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a b s t r a c t

This paper analytically investigates plastic limit pressure of orthotropic strain-hardening cylindrical

vessels under internal pressure. It is an interesting problem to illustrate the interaction between

strengthening and weakening behavior during the deformation process. The Voce hardening law and

Hill’s yield criterion were adopted in the paper. A sequence of static and kinematic limit analysis

problems were performed by updating the yield criterion and the deformed configuration. The equality

relation between the greatest lower bound and the least upper bound was confirmed explicitly.

Accordingly, exact solutions of plastic limit pressure were developed with an integral term. Particularly,

exact closed-form solutions were obtained for certain values of the hardening exponent of the Voce

hardening law. Finally, numerical efforts were also made for rigorous validations.

& 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Internally pressurized cylinders of perfectly plastic isotropic
materials have been well studied, e.g. [1]. On the other hand,
attention has been also paid to the effect of plastic anisotropy on
the limit pressure for perfectly plastic materials, e.g. [2,3].
Recently, Güven [4] investigated failure pressures of cylindrical
pressure vessels made of transversely isotropic materials con-
sidering the Voce hardening law [5].

As is well known, limit analysis can directly provide the plastic
limit load for optimal structure design and safety evaluation by
the static or the kinematic theorem [6]. By the kinematic theorem
of limit analysis, Jiang [7] and Capsoni et al. [3] provided
analytical solutions of limit pressure of plane-strain axi-sym-
metric tubes made of perfectly plastic materials based on the von
Mises and Hill’s yield criteria [8], respectively. On the other hand,
if we consider structures made of strain-hardening materials,
it is appropriate to evaluate the load-bearing capacity by limit
analysis sequentially [9–13]. Further, the author applied sequen-
tial limit analysis to illustrate the interesting interaction between
strengthening and weakening behavior during the deformation
process involving strain-hardening materials [14–18]. Actually,
sequential limit analysis has been illustrated extensively [9–23] to
be an accurate and efficient tool for the large-deformation
analysis. By sequential limit analysis, it is possible to conduct a
ll rights reserved.
sequence of limit analysis problems by updating the yield
criterion and the deformed configuration [19]. Accordingly,
rigorous lower-bound or upper-bound solutions are then acquired
sequentially to approach the real limit solutions in the whole
deforming process.

This paper is aimed to apply the concept of sequential limit
analysis to analytically investigate plastic limit pressure of axi-
symmetric plane-strain cylinders considering the Voce hardening
law [5] and the effects of plastic anisotropy. Analytical efforts of
both static and kinematic limit analysis are to be made for
plastically orthotropic materials, namely transversely isotropic
materials and planar anisotropic materials. On the one hand, we
seek the greatest lower bound of limit pressure by static limit
analysis [6]. On the other hand, we search for the least upper
bound of limit pressure by kinematic limit analysis [6]. Theore-
tically, the equality relation between the greatest lower bound
and the least upper bound can be established by duality theorems
[6,19,24]. Accordingly, we can obtain the exact limit pressure by
confirming the equality relation between the greatest lower
bound and the least upper bound of limit pressure.
2. Analytical background

We analytically derive plastic limit pressure of orthotropic
thick-walled hollow cylinders made of materials with nonlinear
isotropic hardening subjected to internal pressure in plane-strain
conditions. The behavior of nonlinear isotropic hardening is

www.sciencedirect.com/science/journal/ms
www.elsevier.com/locate/ijmecsci
dx.doi.org/10.1016/j.ijmecsci.2009.05.004
mailto:syleu@cc.chit.edu.tw
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Nomenclature

a0 initial interior radius
a current interior radius
_a velocity of the current interior radius
b0 initial exterior radius
b current exterior radius
D problem domain
qDs static boundary
qDk kinematic boundary
F anisotropy coefficient of Hill’s yield criterion
G anisotropy coefficient of Hill’s yield criterion
H anisotropy coefficient of Hill’s yield criterion
h hardening exponent of the Voce hardening law
ĥ notation related to the hardening exponent and

plastic anisotropy parameters
n
*

unit outward normal vector of a boundary
P plastic anisotropy parameter
Pi internal pressure
q load factor
q(s) lower-bound functional
�qðu
*
Þ upper-bound functional

