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Abstract

A new traction boundary integral equation is presented for analyzing the interaction effect of any number of collinear
interface cracks in a two-dimensional bimaterial. The dislocation densities on every crack surface are expressed in the pro-
ducts of the characteristic terms and the weight functions, and the unknown weight functions are approximated using the
moving least-squares technique based on the constructed orthogonal basis functions. An efficient numerical integral
method is employed to evaluate the Cauchy principal integrals that appear in the meshless method. The boundary
element-free method is established, and a series of numerical results is presented. The interaction between the collinear
interfacial cracks is analyzed.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

The analysis of interface crack problems is very significant for the study of modern composite structures.
Although the stress field around the crack tip has better studied by many researchers [1–6], analytical solutions
are not available for collinear interface crack problems with the exception of the case of periodic interface
cracks [2]. Systematical numerical results are also difficult to find in the current literatures. A relatively com-
plete work is that of Noda and Oda [7] where the crack opening displacements are expressed as the products of
the fundamental density functions and weight functions, and the weight functions are approximated using
polynomials. The interaction effect of any number of collinear interface cracks is then numerically analyzed
with the hyper-singular integral equations.

Boundary numerical methods, such as the boundary collocation method and the boundary element
method, show particular merit in their application to crack problems. In general, the displacement boundary
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integral equation (BIE) can only be used in some simple cases because the geometrical overlapping of the
upper and lower surfaces of the crack leads to an indeterminacy of the traditional displacement BIE. More-
over, the kernels of the traction BIE involve hyper-singular terms and the evaluation of singular integrals is
arduous. Furthermore, appropriate approaches must also be adopted when the traction BIE is applied to the
cracked bodies. For example, in the dual BEM [8,9], the displacement integral equation is applied to the out-
side boundary and to one side of the crack surface, and the traction integral equation is applied to the other
side of the crack surface. Recently, Wang and Chau [10,11] derived a new integral equation for two-dimen-
sional isotropic media by applying integration by parts and other techniques. Although the displacement den-
sity and the dislocation density are induced into the equation, the new integral equation seems to be simpler
and more complete. In this study, the formulations of Wang and Chau [10,11] are directly employed on a two-
dimensional bimaterial with the interface cracks, and a new traction boundary integral equation is obtained.

It is well known that the interfacial crack tip field has an oscillatory character [1–4] which brings a large
difficulty to the numerical computation. In many works [12–14], the oscillatory terms are directly neglected.
In another works [7,15], researchers express the displacement differences as the products of the fundamental
density functions and the weight functions. In this study, the oscillatory character is considered and the similar
weight functions that are related to the dislocation densities are approximated using a more flexible and effi-
cient method: the moving least-squares (MLS) approximation.

The MLS approximation is a new technique for modeling unknown variables, and it has some new merits in
comparison to other interpolation methods. It has been combined with the finite element method to form
meshless methods in many papers, and one review paper [16] provides a good summary. Recently, it has also
been combined with the boundary element method [17–19]. In the boundary meshless method, a possible
problem is that the singular ill-condition appears in some cases. Another problem arises because the MLS
shape functions lack the delta function property of conventional shape functions, and the nodal parameters
are not the real nodal quantities of the corresponding variables. Hence, other approaches are needed to impose
the boundary conditions [17,18]. Similar to [19], the orthogonal MLS basis is used in this study. This technique
directly avoids the appearance of the ill-condition, and it can be better used to the boundary meshless method.
Moreover, in the meshless method, the shape functions can only be digitally computed, and a suitable numer-
ical method to evaluate the singular integrals must be employed. We test an efficient method by Torino [20]
and use it to evaluate the Cauchy singular integrals.

