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SUMMARY

This work presents two new error estimation approaches for the BEM applied to 2D potential prob-
lems. The �rst approach involves a local error estimator based on a gradient recovery procedure in
which the error function is generated from di�erences between smoothed and non-smoothed rates of
change of boundary variables in the local tangential direction. The second approach involves the exter-
nal problem formulation and gives both local and global measures of error, depending on a choice of
the external evaluation point. These approaches are post-processing procedures. Both estimators show
consistency with mesh re�nement and give similar qualitative results. The error estimator using the
gradient recovery approach is more general, as this formulation does not rely on an ‘optimal’ choice of
an external parameter. This work presents also the use of a local error estimator in an adaptive mesh
re�nement procedure. This r-re�nement approach is based on the minimization of the standard deviation
of the local error estimate. A non-linear programming procedure using a feasible-point method is em-
ployed using Lagrange multipliers and a set of active constraints. The optimization procedure produces
�ner meshes close to a singularity and results that are consistent with the problem physics. Copyright
? 2002 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Boundary integral equation (BIE) formulations are exact representations of boundary value
problems (BVPs). Errors may appear in the discretization process leading to the boundary
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element method (BEM) because the BIE is valid only at a �nite number of collocation points.
Local and global contributions to these errors can be estimated and used in mesh re�nement.
Error estimators based on residuals and error norms, similar to the approaches available in the
�nite element method (FEM), have been used for symmetric BEM formulations, but the error
estimators literature is scarce for collocation BEM formulations [1]. In the present work, two
local error estimation approaches are presented for 2D potential problems. These approaches
can be used for both Galerkin and collocation BEM formulations and can be extended to
potential and elastostatics problems in 2D or 3D. This work presents also an adaptive mesh
re�nement procedure that can be used in conjunction with any local error estimator to equalize
the distribution of the local error through the various elements. This r-re�nement procedure
can be used to resize elements before an h- or p-re�nement is performed, thereby making
mesh re�nement more e�cient.
To solve the BIE numerically, the boundary is divided into elements. The collocation BEM

is a discretization of a BIE so that the solution is only valid at a �nite number of boundary
collocation points. For the other boundary points, interpolating functions approximate de-
pendent variables of the problem. Several sources of error exist in this approach. First, the
discretized boundary may not represent the original one. Second, polynomial interpolation is
only an approximation of the variable within the element. Third, the continuity of the boundary
elements may not satisfy the smoothness requirements of the original BIE. Fourth, numerical
integration using Gaussian quadrature is an approximation of the integral being evaluated.
Local and global contributions to the error due to an element can be estimated so that mesh
re�nement can be performed to minimize these errors. A global error estimator can be used
to determine the need for re�nement, while a local error estimator can be used to determine
which portions of the boundary require re�nement in an adaptive process.
Several types of a posteriori error estimators for BEM have been proposed in the litera-

ture, primarily for symmetric BEM, and only a few have been studied for collocation BEM.
Reviews for error estimation and adaptivity methods can be found in Liapis [1] and Kita and
Kamiya [2, 3]. These error estimators include various versions of element residual methods,
�ux projection estimators, extrapolation error estimators and estimators measuring the sensi-
tivity of the numerical solution to a shift in the collocation point. Kelly et al. [4] proposed
a global error estimator based on the energy norm. Carstensen and co-workers presented
a posteriori error estimates [5] and adaptive procedures [6, 7] based on symmetric Galerkin
BEM formulations, for which upper and lower bounds of the error can be computed. A mea-
sure of the e�ciency for the Galerkin formulation was also established [8]. Liang et al. [9]
proposed local error estimators based on dual BIE formulations. Paulino et al. [10] and Menon
et al. [11] proposed a pointwise error estimator based on the di�erence between two formula-
tions, the standard formulation and the hypersingular formulation. This approach was applied
to a symmetric-Galerkin BEM formulation by Paulino and Gray [12]. Denda and Dong [13]
proposed an error estimator for the direct collocation method in the elastostatics problem. In
this case, a comparison with an equivalent representation of the same problem, obtained for
the exterior domain, is performed. Jou and Liu [14] obtained upper and lower bounds for error
using a residual approach. Sensitivities to variations in node location are found in References
[15–18]. Varfolomeyev et al. [19] employed an averaged error estimation technique. Zhan and
Yokoyama [20] obtained the element degree from a normalized integral of the squared error.
Kara�at [21] presented an a priori convergence estimate, requiring a special procedure for
singular and nearly singular integrals. Liapis [22] presented a residual error estimator. Error
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estimators based on di�erences between the BEM solution and the element approximation or
interpolation can be found in Chao and Lee [23] and in Zhao [24]. Ammons and Vable [25]
employed a L1 norm as a measure of error.
Most the above cited error estimators in BEM fall into three categories: average in the norm,

sensitivity analysis and di�erence between two equivalent formulations. An error estimator
based in the di�erence between two equivalent formulations is developed in the present work.
Gradient recovery, when properly adapted from the FEM formulations, is a fourth promising
category and is developed in the present work.
Two a posteriori error estimator approaches for the collocation BEM are considered in

detail in Section 2 for 2D potential problems. The �rst approach is a local error estima-
tor based on a gradient recovery procedure, wherein the smoothed or recovered functions
are rates of change of the boundary variables in the local tangential direction. The gradient
recovery approach is commonly used in the �nite element method [26–28] and considers the
evaluation of the gradient of the �eld variable in global co-ordinates, allowing for continuous
derivatives of this �eld variable in �xed global directions. On the other hand, in the BEM the
variables of interest are written in local co-ordinates, so that the �ux is the boundary variable
associated with the outward local normal derivative of the potential. The potential is continu-
ous throughout the boundary, while the �ux and the tangential derivative of the potential may
be discontinuous, such as where the boundary is not smooth. Any recovery procedure of the
tangential derivatives must allow for these inter-element discontinuities.
The second error estimator approach is associated with an external problem formulation

and gives both a local and a global measure of the error, depending on the location of the
external point where the equation is applied. The potential should vanish at points in the
exterior of the domain due to the fact that the swept angle appearing in the boundary integral
formulation is zero. Non-zero values indicate errors. By collocating the external point near
the boundary, the in�uence of nearby elements on the error estimate will be dominant, so that
the error information can be considered to be local.
These two error estimation approaches represent a post-processing step, after a BEM

solution is known. The exact solution is not required for either error estimator. In the present
work, the two estimates are computed for two 2D potential problems, one containing a sin-
gularity and the other with a known exact solution, and a comparison is made between both
estimators. The error consistency with mesh re�nement is also compared for both error esti-
mators.
An approach to use a local error estimator in an adaptive mesh re�nement procedure is

presented in Section 4. Sun and Zamani [29] presented an adaptive h−r re�nement algorithm
for the Laplace equation based the minimization of an upper bound of a residual to obtain an
asymptotically optimal grading function. This approach was highly dependent on the weakness
of the singularities involved in the Laplacian operator and on the existence of a grading
function. Zamani and Sun [30] discussed also the implementation of r and h− r re�nement-
redistribution techniques. In Kita et al. [31] a relationship between error and element size is
established, and the goal is to redistribute the error on the elements. One step in the algorithm
is to discretize (re-mesh) macro-elements in order to redistribute the error. Apparently this step
in Reference [31] is not automated, and requires external intervention and decision-making
on nodal repositioning.
The adaptive r-re�nement procedure presented in this work is based on a constrained

optimization algorithm. An r-re�ned mesh is automatically obtained as a result of the
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procedure. Also, the proposed mesh re�nement approach employs an optimization procedure
that is not limited to the collocation BEM and could be used for the re�nement of any BEM
formulation. This procedure is not limited by the weakness of the singularities in the BEM
formulation. After a local error estimator is chosen, it can be used for mesh re�nement. The
adaptive mesh re�nement procedure is independent of the choice of the local error estima-
tor and is based on the minimization of the standard deviation of the normalized local error
estimate.
The local error estimator for the BEM is a function of nodal positions, which can be

modi�ed within certain limits, producing inequality constraints for these positions. Local error
estimates are evaluated for several di�erent meshes to provide a quadratic interpolation of the
objective function. Design of experiments techniques are adapted to this problem to generate
this second-order model. A non-linear programming procedure using a feasible-point method
is employed, based on the use of Lagrange multipliers and a set of active constraints. The
optimization procedure produces �ner meshes near the singularity point. This result is consis-
tent with the problem physics, as the accuracy of the BEM solution is expected to increase
when greater element density exists near the singular point.

