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Abstract. The question of unique solvability of the boundary integral equation of the first kind
given by the single-layer potential operator is studied in the case of plane isotropic elasticity. First,
a sufficient condition of the positivity, and hence invertibility, of this operator is presented. Then,
considering a scale transformation of the domain boundary, the well known formula for scaling the
Robin constant in potential theory is generalized to elasticity. Subsequently, an explicit equation for
evaluation of critical scales for a given boundary, when the single-layer operator fails to be invertible,
is deduced. It is proved that there are either two simple critical scales or one double critical scale
for any domain boundary. Numerical results, obtained applying a symmetric Galerkin boundary
element code, confirm the propositions of the theory developed for both single and multi-contour
boundaries.
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1. Introduction

The Boundary Element Method (BEM), in both direct and indirect forms, usually
leads in the case of a Dirichlet Boundary Value Problem (BVP) to the numerical
solution of a Boundary Integral Equation (BIE) of the first kind with a single-
layer potential operator. In plane elasticity, the weakly singular integral kernel
of this operator, defined by the fundamental solution of the Navier equation, in-
cludes the logarithmic function. As a consequence of this fact, it is known that
this integral operator may have a nontrivial null-space, thus the corresponding
BIE does not have a unique solution. For a particular form of a domain bound-
ary, whether such a situation takes place or not depends on the boundary size,
making the problem dependent on the unit of length applied in the plane. Such
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boundary sizes are usually referred to as critical (also exceptional or degenerate)
scales.

The above phenomenon represents a well known difficulty appearing in ap-
plications of BIE’s to the solution of other plane elliptic BVP’s (e.g., defined by
Laplace or biharmonic equation) as well. In potential theory the critical scale for a
boundary is characterized by the zero value of the Robin constant or equivalently
by the unit value of the logarithmic capacity (called also transfinite diameter) of
this boundary, see [23, 25, 30]. Some approaches for avoiding the non-invertibility
of the BIE obtained from the harmonic single-layer potential operator were studied
in [5–7]. The problem of critical scales associated to the biharmonic single-layer
potential has recently been analysed in depth in [9, 10, 15].

With reference to plane isotropic elasticity, a mathematical proof of the exis-
tence of critical scales has been given by Constanda [11]. Analytical and numerical
approaches have been applied to determine critical scales for simple circular, ellip-
tic or annular domains in [4, 19–21] and for a more general domain in [24]. Several
ways of removing the zero eigenvalues in the resulting linear system caused by the
critical scale (different from a simple re-scaling the domain or a modification of
the fundamental solution, which are common approaches in BEM) were numeri-
cally tested in [24] as well. Theoretically well-based approaches of removing the
non-uniqueness from the solution of the single-layer potential BIE were proposed
in [13, 22].

The first objective of the present paper is to study conditions for the exis-
tence of a unique solution of the single-layer potential BIE in the case of plane
isotropic elasticity. This question is closely related to the positivity of the single-
layer operator for a particular boundary. The theory presented is based on the
general theoretical results developed by Costabel and Dauge [15] and applied for
the single-layer biharmonic potential operator therein. Some well-known proper-
ties of the elastic potentials and solutions of the pertinent BIE’s either on bounded
or unbounded domains analysed in [3, 14, 22, 28] are also applied. The other objec-
tive of the paper is to deduce a general formula, which enable to predict the values
of the critical scales for a given boundary. The formula obtained, which further
develops a result in [11], represents a generalization to elasticity of the well-known
formula for scaling the Robin constant in potential theory. Similar formula for the
biharmonic single layer potential has been given in [15]. Finally, the values of
critical scales, obtained using the Symmetric Galerkin BEM (SGBEM) [2] and the
former formula, are studied for several examples of boundary shapes (rectangle, el-
lipse, two circular holes, etc.). Comparisons with an analytical solution provided by
the complex variable theory of plane elasticity [27] and with numerical calculations
of other authors [4, 21] are given.

2. Single-layer Potential Solution of the Dirichlet Problem

Let us consider an elastic body defined by an open and connected set, a domain,
� ⊂ R

2 with a bounded Lipschitz boundary [25] ∂� = � (i.e. given locally as
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graphs of Lipschitz functions in a finite number of appropriate Cartesian coordinate
systems, and � being locally on one side of �). Note, that � may include corners
but not cracks and cusps.

The boundary may include several components originating holes in the do-
main �, which is then multiply connected. Let us denote �m, m = 1, . . . , H , the
bounded domains that form the holes in �, where H is the number of holes, and
�m = ∂�m their respective boundaries. Let �m = �m ∪ �m. When �m are added
to �, a domain without holes �0, a simply connected domain, with the boundary �0

is obtained. If � is not bounded, then �0 = R
2 and �0 = ∅. A summary of these

statements in mathematical formulae using a ‘plus–minus’ notation follows:

� = �0 \
H⋃

m=1

�m, � =
H⋃

m=0

�m,

(1)
�+

m = �m, �−
m = R

2 \ �m, m = 0, . . . , H.

Let n±
m denote the two unit normal vectors defined almost everywhere on the

boundary �m pointing outward with respect to the domains �±
m, respectively. A gen-

eral case of a bounded domain � (hatched region) is shown in Figure 1.
Consider a fixed cartesian coordinate system xi (i = 1, 2). Let u = (u1, u2)

be the displacement solution of the following Dirichlet problem for the Navier
equation in the case of plane strain state:

cijkluk,lj (x)= 0, x ∈ �, (2a)

ui(x)= gi(x), x ∈ �, (2b)

where the fourth-order tensor of elastic stiffnesses cijkl is positive definite [17]

cijkl = λδij δkl + G(δikδjl + δilδjk), G > 0, 2G + 3λ > 0, (3)

Figure 1. Description of a general bounded domain in 2D.
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λ and G being Lamé constants and δij being the Kronecker delta. Boundary trac-
tions t associated to the outward pointing normal vector n at � are obtained ap-
plying the traction operator T n to displacements u as follows: ti = (T nu)i =
cijkluk,lnj .