The main purpose of this paper is to present a more efficient and precise method with which to analyze the
interaction between collinear interface cracks. A series of numerical results are given, and some significant
phenomena are discussed. The results should provide a valuable reference for the related analyses.
2. Boundary integral equation

Applying integration by parts and some other techniques, Chau and Wang [10] derived a new integral
equation for 2-D isotropic media. In this section, that equation is directly employed on a 2-D bimaterial with
interface cracks, and a new traction integral equation is obtained.
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Fig. 1. A set of collinear cracks situated on the interface of a two-dimensional biomaterial; the crack surfaces are applied to arbitrary
tractions.
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As shown in Fig. 1, we consider two half planes that are perfectly bonded along the interface except for the
crack surfaces C ¼

Sn
i¼1Ci. Assume that the upper and lower surfaces of the cracks are applied to arbitrary

loads. Applying Eq. (20) of Chau and Wang [10] to the upper half plane (noting that no crack is inside the
single half plane), we have:
sðx;þ0Þ ¼ 2

p

Z þ1

�1

A1u;1ðt;þ0Þ � B1rðt;þ0Þ
t � x

dt; ð1aÞ

rðx;þ0Þ ¼ 2

p

Z þ1

�1

A1v;1ðt;þ0Þ þ B1sðt;þ0Þ
t � x

dt. ð1bÞ
The Hilbert transform pairs of (1) are [21]:
A1u;1ðx;þ0Þ � B1rðx;þ0Þ ¼ � 1

2p

Z þ1

�1

sðt;þ0Þ
t � x

dt; ð2aÞ

A1v;1ðt;þ0Þ þ B1sðt;þ0Þ ¼ � 1

2p

Z þ1

�1

rðx;þ0Þ
t � x

dt; ð2bÞ
where
A1 ¼
2l1

j1 þ 1
; B1 ¼

j1 � 1

2ðj1 þ 1Þ ; j1 ¼
3� 4m1; for plane strain,

ð3� m1Þ=ð1þ m1Þ; for plane stress,

�

l1 is the shear modulus, m1 is the Poisson’s ratio, r denotes the normal stress, s denotes the shear stress, and
u,1 = ou/ox, v,1 = ov/ox are the displacement densities.

Similarly, for the lower half plane, we have
sðx;�0Þ ¼ 2

p

Z þ1

�1

A2u;1ðt;�0Þ � B2rðt;�0Þ
t � x

dt; ð3aÞ

rðx;�0Þ ¼ 2

p

Z þ1

�1

A2v;1ðt;�0Þ þ B2sðt;�0Þ
t � x

dt; ð3bÞ
and
A2u;1ðx;�0Þ � B2rðx;�0Þ ¼ � 1

2p

Z þ1

�1

sðt;�0Þ
t � x

dt; ð4aÞ

A2v;1ðx;�0Þ þ B2rðx;�0Þ ¼ � 1

2p

Z þ1

�1

rðt;�0Þ
t � x

dt; ð4bÞ
where
A2 ¼
2l2

j2 þ 1
; B2 ¼

j2 � 1

2ðj2 þ 1Þ ; j2 ¼
3� 4m2; for plane strain,

ð3� m2Þ=ð1þ m2Þ; for plane stress:

�

Along the interface, the continuous conditions are
uðx;þ0Þ ¼ uðx;�0Þ ¼ uðxÞ; vðx;þ0Þ ¼ vðx;�0Þ ¼ vðxÞ;

rðx;þ0Þ ¼ rðx;�0Þ ¼ rðxÞ; sðx;þ0Þ ¼ sðx;�0Þ ¼ sðxÞ; x 62 C. ð5Þ
Letting Eqs. (1)–(4) satisfy the continuous conditions (5), and noticing the relationship
t�1 ðxÞ ¼ �sðx;�0Þ; t�2 ðxÞ ¼ �rðx;�0Þ; x 2 C; ð6Þ
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we can obtain the following integral equations by algebraic operations:
1