2. PROPOSED A POSTERIORI ERROR ESTIMATORS FOR BEM

Two error estimators for BEM are considered in detail in the present work. The �rst is
based on the gradient recovery approach, and the second is based on the error with respect
to an external formulation. These error estimators require only post-processing procedures
that generate qualitative indicators of the local errors of the discretized BEM solution for a
speci�ed boundary mesh. They are suitable to be used for the collocation BEM, for which
other error estimators (such as those that require energy norms) may not be available.

2.1. The gradient recovery approach for error estimation in BEM

The following discussion is limited to 2D potential theory, but the ideas can be adapted to 3D
problems and to elasticity theory. The concept of recovery of derivatives for error estimation
originated with �nite element methods, in which error indicators were derived from derivatives
of the computed �nite element solution. Even small errors in the �nite element solution could
lead to large errors or inaccuracy in these derivatives. Smoothed or re�ned approximations
for the derivatives were developed so that the error indicators depending on these derivatives
would be more credible. A procedure to smooth the gradient to compute these derivatives
with good accuracy is called gradient recovery [26–28]. The derivatives are evaluated from
a weighted average of element derivatives surrounding a node. The weighting factors are the
element areas. The FEM procedure is illustrated below for a one-dimensional problem for
simplicity. For each element (e), the �rst derivatives are expressed in terms of the derivatives
of the shape functions N and of the nodal values of the potential solution {�}(e) as

(
@�
@x

)(e)
=

⌊
@N
@x

⌋
{�}(e) (1)
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These �rst derivatives can be written in an average sense as(
@�
@x

)(e)∗
= �N�

{
@�
@x

}(e)∗
(2)

where the goal is to �nd the vector of smoothed (or ‘recovered’) nodal derivatives of the
potential {@�=@x}(e)∗. An equivalence equation can now be written in a region �(e) surrounding
an element (e) as

∫
�(e)

{N}
(
@�
@x

)(e)∗
dA=

∫
�(e)

{N}
(
@�
@x

)e
dA

⇒
∫
�(e)

{N}�N� dA
{
@�
@x

}(e)∗
=

∫
�(e)

{N}
⌊
@N
@x

⌋
dA{�}(e) (3)

The element equations in Equation (3) are then assembled for the entire domain �. The vector
of smoothed nodal derivatives {@�=@x}(e)∗ can be obtained from the assembled system of
equations. An important feature in this procedure is that the x-co-ordinate belongs to a global
co-ordinate system, so that not only is the potential �eld at the nodes {�}(e) continuous in �,
but also all the elements of the smoothed gradient vector {@�=@x}(e)∗ in a general problem
are continuous in � when linear or higher order elements are used. The di�erence between
this re�ned gradient and the actual gradient for a certain mesh provides an error measure.
This post-processing approach to �nd error estimators from gradient recovery can be adapted

to BEM problems after the solution is known for all nodes on the boundary. Consider �rst
an element (e) of the boundary region in which the gradient is being evaluated. Let � be
the potential, @�=@s be the tangential derivative of �, and q= @�=@n be the �ux. From the
BEM solution, the nodal values �(e)i and q(e)i are known. Both the �ux q and the tangential
derivative @�=@s are allowed to be discontinuous at boundary points where the normal unit
vector is not unique. For C0 elements, the tangential and normal unit vectors are uniquely
de�ned only locally in the interior of a boundary element. The usual BEM solution allows
for these discontinuities to occur, and the �ux solution on the boundary is given both as a
function of the node number i and of the element number (e). Thus, on a certain node i, the
�ux on the element before the node q(e)i might be di�erent from the �ux for the element after
the node q(e+1)i . The same discontinuities will apply for both the original and the recovered
or smoothed values of the tangential derivative of the potential @�=@s at the same boundary
nodes where the �ux is discontinuous.
To write a system of equations similar to the one obtained with the FEM procedure, conti-

nuity would be required for the derivatives of the potential. But the derivatives of the potential
are continuous only in a global co-ordinate system. These derivatives are not continuous in
local co-ordinate systems along the boundary curve if the boundary has corners. The approach
adopted in this work is to introduce double nodes at all the discontinuity points, such as the
corner nodes on the boundary. Elements with zero length connect these double nodes, so that
no local or global contribution for the error from these �cticious elements is incurred. It must
be noted that the gradient recovery approach is a post-processing procedure that is completely
independent of the BEM formulation that was used to obtain the boundary solution, which
may or may not use originally a double-node approach. The concept of double nodes to
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account for the �ux discontinuities when obtaining the boundary solution is well known in
the BEM literature [32] but is not used in this work. The double nodes introduced here orig-
inate from discontinuities in the values of q and @�=@s at corner nodes in the post-processing
algorithm to obtain the element errors and not from the original BEM procedure to evaluate
the boundary solution.
The solution at any point inside the element is �(e)(�)= �N�{�}(e) = ∑m

i=1 Ni(�)�
(e)
i and

q(e)(�)= �N�{q}(e) = ∑m
i=1 Ni(�)q

(e)
i , where � is the intrinsic co-ordinate and m is the number

of element nodes corresponding to the polynomial interpolation being used, such as m=2
for linear elements, m=3 for quadratic elements, etc. Taking derivatives with respect to the
intrinsic co-ordinate gives

(
d�
ds

)(e)
=

(
d�
d�

)(e)(d�
ds

)(e)
;

(
dq
ds

)(e)
=

(
dq
d�

)(e)(d�
ds

)(e)
(4)

where (
d�
d�

)(e)
=

⌊
dN
d�

⌋
{�}(e);

(
dq
d�

)(e)
=

⌊
dN
d�

⌋
{q}(e)

and (d�=ds)(e) = J (�; s) is the Jacobian of the transformation between the real element (with
co-ordinate s) and the standard element (with the intrinsic co-ordinate �).
These derivatives can be written with polynomial shape functions one degree higher as

(
d�
ds

)(e)∗
= �N�

{
d�
ds

}(e)∗
;

(
dq
ds

)(e)∗
= �N�

{
dq
ds

}(e)∗
(5)

where {d�=ds}(e)∗ and {dq=ds}(e)∗ are the sets of nodal values of the corresponding derivatives
that are equivalent in a local averaging sense to the original ones, {d�=ds}(e) and {dq=ds}(e).
Element equivalence is enforced by requiring that both formulations for the derivatives give
same element integrals, de�ned by

I (e)� =
∫
S(e)

{N}
(
d�
ds

)(e)∗
; ds=

∫
S(e)

{N}
(
d�
d�

)(e)
J (�; s) ds

I (e)q =
∫
S(e)

{N}
(
dq
ds

)(e)∗
; ds=

∫
S(e)

{N}
(
dq
d�

)(e)
J (�; s) ds

(6)

where the integration is performed on S(e), which is the element length in 2D or the ele-
ment area in 3D. If the element under integration is now written as ds= J (s; �) d�, where
J (s; �)=ds=d�=1=J (�; s), all terms in the integrands are now only functions of the intrin-
sic variable �, and all element integrations are now performed for �∈ [−1; 1], for the usual
Lagrangian interpolating functions.
The element equations in Equation (6) are then assembled for the entire boundary S, leading

to an expanded system of equations that includes the original elements and the new zero-length
elements at the double nodes. A simple procedure is implemented in this work to account
automatically for these new zero-length elements when assembling the system of equations. In
the �rst step, a new variable LC(i) is created as a corner locator and set initially as LC(i)=0
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for all nodes i=1; : : : ; N . Then a test is performed at each node i, for discontinuities in the
normal unit vector between the elements that share the node. If the normal unit vector in
both elements that share the node is not unique, a corner is located, and LC(i)=1. If the
boundary surface is smooth at this node, the procedure then evaluates the �ux to check for
discontinuities between elements. If the �ux is discontinuous at a node on a smooth part of
the boundary, this node is also treated as a ‘corner’ that needs a double node to be added,
and LC(i) is set to one.
The second step is to renumber the current nodes and elements to include the zero-length