q* exact limit solution
R plastic anisotropy parameter

R11 anisotropic yield stress ratio
R22 anisotropic yield stress ratio
R33 anisotropic yield stress ratio
r0 initial radius of the location concerned
r current radius of the location concerned
S length of the innermost edge
t
*

scalable distribution of a traction vector
ur radial velocity
u
*

velocity field
JsJH Hill’s yield criterion primal norm on stress tensor
_�
�� ��

�H
Hill’s yield criterion dual norm on strain rate tensor

s stress tensor
sr radial stress
sY yield strength
s0 initial yield strength
sN saturation value of yield strength
�s equivalent stress
�� equivalent strain
_� strain rate tensor
_�r radial strain rate
_�y circumferential strain rate
_�� equivalent strain rate
r del operator (or Nabla operator)
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described by the Voce hardening law [5]

sY ¼ s1 � ðs1 � s0Þexpð�h��Þ (1)

where sY is the yield strength, s0 the initial yield strength, sN the
saturation value of s0, h the hardening exponent and �� the
equivalent strain.

The thick-walled cylindrical vessel concerned has the initial
interior and exterior radii indicated by a0 and b0, respectively.
After the action of internal pressure, its current interior and
exterior radii are denoted by a and b in the induced widening
process, respectively. In addition, we consider a thick-walled
cylindrical vessel under internal pressure with the boundary
conditions sr(r ¼ a) ¼ Pi and sr(r ¼ b) ¼ 0 with Pi the value of
internal pressure and r the current radius.

In the following derivations, the behavior of plastic orthotropy
is simulated by utilizing Hill’s yield criterion [8]. Particularly, the
principal axes of orthotropy are assumed to form an orthogonal
set coinciding with the cylindrical co-ordinates of the cylinder.
Therefore, we can simplify the problem concerned into an axi-
symmetric plane-strain problem. Accordingly, the yield function is
reduced to the form as

Fðsy � szÞ
2
þ Gðsz � srÞ

2
þ Hðsr � syÞ

2
¼ 1 (2)

where F, G and H are parameters defined as [8]

F ¼
1

2

1

R2
22

þ
1

R2
33

�
1

R2
11

 !
(3)

G ¼
1

2

1

R2
33

þ
1

R2
11

�
1

R2
22

 !
(4)

H ¼
1

2

1

R2
11

þ
1

R2
22

�
1

R2
33

 !
(5)

where R11, R22 and R33 are anisotropic yield stress ratios. According
to the work of Liu et al. [25], the yield function is convex if we
have

ðF þ HÞðGþ HÞ � H2
� 0 (6)
Equivalently, we have

R11R22

R11 þ R22
� R33 �

R11R22

R11 � R22j j
(7)

Further, corresponding to Hill’s yield criterion [8] with the
associated flow rule, we have the equivalent stress �s and the
equivalent strain rate _�� as follows [8,26]:

�s ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R

PðRþ 1Þ
ðsy � szÞ

2
þ

1

Rþ 1
ðsz � srÞ

2
þ

R

Rþ 1
ðsr � syÞ

2

s
(8)

_�� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PðRþ 1Þ

RðP þ Rþ 1Þ2
ð_�y � R_�zÞ

2
þ

Rþ 1

ðP þ Rþ 1Þ2
ðP_�z � _�rÞ

2
þ

Rþ 1

RðP þ Rþ 1Þ2
ðR_�r � P_�yÞ

2

s

(9)

where we have the plastic anisotropy parameters R ¼ H/G and
P ¼ H/F.