2p

Z
C

ðA1 þ A2ÞDu;1ðtÞ þ ðB1 þ B2Þ
P

t2ðtÞ
t � x

dt þ l2ðj1 � 1Þ � l1ðj2 � 1Þ
l2ðj1 þ 1Þ þ l1ðj2 þ 1Þ

� 1

2
ðA1 þ A2ÞDm;1ðxÞ � ðB1 þ B2Þ

X
t1ðxÞ

h i
¼ � 2ðl1 þ l2j1Þ

l2ðj1 þ 1Þ þ l1ðj2 þ 1Þ
ðl2 þ l1j2Þ

4l1l2

½A2tþ1 ðxÞ � iA1t�1 ðxÞ�; ð7aÞ

� 1

2p

Z
C

ðA1 þ A2ÞDv;1ðtÞ � ðB1 þ B2Þ
P

t1ðtÞ
t � x

dt þ l2ðj1 � 1Þ � l1ðj2 � 1Þ
l2ðj1 þ 1Þ þ l1ðj2 þ 1Þ

� 1

2
ðA1 þ A2ÞDu;1ðxÞ þ ðB1 þ B2Þ

X
t2ðxÞ

h i
¼ 2ðl1 þ l2j1Þ

l2ðj1 þ 1Þ þ l1ðj2 þ 1Þ
ðl2 þ l1j2Þ

4l1l2

½A2tþ2 ðxÞ � iA1t�1 ðxÞ�; ð7bÞ
where Du,1(x) = u,1(x,+0) � u,1(x,�0), Dv,1(x) = v,1(x,+0) � v,1(x,�0) are the dislocation densities, andP
tkðxÞ ¼ tþk ðxÞ þ t�k ðxÞ (k = 1, 2).
To ensure that the displacements are single-valued, the following conditions are necessary:
Z

Ci

u;1 dx ¼ 0;

Z
Ci

v;1 dx ¼ 0 ði ¼ 1; 2; . . . ; nÞ. ð8Þ
The basic unknowns in (7) are dislocation densities Du,1 and Dv,1, and the upper and lower surface of
the crack do not have to be considered separately when (7) is used. In addition, only the singularity in the
order 1/r is involved in the integral kernels, and no hyper-singularity appears. Another advantage of this
equation, as compared to Comninou’s equations [5], is that (7) is also effective for the non-symmetric loading.
In the following sections, we will establish a meshless numerical scheme based on (7).
3. Moving least-squares approximation for the unknowns

The modeling of the oscillatory character around the interface crack tip is difficult in the boundary element
method [22], and many researchers directly neglect the oscillatory terms in their numerical computations [12–
14]. The dislocation density for the single interface crack under the uniform tension can be analytically
obtained [23,24], and the dislocation densities oDu/ox and oDv/ox possess the character r�1/2+ie around the
crack tip. Similar to the analysis that is based on the crack opening displacements [5,12–14], the dislocation
densities can be expressed in the following form for every crack:
oDu=oxþ ioDv=ox ¼ ðc2i � n2i Þ
�1=2 ci � ni

ci þ ni

� �ie

½F 1iðniÞ þ iF 2iðniÞ�; ð9Þ
where e is the bi-constant denoted as
e ¼ 1

2p
ln
l1 þ l2k1
l2 þ l1k2

; ð10Þ
ci is the length of the ith crack, and ni = x � x0i with x0i corresponding to the coordinate of the center of the ith
crack.

In some works [5,12–14], variables that are similar to F1i(ni) and F2i(ni) are approximated by polynomials.
Apparently, the ability of polynomial approximation is very limited, and cannot give good results for variables
with drastic variation. In addition, the local numerical computation that is associated with polynomial inter-
polation is quite expensive. Here we attempt to approximate F1i(ni) and F2i(ni) using the MLS technique. The
MLS approximation is a new flexible interpolation and has local and global interpolation characteristics, thus
the local numerical computation can be easily performed.
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The MLS approximation is summarized here, the related details can be found in a review paper by
Belytschko et al. [16]. In the MLS approximation, the trail function is
F hðxÞ ¼
Xm
i¼1

piðxÞaiðxÞ ¼ pTðxÞaðxÞ; ð11Þ
where pi(x), i = 1,2, . . . ,m, are monomial basis functions, m is the number of terms in the basis, and ai(x) are
the coefficients of the basis functions. Examples of commonly used bases are the linear basis
pT ¼ ð1; xÞ in 1D and pT ¼ ð1; x; yÞ in 2D; ð12Þ

and the quadratic basis
pT ¼ ð1; x; x2Þ in 1D and pT ¼ ð1; x; y; x2; xy; y2Þ in 2D. ð13Þ

