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Charge distribution on thin conducting nanotubes—reduced
3-D model
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SUMMARY

The subject of this paper is the calculation of charge distribution on the surfaces of thin conducting
nanotubes in electrostatic problems, by the boundary element method (BEM). A line model of
a nanotube is proposed here. This model overcomes the problem of dealing with nearly singular
matrices that occur when the standard BEM is applied to very thin features (objects or gaps). This
new approach is also very efficient. Numerical results are presented for selected examples. Copyright
� 2006 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Microelectromechanical systems (MEMS) have demonstrated important applications in a wide
variety of industries including mechanical and aerospace, medicine, communications, informa-
tion technology, etc. Nanoelectromechanical systems (NEMS) are ‘smaller’ MEMS in the sense
that they have submicron critical dimensions. Owing primarily to their small size, NEMS can
offer very high sensitivities (e.g. force sensitivities at the attonewton level, mass sensitivities
at a single molecule or even a single atom level, and charge sensitivities at the level of the
charge on a single electron). In addition, they offer mechanical quality factors in the tens of
thousands and fundamental frequencies in the microwave range [1, 2]. Fabrication of silicon
nanotweezers [3] and nanoresonators [4] has been demonstrated recently. Carbon nanotubes have
remarkable properties—they are very stiff, have low density, ultra-small cross-sections and can
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Figure 1. Parallel plate resonator: geometry and detail of the parallel
plate fingers (from Reference [24]).

be defect free. They offer fascinating applications possibilities. Natural frequencies of tunable
carbon nanotubes have been measured recently [5].

Numerical simulation of electrically actuated MEMS devices have been carried out for nearly
fifteen years by using the boundary element method (BEM—see, e.g. References [6–10]) to
model the exterior electric field and the finite element method (FEM—see,
e.g. References [11–13]) to model deformation of the structure. The commercial software
package MEMCAD [14], for example, uses the commercial FEM software package ABAQUS
for mechanical analysis, together with a BEM code FastCap [15] for the electric field analysis.
Other examples of such work are References [16–19]; as well as References [14, 20, 21] for
dynamic analysis of MEMS. A very nice recent example of NEMS simulation is Reference
[22]. This paper employs the classical electrostatic model for nano conductors and, depending
upon their characteristic length, two different electrostatic models: semiclassical and quantum-
mechanical, for semiconductors. A just published paper [23] addresses the problem of charge
distribution on multiwalled nanotubes, with a classical electrostatics model, by employing a
full three-dimensional (3-D) BEM approach.

The focus of this paper is the study of the charge distribution on thin conducting carbon
nanotubes (CNTs). This requires BEM analysis of the electric field exterior to these thin
conducting objects. In the context of MEMS with very thin beams or plates (see Figure 1),
a convenient way to model such a problem is to assume plates with vanishing thickness and
solve for the sum of the charges on the upper and lower surfaces of each plate [25]. The standard
boundary integral equation (BIE) with a weakly singular kernel is used in Reference [25] and
this approach works well for determining, for example, the capacitance of a parallel plate
capacitor. For MEMS calculations, however, one must obtain the charge densities separately on
the upper and lower surfaces of a plate since the traction at a surface point on a plate depends on
the square of the charge density at that point. The gradient BIE is employed in Reference [26]
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to obtain these charge densities separately. The formulation given in Reference [26] is a
BEM scheme that is particularly well-suited for MEMS analysis of very thin plates—for
h/L � 0.001—in terms of the length L (of a side of a square plate) and its thickness h. A
similar approach has also been developed for MEMS with very thin beams [27]. Similar work
has also been reported recently by Chuyan et al. [28] in the context of determining fringing
fields and levitating forces for 2-D beam shaped conductors in MEMS combdrives. A fully
coupled BEM/FEM MEMS calculation with very thin plates has just been completed [29]. See,
also Reference [30] for an application of the thin plate idea for modelling damping forces on
MEMS with thin plates.

It is important to cite related work on BEM modelling of thin bodies (other than in MEMS).
Some important papers are References [31–37]. The research presented in Reference [31], in
particular, has been a real inspiration for the present work.

As stated earlier, the focus of the present paper is applying the BEM to compute the
charge densities on the surfaces of conducting carbon nanotubes. The classical electrostatic
model, which assumes that all charges reside on the surface of the conductor and that the
electric potential is constant inside and on the surface of the conductor, is employed here.
Use of the classical electrostatic model requires justification in view of the fact that CNTs
are nanoscale objects. This issue is very clearly discussed in Reference [22]. First, it is
re-emphasized here that the region exterior to a CNT (rather than mechanical deformations
of the CNT itself) is of interest in the present work. (Please see, for example,
Reference [38] for recent work on modelling of mechanical deformation of CNTs). Second, it
is of course well-known that CNTs can be conducting or semiconducting depending upon
their chirality [22]. Attention is focussed in the present work, however, only on conducting
carbon nanotubes for which the classical electrostatic model applies. Semiconducting nanotubes
might require the employment of other electrostatic models such as semiclassical or quantum
mechanical, depending on their (geometric) characteristic length [22].