elements at the located ‘corner’ nodes. For every node i where a ‘corner’ exists, a new
node=element is created with corresponding number i + 1, and all subsequent nodes and
elements have their numbers increased by one. The value of the potential at node i is assigned
to both nodes of the zero-length element. The �ux at node i in the element before the node is
assigned to the �rst node of the zero-length element, and the �ux in the element after node i is
assigned to the second node of the zero-length element. A new augmented connectivity matrix
is thus created relating node=element numbering, including the added zero-length elements.
With this procedure, single values for the �ux and for the tangential derivatives of both the
potential and the �ux can be assigned to each node in the augmented system.
By assembling the element equations, an augmented system of equations is thus obtained

from which the vectors of smoothed nodal derivatives {@�=@s}(e)∗ and {@q=@s}(e)∗ can be
obtained. The system matrix for the coe�cients of the recovered or smoothed quantities is
not singular and admits an inverse after assembling all elements, including the zero-length
elements that link the double nodes. The third step is to evaluate the element errors still in the
augmented system and then renumber backwards the nodes=elements down to their original
numbering, by excluding the zero-length elements so that only the error information of the
original elements remains.
The gradient recovery procedure is based on an algorithm that includes all the boundary

elements. Thus, the smoothed tangential derivatives of the densities (the potential and the �ux)
are not obtained independently for each element. Instead, a unique value for the smoothed or
recovered nodal values of the tangential derivatives of the densities is only obtained when all
the element matrices are assembled.
Several approaches could be employed to use the assembly of the element integrals obtained

in Equation (6). By assembling the element integrals of the type I (e)� only, an expression for
the local error related to the tangential derivative of � could be obtained. Similarly, by
assembling the integrals of the type I (e)q only, an expression for the local error related to the
tangential derivative of the �ux q could be obtained. A more elaborate expression for the error
related to both the tangential and the normal derivatives of the potential could be obtained
by combining both integrals.
The above three approaches are implemented in this work so that error estimators are

obtained separately from the smoothed tangential derivatives of the potential and of the �ux,
and also a combined error estimator is obtained when the individual contributions from the
potential and �ux tangential derivatives are added. A parameter is introduced so that the indi-
vidual contributions are scaled before being added. In all cases, only the tangential derivatives
of the densities are smoothed.
When considering the gradient of the potential written in terms of its tangential and normal

components, the tangential derivative of the potential, being written with a polynomial with
one degree less than the �ux, appears to be the component of the gradient that gives the most
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signi�cant contribution for the total element error. Jorge et al. [35] shows that accurate results
for the potential and the �ux were obtained for coarse graded meshes where the tangential
derivatives of the potential were better approximated. In the following, the error estimators
are implemented for linear elements by using only the recovery of the tangential derivatives
of the densities.
With this approach, the degree of the interpolating polynomial for the recovered tangential

derivative increases by one, while the degree of the normal derivative stays the same. A
measure of the error is the di�erence between the re�ned and the actual tangential derivatives.
This approach is well adapted to obtain element error information in the boundary parts where
the tangential derivative varies rapidly, and its polynomial representation is inaccurate. This
procedure could be easily extended for higher order elements.

2.1.1. Implementation of the tangential derivative recovery for linear elements. The recovery
of the tangential derivative of the potential is now detailed to obtain an error estimator for a
BEM code implemented with linear elements. A standard linear element has two end nodes
with corresponding shape functions N1(�)= (1 − �)=2 and N2(�)= (1 + �)=2 for �∈ [−1; 1].
The shape function derivatives are N ′

1 (�)=−1=2 and N ′
2(�)=1=2. The Jacobian for this 1D

straight element is J (�; s)= @�=@s=2=L(e), where L(e) is the length of the boundary element
(e), so the element of integration is dS(e) = (L(e)=2) d�. The original (non-smoothed) and the
recovered (smoothed, denoted by ∗) tangential derivatives of the potential are written for the
element (e) as

(
@�
@s

)(e)
(�) =

⌊
@N
@s

⌋
{�}(e) =

⌊
@N
@�

⌋
@�
@s

{�}(e) = 2
L(e)

�N ′
1 (�) N

′
2(�)�

{
�(e)1

�(e)2

}
(7)

(
@�
@s

)(e)∗
(�) = �N1(�) N2(�)�



@�(e)∗1

@s

@�(e)∗2

@s


 (8)

so that the equivalence in the element can be enforced. Starting from the �rst equation in
Equation (6), the various steps to obtain the element integrals are detailed as follows:

∫
S(e)

{N}�N� ds(e)
{
@�(e)∗

@s

}
=

∫
S(e)

{N} ds(e) @�
(e)

@s

∫ 1

−1

{
N1(�)

N2(�)

}
�N1(�) N2(�)�L

(e)

2
d�



@�(e)∗1

@s

@�(e)∗2

@s


=

∫ 1

−1

{
N1(�)

N2(�)

}
L(e)

2
d�

2
L(e)

×�N ′
1 (�) N

′
2(�)�

{
�(e)1

�(e)2

}
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L(e)

2




∫ 1

−1
N1N1 d�

∫ 1

−1
N1N2 d�

∫ 1

−1
N2N1 d�

∫ 1

−1
N2N2 d�






@�(e)∗1

@s

@�(e)∗2

@s



=




∫ 1

−1
N1N ′

1 d�
∫ 1

−1
N1N ′

2 d�

∫ 1

−1
N2N ′

1 d�
∫ 1

−1
N2N ′

2 d�





�(e)1

�(e)2




After substituting the shape functions and performing the integrals, the element equivalence
equation is obtained in matrix form as

L(e)

3

[
2 1
1 2

]


@�(e)∗1

@s

@�(e)∗2

@s



=

[−1 1
−1 1

]{�(e)1
�(e)2

}
(9)

Now all element matrices given by Equation (9) can be assembled for a particular mesh with
N elements. By solving the assembled system of equations, the vector of nodal values for the
smoothed tangential derivatives of the potential {@�=@s}(e)∗ is obtained. Because the assembled
matrices are sparse, special methods can be used to solve the assembled system [33]. The
vector of element interpolations for the original non-zero elements (e) is now obtained from
the �rst equation in Equation (5) as

(
@�
@s
(�)

)(e)∗
=N1(�)

@�1
@s

(e)∗
+ N2(�)

@�2
@s

(e)∗
(10)

The residuals r2�(e) are now evaluated for each of these elements as the square of the
di�erences between the smoothed solution obtained in Equation (10) and the original non-
smoothed solution obtained from the �rst equation in Equation (4).

r2�(e) (�)=


(@�

@s
(�)

)(e)∗
− 2
L(e)

�N ′
1 (�) N

′
2(�)�

{
�1
�2

}(e)
2

(11)

The element errors E�(e) , the average error E�AVE and the normalized element errors E�(e)norm are

E�(e) =

[∫ 1

−1
r2�(e) (�) d�

]1=2
L(e)

Ltotal
E�AVE =

1
N

∑
(e)
E�(e) E�(e)norm =

E�(e)
E�AVE

(12)

where Ltotal is the length of the entire boundary. The element errors E�(e) are obtained as the
square root of the integral of the element residuals, weighted by the relative element length
to account for element sizes while evaluating the average error E�AVE . The average error is
a measure of the global error and is used to obtain the normalized element errors E�(e)norm so
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that this normalized local error indicator can be used in an adaptive procedure. If E�(e)norm�1,
then the local error in the element is much larger than the average, and a mesh re�nement is
needed. This re�nement could be achieved either by reducing the size of the elements in this
boundary region (h-re�nement) or by increasing the order of the polynomial interpolant in
the element (p-re�nement). If E�(e)norm

∼=1 or E�(e)norm¡1, the local error has an average or better
value, and no re�nement is needed. A similar procedure on �ux components, by replacing �
by q in the above equations, generates smoothed tangential derivatives of the �ux, element
residuals r2q(e) (�), element errors Eq(e) , average error EqAVE and normalized element errors Eq(e)norm .
A more general local error estimator is obtained when combining the contributions for the

element error as evaluated from the recovery of the tangential derivatives of both the potential
and the �ux. The non-normalized element errors are combined by addition after scaling. In
this work, scaling factors for the tangential derivatives of both the potential and the �ux
were constructed by evaluating average values of these tangential derivatives in each �nite
length element and adding these element contributions to the scaling factor after weighting
the element contribution by the relative element length. Each element contribution for the
scaling factor is an average of the element tangential derivative of the density, as evaluated
using the smoothed and the non-smoothed variables. The element contribution for the scaling
factor for the tangential derivative of the potential is obtained as follows:

SF�(e) =
[(d�=ds)(e)∗AVE]

2 + [(d�=ds)(e)AVE]
2

2
L(e)

Ltotal
(13)

where the element average using smoothed variables is given by

(
d�
ds

)(e)∗
AVE

=
1
L(e)

∫
S(e)

d�
ds

(e)∗
ds=

1
2

∫ 1

−1
�N1(�) N2(�)� d�



d�1
ds

(e)∗

d�2
ds

(e)∗




⇒
(
d�
ds

)(e)∗
AVE

=
⌊
1
2

1
2

⌋

d�1
ds

(e)∗

d�2
ds

(e)∗


 (14)

and the element average using non-smoothed variables is given by

(
d�
ds

)(e)
AVE

=
1
L(e)

∫
S(e)

d�
ds

(e)

ds=
1
2

∫ 1

−1
�N ′
1 (�) N

′
2(�)�

2
L(e)

d�

{
�(e)1

�(e)2

}

⇒
(
d�
ds

)(e)
AVE

=
1
L(e)

�−1 1�
{
�(e)1

�(e)2

}
(15)
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The scaling factor for the tangential derivative of the potential is obtained as

SF�=
1
N

[∑
(e)
SF�(e)

]1=2
(16)

A similar procedure is performed to obtain the scaling factor for the tangential derivatives
of the �ux, SFq, by replacing � by q in the above equations. The element error with combined
contributions from the tangential derivatives of both the potential and the �ux is obtained as

E�+q(e) =
E�(e)
SF�

+
Eq(e)
SFq

(17)

The resulting local error E�+q(e) with combined scaled contributions of � and q is non-
dimensional. The average error E�+qAVE and the normalized element errors E�+q(e)norm are obtained
by replacing � by �+ q in the second and third equations of Equation (12).

2.2. The external domain approach for error estimation in BEM

Usually, error estimation approaches are most concerned with discretization error and seek
an optimal adaptive procedure for mesh re�nement. Among available methods, the di�erence
between two equivalent formulations is one of the simplest. The exact solution for the BVP as
written in one integral representation satis�es any other possible di�erent integral representa-
tion of the same BVP. When a numerical solution is found for one formulation, this solution
can be substituted into the discretized form (with same discretization) of the other possible
formulation. Because numerical solutions are not exact, the identities in the discretized form of
this second formulation will not be satis�ed. The di�erence is a measure of the discretization
error of both formulations.
For example, for a closed domain, the exterior boundary integral representation equals zero

in both the potential and in the elastostatics problems. Thus, any di�erence from zero can be
related to the discretization error. Because fundamental solutions are functions of the distance
between source and �eld points, one representation in which the exterior point is very near
the boundary might give a di�erent error measure than the case in which the point is far away
from the boundary. If di�erent exterior points are considered, several external formulations
may be obtained. The error measure is sensitive to the external point position for non-trivial
problems.
In the present work, an error estimator is implemented for a 2D potential problem based on

the fact that the potential vanishes at external points. A numerical solution at the boundary is
�rst obtained for the discretized mesh using a collocation BEM formulation. This boundary
solution is then substituted into the exterior form of Green’s identity given by

−
∫
S
�(s)∇̃ ln

(
1

r(s; y)

)
· ñ(s) dS +

∫
S
∇̃�(s) · ñ(s) ln

(
1

r(s; y)

)
dS=�(y)=E(e)EXT (18)

for ∀y∈ 	R in a close vicinity to the boundary element (e). The absolute value of the
error is taken so that local error information is always positive. Naturally, if the numeri-
cal boundary solution is exact, the exact Green’s identity for the exterior point is obtained,
and �(y)=E(e)EXT =0.
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The exterior evaluation point y∈ 	R is proposed to be located at a distance from the boundary
(the distance from the exterior point to the nearest point on the boundary) that is a fraction �
of the size of the boundary element nearest to this exterior point. This distance is measured
from the element centre in the direction normal to the element at this point. In this work,
numerical experiments are performed with various values of � in order to chose the most
appropriate location for the external point y. As the external point approaches a boundary
region, the error information becomes local. On the other hand, if the external point is too
close to the boundary, numerical errors may appear due to a quasi-singularity problem. In
Section 3, the element errors E(e)EXT for various values of � are compared. Comparisons are
also made between E(e)EXT and E

(e)
� to demonstrate the consistency of the local information

given by these error estimators with mesh re�nement.

3. IMPLEMENTATION OF THE PROPOSED ERROR ESTIMATORS

Two numerical examples of heat conduction are performed to demonstrate the implementation
of the two proposed error estimators. The �rst problem involves a rectangular domain with
two types of boundary conditions on one side. A discontinuity in the �ux exists at the smooth
intersection point between the two di�erent types of boundary conditions. When discretizing
the boundary, numerical errors are expected at the elements near the singular point because
the boundary solution is not able to reproduce exactly the singular �ux on one side of the
singular point. The idea here is to verify if the error estimators can identify this boundary
region as having higher local errors.
The second problem involves an axisymmetric pipe with curved boundary segments and

a known analytic solution. This problem presents two special features due to the geometry
and boundary conditions. The �rst feature is that in any radial boundary segment only the
tangential derivatives of the potential and the �ux change. The second feature is that on the
circular arcs of the pipe boundary both the exact potential and the exact �ux are constant;
therefore their exact tangential derivatives are zero. The boundary elements (linear elements,
in this study) do not preserve the circular arcs; therefore local errors are expected on the
approximate boundary.
Depending on the boundary conditions, the �ux at a corner node can be discontinuous.

Local errors are expected in a vicinity of these corners as the numerical code evaluates the
unknown discontinuous �ux. All BEM results were obtained with the code BETIS presented
in Paris and Cañas [32] with 12-point Gaussian integration. This code uses linear elements,
but the error estimator procedures proposed in this work can use any degree in the element
polynomial interpolants.

3.1. The Motz problem

The problem proposed by Motz [34] consists of a rectangular domain, as shown in Figure 1(a),
in which a singularity exists at the point O (s=7). The potential (temperature) is prescribed
in the element to its left, and the �ux equals zero in the element to its right. The �ux is
singular at point O in the element where the potential is prescribed.
Five meshes are considered to compare the error estimators. The coarsest mesh, with 10

elements, is shown in Figure 2(a). This mesh has only two elements in each linear segment
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(a) (b)

Figure 1. Numerical examples: (a) the Motz problem: a singularity is created at point O by
the mixed boundary conditions; and (b) axisymmetric heat conduction in a pipe. One-quarter

of the pipe cross-section is modelled.

(a) (b)

Figure 2. Meshes for the Motz problem: (a) coarse mesh: 10 elements; and (b) a �ner mesh: 60 elements.

in which a uniform boundary condition is prescribed. The mesh with 20 elements is obtained
dividing each element by two. Finer meshes are also studied to illustrate the general trend of
the local errors with mesh re�nement. The mesh with 60 elements is shown in Figure 2(b).
The meshes with 120 and 240 elements are obtained subsequently by dividing each element
by two.
Element matrices given by Equation (9) were assembled for the various meshes. For all

meshes, the number of elements in the expanded system of equations includes the original
elements plus four zero-length elements that were added at the boundary corners and one zero-
length element that was added at the singular point, which is treated as a ‘corner’ because
the �ux is discontinuous at this point.
By solving the assembled system of equations, the vectors of nodal values for the smoothed

tangential derivatives of the potential {d�=ds}(e)∗ and the �ux {dq=ds}(e)∗ are obtained. The
vector of element interpolations for the original non-zero elements is obtained from Equa-
tion (10). The residuals r2�(e) (�) and r

2
q(e) (�) are evaluated using Equation (11), and the element

errors E�(e) and Eq(e) are obtained using Equation (12) and compared with the local element
errors E(e)EXT, obtained using Equation (18).