Considering plane-strain conditions and incompressibility, we
can further reduce the equivalent stress �s and the equivalent
strain rate _�� into the following simplified forms:

�s ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RðP þ Rþ 1Þ

ðP þ RÞðRþ 1Þ

s
ðsy � srÞ (10)

_�� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP þ RÞðRþ 1Þ

RðP þ Rþ 1Þ

s
_�y (11)

On the other hand, due to axi-symmetry, the strain rate–velocity
relations are given by

_�r ¼
dur

dr
(12)

_�y ¼
ur

r
(13)

where _�r and _�y are the radial and circumferential strain rates,
respectively, and ur is the velocity component in the radial
direction. Also, we have the incompressibility in plane-strain
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conditions described in the form

r � u
*
¼ _�r þ _�y ¼ 0 (14)

where r is the del operator (or Nabla operator). To meet the
incompressibility in plane-strain conditions, we have the radial
velocity indicated in the form

ur ¼
a_a

r
(15)

where _a is the velocity of the current interior radius.
Accordingly, we rewrite the equivalent strain rate _�� in the form

_�� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP þ RÞðRþ 1Þ

RðP þ Rþ 1Þ

s
a_a

r2
(16)

The equivalent strain is then obtained as

�� ¼
Z
_��dt ¼

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP þ RÞðRþ 1Þ

RðP þ Rþ 1Þ

s
ln

r2

r2
0

(17)

where r0 is the initial radius of the location concerned.
Combining Eqs. (1) and (17), the Voce hardening law [5] can be

rewritten in the form as

sY ¼ s1 � ðs1 � s0Þ
r2ĥ

0

r2ĥ
(18)

where the notation ĥ is indicated as

ĥ ¼
h

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP þ RÞðRþ 1Þ

RðP þ Rþ 1Þ

s
(19)
3. Static and kinematic limit analysis

3.1. Static limit analysis

We consider a general plane-strain problem with the domain D

consisting of the static boundary @Ds and the kinematic boundary
@Dk [24]. Based on the concept of sequential limit analysis, the
quasi-static problem is to seek the maximum allowable driving
load sequentially under constraints of static and constitutive
admissibility such that

maximize qðsÞ
subject to r � s ¼ 0 in D

s � n
*
¼ q t

*
on @DS

sk kH � sY in D

(20)

where n
*

indicates the unit outward normal vector of the boundary
and the traction vector t

*
is a scalable distribution of the driving

load on @Ds with the load factor q; JsJH means the primal norm [6]
of Hill’s yield criterion on stress tensor s. Therefore, this
constrained problem is to sequentially maximize the load factor
q representing the magnitude of the driving load for each step.

The primal problem Eq. (20) is the lower-bound formulation
seeking the maximum solution under constraints of static and
constitutive admissibilities. The statically admissible solutions
satisfy the equilibrium equation and the static boundary
condition. The constitutive admissibility is stated by the yield
criterion in an inequality form. We can interpret the solutions
as sets as shown in the work of Huh and Yang [6] and Yang [19].
First, the equilibrium equation is linear and the constitutive
inequality is convex and bounded. Accordingly, the intersection of
statically admissible set and constitutively admissible set is
convex and bounded. Moreover, the existence of a unique
maximum to the convex programming problem is confirmed.
To seek the greatest lower bound, we substitute Eqs. (10) and
(18) into the following equilibrium equation:

r � s ¼ @sr

@r
þ
sr � sy

r
¼ 0 (21)

such that

@sr

@r
¼

1

r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP þ RÞðRþ 1Þ

RðP þ Rþ 1Þ

s
s1 � ðs1 � s0Þ

r2ĥ
0

r2ĥ

" #
(22)

After some manipulation, we can obtain the greatest lower bound
of plastic limit pressure in the form as

srðr ¼ aÞ

s0

¼
Pi

s0

¼ �
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP þ RÞðRþ 1Þ

RðP þ Rþ 1Þ

s

�
s1
s0

ln
b2

a2
� 2ðs1=s0 � 1Þ

Z b

a

ða2
0 � a2 þ r2Þ

ĥ

r2ĥþ1
dr

( )
(23)

Note that, the sign convention for the internal pressure Pi is
positive for tension and negative for compression. Accordingly,
the load factor q is obtained as the following form:

q

s0
¼

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP þ RÞðRþ 1Þ

RðP þ Rþ 1Þ

s

�
s1
s0

ln
b2

a2
� 2ðs1=s0 � 1Þ

Z b

a

ða2
0 � a2 þ r2Þ

ĥ

r2ĥþ1
dr

( )
(24)

3.2. Kinematic limit analysis

Now we intend to transform the lower-bound formulation to the
upper-bound formulation, similar to the previous work of Huh and
Yang [6]. Equilibrium equations can be restated weakly in the form asZ