The unknown coefficients ai(x) in (11) can be determined by minimizing the weighted discrete L2 norm
J ¼
XN
I

wðx� xIÞ½PTðxIÞaðxIÞ � F I �2; ð14Þ
where w(x � xI) is the weight function with compact support, N is the number of nodes with w(x � xI) > 0,
and FI is the nodal parameter. The minimum of J in Eq. (14) with respect to a(x) leads to a set of linear
equations
AðxÞaðxÞ ¼ BðxÞF; ð15Þ

where
AðxÞ ¼
XN
I

wðx� xIÞpðxIÞpTðxIÞ; ð16Þ
and
BðxÞ ¼ ½wðx� x1Þpðx1Þ;wðx� x2Þpðx2Þ; . . . ;wðx� xN ÞpðxN Þ�. ð17Þ

Thus, the unknown coefficients a(x) can be obtained from (15) as
aðxÞ ¼ A�1ðxÞBðxÞF. ð18Þ

Substituting (18) into (11), the MLS approximation can be written in a standard form as
F hðxÞ ¼
XN
I¼1

NIðxÞF I ; ð19Þ
where the MLS shape function NI(x) is defined as
NIðxÞ ¼
Xm
i¼1

piðxÞ½A�1ðxÞBðxÞ�iI ¼ pTðxÞA�1ðxÞBIðxÞ ð20Þ
with
BIðxÞ ¼ wðx� xIÞpðxIÞ. ð21Þ

During the MLS approximation, the method may fail because the matrix A(x) becomes singular in some cases.
In the addition, the MLS shape function NI(x) lacks the delta function property, i.e.
NIðxjÞ 6¼ dij. ð22Þ

Hence, the nodal parameters are not the real nodal quantities of the corresponding variables. This complicates
the imposition of essential boundary conditions. In the boundary node method [17,18], additional equations
are added to impose the boundary conditions which is more computationally expensive than the conventional
BEM. Recently, Kitipornchai et al. [19] used the constructed orthogonal MLS basis functions to avoid the
appearance of the singular matrix A(x). It can be used to improve boundary meshless methods. The ortho-
gonal basis function set can be formed as [19]:
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p1 ¼ 1;

pi ¼ ri�1 �
Pi�1

k¼1

ðri�1;pkÞ
ðpk ;pkÞ

pk; i ¼ 2; 3; . . . ; ð23Þ
where the inner product (f,g) is denoted as
ðf ; gÞ ¼
XN
i¼1

wðx� xIÞf ðxIÞgðxIÞ. ð24Þ
In Eq. (23), r can be chosen as
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
or x + y for 2D problems and jxj or x for 1D problems.

In this study, the improved MLS method [19] is used to approximate the variables F1i(ni) and F2i(ni) in (10),
and the weight function is chosen as [19]
wðdÞ ¼

2
3
� 4d2 þ 4d3; d 6

1
2
;

4
3
þ 4d þ 4d2 � 4

3
d3; 1

2
< d 6 1;

0; d > 1.

8><
>: ð25Þ
The compact support domain of the evaluation point is determined by choosing the suitable quantity R0 in the
formula
d ¼ jx� x0j=R0; ð26Þ
where x0 is the coordinate of the evaluation point.
4. Boundary element-free method

To carry out the numerical integration, each crack surface is separated into a series of sub-domains that are
called as ‘‘integral cells’’ in some papers [17,18]. The integrals in (7) then become the integrals about the cells.

Some nodes are selected on each cell. The choice of the nodes is independent of the cells, but every cell must
contain enough nodes to ensure that the compact support domains cover the whole crack surface.

From the MLS approximation (19), we let
F 1iðniÞ ¼
XnI
I¼1

NIðniÞF 1I ; ð27aÞ

F 2iðniÞ ¼
XnI
I¼1

NIðniÞF 2I ; ð27bÞ
where nI is the number of nodes in which the compact support domains cover the considered field point. The
quantities of dislocation densities on any point can then be given by substituting (27) into (9), and the integrals
in (7) can be evaluated in the pure numerical scheme.

The source point is chosen as the midpoint between any two adjacent nodes in turn. The integrals are per-
formed on every cell, and 2M linear equations can be obtained for a crack that containsM + 1 nodes. To solve
the problem, the single-value condition of displacements (8) is also discretized on each crack surface. The solu-
tion of the equation system directly gives the quantities of F1(ni) and F2(ni) for every node, and the stress inten-
sity factors—the items of interest in fracture mechanics—can be calculated from F1(ni) and F2(ni).