3.1.1. Comparison of the error estimators results for the Motz problem. After the BEM
solution is obtained for the boundary, the local error can be calculated for all elements using
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(a) (b)

Figure 3. Motz problem: (a) average (global) error estimators for the gradient recovery (GR) procedure
and for the external domain (Ext) approach for various values of �; and (b) in�uence of the position

of the external point for the 60 elements mesh. Plotted error results for various values of �.

both the gradient recovery approach and the external domain approach. Several numerical
results for the element error are obtained for the gradient recovery approach, including the
recovery of the tangential derivatives for the potential only, for the �ux only, and for a com-
bination of both. The combined case is performed with scaling of the individual contributions
of potential and �ux given by Equation (17). Also, several numerical results are obtained for
the external domain error estimator, using �ve values of �: �=0:01, 0:25; 0:5; 0:75 and 1.0.
The average of the element errors for each case gives an estimator for the global error

associated with a particular discretization. Also, this average is used to normalize the element
errors to facilitate their comparison. Figure 3(a) shows the behaviour of the average error as
the mesh is re�ned. In all cases, the global error, as estimated by the average of the element
errors, decreases with mesh re�nement, showing the consistency of the error estimators.
The external error estimators, after being normalized by their average, are then compared

for various distances from the exterior point to the boundary. Figure 3(b) illustrates the case
for the mesh of 60 elements. The horizontal axes of the various plots corresponds to the
s-co-ordinate of the middle of each element along the boundary, starting from the origin at
point A (see Figure 1(a)). The co-ordinate of the singular point O is s=7. The co-ordinates
of the corner nodes A; B; C and D are s=0 (and 42), 14; 21 and 35, respectively.
The error estimates in Figure 3(b) for �=0:01 are nearly constant. This case represents

an external point very near the boundary, and apparently the numerical errors are primarily
associated with the near-singularity of the integral equation evaluated at these points. As
the distance from the boundary increases, local information on the boundary error becomes
apparent. For example, for all values �¿0:25, large errors near the singular point O exist.
When the value of � increases from 0.01 to 0.25 the relative di�erences in the element

errors increase so that qualitative comparisons for the element error can be made. But when
� continues its growth, the di�erences between the elements become smaller again. This
phenomenon can be clearly seen, for example, in the region between corner nodes C and D,
where the external error reaches its smallest value for �=0:25. When � increases, the error
distribution starts losing its local character. For even larger values of �, the error information
is expected to represent the global error only, with local di�erences completely attenuated.
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(a) (b)

Figure 4. Motz problem: (a) In�uence of the individual contributions of potential only
(GR : P) and �ux only (GR:F) for the gradient recovery (GR : P+F) error estimator
for the 60 elements mesh; (b) comparison between gradient recovery (GR : P+F) and

External (�=0:25) error estimators for the 240 elements mesh.

The external error estimator is based on the evaluation of the potential at the exterior point
only, without any evaluation of the derivatives of the potential in any direction. But from
Figure 3(b), this error estimator is capable of indicating the large errors in the vicinity of the
singular point O, on both sides of this point. On the elements belonging to the side AO, the
potential is prescribed and errors can only come from the calculated �ux, and on the elements
belonging to the side OB, the �ux is prescribed and errors can only come from the calculated
potential. Thus, the method appears to be insensitive to the type of boundary condition in the
nearest element.
Figure 4(a) presents the results for three gradient recovery models: recovery of poten-

tial (GR : P only), recovery of �ux (GR:F only), and recovery of both potential and �ux
(GR : P+F). Both the individual contributions (GR : P only and GR:F only) for the error esti-
mator correctly identify high errors in the region near the singular point. The error from the
potential (GR : P only) is higher in elements belonging to the side OB, and the error from the
�ux (GR:F only) is higher in elements belonging to the side AO. Also, only the error from
the �ux (GR:F only) predicts large error near corner nodes B and C. The relatively large
errors from the potential (GR : P only) in the region near corner D are moderated when com-
bined into the total error (GR : P+F) due to the di�erence in the averages of the individual
contributions as shown in Figure 3(a).
Figure 4(b) shows a comparison between both error estimators for the �nest mesh tested,

with 240 elements. As expected, each estimator indicates the same region about the singular
point O as having largest error. Also, both error estimators show similar qualitative behaviour
in the vicinity of corner node D. But only gradient recovery (GR : P+F) was able to show
the errors in the vicinity of corner nodes B and C. The error at these corner nodes originates
from the �ux that is calculated in one element sharing the node, while the potential and the
�ux in the other element are prescribed at this node.
Figure 5(a) shows results for the gradient recovery error obtained when combining the

recovery of the tangential derivatives of both the potential and the �ux (GR : P+F), for vari-
ous meshes. These results are qualitatively comparable and consistent as the mesh is re�ned.
Similarly, Figure 5(b) shows results for the error obtained using the exterior domain

Copyright ? 2002 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2003; 56:117–144



132 A. B. JORGE, G. O. RIBEIRO AND T. S. FISHER

(a) (b)

Figure 5. Motz problem: in�uence of mesh re�nement for: (a) the gradient recovery (GR) error estimator
with potential and �ux combined; and (b) the external domain (Ext) error estimator with �=0:25.

formulation with �=0:25. Again, the error results are qualitatively consistent with the mesh
re�nement.
The boundary region immediately before corner node D produces relatively high errors when

considering the external error as in Figure 3(b). These error results are also obtained for the
gradient recovery error with recovery of the tangential derivative of the potential (GR : P only)
as in Figure 4(a). These errors occur because this region is farthest from any boundary where
the potential is prescribed. Both error estimators rely on the evaluation of the potential. The
gradient recovery approach relies on the evaluation of the tangential derivative of the bound-
ary potential using the interpolating functions, while the exterior domain approach relies on
the evaluation of the potential at an exterior point. This evaluation is highly in�uenced by the
potential at the boundary points closest to this external evaluation point, and therefore larger er-
rors are expected in regions far from other boundary regions where the potential is prescribed.
We also note that, because the element before the singular point has a prescribed potential,

any contribution to the error can only originate from error in the �ux. This feature can be seen
in Figure 4(a), where the larger contribution to the total gradient recovery error (GR : P+F)
is the recovery of the �ux (GR:F only). Similarly, the element after the singular point has a
constant prescribed �ux. Any contribution to the error can only originate from the error in
the potential in this element. Again, this result can be seen in Figure 4(a), where most of the
contribution to the total gradient recovery error (GR : P+F) comes from the recovery of the
potential (GR : P only).
An important point to note from Figure 4(a) is that only the error estimator with recovery

of the �ux (GR:F only) is capable of identifying the relatively high errors in the vicinity
of corner nodes B and C. As seen in Figure 3(b), the external error estimator predicts
a jump in the error at these corner nodes—almost a step in the error as a function of the
s-co-ordinate—but is not capable of isolating properly the local error or of showing that this
local error is concentrated in a vicinity of these corner nodes.

3.2. The pipe problem

This example illustrates the use of the two error estimators for steady-state heat conduction
in a pipe. By symmetry, only one quarter of a pipe is considered, as shown in Figure 1(b).
The body is one quarter of a two-dimensional disk with �ux prescribed on the inner circular
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(a) (b)

Figure 6. Pipe problem: (a) coarse mesh: 24 elements; and (b) scaling factors for the gradient recovery
(GR : P+F) error estimator. Individual contributions of the potential (P) only and of the �ux (F) only

are scaled before combined to give the GR : P+F error estimator.

boundary, insulated (zero �ux) along the radial (rectilinear) edges, and temperature speci�ed
on the outer circular boundary. The inner radius is 1.0 and the external radius is 5.0. The
�ux at the inner circular boundary is 31.21 units and the temperature at the external circular
boundary is 20.0 units. The thermal conductivity is k=1.
In this problem, radial symmetry produces an ordinary di�erential equation d2�=dr2 +

1=r d�=dr=0, whose exact solution is �(r)=31:21 ln(9:490=r) for the potential and q(r)= −
31:21=r for the �ux. The exact temperature at the inner circular boundary is 70:231, and the
exact �ux at the outer circular boundary is −6:242.
Several meshes were constructed to evaluate the error estimators for this problem. The

coarsest mesh, with 24 elements, is shown in Figure 6(a). Each straight line segment of the
boundary has four elements, while each arc is composed of 8 elements. Finer meshes with
48, 96 and 192 elements are obtained subsequently by dividing each element by two in each
mesh re�nement step.