D
u
*
�ðr � sÞdA ¼ 0 (25)

where u
*

is a kinematically admissible velocity field. Integrating by
parts, using the divergence theorem and imposing static boundary
conditions, we may rewrite Eq. (25) to give an expression for q(s) asZ
@Ds

u
*
�q t

*
dS ¼ q

Z
@Ds

u
*
� t
*

dS ¼

Z
D
s : _�dA (26)

where _� is the strain rate tensor.
Since the power s : _� is nonnegative, it is clear that s : _� ¼ s : _�

�� ��.
Further, according to a generalized Hölder inequality [27], and the
normality condition in plasticity [28], it results in [10]

s : _� ¼ s : _�
�� �� � sk kH _�

�� ��
�H
¼ �s _�� (27)

where _�
�� ��

�H
is the dual norm [6] of JsJH based on the flow rule

associated with Hill’s yield criterion [8]. For the axi-symmetric
plane-strain cylinder problem, we have

sk kH ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RðP þ Rþ 1Þ

ðP þ RÞðRþ 1Þ

s
ðsy � srÞ ¼ �s (28)

_�
�� ��

�H
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP þ RÞðRþ 1Þ

RðP þ Rþ 1Þ

s
_�y ¼ _�� (29)

Combining Eqs. (26) and (27), we have

q

Z
@Ds

u
*
� t
*

dS ¼

Z
D
s : _�dA �

Z
D

sk kH _�
�� ��

�H
dA

�

Z
D
sY _�
�� ��

�H
dA (30)
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Since u
*

appears homogeneously and linearly in inequality Eq.
(30), we can normalize the relationship by setting the following
normalization:Z
@Ds

u
*
� t
*

dS ¼ 1 (31)

which is to be treated as one of the constraints.
Accordingly, q(s) can be bounded above by �qðu

*
Þ as

qðsÞ ¼
Z

D
s : _�dA

�

Z
D

sk kH _�
�� ��

�H
dA

�

Z
D
sY _�
�� ��

�H
dA ¼ �qðu

*
Þ (32)

Thus, the upper-bound formulation is stated in the form of a
constrained minimization problem as

minimize �qðu
*
Þ

subject to �qðu
*
Þ ¼

R
D sY _�

�� ��
�H

dAR
@Ds

u
*
� t
*

dS ¼ 1 on @DS

r � u
*
¼ 0 in D

kinematic boundary conditions on @Dk

(33)

where r � u
*
¼ 0 is the incompressibility constraint inherent in

Hill’s yield criterion [8]. Therefore, the upper-bound formulation
seeks sequentially the least upper bound for each step on
kinematically admissible solutions.

In the stress control approach, the normalization condition Eq.
(31) is based on the simulation of the action of pressure load by
imposing a uniform stress (pressure) field [6,9–11,23]. For the case
of a circular cylindrical vessel under internal pressure, the traction
vector t

*
, namely the scalable distribution of the driving load with

the load factor q, is just a unit vector in the radial direction.
Therefore, the normalization condition implies thatZ
@Ds

u
*
� t
*

dS ¼ 2pa_a (34)

According to Eqs. (31) and (34), we have

2pa_a ¼ 1 (35)

Combining Eqs. (16) and (18), the upper-bound functional can
be obtained in the form

�qðu
*
Þ ¼

Z
D
sY _�
�� ��

�H
dA

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP þ RÞðRþ 1Þ

RðP þ Rþ 1Þ

s

�

Z
D

s1 � ðs1 � s0Þ
r2ĥ

0

r2ĥ

 !
a_a

r2
r dr dy

¼ 2pa_a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP þ RÞðRþ 1Þ

RðP þ Rþ 1Þ

s

�
s1
2

ln
b2

a2
� ðs1 � s0Þ

Z b

a

r2ĥ
0

r2ĥþ1
dr

 !
(36)

According to Eqs. (35) and (36), we have the least upper bound of
plastic limit pressure in the form