The primary contribution of the present work, therefore, is the development of a line model
of a nanotube in a 3-D region (called a reduced 3-D model). This model overcomes the problem
of dealing with nearly singular matrices that occur when the standard BEM is applied to very
thin gaps. It also greatly simplifies the BEM calculations and is computationally very efficient.
Finally, the actual charge distribution on the entire surface of a CNT can be recovered at a
post-processing step!

The present paper is organized as follows. BIEs are first presented for an infinite region
containing one thin conducting nanotube and the (infinite) ground plane. The ground is modelled
indirectly by adding a suitable image nanotube to the computational domain. This approach of
modelling the ground plane is quite standard (see, e.g. References [23, 26, 27]). An alternate
implicit ground model, using a modified Green function, is also presented in this paper. Next,
several sections deal with evaluation of various integrals—singular and otherwise. Some of
these evaluations are rather subtle and of critical importance for obtaining the numerical results
presented in this paper. The next section deals with a region containing an arbitrary number of
tubes, together with the ground plane. Each tube can be of arbitrary length and be oriented in
an arbitrary direction in space. A numerical results section and a concluding remarks section
complete the paper. Numerical results for the charge density on the surface of a CNT, from
this reduced 3-D model, are compared with those from an analytical expression for a tube of
infinite length [39, p. 159], a new analytical solution (25), (26), a full 3-D BEM model [23],
and also a 2-D cross-section model.
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2. BIEs IN SEMI-INFINITE REGION CONTAINING ONE THIN CONDUCTING
NANOTUBE AND THE GROUND

2.1. Nanotube models

A carbon nanotube (CNT) is a thin hollow tube, of circular cross-section, as shown in Figure 2.
This figure shows a straight tube, but a CNT can be bent.

2.2. Direct regular BIE for 3-D potential theory outside a doubly-connected body

Consider a 3-D prismatic doubly-connected conductor. Its cross-section is shown in Figure 3
and its two ends are denoted (together) as �BE . The potential � satisfies Laplace’s equation
in the 3-D region B outside the conductor.

b
a

Figure 2. A carbon nanotube.
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Figure 3. Cross-section of a prismatic doubly-connected conductor.
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The direct regular BIE governing the potential � for this problem is of the form [10]

�(�) =
∫

�B0

�(y)

4��r(�, y)
ds(y) +

∫
�BI

�(y)

4��r(�, y)
ds(y)

+
∫

�B0

r(�, y) · n(y)�(y)

4�r3(�, y)
ds(y) +

∫
�BI

r(�, y) · n(y)�(y)

4�r3(�, y)
ds(y) + C

+
∫

�BE

�(y)

4��r(�, y)
ds(y) +

∫
�BE

r(�, y) · n(y)�(y)

4�r3(�, y)
ds(y), � ∈ B (1)

In (1), r(�, y) is the vector from a source point � to a field point y, r(�, y) is its magnitude,
n(y) is the unit normal to the boundary of the conductor (pointing into the conductor) at y, �
is the charge density, per unit area, on the conductor surface and � is the dielectric constant
of the medium outside the conductor. Also, C = �∞, the potential at infinity. Finally,

�(x) = �
��

�n
(x) = �n(x) · [∇��(�)]�=x (2)

where x is a source point on the conductor surface.
Problems of interest in this work involve long thin conductors with a finite potential �

prescribed on the entire surface of a conductor including its ends. Also, the charge density �
is assumed to be finite over the entire surface. In view of this, the integrals over the ends
(i.e. over �BE) are neglected in (1).

The potential is a constant (call this value �̄) at every point on the surface as well as
inside a conductor. This fact leads to very significant simplification of Equation (1). Consider
a Dirichlet problem for Laplace’s equation in a simply-connected region with � = A prescribed
on its entire boundary �BI . It is well known that the solution of this problem at all points inside
this simply-connected region is also � = A. Thus, a hollow conductor with uniform potential
has zero charge on its inside surface. Therefore, the second integral on the right-hand side of
(1) vanishes since �(y) = 0 for y ∈ �BI . For a source point �1 (outside the conductor) the third
and fourth integrals on the right-hand side of (1) vanish since the solid angles subtended by
�B0 and �BI at �1 are zero. Also, the solid angles subtended by �B0 and �BI at �2 are −4�
and 4�; so that the third and fourth integrals on the right-hand side of (1) become −�̄ and �̄,
respectively, for a source point �2. Finally, only the first integral on the right-hand side of (1)
survives for any source point � ∈ B.

2.3. BIEs for a CNT with the ground modelled with an image tube

This section presents BIEs for a single thin conducting nanotube with an infinite ground plane.
The ground is modelled by adding on a suitable image nanotube in the computational domain
(see Figures 4 and 5).