3.2.1. Comparison of the error estimators results for the pipe problem. After the boundary
solution is obtained using the BEM code, the local element error is calculated using both the
gradient recovery and the external domain approaches. Several categories of element error
are obtained for the gradient recovery approach. Recovery of the tangential derivatives is
performed for the potential (GR: P only), for the �ux (GR:F only), and for a combination
of both (GR : P+F), with scaling of the individual contributions of potential and �ux given
by Equation (17). The scaling factors evaluated for the various discretizations are plotted
in Figure 6(b). Also, several numerical results are obtained for the external domain error
estimator, with: �=0:01; 0:25; 0:5; 0:75 and 1.0.
The average of the element errors for each case gives an estimate of the global error

associated with a particular discretization. Also, this average is used to normalize the element
errors for their comparison. Figure 7(a) shows the behaviour of the average error for the
various cases tested as the mesh is re�ned. The average errors of the nodal solution with
respect to the known exact boundary solution are also included. In all cases, the global error
decreases with mesh re�nement and demonstrates the consistency of the error estimators. This
behaviour of the average estimated error is also consistent with the exact error.
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(a) (b)

Figure 7. Pipe problem: (a) average (global) error estimators for the gradient recovery (GR) procedure
and for the external domain (Ext) approach for various values of �. Also included the errors with
respect to the known exact boundary solution; and (b) in�uence of the position of the external point for

the 48 elements mesh. Plotted error results for various values of �.

The normalized external error estimators have been compared for various distances from the
exterior point to the boundary. Figure 7(b) illustrates the results for a mesh of 48 elements.
The origin of the s-co-ordinate is point A (see Figure 1(a)). The co-ordinates of the corner
nodes A; B; C and D are s=0 (and 17:42), 1:57; 5:57 and 13:42, respectively.
The error results for �=0:01 present the least variation of all cases. This case represents

an external point very near the boundary, and apparently the numerical errors are primarily
associated with the near-singularity of the integral equation evaluated at these points. When
the value of � increases from 0:01 to 0:25, the relative di�erences in the element errors
increase, so that qualitative comparisons for the element error can be made. But when �
continues to increase, the di�erences between the elements become smaller again because the
local information becomes attenuated. This phenomenon can be clearly seen, for example, for
the elements nearest to corner nodes A and B on the straight part of the boundary, where the
external error reaches its highest value for �=0:25. When � increases, the error information
begins to lose its local character. For even larger values of �, the error information is expected
to represent the global error only, with local di�erences completely attenuated.
Figure 8(a) presents the contributions from recovery of potential (GR : P only), recovery

of �ux (GR:F only), and the total gradient recovery error estimator (GR : P+F). Both the
individual contributions (GR : P only and GR:F only) identify the high errors on the region
near the corner nodes A and B on the straight part of the boundary. In this region, the exact
result for the error in the boundary potential is high, as seen in Figure 8(b). Also, only the
error from the �ux (GR:F only) predicts high errors near corner nodes C and D, where the
exact result for the error in the boundary �ux is high, as seen in Figure 8(b).
Figure 8(b) provides a comparison between both error estimators for the same mesh with

48 elements. The plots for the exact error for the boundary potential and for the boundary
�ux are also included. Both error estimators exhibit similar qualitative behavior in the vicinity
of the corner nodes A and B on the straight part of the boundary, where large errors occur as
expected. But only the error estimator from gradient recovery (GR : P+F) shows high errors
in the vicinity of corner nodes C and D. The error at these corner nodes comes from the �ux
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(a) (b)

Figure 8. Pipe problem: (a) in�uence of the individual contributions of potential only (GR : P) and �ux
only (GR:F) for the gradient recovery (GR : P+F) error estimator for the 48 elements mesh; and (b)
comparison between gradient recovery (GR : P+F) and External (�=0:25) error estimators for the 24

elements mesh. Also included the errors with respect to the known exact boundary solution.

that is calculated in one element sharing the node because the potential and the �ux in the
other element is prescribed at this node.
An important point to note from Figure 8(a) is that, similarly to the Motz problem, only the

error estimator with recovery of the �ux (GR:F only) is capable of identifying the relatively
high errors in the vicinity of corner nodes C and D. As seen in Figure 7(b), the external error
estimator is capable of showing a steep change in the error at these corner nodes—almost a
step in the error as a function of the s-co-ordinate—but is not capable of isolating properly
the local error, or of showing that this local error is concentrated in a vicinity near these
corner nodes.
Similarly to the Motz problem, a comparison for the error estimators with mesh re�nement

was performed. Error estimator results were obtained for the combined gradient recovery error
(GR : P+F) and for the exterior domain formulation for �=0:25 for various meshes, with 24,
48, 96 and 192 elements. Again, these results were qualitatively comparable and consistent
with the mesh re�nement. No �gure with this comparison is included here.

3.3. Summary of error results

The global error estimators obtained from the average of both the gradient recovery error
estimator (GR : P+F) and the external domain error estimator (Ext: ∀�) are qualitatively
comparable and consistent with mesh re�nement. Regarding qualitative local error informa-
tion, some di�erences exist between the error estimators. Both error estimators (GR : P+F
and EXT for �¿0:25) were comparable and capable of recovering local error information for
the case of high errors due to singularities in the boundary solution (regardless of the error
source) and for the case where the error source is primarily the potential.
However, the exterior domain approach was not able to describe correctly local errors when

the error source is primarily the �ux, such as corner nodes where the potential and �ux on one
side of the node are prescribed. In this case, only the gradient recovery approach (GR : P+F)
can identify correctly the local region that is in error.
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The relative contributions to local error from the potential and from the �ux is problem-
dependent. For some cases in which the e�ect of the boundary curvature is small, the most
important contribution to the local error could derive from the tangential derivative of the
potential, as discussed in Jorge et al. [35]. In the Motz problem, this e�ect is evident in
boundary regions far from the singular point. In the pipe problem, this e�ect is evident on
the straight sides of the boundary. The error estimator using the gradient recovery approach
(GR : P+F) provides local error information that is less problem-dependent than approaches
based on potential (GR: P only) and �ux (GR: F only).
Finally, another positive point for the gradient recovery error estimator (GR : P+F), which

contributes to its generality of use, is that the estimator is not dependent on any ad hoc
parameter. Conversely, the external error estimator depends on an appropriate choice of the
distance from the external point to the boundary. If this distance is too small, the external
error information is primarily derived from near-singularities of the integral formulation, and
no local information can be extracted for the boundary error. If this distance is too large, the
error information may lose its local character, and the error information tends to become more
of a global error type. The choice of the optimal parameter � may be problem-dependent and
also mesh-dependent. For a particular problem, coarse meshes might require smaller values of
� for the error to keep its local character. On the other hand, �ne meshes might require larger
values of the parameter � in order for the distance to the boundary to be su�ciently large
for the numerical errors due to the near-singularities not to become dominant. For the cases
tested, �=0:25 gave reasonably good results for the potential-related error for all meshes.

4. ADAPTIVE MESH REFINEMENT USING A LOCAL ERROR ESTIMATOR

Local measures of discretization error in each element can be compared to an average global
measure of this error. If the relative error is greater than unity for a certain element, re�nement
may be appropriate for this element. Adaptive re�nement of the mesh could be performed by
adopting h-re�nement or p-re�nement procedures. In the h-re�nement procedure, the element
where the local error is large is divided into two small elements (usually of equal length). In
the p-re�nement procedure, the degree of the shape functions used to represent the variables
in this element is increased. For this p-re�nement procedure, the use of hierarchical shape
functions is advantageous because computations already performed for the coarse mesh do
not need to be evaluated again in the re�ned mesh. Another approach involves distortion of
the mesh in order to obtain smaller error without increasing the number of degrees of freedom
of the problem. This r-re�nement procedure seeks to distribute the local error equally
throughout the boundary without increasing the number of nodes or the order of the in-
terpolating polynomials.
An adaptive r-re�nement procedure is proposed here. The goal is to minimize the variability

of the element error, and a function representing the standard deviation of this error can be
constructed. This procedure can be applied using any local error estimator, such as those
described in Sections 2.1 and 2.2. In what follows, an error estimator for the external problem
with �=0:25 is adopted to obtain the local error results.
The same numerical example proposed by Motz [34] and detailed in Section 3 is now used

to demonstrate of the adaptive r-re�nement procedure. The �rst mesh is coarse and has only
two elements in each linear segment in which a uniform boundary condition is prescribed,
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(a) (b)

Figure 9. Coarse mesh: (a) the variables x1; x2; x3; x4 and x5 correspond to the position
of the interior nodes in each linear segment AO; OB; BC; CD and DA. Position of interior
nodes can vary separately; and (b) sensitivity of the standard deviation of the element
error with element size variations in di�erent regions of the boundary. Horizontal axis is a

normalized x-co-ordinate given by xi=(xi)(initial), for i=1; 2; 3; 4; 5.