There are some distinctions between the various definitions of the stress intensity factors of interface crack
problems [6,24]. Here, we refer to the Erdogen’s definition [4,7,24], and the stress intensity factors can be given
in the forms [23,24]
KI þ iKII ¼ �
ffiffiffiffiffiffi
2p

p
l1l2

ðcosh peÞ2
l1ðk2 þ 1Þ þ l2ðk1 þ 1Þ
ðl1 þ l2k1Þðl2 þ l1k2Þ

lim
r!0

r
2ci

� �1
2�ie

ðDv;1 þ iDu;1Þ
" #

; ð28Þ
where r is the distance measured from the crack tip. Substituting (9) into (28), the stress intensity factors can be
calculated as



Y. Sun et al. / International Journal of Engineering Science 44 (2006) 37–48 43
KI þ iKII ¼ �
ffiffiffiffiffiffiffiffiffi
p=ci

p
l1l2

ðcosh peÞ2
l1ðk2 þ 1Þ þ l2ðk1 þ 1Þ
ðl1 þ l2k1Þðl2 þ l1k2Þ

ðF 1ið�ciÞ þ iF 2ið�ciÞÞ. ð29Þ
In Eqs. (28) and (29), the symbols ‘‘�’’ and ‘‘+’’ correspond to the left and right tips of the crack, respectively.
This method sidesteps a troublesome problem: the modeling of the crack tip elements that is associated with

BEM in which the chosen modeling method always has a larger effect on the final result.

5. The numerical evaluation of the singular integral

When the source point is located inside an integral cell, the kernel of (7) leads to the singular integrals in the
order 1/r. Generally, the Cauchy singular integral can be analytically or semi-analytically computed in BEM.
However, the shape functions are always digitally known in the meshless methods, so the singular integrals
must be evaluated in the pure numerical scheme. Researchers have proposed many numerical methods to eval-
uate Cauchy principal integrals [20,25–27]. We find that the Torino method [20] is very effective for meshless
methods. It can be described as follows.

As shown in Fig. 2, the singular pole t is located on the integral interval from a to b (assuming that point t is
nearer to b than to a). First, a suitable point c is selected so that point t is equally near to c and b. 2m-point
Gauss ruler points are used on the segments from a to c and from c to b, and then the whole integral can be
evaluated with the degree of exactness 4m as
P

Z b

a

f ðxÞ
x� t

dx ¼
Z c

a

f ðxÞ
x� t

dt þ P

Z b

c

f ðxÞ
x� t

dx ¼ Að1Þ
0 f ðtÞ þ

X2m
i¼1

½Að1Þ
i f ðxiÞ þ Að2Þ

i f ðyiÞ� þ Rð2Þ
ð2mÞðf Þ; ð30Þ
where
xi ¼ ðc� aÞni=2þ ðaþ cÞ=2; yi ¼ ðb� cÞni=2þ ðbþ cÞ=2;
Að1Þ
i ¼ ðc� aÞHi=2ðxi � tÞ; Að2Þ

i ¼ ðb� cÞHi=2ðyi � tÞ;

Að1Þ
0 ¼ ln

c� t
a� t

��� ����X2m
i¼1

Að1Þ
i ; ð31Þ
with ni and Hi being the Gauss quadrature point and weight respectively.
Moreover, the integral appears in the singularity in the order 1=

ffiffi
r

p
on the crack tips for the crack tip cells.

The transform s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ai � ni

p
can be introduced to eliminate this singularity, and the integrals then become the

general integrals or Cauchy principal integrals.