2.3.1. Regular BIE—source point approaching the nanotube axis s1. For a source point
� ∈ B → x ∈ ŝ1 ⊂ s1 (see Figures 4 and 5), one has

�(x) =
∫

�B̄N1

q(y)

4��r(x, y)
d�(y) +

∫
s̃1

q(y)

4��r(x, y)
d�(y) + C, x ∈ ŝ1 ⊂ s1 (3)
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with

q(y) =
∫ 2�

0
�(y3, b, �)b d�, y3 ∈ s1 or s̃1 (4)

Here, � is the charge density, per unit surface area, on the nanotube and q is the charge
density, per unit length, on the nanotube axis s1. The axial co-ordinate for a straight nanotube
is y3. For a bent nanotube, y3 must be replaced by the arc length co-ordinate � along the
(bent) axis of the tube and the integration in (4) must be carried out on a planar cross-section
of the tube that is normal to the local arc length direction.

It is first noted that the source point x in (3) lies inside rather than on the surface of a
nanotube. The potential at any such point x, however, is known (it is the same as on the
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nanotube surface) and can be used as a ‘boundary’ condition. Also, both tubes are assumed to
be very thin and a line model is used for each of them.

Equation (3) follows from (1) upon making use of the fact that the nanotube is very thin.
Specifically, the starting point for the first integral on the right-hand side of (3) is the double
integral ∫

�B̄N1

d�(y)

∫ 2�

0

�(y)b d�

4��r(x, y)
(5)

where �B̄N1 is a line on the nanotube surface �BN1 which is parallel to the nanotube axis s1.
In view of (5), and the fact that r(x, y) in this case is, in fact, independent of y (and therefore
of �), the first term on the right-hand side of (3) is exact. The second integral on the right-
hand side of (3) follows from the assumption that g � b (where g is the gap between the
nanotube and the ground and b in the nanotube radius (see Figures 4 and 5)). Therefore, one
has r(x, y) � b and it is assumed that r is independent of � with the field point y moving on
the boundary of a cross-section of the image nanotube. Next, r(x, y) is approximated to be the
distance from x ∈ s1 and y ∈ s̃1. Exactly how large g has to be compared to b is a matter that
needs further investigation. This matter is discussed later in this paper.

The first integral in (3) is nearly strongly singular and the second is regular. An evaluation
procedure for the first integral is discussed in Section 2.5.

It is noted that in Figure 4, with the charge q(y) at a point y ∈ s1, the charge is −q(y)

at a corresponding point on the axis of the image nanotube y ∈ s̃1. It is proved in Reference
[27] that, for a two-dimensional (2-D) model of the thin beam problem, with potentials �1 and
−�1 on the two beams, one has

�∞ = C = 0 (6)

It is easy to show that the same arguments apply to the 3-D case as well. Therefore, C = 0
in (3).

Given �, Equation (3) can be solved for q(y) on s1.

2.3.2. Gradient BIE—source point approaching the nanotube surface �BN1 . Let � → x̂ ∈ �BN1

(see Figure 5). Using (3) and (2), one can write

�(x̂) =
∫

s1∪s̃1

r(x̂, y) · n(x̂)q(y)

4�r3(x̂, y)
d�(y), x̂ ∈ �BN1 (7)

With q(y) known, (7) can be used, as a post-processing step, to find the charge density
distribution �(x) on the outer surface of the nanotube with axis s1.

Again, a line model is assumed for each of the nanotubes, i.e. the integrals on their surfaces
are replaced by those on their axes.

The integral on s1 in (7) is nearly hypersingular. Its evaluation is discussed in
Section 2.5.2. The integral on s̃1 is regular.

2.4. BIEs for a CNT with implicit modelling of the ground

This section presents alternate equations for the same physical situation as depicted in
Section 2.3. A modified Green function is employed here.
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2.4.1. Regular BIE—source point approaching the nanotube axis s1. Please refer to
Figure 6(a). Here, y ∈ �BN1, y1 ∈ s1 and ỹ1 ∈ s̃1. With y1 : (y1, y2, y3) and the ground at y2 = 0,
one has ỹ1 : (y1, −y2, y3). (This is true even if the physical nanotube is bent.) Also, let

r1 = y − x, �1 = y1 − x, �̃1 = ỹ1 − x (8)

For a source point x ∈ ŝ1 ⊂ s1, one has (see (3))

�(x) =
∫

�B̄N1

q(y)

4��r1(x, y)
d�(y) −

∫
s̃1

q(y)

4���̃1(x, ỹ1)
d�(ỹ1), x ∈ ŝ1 ⊂ s1 (9)

Equation (9) can be written in more compact form as

�(x) =
∫ �2

�1

q(y)

4��

[
1

r1
− 1

�̃1

]
d� (10)

It is noted that, on a straight nanotube, d� = dy3.