(a) (b)

Figure 10. (a) Finer mesh: The variables x1, x2 and x3 correspond to the position of the 3 nodes internal
to the linear segment AO. Position of these nodes can vary separately; and (b) in�uence of r-re�nement
for the coarse and �ne meshes, measured by the average (global) gradient recovery error estimator with

potential and �ux combined (GR : P+F).

as shown in Figure 9(a). This coarse mesh illustrates the general trend of the optimization
procedure. Then, a �ner mesh is studied in which eight elements exist on the side where
the �ux is discontinuous. This �ner mesh is obtained by dividing each element of the coarse
mesh by two, as shown in Figure 10(a). For this mesh, a non-linear constrained optimization
procedure is implemented using a feasible-point method as described by Nash and Sofer [36].
After the BEM solution is obtained for the boundary, the local error is evaluated for all

elements using the external domain approach. From the distribution of errors, the average and
the standard deviation can be calculated. The average represents a measure of the global error.
The complete procedure for �nding the optimal mesh so that the error is minimal with a small
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number of nodes in the mesh requires two steps. The �rst step is to make the distribution
of the local error as uniform as possible. This so-called r-re�nement is accomplished by
minimizing the variance of the error. The result is a distorted mesh in which the error is as
equally distributed as possible. Then, in the second step, all elements are divided by two in a
h-re�nement procedure. Solution accuracy increases at every h-re�nement step. The previous
r-re�nement step, even if not guaranteeing that the total error will be small, ensures that the
element sizes are the ones that improve the distribution of error. The r-re�nement procedure
produces small elements in boundary regions where the local error was originally high and
large elements where the local error is less sensitive to element size. In the subsequent
h-re�nement, the error function will be minimized using fewer nodes than would be needed
if only h-re�nement were employed.

4.1. Implementation of the r-re�nement procedure for a coarse mesh

Starting from the mesh with 10 elements, various meshes were generated by varying the
position of the nodes internal to the sides AO; OB; BC; CD and DA. Figure 9(a) shows
this coarse mesh and also the variables representing the position of the nodes internal to the
various sides. One side of the boundary is considered here as a linear segment having �xed
nodes as the end points, and having just one type of boundary condition speci�ed on it. Nodes
are shown in Figure 9(a) in their initial positions, with the interior node at the centre of each
side. The positions of interior nodes can change to minimize the error function.
The variables x1; x2; x3; x4 and x5 corresponding to the position of the interior nodes

can vary separately. The default position of the interior nodes is in the middle of the line
segments. A constraint was established so that the ratio between the sizes of two adjacent
elements is at least 1

2 and at most 2, to avoid numerical problems that might appear due to
poor conditioning of the matrices in the BEM method.
A plot of the variance of the error is then obtained as a function of each variable

separately as shown in Figure 9(b). The minimization procedure assumes, for simplicity,
that the error varies independently with respect to all variables. The minimizer corresponding
to the optimal position of the nodes for this mesh is obtained directly by observing the mini-
mum value of all curves in the feasible range of the corresponding variables. The minimizer
is {x1; x2; x3; x4; x5}∗= {2:333; 2:333; 4:667; 6:243; 4:667}.
Starting from initial values {x1; x2; x3; x4; x5}0 = {3:5; 3:5; 3:5; 7:0; 3:5}, convergence was

monotonic to one of the interval bounds for all variables except x4, for which the
minimum of the objective function was inside its range of variation. As expected, the proce-
dure produced smaller elements near the singular point.
Comparison of the various plots in Figure 9(b) highlights the sensitivity of the standard

deviation of the error with respect to element size variation for the various regions of the
boundary. The sensitivity of the standard deviation for variations in the region AO (elements
of size (7 − x1) and x1) is the highest, followed by the region CD (elements of size (14 −
x4) and x4). Variations of the nodal positions x3 and x5 produce only very small changes
in standard deviation. This result is compatible with results for the external domain error
estimator presented in Figure 3(b).
The boundary regions that presented the highest values of the element error also presented

the highest values of sensitivity for changes in nodal position, i.e. in element size. The sec-
ondary errors close to corner D in region CD are associated with the secondary sensitivity
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for the variation of x4. The lowest values of the element error in the regions BC and DA are
associated with the lowest sensitivity for the variation of x3 and x5, respectively. Apparently,
only the relatively high errors near the singular point O in region OB (which are of the same
order as those close to point O in region AO) are not directly associated with the sensitivity
to the variation of x2, which is small compared to the sensitivity with the variation of x1.
The sensitivity of the standard deviation of the error with respect to element size variation

appears to be a promising alternative to check and validate the results obtained with a local
error estimator. Also, the sensitivity analysis is useful to determine the boundary regions in
which remeshing should preferably be performed (high sensitivity regions) and the regions
where remeshing is less important (low sensitivity regions). For example, for the present
problem, the sensitivity analysis shows that remeshing could be done, with satisfactory results,
on region AO only (i.e. varying x1 only), as the other variables contribute very little to the
reduction in the standard deviation of the error. This procedure is adopted for the next case
study of a �ner mesh.

4.2. Implementation of the r-re�nement procedure for a re�ned mesh

4.2.1. Obtaining the objective function. Based on the sensitivity analysis of the error results
for the coarse mesh in Figure 9(b), an r-re�nement procedure for a re�ned mesh with 20
elements is performed by varying the position of the nodes on side AO only. This side is the
part of the boundary that contains the singularity in the �ux and also is the side in which the
standard deviation of the error presented the highest variation when the relative size of the
elements was changed. In a more general problem, this procedure could be adopted for all
sides of the boundary. Figure 10(a) shows this �ner mesh and also the variables representing
the position of the nodes internal to side AO. The results for the standard deviation of error
are approximated by a quadratic function in the form

StDvErr(x1; x2; x3) = c11x21 + c22x
2
2 + c33x

2
3 + c12x1x2 + c13x1x3

+ c23x2x3 + c1x1 + c2x2 + c3x3 + c0 (19)

The choice of a quadratic objective function f(x) derives from the simplicity of its being
the lowest possible degree for a polynomial that admits non-zero second-order derivatives.
Thus, its Hessian matrix ∇2f(x) is not identically zero a priori, as would be the case for a
linear objective function, for example. A point x∗ satisfying the �rst-order necessary condition
for a minimizer (∇f(x∗)=0) is a stationary point of the function f. This point x∗ is a strict
local minimizer if the second-order su�cient condition (∇2f(x∗) is positive de�nite) is also
satis�ed [36].
The procedure to obtain this second-degree approximation is outlined from a design of

experiments (DOE) approach. For the three variables {x1; x2; x3}, it would be necessary to
evaluate the solution for 27 di�erent combinations to obtain an approximation considering
all the interactions between the variables. Instead, a partial design is adopted, as follows.
Starting from the middle point, a cube is obtained by varying the nodal positions as shown in
Figure 11 (left). Six other evaluation points are obtained, corresponding to the centres of the
cube faces. But to approximate the function by a quadratic function, 10 points are necessary to
generate all coe�cients. The extra three points are obtained assuming three likely situations:
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Figure 11. Position of the points in the adapted partial central design of experiments (DOE) approach.

either all points move to the right, all points move to the left, or the points closer to the
segment ends move each to the corresponding end of the segment.
A typical display of the DOE points would be a cube, with points at the ends, at the centre

of the edges, at the centre of the faces, or at the centre of the cube. Each side of the cube
corresponds to the range of one of the variables, x1; x2; x3. In this case, the �nal design is
not a cube because of the last three points added. The position of the 10 points chosen to
evaluate the value of the objective function is shown in Figure 11 at the right. The objective
function coe�cients were evaluated by solving the linear system of ten equations, obtained
with the values of the objective function evaluated for all 10 points.