�q

s0
¼

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP þ RÞðRþ 1Þ

RðP þ Rþ 1Þ

s

�
s1
s0

ln
b2

a2
� 2ðs1=s0 � 1Þ

Z b

a

ða2
0 � a2 þ r2Þ

ĥ

r2ĥþ1
dr

 !
(37)
4. Exact limit solution

The primal–dual problems Eqs. (20) and (33) are convex
programming problems [6,19]. Thus, there exists a unique
maximum and a minimum to problems Eqs. (20) and (33),
respectively. Accordingly, the extreme values of the lower-bound
functional q(s) and its corresponding upper-bound functional �qðu

*
Þ

are equal to the unique, exact solution q* for each step in a
process. Namely

maximize qðsÞ ¼ qn ¼minimize �qðu
*
Þ (38)

As shown in the derivations, the greatest lower bound Eq. (24)
equals the least upper bound Eq. (37). Namely, we have the exact
solution of plastic limit pressure for plane-strain axi-symmetric
vessels in a form with an integral term as

qn

s0
¼

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP þ RÞðRþ 1Þ

RðP þ Rþ 1Þ

s

�
s1
s0

ln
b2

a2
� 2ðs1=s0 � 1Þ

Z b

a

ða2
0 � a2 þ r2Þ

ĥ

r2ĥþ1
dr

 !
(39)

Note that the integral term in Eq. (39) can be solved numerically
without difficulties by some computing tools, e.g. MATLAB [29].

If we consider h ¼ ĥ ¼ 0 or s0 ¼ sN, Eq. (39) will then reduce
to the value of plastic limit pressure for perfectly plastic materials
as

qn

s0
¼

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP þ RÞðRþ 1Þ

RðP þ Rþ 1Þ

s
ln

b2

a2
(40)

Furthermore, if we deal with plastically isotropic materials then
we have the plastic anisotropy parameters R ¼ P ¼ 1 by definition.
Therefore, the value of plastic limit pressure is reduced to

qn

s0
¼

1ffiffiffi
3
p ln

b2

a2
(41)

Moreover, we choose the hardening exponent value as

h ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RðP þ Rþ 1Þ

ðP þ RÞðRþ 1Þ

s
(42)

Then we have ĥ ¼ 0:5 by Eq. (19). Obviously, we can obtain
explicitly the value of plastic limit pressure from Eq. (39) for the
case with ĥ ¼ 0:5 in the form as

qn

s0
¼

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP þ RÞðRþ 1Þ

RðP þ Rþ 1Þ

s

�
s1
s0

ln
a2

b2
þ 2ðs1=s0 � 1Þ

a0

a
�

b0

b
þ ln
ðbþ b0Þ

ðaþ a0Þ

� �� �
(43)

On the other hand, if we set the value of the hardening exponent
as

h ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RðP þ Rþ 1Þ

ðP þ RÞðRþ 1Þ

s
(44)

we get ĥ ¼ 1 by Eq. (19). Certainly, we can obtain explicitly the
value of plastic limit pressure from Eq. (39) corresponding to the
case with ĥ ¼ 1:

qn

s0
¼

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP þ RÞðRþ 1Þ

RðP þ Rþ 1Þ

s

� ln
a2

b2
þ ðs1=s0 � 1Þ

a2
0

a2
�

b2
0

b2

 !" #
(45)

Further, the hardening exponent h ¼
ffiffiffi
3
p

corresponds to ĥ ¼ 1 for
plastically isotropic materials by Eq. (44). Therefore, Eq. (45)
reduces to the value of plastic limit pressure for plastically
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isotropic materials with h ¼
ffiffiffi
3
p

as derived in the previous work [14]:

qn

s0
¼

1ffiffiffi
3
p ln

a2

b2
þ ðs1=s0 � 1Þ

a2
0

a2
�

b2
0

b2

 !" #
(46)

Certainly, we can acquire explicitly the value of plastic limit
pressure corresponding to some other values of the hardening
exponent of the Voce hardening law [5].
0

