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a b s t r a c t

In this paper, a rigorous derivation for T-stress in line crack problem is presented. Similar to
the edge crack case, this paper provides the T-stress dependence on loading with the Dirac
delta function property.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

The T-stress evaluation was addressed by many researchers [1–3]. Most of studies were based on a semi-infinite crack
with loading on the crack face. However, some confusing statement was found. For example, it was said in [3] that: ‘‘Fett
[14] (now [14] becomes [1]) on the other hand lumped all nonsingular terms of Eq. (6) into the T term, which is obviously
not correct”. The present researcher found that the above-mentioned statement was incorrect. A perfect derivation for rel-
evant equation was suggested [4].

In the semi-infinite crack case, the T-stress dependence on loading with Dirac delta function property was pointed out by
Fett [1]. A perfect derivation for relevant equation was suggested recently [4]. However, no rigorous derivation for T-stress
for a line crack in infinite plate was addressed from the stress solution in front of a crack tip. In this paper, a rigorous der-
ivation for T-stress in line crack problem is presented. Similar to the edge crack case, this paper provides the T-stress depen-
dence on loading with the Dirac delta function property.

Some researchers studied the hypersingular integral equation from the formulation of the dual integral equations [5]. It
was pointed out that the integral equation based on the Somigliana identity is too slim to solve the general elastic crack
problems. The authors suggested an additional integral equation, or so-called dual integral equation. On the basis of dual
integral equation, a line crack problem was solved using the hypersingular integral equation. Recently, methods for evalu-
ating T-stress were summarized [6].

2. Nomenclatures used

To facilitate reading the article, the following nomenclatures are introduced.
rx, ry, rxy
. All rights reserved.
the stress components

/(z), U(z) = /0(z), x(z), X(z) = x 0(z)
 the complex potentials used in the representation of elastic field
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Fig. 1. (a) an edge crack and (b)
the mode I and II stress intensity factors

fij(h), gij(h) (i, j = 1, 2)
 the angular distribution functions for singular stresses

r
 the distance between a point and the crack tip

T, T1, T2
 the T-stresses

qc, pc
 two regular stresses at vicinity of crack tip

P(t) + iQ(t)
 the loadings applied on the crack face

I(s), I1(s), I2(s), J(s)
 some intermediate integrals

F, Px, Py
 some concentrated forces

i
 a unit imaginary value
3. Analysis

In the complex variable function method of plane elasticity, the stresses (rx, ry, rxy) are expressed in terms of the complex
potentials /(z) and x(z) such that [7]
rx � ry þ 2irxy ¼ 2ðUðzÞ � ðz� �zÞU0ðzÞ �Xð�zÞÞ ð1Þ
rx þ irxy ¼ UðzÞ þ 2UðzÞ � ðz� �zÞU0ðzÞ �Xð�zÞ ð2Þ
where U(z) = /0(z), X(z) = x0(z), a bar over a function denotes the conjugated value for the function.
The stress distribution near a crack tip under the traction free crack face was early investigated by Williams [8]. A little

modification for the Williams expansion is suggested below. It is assumed that the crack face has the following loadings
(Fig. 1a)
rþy ¼ r�y ¼ pc; rþxy ¼ r�xy ¼ qc ð3Þ
From Williams expansion, the stresses at the crack tip area can be expressed as
rx rxy

rxy ry

� �
¼ K Iffiffiffiffiffiffiffiffiffi

2pr
p f11ðhÞ f12ðhÞ

f12ðhÞ f22ðhÞ

� �
þ K IIffiffiffiffiffiffiffiffiffi

2pr
p

g11ðhÞ g12ðhÞ
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� �
þ

T qc

qc pc

� �
ð4Þ
where the first two terms in the expansion form are singular at the crack tip, KI, KII denote the mode I and mode II stress
intensity factors, respectively, and the functions fij(h), gij(h) represent the angular distributions of the crack tip stresses. In
Eq. (4), the third term is finite and bounded. The term T is denoted as the T-stress and can be regarded as the stress acting
parallel to the crack flanks. In Eq. (4) the term O(r1/2) has been neglected for clarity. In addition, the angular distribution can
be expressed as [8]
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From Eqs. (1)–(6), we will find two ways to define the T-stress. In the first way, substituting r = s and h = 0 in Eqs. (4), (5) and
(6) yields
)t(Pyy =σ=σ −+ )t(Qxyxy =σ=σ −+
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a line crack in an infinite plate.
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T ¼ lim
s!0
ðrx � ryÞ þ pc ð7Þ
From Eq. (7) we see that, in order to evaluate the T-stress, one must evaluate the stress components rx and ry at the position
x > s, y = 0.