2.4.2. Gradient BIE—source point approaching the nanotube surface �BN1 . Referring to
Figure 6(b), and with �1 = y1 − x̂, �̃1 = ỹ1 − x̂, the equation corresponding to (7) is

�(x̂) =
∫ �2

�1

q(y)

4�

[
�1

�3
1

− �̃1

�̃3
1

]
· n(x̂) d�, x̂ ∈ �BN1 (11)

2.5. Evaluation of singular integrals

2.5.1. First integral in (3). This nearly strongly singular integral is evaluated as follows
(see Figure 7):

∫
�B̄N1

q(y)

4��r(x, y)
d�(y) =

∫
�B̄N1−� ˆ̄BN1

q(y)

4��r(x, y)
d�(y) +

∫
� ˆ̄BN1

z

r(x, y)

[q(y) − q(x̂)]
4��z

d�(y)

+ q(x̂)

4��

∫ �̂/2

−�̂/2

dz√
z2 + b2

, x ∈ centre of ŝ (12)
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where the length of the nanotube segment ŝ1 is �̂. This segment is assumed to be straight and
the last integral on the right-hand side of (12), which is nearly strongly singular, is evaluated
analytically.

Please note that the field point y is placed on the outer surface �BN of the nanotube while
the source point x lies on its axis s1. The quantity z/r(x, y) in the second integral on the
right-hand side of (12) is O(1) and → 0 as y → x̂. Therefore, the total integrand in this integral
is regular. (See Reference [26] for the use of a similar idea for the evaluation of nearly weakly
singular integrals).

Finally, it is assumed that q(x) = q(x̂) in (12). The source point x is at the mid-point of ŝ1
in the last integral on the right-hand side of (12) (see Figure 7). Please refer to Appendix A
for the general situation where x is any point on ŝ1.

2.5.2. Integral on s1 in (7). This nearly hypersingular integral is evaluated as follows:

∫
s1

r(x̂, y) · n(x̂)q(y)

4�r3(x̂, y)
d�(y)

=
∫

s1−ŝ1

r(x̂, y) · n(x̂)q(y)

4�r3(x̂, y)
d�(y)

+
∫

ŝ1

r(x̂, y) · n(x̂)[q(y) − q(x̄) − q ′(x̄)(y − x̄)]
4�r3(x̂, y)

d�(y)

+ q(x̄)

∫
ŝ1

r(x̂, y) · n(x̂)

4�r3(x̂, y)
d�(y)

+ q ′(x̄)

∫
ŝ1

r(x̂, y) · n(x̂)(y − x̄)

4�r3(x̂, y)
d�(y), x̂ ∈ �B̂N1 ⊂ �BN1 (13)

where x̄ ∈ ŝ1 is closest to x̂ ∈ �BN1 (see Figure 8). Also, x̂ is at the mid-point of the segment
�B̂N1 of �BN1 . This is sufficient since (7) is a post-processing step.
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Referring to Figure 8, for a piecewise quadratic approximation for q(y), the second integral
on the right-hand side of (13) (using the Taylor series for q(y) about x̄) becomes

q ′′(x̄)

8�

∫ �̂/2

−�̂/2

bz2 dz

(z2 + b2)3/2
(14)

This integral can be evaluated analytically.
Again referring to Figure 8, the third integral on the right-hand side of (13) becomes

q(x̄)

∫
ŝ1

r(x̂, y) · n(x̂)

4�r3(x̂, y)
d�(y) = q(x̄)

4�

∫ �̂/2

−�̂/2

b dz

(z2 + b2)3/2
(15)

This integral can be evaluated analytically. The last integral on the right-hand side of (13)
is

q ′(x̄)

∫
ŝ1

r(x̂, y) · n(x̂)(y − x̄)

4�r3(x̂, y)
d�(y) = q ′(x̄)

4�

∫ �̂/2

−�̂/2

bz dz

(z2 + b2)3/2
= 0 (16)

Finally, (13) has the simple form

∫
s1

r(x̂, y) · n(x̂)q(y)

4�r3(x̂, y)
d�(y) =

∫
s1−ŝ1

bq(y)

4�r3(x̂, y)
d�(y) + q ′′(x̄)

8�

∫ �̂/2

−�̂/2

bz2 dz

(z2 + b2)3/2

+ q(x̄)

4�

∫ �̂/2

−�̂/2

b dz

(z2 + b2)3/2
, x̂ ∈ �B̂N1 ⊂ �BN1 (17)

It is easy to observe from (7) and (17) that, for a single nanotube without the ground, �(x̂),
on any cross-section of a nanotube, is, as expected, axisymmetric.

For the numerical calculations, �̂ in Figures 7 and 8 is taken to be the length of a boundary
element.
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2.6. Verification for one straight very long nanotube without the ground

Consider a very long thin nanotube without the ground. The nanotube is at a constant po-
tential with �∞ = 0. Assuming uniform charge distribution along the length of the tube, i.e.
q(y) = q(x̄), Equations (7) and (17) yield

�(x̂) = q(x̄)

4�

∫ ∞

−∞
b dz

(z2 + b2)3/2
= q(x̄)

2b�
(18)

Equation (18) says that, as expected, the charge distribution on the outer boundary of any
cross-section of such a nanotube is axisymmetric and 2b��(x̂) = q(x̄).