0.2

0.4

0.6

0.8

1

1

N
or

m
al

iz
ed

 P
la

st
ic

 L
im

it 
Pr

es
su

re

analytical--transverse-- ĥ = 1.0

MATLAB-transverse-- ĥ = 1.0

ABAQUS-transverse-- ĥ = 1.0

analytical--transverse-- ĥ = 0.5

MATLAB-transverse-- ĥ = 0.5

ABAQUS-transverse-- ĥ = 0.5

analytical--transverse-- ĥ = 0.0

MATLAB-transverse-- ĥ = 0.0

ABAQUS-transverse-- ĥ = 0.0

a/a0

1.2 1.4 1.6 1.8 2

Fig. 2. Normalized plastic limit pressure Pi/s0 versus inner radius ratio a/a0 for

transversely isotropic materials with ĥ ¼ 0; 0:5 and 1.
5. Comparisons and validations

This paper has developed exact solutions of plastic limit
pressure by utilizing both static and kinematic theorems of limit
analysis for plastically orthotropic pressure vessels with strain
hardening. Further, closed-form solutions have been acquired for
some hardening exponent values of the Voce hardening law [5]. To
illustrate the applicability of the exact solution Eq. (39) for any
value of the hardening exponent, this paper applied the comput-
ing tool MATLAB [29] to numerically solve the integral term of the
exact solution Eq. (39) using recursive adaptive Simpson quad-
rature. On the other hand, the elastic–plastic capability of the
commercial finite-element code ABAQUS [30] is also employed for
rigorous validations of analytical solutions.

In the following case studies, the yield strength ratio sN/s0 ¼

3.0 is adopted. For elastic–plastic analysis by ABAQUS [30],
additional elastic–plastic properties are assumed such as Young’s
modulus E ¼ 207 GPa, Poisson’s ratio v ¼ 0.3 and s0 ¼ 207 MPa.
Also, the values of stress ratios are required by ABAQUS [30] for
plastically anisotropic materials. Due to axi-symmetry, only a five-
degree segment of the cylindrical vessel is considered with the
initial outer radius b0 of 254 mm and the inner radius a0 of
127 mm. As shown in Fig. 1, the finite-element mesh has 10 four-
node plane-strain elements with symmetry boundary conditions
imposed along boundaries. By ABAQUS [30], we employ the
displacement control of the inner surface to simulate the action of
pressure. The corresponding pressure is then calculated from the
reaction forces associated with these prescribed radial
displacements. Following the motion of the inner surface, the
values of plastic limit pressure are obtained step by step while the
cylinder is fully plastic sequentially.

5.1. Transverse isotropy

For a transversely isotropic case, the material is isotropic in a
plane and has a different strength in the thickness direction.
Without loss of generality, we may assume the stress ratio R11 ¼1
[3]. If the isotropic plane is in the plane r�y, then we have

R11 ¼ R22 ¼ 1 (47)

Accordingly, we also have

R ¼ P ¼ 2R2
33 � 1 (48)

By Eq. (7), we get 0.5rR33rN corresponding to the case with the
stress ratios R11 ¼ R22 ¼ 1. If we set the stress ratios R11 ¼ R22 ¼ 1
and R33 ¼ 0.8, we obtain the plastic anisotropy parameters
R ¼ 0.28 and P ¼ 0.28 by Eq. (48).

We conduct case studies with the plastic anisotropy para-
meters R ¼ P ¼ 0.28 and ĥ ¼ 0; 0:5 and 1, respectively. The
Fig. 1. Finite-element mesh for elas
related exact closed-form solutions are available as derived in
Eqs. (40), (43) and (45), respectively. As shown in Fig. 2, the
analytical solutions and the numerical results either by MATLAB
[29] or by ABAQUS [30] are all in good agreement. For perfectly
plastic materials, namely h ¼ ĥ ¼ 0, the value of plastic limit
pressure keeps decreasing while the inner radius ratio a/a0

increases as shown in Fig. 2. For the case with hardening
properties sN/s0 ¼ 3.0 and ĥ ¼ 0:5, the value of plastic limit
pressure still keeps decreasing while the inner radius ratio a/a0

increases during the widening process as demonstrated in Fig. 2.
In other words, the weakening behavior induced by the widening
deformation dominates over the strengthening phenomenon
resulting from strain hardening. For the case with the hardening
properties sN/s0 ¼ 3.0 and ĥ ¼ 1, there exists a strengthening
phenomenon as shown in Fig. 2. Namely, the cylindrical vessel is
strengthened to resist increasing internal pressure due to the
strain-hardening effect in the initial deformation process. After
that, the value of plastic limit pressure starts to decrease while the
weakening effect of widening deformation counteracts and
dominates over the strengthening effect [15,16].

