitude d.

Finally, in Fig. 12 the K-factors for the left crack-tip are depicted in dependence of the gradient direction a 2 ½p=9;p=2� at
the fixed frequency X ¼ 1 and gradient parameter d ¼ 0:08. For these parameters, the highest SIFs are obtained when the
direction of the material gradient is perpendicular to the crack. It shall be mentioned that this result cannot be generalized.

The numerical study clearly shows that the inhomogeneity has a strong influence on the SIFs, i.e. the dynamic stress con-
centration at the crack-tips. Because the dynamic crack tip field is a complex result of the influence of the different param-
eters like geometry, loading, electromechanical coupling, anisotropy strength, inhomogeneity strength and direction, the
picture is not as clear as in the simple uncoupled static case. The results demonstrate that the SIFs are sensitive to the direc-
tion and magnitude of the material inhomogeneity, depend on the frequency of the applied load and on the relation between
the magnitude of the gradient parameter and the crack size. The comparison of the results in Figs. 6 and 7 with those in Figs.
9–11 reveals the role of the reflected waves from the external boundaries of the finite piezoelectric solid and the influence of
the geometry of the crack scenario on the obtained dynamic stress concentration field. It is important to note that KII factor is
not zero in the inhomogeneous case under pure tension in contrast to the homogeneous case.
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6. Conclusion

Presented is an analytical methodology that derives the fundamental solutions for wave equations of a specific class of
inhomogeneous piezoelectric materials with quadratic variation of the material characteristics. The non-hypersingular trac-
tion based BIE formulation of the dynamic problem for a cracked finite inhomogeneous solid subjected to in-plane mechan-
ical and/or in-plane electrical load is presented. Using the derived fundamental solutions and accurate numerical procedure,
an efficient BIEM software is developed and validated. Numerical examples for SIF computation in cracked piezoelectric
functionally graded GaN materials and solids subjected to in-plane time-harmonic electromechanical loads are presented.
Conclusion from the simulations is that the coupled crack-tip field is sensitive to the magnitude and direction of the material
inhomogeneity gradient, to the frequency of the applied dynamic load, to the crack geometry and to the electromechanical
coupling. Finally, although the results obtained herein are for a restricted type of inhomogeneity, the proposed methodology
might be applicable for the solution of problems in non-destructive material testing and material science.
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