In the second way, substituting r = s and h = 0 in Eqs. (4), (5) and (6) yields
T ¼ lim
s!0

rx �
K Iffiffiffiffiffiffiffiffiffi
2ps
p

� �
ð8Þ
From Eq. (8) we see that, in order to evaluate the T-stress, one must evaluate the stress components rx at the position x > s,
y = 0 and the KI value in the problem.

In a semi-infinite crack, the rx(s) component and the KI value in Eq. (8) have been derived in an explicit form [9]. However,
in the line crack, the rx(s) component and the KI value in Eq. (8) must be different with those in the semi-infinite crack.
Therefore, we consider the boundary value problem shown by Fig. 1b. In the problem, the crack face has the following
loading
ðry þ rxyÞþ ¼ ðry þ rxyÞ� ¼ PðtÞ þ iQðtÞ; ðjtj 6 aÞ ð9Þ
where the superscript + (�) denotes the upper (lower) edge of crack, respectively.
After some manipulations, the relevant solution for the complex potentials was obtained previously [9]
UðzÞ ¼ XðzÞ ¼ 1
2pXðzÞ

Z a

�a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � t2
p

ðPðtÞ � iQðtÞÞdt
t � z

ð10Þ
where the function X(z) is defined by
XðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � a2
p

; ðtaking the branch lim
z!1

XðzÞ=z ¼ 1Þ ð11Þ
Let us evaluate the T-stress at the right cark tip. In a point (x = a + s, y = 0, or z = a + s + i0) in the front position of the crack
tip, we have XðzÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2aþ sÞs

p
. Therefore, at that point the complex potential can be expressed as follows
UðzÞ ¼ XðzÞ ¼ 1
2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2aþ sÞs

p Z a

�a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � t2
p

ðPðtÞ � iQðtÞÞdt
t � ðaþ sÞ ; ðat z ¼ aþ sþ i0ÞÞ ð12Þ
From Eqs. (1) and (12) (nowz ¼ �z), we will find
rx � ry ¼ 2ReðUðzÞ �XðzÞÞ ¼ 0; ðat z ¼ aþ sþ i0ÞÞ ð13Þ
Substituting Eq. (13) into (7), and substituting pc in Eq. (7) by P(a) yields
T ¼ PðaÞ ð14Þ
In addition, we try to evaluate the T-stress at the right crack tip from Eq. (8). From Eq. (2) and (12) (now z ¼ �z), we will find
rx ¼ 2ReUðzÞ ¼ � 1
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2aþ sÞs

p Z a

�a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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p

PðtÞdt
a� t þ s

; ðat z ¼ aþ sþ i0ÞÞ ð15Þ
Previously, we have the following stress intensity factor solution [9]
K I ¼ �
1ffiffiffiffiffiffi
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p
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By using Eqs. (8), (15) and (16), the T-stress can be evaluated by
T ¼ lim
s!0

rx �
KIffiffiffiffiffiffiffiffiffi
2ps
p

� �
¼ 1

p
lim
s!0

IðsÞ ð17Þ
where
IðsÞ ¼ 1ffiffi
s
p

Z a

�a

1ffiffiffiffiffiffi
2a
p
ða� tÞ

� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2aþ s
p

ða� t þ sÞ

 ! ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � t2

p
PðtÞdt ð18Þ
The integral I(s) may be decomposed into
IðsÞ ¼ I1ðsÞ þ I2ðsÞ ð19Þ
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where
Fig. 2.
at pros
crack.
I1ðsÞ ¼
1ffiffi

s
p
Z a

�a

1ffiffiffiffiffiffi
2a
p
ða� t þ sÞ

� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2aþ s
p

ða� t þ sÞ

 ! ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � t2

p
PðtÞdt ð20Þ

I2ðsÞ ¼
1ffiffi

s
p
Z a

�a

1ffiffiffiffiffiffi
2a
p
ða� tÞ

� 1ffiffiffiffiffiffi
2a
p
ða� t þ sÞ

 ! ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � t2

p
PðtÞdt ð21Þ
The integral I1(s) can be rewritten as
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Therefore, we have
lim
s!0