5.2. Planar anisotropy

In the case of planar anisotropy, the stress ratios R11, R22 and R33

will all be different. We still assume the stress ratio R11 ¼ 1 without
loss of generality [3]. Thus, we have the plastic anisotropy parameters

R ¼

1þ
1

R2
22

�
1

R2
33

1þ
1

R2
33

�
1

R2
22

(49)

P ¼

1þ
1

R2
22

�
1

R2
33

1

R2
22

þ
1

R2
33

� 1
(50)
tic–plastic analysis by ABAQUS.
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If we assume R11 ¼ 1 and R22 ¼ 2.0, then 2/3rR33r2.0 according to
Eq. (7). If we consider the case with R11 ¼1, R22 ¼ 2.0 and R33 ¼ 1.5,
the corresponding plastic anisotropy parameters R ¼ 0.674 and
P ¼ �2.636 are, respectively, determined by Eqs. (49) and (50).

The illustrated examples concerned are with the plastic
anisotropy parameters R ¼ 0.674 and P ¼ �2.636 accompanied
by ĥ ¼ 0; 0:5 and 1. The corresponding exact closed-form solu-
tions are as shown in Eqs. (40), (43) and (45), respectively. As
shown in Fig. 3, there exists a good correlation between exact
solutions and the numerical results either by MATLAB [29] or by
ABAQUS [30]. If we consider perfectly plastic materials, namely
h ¼ ĥ ¼ 0, the value of plastic limit pressure keeps decreasing
while the inner radius ratio a/a0 increases as shown in Fig. 3. As
demonstrated in Fig. 3, there are no significant strengthening
phenomena with the hardening properties sN/s0 ¼ 3.0 and
ĥ ¼ 0:5. The value of plastic limit pressure keeps decreasing
while the inner radius ratio a/a0 increases. On the other hand, Fig.
3 also shows that the strengthening phenomenon is significant for
the case with hardening properties sN/s0 ¼ 3.0 and ĥ ¼ 1.
Apparently, we can observe that the value of plastic limit
pressure increases with increasing inner radius ratio a/a0 in the
initial deformation process due to the effect of material hardening.

As pointed out previously [15,16], the variation of plastic limit
pressure q*/s0 with inner radius ratio a/a0 reveals the interaction
between the strengthening and weakening behavior during the
expansion of strain-hardening cylindrical vessels. Further, the
inner radius ratio a/a0 ¼ 1 implies the initial stage of pressuriza-
tion and then there is no strain-hardening effect yet. Therefore, as
shown in Figs. 2 and 3, the curves corresponding to various
hardening exponent values merge together, while the inner radius
ratio a/a0 ¼ 1.
6. Conclusions

In the paper, we considered cylindrical vessels under internal
pressure involving the Voce hardening law and Hill’s yield
criterion. The widening deformation problem involving strain-
hardening materials features interesting interaction between the
weakening behavior induced by widening deformation and the
strengthening phenomenon resulting from strain hardening. Both
static and kinematic limit analysis problems were analytically
studied sequentially by updating the yield strength and deformed
configuration to approach the real limit solutions of plane-strain
axi-symmetric vessels. Particularly, the equality relation between
the greatest lower bound and the least upper bound was
confirmed explicitly. Accordingly, exact solutions of plastic limit
pressure with an integral term were developed for transverse
isotropic and planar anisotropic materials.

As illustrated in the paper, exact closed-form solutions are
available for certain values of the hardening exponent of the Voce
hardening law. The applicability of the exact solution for any value
of the hardening exponent of the Voce hardening law can be
assured by solving the integral term of the exact solution without
difficulties using some computing tools, e.g. MATLAB [29].

Numerical efforts of elastic–plastic analysis by the commercial
finite-element code ABAQUS [30] were also performed for
comparisons. Good agreement between analytical and numerical
studies, either by MATLAB [29] or by ABAQUS [30], has demon-
strated the reliability of the analytical derivations presented in the
paper.
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