StDvErr(x1; x2; x3) = 0:0583898x21 − 0:0013669x22 + 0:000214617x23 + 0:199897x1x2
+ 0:142247x1x3 + 0:362173x2x3 − 0:0895247x1 − 0:966685x2
− 0:887556x3 + 4:31078 (20)

4.2.2. Nonlinear constrained optimization procedure: feasible-point method. The constraints
on the ratio of the element sizes are the same as those used in the coarse mesh study. The
ratio of the sizes of any two adjacent elements must not exceed 1 : 2 to avoid numerical errors.
For the side being evaluated, this requirement produces a set of six inequality constraints:

g1(x1; x2; x3)=2x2 − x1¿0; g2(x1; x2; x3)=2x1 − x2¿0
g3(x1; x2; x3)=2x3 − x2¿0; g4(x1; x2; x3)=2x2 − x3¿0
g5(x1; x2; x3)= − 2x1 − 2x2 − 3x3¿− 14; g6(x1; x2; x3)= x1 + x2 + 3x3¿7

(21)

A feasible-point method was chosen to solve the optimization problem. This procedure is
described by Nash and Sofer [36]. Among the constraints, some are chosen as active so
that the optimization problem for the objective function will have these active constraints as
equality constraints, and, thus, Lagrange multipliers can be used. This procedure allows the
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evaluation of only some combinations of the constraints as active. Whenever the boundary
of another constraint is reached, this constraint is added to the active set. If one of the
Lagrange multipliers becomes negative, the corresponding constraint function is dropped from
the working set.
The active set used in this work is adapted from Reference [36], and an outline is included

here for clarity. A feasible starting point xk = x0 is assumed, and W is the index set of the
active constraints at x0. 	A represents the constraint matrix for the active constraints. Z is a null-
space matrix for 	A, and 	Ar is a right inverse for 	A. The �rst step in the algorithm is to perform
the optimality test, which consists of checking if ZT∇f(xk)=0. Then the set of constraints
is analysed. If no constraints are active, then the current point is a local (unconstrained)
stationary point, and the algorithm stops. On the other hand, if active constraints exist, the
Lagrange multipliers are computed as 	�= 	ArT∇f(xk), and their sign is tested. If 	�¿0, then
the algorithm stops, because a local stationary point has been reached. Otherwise, a constraint
corresponding to a negative multiplier from the active set is dropped, and the matrices W , 	A,
Z and 	Ar are updated.
The second step in the algorithm is to compute the search direction, which is a descent

direction p that is feasible with respect to the constraints in the working set. The third step
is to compute a step length satisfying f(xk + �p)¡f(xk) and �6 	�, where 	� is the maximum
feasible step along p. The fourth and last step in the algorithm is to �nd the new updated
solution point xk+1 = xk+�p. At this point, if a new constraint boundary is encountered (�= 	�),
this constraint is added to the working set, and the matrices W , 	A, Z and Ar are updated
accordingly. The algorithm proceeds returning to the �rst step with k= k +1 and is repeated
until convergence is attained.
In this particular problem, the unconstrained minimization problem for the objective

function has no solution because the Hessian matrix for this function has one eigenvalue
that is negative. Therefore, the unconstrained problem does not satisfy necessary and suf-
�cient conditions to have a minimizer, although it can have stationary points (e.g. saddle
points).
It is important to make a good choice of the initial working set of constraints because

this choice can reduce the number of calculations. For this particular problem, the three extra
points in the design of experiments approach can be used to establish initial working sets. If
all points move to the right, the working set is W = {g2; g4; g6}. If all points move to the
left, the working set is W = {g1; g3; g5}. If the nodes close to the extremes move towards
these extremes, with the central node remaining in the same position, then the working set
is W = {g2; g5}. For this particular problem, the nodes are expected to move towards the
singular point. Indeed, this behaviour was already observed for the coarse mesh. But this
procedure shall be as general as possible, without using any clues from the speci�c problem.
All three possibilities of initial working set are to be considered. When a stationary point is
found, the second-order necessary and su�cient conditions are used to determine whether or
not the solution is a minimizer. If it is, then the algorithm stops. If it is not, then it restarts
with another initial working set until a minimizer is found.
The �rst working set to start the optimization procedure is taken to be the set corre-

sponding to the lowest value of the error obtained in the design of experiments procedure.
In this case, the working set is W = {g2; g4; g6} which corresponds to the starting point
{x1; x2; x3}0 = {1:4; 2:8; 5:6}=3= {0:47; 0:93; 1:87}. Starting with this working set, it was found
that g6 should be eliminated. Then, the solution was found in one step only, as shown in
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(a) (b)

Figure 12. Solution of the optimization procedure. Minimizer is {x1; x2; x3}∗= {0:71; 1:42; 2:84}:
(a) smaller elements are obtained near the singular point; and (b) solution is obtained in one step only
starting from the point {x1; x2; x3}0 = {0:47; 0:93; 1:87}, corresponding to the working set

W = {g2; g4; g6}.

Figure 12(b). The second-order necessary and su�cient conditions for this point to be a
minimizer were con�rmed; therefore this point is in fact a minimizer for the original function
with the current working set. The minimizer is the point {x1; x2; x3}∗= {0:71; 1:42; 2:84}, and
the minimum value of the objective error function is 2.33. Again, the procedure shifted the
nodes towards the singularity point, as expected.
In a general situation, some uncertainty might exist concerning the initial working set of

constraints. When reaching a stationary point, the second-order conditions must be checked to
determine whether or not the point is a minimizer. If not, the problem is restarted with another
set of active constraints. To amplify this point, the problem was started again but with {g2; g5}
as the initial working set. The procedure drops g5 and adds g6 to the working set. Then, with
g2 and g6 in the working set, a stationary point is found at {x1; x2; x3}= {1:07; 2:14; 0:014}.
But this point is not a minimizer because the necessary and su�cient conditions are not
satis�ed, and the value of the objective function at this point is larger than previously observed
values.
Figure 10(b) shows a plot of the average (global) error evaluated for both meshes before

and after the r-re�nement procedure. Average errors are plotted for the gradient recovery
error estimator (GR : P+F). Equivalent results were also found for the external error estimator
(Ext : �=0:25). In both cases, the global error is smaller, for a particular number of DOF,
after the nodes are re-positioned using this r-re�nement procedure.

5. CONCLUSIONS

Two local error estimation techniques involving (1) gradient recovery of tangential derivatives
and (2) an external problem formulation have been derived, implemented and compared for
2D BEM potential problems. These two error estimators represent a post-processing step, after
the BEM solution is already known. Knowledge of the exact solution is not required for either
error estimator. The results for the global error as obtained from both error estimators were
qualitatively comparable and consistent as the mesh was re�ned.
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Both error estimators were found to be comparable and capable of providing local error
information for a case with singularities in the boundary solution and for the case in which
the error source is dominated by the potential. In these cases, both error estimators identi�ed
the same boundary regions with the highest values for normalized error.
The error estimator from the exterior domain approach was not able to describe correctly

local errors for the case in which the error source is primarily the �ux, such as in the case
of corner nodes with certain boundary conditions. In this case, only the gradient recovery
approach (GR : P+F) can predict correctly the local region that is in error.
The gradient recovery error estimator (GR : P+F) does not depend on any ad hoc parameter,

while the external error estimator depends on an appropriate choice of the relative distance
� from the external point to the boundary. The choice of the parameter � may be problem-
dependent and also mesh-dependent. For the cases tested, �=0:25 gave reasonably good
results.
An adaptive r-re�nement procedure to minimize variation of local error throughout the

boundary was presented. The procedure was based on the minimization of the standard de-
viation of local error estimate. Inequality constraints for the nodal positions were used, and
the objective function was obtained using design of experiments techniques. A non-linear pro-
gramming procedure using a feasible-point method was adopted based on the use of Lagrange
multipliers and a set of active constraints. The optimization procedure produced �ner meshes
near the singular point – a result that is consistent with the usual mesh generation procedures
for this type of problem. This r-re�nement procedure generates a distorted mesh that can be
used as the starting point for subsequent h- or p-re�nements. The sensitivity of the standard
deviation of the error with respect to element size variation for the various regions of the
boundary is compatible with the local error estimator results. The sensitivity analysis is useful
to determine the boundary regions in which remeshing should preferably occur.
Future work on this topic could include the extension of the two error estimators for higher

order elements for 2D potential and elastostatics problems.
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