3. BIEs FOR N THIN CONDUCTING NANOTUBES AND IMPLICIT MODELLING
OF THE GROUND

Consider the case with N conducting nanotubes, with arbitrary lengths and orientations, and
the ground with zero potential. (Figure 9 shows an example with two nanotubes.)

3.1. Regular BIEs for N tubes

Please refer to Figure 6(a). With y ∈ �BNm, yk ∈ sk, ỹk ∈ s̃k , define, in an analogous manner

rm = y − xm, �k = yk − xm, �̃k = ỹk − xm (19)

The equation corresponding to (10), with xm ∈ sm, is

�m =
∫ �m2

�m1

qm

4��

[
1

rm
− 1

�̃m

]
d� +

N∑
k=1, k 
=m

∫ �k2

�k1

qk

4��

[
1

�k

− 1

�̃k

]
d�, m = 1, 2, . . . , N (20)

There is no sum over m in the first integral in (20). Given �m, m = 1, 2, . . . , N ,
Equation (20) can be solved for q(y) on sk , k = 1, 2, . . . , N .

3.2. Gradient BIEs for N tubes

Please refer to Figure 6(b). With x̂m ∈ �BNm , define, in an analogous manner

�k = yk − x̂m, �̃k = ỹk − x̂m (21)

φ

φ

φ

1

ground

2

= 0

Figure 9. Two nanotubes with ground.
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This time, the equation corresponding to (11) is

�(x̂m) =
∫ �m2

�m1

qm

4�

[
�m

�3
m

− �̃m

�̃3
m

]
· n(x̂m) d�

+
N∑

k=1, k 
=m

∫ �k2

�k1

qk

4�

[
�k

�3
k

− �̂k

�̂3
k

]
· n(x̂m) d�, m = 1, 2, . . . , N (22)

There is no sum over m in the first integral in (22).

4. RESULTS

4.1. Analytical solutions for sample problems

Analytical solutions for q and �, for two infinite conductive parallel (cylindrical) tubes with
potentials � and −�, are given below. (See Figures 10 and 4 which show two parallel finite
tubes.)

For this case, one has [23, 39]

q = 2���

cosh−1(1 + g/b)
(23)

Referring to Figures 5 and 10, analytical solutions can be obtained for the charge densities
�(A) and �(B). The points A and B lie on the middle cross-section of the (infinite) upper
tube at � = �/2 and � = 3�/2, respectively.

b

b

b

b

2g

A

B

.

.
n(A)

n(B)
S

S

1

1

~

y

y

.

.~ q

q

_

Figure 10. Two parallel nanotubes of infinite length.
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Applying Equation (7), one gets

�(A) =
∫

s1

r(A, y) · n(A)q(y)

4�r3(A, y)
d�(y) −

∫
s̃1

r(A, y) · n(A)q(y)

4�r3(A, y)
d�(y) (24)

With q constant on an infinite tube (its value is given by (23)), using Figure 10, one has

�(A) = q

4�

∫ ∞

−∞
b dz

(z2 + b2)3/2
− q

4�

∫ ∞

−∞
(2g + 3b) dz

[z2 + (2g + 3b)2]3/2

= q

2�b
− q

2�

[
1

2g + 3b

]
= q

�b

[
g + b

2g + 3b

]
(25)

Using a similar procedure, and noting that r(B, ỹ) · n(B) = −(2g + b) for ỹ ∈ s̃1, one gets

�(B) = q

�b

[
g + b

2g + b

]
(26)

4.2. Numerical results for two parallel tubes in Figure 4

Numerical results are presented in this section for two parallel tubes of finite length
(i.e. a nanotube with its image in order to model the ground plane). These results are then com-
pared with the analytical solutions for infinite tubes that are presented in
Section 4.1.

4.2.1. Material and geometrical parameters. The nominal values of the geometrical parame-
ters are �N = 3000 nm, b = 1 nm and g = 500 nm. Also, � = 8.854 × 10−12 F/m and �1 = 1 V
and �̃1 = −1 V, respectively. Of course, it is noted that such large voltages would be extremely
hazardous to the health of CNTs. These numbers are chosen for illustrative purposes only. For
practical applications, the results of these linear problems can be immediately scaled down to
accommodate much lower applied voltages.

4.2.2. Verification of computer code. One-dimensional quadratic boundary elements are used to
discretize each nanotube. The first and last boundary elements on a nanotube are non-conforming
ones (with �1 = −0.5, �2 = 0, �3 = 1.0; and �1 = −1.0, �2 = 0, �3 = 0.5, respectively), to allow
for singularities in q at the two ends of the nanotube. The rest of the elements are the
usual quadratic conforming ones. Numerical results for q0 (at the centre of the top tube), for
nominal values of the parameters, for different numbers of elements on each nanotube, are
shown in Table I. The analytical solution for q, for a pair of infinitely long tubes, from (23),
is 8.051 pC/m. The difference, for 201 elements, is 1.25%.