I1ðsÞ ¼ 0 ð23Þ
The integral I2(s) can be rewritten as
I2ðsÞ ¼
Z a

�a

ffiffi
s
pffiffiffiffiffiffi

2a
p ffiffiffiffiffiffiffiffiffiffiffi

a� t
p

ða� t þ sÞ

 ! ffiffiffiffiffiffiffiffiffiffiffi
aþ t
p

PðtÞdt ð24Þ
After making a substitution t1 = a - t, the integral can be reduced to
I2ðsÞ ¼
Z 2a

0

ffiffi
s
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2a
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t1
p
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Previously, an integral is defined as follows [3,4]
JðsÞ ¼
Z h

0

ffiffi
s
pffiffiffi

u
p
ðuþ sÞ

� �
f ðuÞdu ð26Þ
where ‘‘h” is any positive value, and f(u) is any continuous function. In addition, It has been proved that [4]
lim
s!0

JðsÞ ¼ pf ð0Þ ð27Þ
Therefore, from Eqs. (25), (26) and (27), we will find
lim
s!0

I2ðsÞ ¼ pPðaÞ ð28Þ
Finally, from Eqs. (17), (19), (23) and (28), we have
T ¼ PðaÞ ð29Þ
Same result was obtained in Eq. (14) previously. Eq. (29) means that the T-stress dependence on the applied loading pos-
sesses a property of the Dirac delta function.

One example for the usage of suggested equation is introduced below. A line crack in an infinite plate is applied by the
concentrated forces (Px,Py) at the point zo. In this case, the original problem shown by Fig. 2a can be considered a superpo-
sition of the basic field and the perturbation field, shown by Fig. 2b and c, respectively.

The T-stress at the right crack tip in the original problem can be expressed as
yP yP

oz xP xP

1T   +                 2T

o x

     2a                

y

T

o x

2a

(a)     (c)                

        Same in magnitude and       

=

o x
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opposite in direction                

A line crack with the concentrated force loading applied at the point zo, (a) the original field, (b) the basic field, T1 from continuous distribution of rx

pective site of crack tip (no crack), (c) the perturbation field, T2 equivalent to a value extracted from singular distribution of rx in front position of
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T ¼ T1 þ T2 ð30Þ
The component T1 is derived form the basic field shown by Fig. 2b, and he component T2 is derived form the perturbation
field shown by Fig. 2c.

In the basic field, the rx component along the real axis can be obtained as follows [7]
rx ¼ Re½2UðtÞ � tU0ðtÞ �WðtÞ�; ðt — realÞ ð31Þ
where
UðzÞ ¼ F
z� zo

; WðzÞ ¼ � jF
z� zo

þ
�zoF

ðz� zoÞ2
ð32Þ

F ¼ � Px þ iPy

2pðjþ 1Þ ; j ¼ 3� 4m ðm — Poisson0sratioÞ ð33Þ
Thus, the T1 value can be evaluated immediately
T1 ¼ Re½2UðtÞ � tU0ðtÞ �WðtÞ�jt¼a ð34Þ
In Eq. (34), T1 is from continuous distribution of rx at prospective site of crack tip (no crack).
In the perturbation field, the applied boundary tractions are the same in magnitude and opposite in direction with those

in the basic field. This portion is easy to evaluate, which is as follows [7]
ry þ irxy ¼ PðtÞ þ iQðtÞ ¼ �2ReUðtÞ � tU0ðtÞ �WðtÞ; jtj 6 a ð35Þ
Therefore, from Eq. (29), we have
T2 ¼ PðaÞ ¼ Re½�2UðtÞ � tU0ðtÞ �WðtÞ�jt¼a ð36Þ
In Eq. (36), T2 is equivalent to a value which is extracted from singular distribution of rx in front position of crack [6].
Finally, from Eqs. (34) and (36), the final result for T-stress is obtained
T ¼ T1 þ T2 ¼ 2Re
jF

a� �zo
þ ða�

�zoÞF
ða� zoÞ2

 !
ð37Þ
The result shown by Eq. (37) was obtained by using quite different method [2]. Clearly, this result can prove the correctness
of the suggested method from other side.

If Px = 0, Py = poa and zo = ih, or a concentrated force applied at a point of y-axis, we will find
T ¼ � poa
2pðjþ 1Þ

jh

a2 þ h2 þ
h3 � 3a2h

ða2 þ h2Þ2

 !
ð38Þ
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