6. Numerical results

Noda and Oda have obtained some numerical results for various elastic constants [7]. Noting that the stress
intensity factors only depend on the bi-constant e, we discuss the effect of the bimaterial on the stress intensity
factors only by varying the bi-constant. The bimaterial is subjected to uniform remote tension r1

y in the y-
direction (see Figs. 3 and 7). In addition, to hold the condition of continuity of stress and displacement along
the interface, it is necessary that the remote stresses r1

x;1 and r1
x;2 in the x-direction follow the relation [2]
r1
x;2 ¼

1

1þ k2

l1

l2

ð1þ k1Þr1
x;1 þ 3� k2 �

l2

l1

ð3� k1Þ
� �

r1
y

� �
. ð32Þ
a bc

t

Fig. 2. The integral interval is divided into two segments for the evaluation of singular integrals.
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Fig. 3. Two collinear interface cracks in a bimaterial that are subjected to remote uniform tension stress.
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6.1. Two collinear cracks and the convergence of the results

To test the efficiency of our method, we firstly consider the case of two interface cracks with the same length
(letting a = b in Fig. 3). The distance between the centers of the two cracks is fixed as L = 3a. Fifteen integral
cells are uniformly selected on each crack surface. Table 1 shows the results for crack tips A and B by varying
Table 1
Fifteen integral cells are uniformly selected and M nodes are uniformly used on each crack surface

M e = 0 e = 0.1

YIA YIB YIA YIIA YIB YIIB

10 1.11231 1.05169 1.05890 0.22693 1.00366 0.19442
15 1.11243 1.05168 1.05912 0.22721 1.00378 0.19460
20 1.11244 1.05167 1.05926 0.22736 1.00390 0.19473
25 1.11246 1.05168 1.05939 0.22747 1.00402 0.19482
30 1.11247 1.05168 1.05798 0.22592 1.00262 0.19338
35 1.11262 1.05183 1.05816 0.22606 1.00284 0.19351
40 1.11245 1.05166 1.05789 0.22582 1.00258 0.19329
Ana [28] 1.11247 1.05168

The normalized stress intensity factors Y I;II ¼ KI;II=r1y
ffiffiffiffiffiffi
pa

p
for two collinear cracks (Fig. 3).
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the number of nodes chosen on the crack surface. M denotes the number of nodes on the single crack, and the
normalized stress intensity factors are defined as Y I;II ¼ KI;II=r1

y

ffiffiffiffiffiffi
pa

p
. When e = 0, the problem corresponds to

the homogeneous case, and the analytical solution can be found in the handbook [28]. In this test, R0 in Eq.
(26) is properly chosen so that 4–6 nodes are involved in the support domain of any evaluation point. In Table
1, the results are very close when the number of nodes is larger than 15. However, unlike in BEM and FEM,
we cannot find a distinct uniform convergence, and this is a natural phenomenon associated with meshless
methods.

Two cracks with different lengths (Fig. 3) are also calculated. The maximum mode I and II stress intensity
factors always occur at the inner tip of the longer crack. In Figs. 4 and 5, the ratio b/a of the lengths of two
cracks is fixed as 0.6 and 0.3, and the normalized stress intensity factors for the inner tip (i.e. the tip A) of the
longer crack are plotted as the function of the distance between the centers of the two cracks. In Fig. 6, the
distance between the centers of the two cracks is fixed as 2.5a, and the normalized stress intensity factors are
plotted as the function of the ratio of the lengths of two cracks.
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6.2. Three collinear cracks

The numerical results for three collinear cracks with the same length and equal interval (see Fig. 7) are listed
in Table 2. The analytical solutions for the homogeneous case (e = 0) are from the handbook [28], and it can
be seen that our numerical results are very close to the analytical results even when a/d = 0.9 (i.e. the cracks
are very close). The maximum mode I stress intensity factor always appears on the middle crack, but the max-
imum mode II stress intensity factor is associated with the middle crack for the small value of a/d and with the
outer crack for the large value of a/d.
Table 2
The normalized stress intensity factors Y I;II ¼ KI;II=r1

y

ffiffiffiffiffiffi
pa

p
for different e and a/d

a/d

e 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0 YIA 1.00148 1.00583 1.01294 1.02295 1.03629 1.05381 1.07722 1.11030 1.16437
Ana [28] 1.00150 1.00585 1.01296 1.02298 1.03631 1.05383 1.07724 1.11032 1.16439
YIB 1.00263 1.00700 1.01708 1.03351 1.05911 1.09913 1.16454 1.28344 1.56419
Ana [28] 1.00165 1.00702 1.01710 1.03353 1.05913 1.09915 1.16456 1.28348 1.56454
YIC 1.00250 1.01028 1.02405 1.04527 1.07661 1.12314 1.19555 1.32132 1.60651
Ana [28] 1.00252 1.01030 1.02407 1.04529 1.07663 1.12316 1.19558 1.32136 1.60685