4.2.3. Parameter study. Key dimensionless parameters in this problem are �N/b, �N/g and
g/b. It is important to study the validity of the reduced 3-D BEM model for various values
of these ratios. For example, the ratio �N/b must be large enough for this ‘thin tube’ model
to work. Also, the reduced 3-D model will clearly break down for g/b ≈ 1.

Results for varying, in turn, b, �N and g, keeping the other parameters at their nominal
values, appear in Tables II, III and IV, respectively. Table II shows that the values of q0 agree
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Table I. Charge density q0 at the centre of the upper nanotube
as a function number of elements on the nanotube. �N = 3000 nm,
b = 1 nm, g = 500 nm. Two nanotube model with �1 = 1 V, �̃1 = −1 V

and � = 8.854 × 10−12 F/m.

Number of elements q0 at centre (pC/m)

11 8.1526
25 8.1523
51 8.1521

101 8.1520
201 8.1519

Table II. Charge density q0 at the centre of the upper nanotube as a function of b

with �N = 3000 nm and g = 500 nm. Two nanotube model with �1 = 1 V, �̃1 = −1 V and
� = 8.854 × 10−12 F/m. The result from a full 3-D BEM model [23], for b = 20 nm,

is q0 = 14.098 pC/m.

q0 (pC/m)

b (nm) Computed Exact for �N → ∞ Difference (%)

20 14.37 14.08 2.06
7.5 11.53 11.34 1.68
3 9.70 9.57 1.36
1 8.15 8.051 1.23

Table III. Charge density q0 at the centre of the upper nanotube as a function of �N

with b = 1 nm and g = 500 nm. Two nanotube model with �1 = 1 V, �̃1 = −1 V and
� = 8.854 × 10−12 F/m.

q0 (pC/m)

�N (nm) Computed Exact for �N → ∞ Difference (%)

1000 8.59 8.051 6.65
1500 8.35 8.051 3.71
2000 8.24 8.051 2.34
3000 8.15 8.051 1.23

quite well with the analytical solution for an infinitely long tube for all cases. The complete
numerical solution for q(x), from the reduced 3-D model, however, exhibits oscillations at
the two ends of the tube, for b = 20 nm and for b = 7.5 nm, as shown in Figure 11(a) and
(b), respectively; while the solution for b = 3 nm and for b = 1 nm have the correct profile. It
appears that the reduced 3-D model works best for �N/d � 500 (here d = 2b is the diameter
of the tube). The model can also be used for smaller aspect ratios (e.g. �N/d ≈ 100) if one is
only interested in the value of q0. Finally, it is possible that inclusion of singular elements at
the ends of a tube might damp out the oscillations in Figure 11(a) and (b). This investigation
is planned for the future.
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Table IV. Charge density q0 at the centre of the upper nanotube as a function of
g with b = 1 nm and �N = 3000 nm. Two nanotube model with �1 = 1 V, �̃1 = −1 V

and � = 8.854 × 10−12 F/m.

q0 (pC/m)

g (nm) Computed Exact for �N → ∞ Difference (%)

500 8.15 8.051 1.23
100 10.49 10.48 0.1

25 14.08 14.08 0
5 22.38 22.45 0.31

0

b = 20 nm

Axial coordinate along nanotube (nm)

q 
 (

pC
/m

)

14.37 (2.06 %)

1500 1500_
_

_

_

_

_ _1000 1000500 5000

600

500

400

300

200

100

100

200

300

400

b = 7.5 nm

Axial coordinate along nanotube  (nm)

11.53  (1.68 %)

1500 15001000 1000500 5000___

50

45

40

35

30

25

20

15

10

5

q 
 (

pC
/m

)

b = 3 nm

9.70 (1.36 %)

Axial coordinate along nanotube (nm)

q 
 (

pC
/m

)

1500 15001000 1000500 5000_ _ _8

10

12

14

16

18

20

22

24

26

b = 1 nm

8.15 (1.23 %)

Axial coordinate along nanotube (nm)

q 
 (

pC
/m

)

16

15

8

14

13

12

11

10

9

1500 15001000 1000500 5000___

(a) (b)

(c) (d)

Figure 11. Charge density q per unit length along nanotube for different values of b, with �N = 3000 nm
and g = 500 nm. Two nanotube model with �1 = 1 V, �̃1 = −1 V and � = 8.854 × 10−12 F/m

(201 quadratic elements along each nanotube).
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An interesting observation is made next regarding Table III. There is a difference of 6.65%
between the result from the reduced 3-D model for �N/g = 2 and the analytical solution for
an infinitely long tube (23). This time, the solution (23) is not very accurate since the ratio
�N/g is not large enough. This fact is also apparent from Figure 4 of Reference [23] which
shows results from a full 3-D BEM model with b = 20 nm for various values of �N/g. There,
also, the numerical solution is somewhat larger than the result from (23) for �N/g = 2. The
reduced 3-D model solution approaches the analytical solution (23) as �N/g increases to 6 in
Table III. The same trend is observed in Figure 4 of Reference [23].

Finally, Table IV shows that the reduced 3-D model performs very well for g/d � 2.5. This
is quite encouraging. The reduced 3-D model is expected to break down as g → 2b.

It is noted that the results in Tables II–IV are obtained with 201 boundary elements on a
nanotube.

4.2.4. Calculation of charge density � on the surface of a nanotube. Figure 12 shows polar
plots for �(�) on the central cross-section of the upper nanotube. The left column in this
figure shows numerical results from the gradient BIE (7) for various values of g. The right
column shows results from a 2-D cross-section model, which is a standard 2-D BIE calculation
for the two-tube configuration shown in Figure 5. The numerical results for �A and �B , in
the first column, agree with the analytical solutions (25), (26) up to 4 significant figures! As
expected, the results from the reduced 3-D and the 2-D cross-section models agree well for
large gap (g/b = 500) when the nanotubes hardly interact and the charge distribution is nearly
axisymmetric around the tube. As g/b becomes smaller, however, anisotropy in �(�) sets in
as expected, and it is observed that the 2-D cross-section model incorrectly intensifies the
interaction between the tubes, and consequent anisotropy of �(�), because the 3-D interaction
between the nanotubes is not modelled correctly by this greatly simplified model. It is interesting
to note, however, that the 2-D cross-section model yields excellent values of q (using (4) to
integrate the numerically obtained �(�) around the tube), even for g/d = 2.5, in spite of the
fact that �(�) itself is not correct in this case.

4.3. Numerical results for three tubes and the ground

This example has three tubes—X, Y and Z tubes, arranged as shown in Figure 13, and the
ground. The tubes are arranged such that, looking from the top, the X and Y tubes form a cross
and the Z tube stands directly above it. The lengths of the tubes are �Nk

, their potentials are �k

and the gaps are gk; k = 1, 2, 3. Each has radius b = 1nm and � = 8.854 × 10−12 F/m. Gaps are
always measured from the outer surfaces of the tubes. In this example, �N1 = �N2 = �N3 = 3000nm,
g1 = g2 = g3 = 5 nm and �1 = 1, �2 = 2, �3 = 3 V, respectively.

Numerical results for the charge distributions along the X, Y and Z tubes, together with that
on an isolated Z tube (i.e. the Z tube and the ground in the same positions as in Figure 13
without the X and Y tubes), appear in Figure 14. The ‘asymptotic’ values of charge shown in
Figure 14(a) and (b) are the numerical values of q obtained at axial co-ordinates = ±1001.1 nm
on the X and Y tubes, respectively; together with their percentage differences from the exact
solution at the centre of a corresponding isolated infinite tube from (23). As expected, these
values are very close. (Note that the gap g in (23) is 5 nm for the X and 12 nm for the
Y tube, respectively.)

Copyright � 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2006; 68:503–524



CHARGE DISTRIBUTION ON THIN CONDUCTING NANOTUBES 519

3-D
g=500 nm

σA = 1.296 mC/m2

σ = 1.299 mC/m2
B

θ.

2-D
g = 500 nm

σ = 1.28 mC/m2

error in q = 0.106 %

q = 8.042 pC/m

θ

3-D
g = 25 nm

 σ  =  2.199 mC/m
2

2
A

  σ =  2.285 mC/m
B

 σ  A
  σ 

B

θ

2-D
g = 25 nm

 mC/m2

error in q = 0
q = 14.08 pC/m

σA = 2.16 
 mC/m2σ = 2.32 B

θ

3-D
g = 5 nm

   = 3.289 mC/m

   = 3.887 mC/m 

2

 

 σ  A
  σ 

B

   
  

 

 
2

θ

2-D
g = 5 nm

q = 22.45 pC/m
error in q = 0

   =   3.02  mC/m2

   =  4.22  mC/m2
 

 

Figure 12. Polar plots of charge density per unit area around nanotube for different values
of g with �N = 3000 nm and b = 1 nm. Two nanotube model with �1 = 1 V, �̃1 = −1 V and
� = 8.854 × 10−12 F/m. Left column—reduced 3-D; right column—2-D cross-section model. Reduced
3-D numerical results for �A and �B agree with analytical solutions (25), (26) up to 4 significant
figures. Points A and B are shown in Figure 5—they are located on the mid cross-section of the

upper tube at � = �/2 and � = 3�/2, respectively.