0.03 YIA 0.99686 1.00121 1.00832 1.01833 1.03168 1.04921 1.07264 1.10577 1.15991
YIIA 0.05911 0.05932 0.05962 0.05997 0.06035 0.06071 0.06101 0.06114 0.06081
YIB 0.99700 1.00237 1.01243 1.02881 1.05433 1.09418 1.15923 1.27730 1.55528
YIIB 0.05913 0.05950 0.06052 0.06167 0.06406 0.06817 0.07561 0.09082 0.13241
YIC 0.99788 1.00565 1.01940 1.04058 1.07185 1.11824 1.19037 1.31547 1.59850
YIIC 0.05917 0.05965 0.06052 0.06194 0.06421 0.06791 0.07436 0.08719 0.12186

0.09 YIA 0.96117 0.96550 0.97261 0.98265 0.99605 1.01371 1.03735 1.07081 1.12549
YIIA 0.17173 0.17237 0.17327 0.17433 0.17546 0.17654 0.17743 0.17781 0.17681
YIB 0.96131 0.96660 0.97648 0.99251 1.01734 1.05584 1.11811 1.22959 1.48576
YIIB 0.17180 0.17292 0.17524 0.17940 0.18650 0.19872 0.22081 0.26573 0.38764
YIC 0.96218 0.96987 0.98347 1.00436 1.03507 1.08036 1.15025 1.27009 1.53617
YIIC 0.17194 0.17335 0.17595 0.18019 0.18694 0.19794 0.21704 0.25491 0.35660

0.15 YIA 0.89610 0.90040 0.90750 0.91759 0.93113 0.94904 0.97310 1.00724 1.06297
YIIA 0.26907 0.27012 0.27161 0.27336 0.27523 0.31205 0.27804 0.27908 0.27733
YIB 0.89621 0.90137 0.91691 0.92625 0.94973 0.98560 1.04243 1.14104 1.35519
YIIB 0.26918 0.27103 0.27486 0.28170 0.29337 0.31338 0.34936 0.42195 0.61584
YIC 0.89708 0.90464 0.91794 0.93826 0.96787 1.01105 1.07659 1.18631 1.42000
YIIC 0.26940 0.27173 0.27602 0.28300 0.29408 0.31205 0.34309 0.40417 0.56621
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6.3. Any number of collinear cracks

After the programs for two and three collinear cracks are completed, the program for the case of any num-
ber of collinear cracks is easily produced. Any number of collinear cracks with the same length and equal
interval are also analyzed by Noda and Oda [7], who significantly find that the maximum mode I stress inten-
sity factor has an approximately linear relation with the reciprocal of the number of interface cracks. Our
computation gives a similar result for the mode I and II stress intensity factors. In Fig. 8, the crack interval
is fixed as 3a (referring to Fig. 7, d = 3a), and the obtained discrete dots are nearly on the same straight line.
The extrapolated limiting values for N! 1 are close to the analytical values [23,29] for the periodic interface
cracks. Hence, the maximum stress intensity factors for any number of cracks can approximately be deter-
mined from Fig. 8. In addition, the maximum mode I stress intensity factor appears at the middle crack
(for the number of the cracks being odd) or the middle two cracks (when the number of cracks is even),
but the maximum mode II stress intensity factor is general associated with the crack that is closest to the
middle crack.

7. Conclusions

The proposed traction boundary integral equation can be used to efficiently analyze the bimaterial with
interfacial cracks. The MLS approximation is employed to approximate the unknown weight functions,
and good results can be obtained even when the cracks are very close. This study shows that the MLS approx-
imation is a flexible interpolation method and can be better used to model variables that are, as a whole, dif-
ficult to be modeled with other methods. A numerical method is adopted to evaluate the Cauchy principal
integrals, and this method should also be very efficient for other meshless methods.

The stress intensity factors for the collinear interface cracks are analyzed by varying the bi-constant. The
mode I and II stress intensity factors have an approximately linear relation with the reciprocal of the number
of the interface cracks, which is very valuable for determining the quantities of the stress intensity factors for
any number of collinear interface cracks.
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