Some interesting observations regarding Figure 14 are made below. Following a heat conduc-
tion analogy, it is known that positive charge corresponds to heat outflow and negative charge
corresponds to heat inflow. Referring to Figure 14(a) and (b) (see, also, Figure 13), the centre
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Figure 13. Configuration with three tubes.

of the X tube gains heat from the other two tubes, thereby significantly lowering its value of
q there compared to its value on an isolated X tube. The centre of the Y tube, however, loses
heat to the X tube and gains heat from the Z tube. The net result is a gain in heat since
the incoming heat from the Z tube is ‘more focussed’ than the outgoing heat to the X tube.
Therefore, the value of q at the centre of the Y tube also decreases compared to its value
on an isolated Y tube. It is further observed that, as expected, the net percentage drop in the
value of q at its centre is much less for the Y tube compared to that for the X tube.

Some observations are now made regarding Figure 14(c) and (d). Figure 14(d) shows that,
for the isolated Z tube, both ends lose heat, but the lower end loses much more heat than the
upper one since it is much closer to the ground. In Figure 14(c), the lower end of the Z tube
loses less heat (because of the presence of the X and Y tubes) than when it is isolated, but
the upper end is far from the lower one and is hardly affected by the presence of the X and
Y tubes. (The numerical values of q are 42.395 and 42.429 pC/m, respectively, at the upper
end of the Z tube in Figure 14(c) and (d).)

It is noted here that the values of q are, in fact, singular at each end of a tube. Singular
boundary elements are needed to pick up these singularities, and such elements have not yet
been included in these calculations. Nevertheless, the numerical values obtained at the ends of
a tube, in this work, are expected to reflect the strengths of these singularities.

5. CONCLUDING REMARKS

• An efficient method (a reduced 3-D model) is presented in this paper for the calculation
of charges on the surfaces of thin conducting nanotubes. The charge per unit length q

is computed first, followed by the determination of �, the pointwise charge per unit area
on a tube surface, at a post-processing step. The first step (determination of q) is just a
1-D BEM calculation! This method works best for sufficiently thin tubes (�N/d � 500)

that can be near but not too close to each other (g/d � 2.5).
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Figure 14. Charge density q per unit length along nanotubes X, Y and Z, together with
that on an isolated Z tube, for the 3 tube problem. b = 1 nm, �N1 = �N2 = �N3 = 3000 nm,
g1 = g2 = g3 = 5 nm, �1 = 1, �2 = 2, �3 = 3 V, and � = 8.854 × 10−12 F/m (451, 451 and 201

quadratic elements along X, Y and Z tubes, respectively).

• The numerical results are checked against analytical solutions whenever possible.
(A new analytical result, Equations (25), (26), is derived in this work.) The performance
of this reduced 3-D model is uniformly excellent.

• An elegant approach is presented here for solving a problem with N nanotubes, based
on modified Green functions.

• Plans for future work:

— Study of semi-conducting nanotubes by employing a semi-classical model (Laplace/
Poisson’s equation [22]).

— Study of large problems (with many nanotubes) by the BEM accelerated by the Fast
Multipole Method (FMM [40, 41]).
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— Modelling of coupled elastic–electrostatic problems (see, e.g. Reference [29] for anal-
ogous MEMS problems).

— Dynamics problems including damping (see, e.g. Reference [30] for modelling of
fluid damping forces in analogous MEMS problems).

— Applying the same idea to study charge distribution on narrow conducting beams in
MEMS. A narrow beam is one with, say, a rectangular cross-section with both its
width and height much less than its length.

APPENDIX A: INTEGRALS IN EQUATION (12)

The computer implementation in this paper uses 1-D quadratic elements, of which the first and
last ones on a tube are non-conforming ones (with �1 = −0.5, �2 = 0, �3 = 1 and �1 = −1, �2 = 0,

�3 = 0.5, respectively), to allow for singularities in q at the start of the first and at the end of
the last element. The rest of the elements are the usual quadratic conforming ones. In view of
this, three cases for the placement of a source point must be considered.

1. The source point x lies at the centre of an element. In this case, ŝ1 is that singular
element. This case has been discussed in the body of the paper (please see the last
integral on the right-hand side of (12)).

2. The source point x lies at an arbitrary point inside an element. Again, ŝ1 is that singular
element.
Let the local co-ordinate of the source point x on ŝ1, with respect to the mid-point O of
ŝ1, be ��̂/2, with � ∈ (−1, 1) (Figure A1). The local co-ordinate z is measured from x.
Now, the last integral in (12) is

q(x)

4��

∫ (1−�)�̂/2

−(1+�)�̂/2

dz√
z2 + b2

(A1)

3. The source point lies at the boundary of two adjacent elements. In this case, ŝ1 consists
of these two adjacent elements. The last integral in Equation (12) now becomes

q(x)

4��

∫ �̂2

−�̂1

dz√
z2 + b2

(A2)

where �̂1 and �̂2 are the lengths of the elements immediately before and after the source
point x on ŝ1.

- l / 2
^

  l / 2
^   l / 2

^α x
z

O

Figure A1. Element ŝ1 with source point x.
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