Let Uij , the symmetric second-order tensor of the fundamental solution of the
Navier equation (2a), be given as:

Uij (x, y) = �

(
−κδij ln |x − y| + (xi − yi)(xj − yj )

|x − y|2
)

, (4)

where

� = 1

8π G(1 − ν)
> 0, 7 > κ = 3 − 4ν > 1, (5)

ν being the Poisson ratio (−1 < ν < 1
2 ). Then, the solution u of (2) is expressed in

the form of the single-layer potential

ui(x) =
∫

�

Uij (x, y)ϕj (y) d�(y) = (Uϕ)i (x), (6)

where the density ϕ represents a solution of the following BIE:

U�ϕ = g. (7)

Here, the direct values of the single-layer potential Uϕ(x) on the boundary � are
distinguished by the subscript �. Continuity of Uϕ(x) across � has been used in
obtaining (7). Note that displacements u ∈ C∞(R2\�) in (6) represent in fact a so-
lution of Navier equation in R

2\�. Let T ∗(x, y) = (T nU )(x, y) represent tractions
associated to the fundamental solution at x. Then, considering asymptotic expan-
sions of U(x, y) and T ∗(x, y) for |x| → ∞ and y fixed, the following behaviour at
infinity of u and the associated tractions t is obtained by direct verification [12, 23]:

ui(x) = Uij (x, 0)bj + O(|x|−1),

ti(x) = T ∗
ij (x, 0)bj + O(|x|−2),

bj =
∫

�

ϕj (y) d�(y), |x| → ∞.

(8)

Moreover, if � is an unbounded domain than bj = ∫
�

tj (y) d�(y).
Nevertheless, U� in (7) is not always an invertible operator, or equivalently (7)

has not always a (unique) solution. Thus, question of invertibility of U� is crucial
for solving (2) by means of (6). Some important properties of U� concerning its
invertibility are the subject of the theoretical analysis presented in the next section.

3. Properties of the Single-layer Potential Operator U�

The operator U� is a continuous symmetric linear map between functional Sobolev
spaces [14, 25, 28] of boundary tractions [H−1/2(�)]2 and boundary displacements
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[H 1/2(�)]2, i.e. U�: [H−1/2(�)]2 �→ [H 1/2(�)]2. Note that [H−1/2(�)]2 is a dual
space to [H 1/2(�)]2. This duality extends an application of the inner product in the
space of square Lebesgue-integrable functions [L2(�)]2 to functions ϕ̂ ∈
[H 1/2(�)]2 and ϕ ∈ [H−1/2(�)]2, the integral

∫
�

ϕ̂iϕi d� being considered in the
generalized sense in what follows. Note that this integral represents, from the me-
chanical point of view, a kind of boundary energy. As follows from results in [14],
U� is strongly elliptic, which implies it is a Fredholm operator of index zero. Thus,
its image U�([H−1/2(�)]2) is a closed subspace, and the null-space dimension and
the image codimension are finite and coincident.

Limits-to-the boundary of displacements and tractions defined outside of �m

are considered here in the distributional (weak) sense by making use of the trace
operators, which are well defined in classical sense for smooth functions in �

±
m

and whose values are extended to functions in the pertinent Sobolev spaces on �±
m

approximating these functions by smooth functions and applying the continuity of
the trace operators (see [14, 25] for technical details).

3.1. POSITIVITY AND INVERTIBILITY

In Proposition 1 it is shown that U� is positive on the subspace of tractions with
zero resultant force on �. The next Remark 1 extends the scope of this proposition
to contours more general than boundaries of (connected) domains. This fact will
be required in the proof of the following Proposition 2, where it is shown that if the
boundary � is sufficiently small (meant in the applied unit of length, making the
problem unit dependent), U� is positive on the (complete) space of tractions and,
subsequently, invertible on this space.

PROPOSITION 1. Let � ⊂ R
2 be a domain with a bounded Lipschitz boundary �.

If ϕ ∈ [H−1/2(�)]2, ϕ 	= 0, satisfies
∫
�

ϕd� = 0, then
∫
�

ϕi

[
U�ϕ
]
i
d� > 0.

Proof. Plane R
2 is partitioned by � in several connected open sets (domains),

namely �, �m (m = 1, . . . , H ) and �−
0 . Note that �−

0 = ∅ when � is unbounded.
Let us denote Uϕ(x) = uϕ(x) for x ∈ R

2. Then, uϕ is a solution of Navier equation
in R

2 \�. Let traction vectors t±
ϕ defined on �m and associated to the normal vector

n+
m represent the limits-to-the boundary of tractions defined in the neighbourhood

of �m inside the domains �±
m respectively. Let m0 = 0 when � is bounded and

m0 = 1 when it is unbounded.
Consider first, that � is bounded. Then, the partial integration formula gives

directly for bounded domains � and �+
m (m = 1, . . . , H )∫

�

cijkl

∂uϕi

∂xj

∂uϕk

∂xl

d� =
∫

�0

t+ϕ i
uϕid� −

H∑
m=1

∫
�m

t−ϕ i
uϕi d�, (9)

and ∫
�+

m

cijkl

∂uϕi

∂xj

∂uϕk

∂xl

d� =
∫

�m

t+ϕ i
uϕ i d�, (10)
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whereas this formula cannot be applied directly for the unbounded domain �−
0 .

Let �R and �R respectively denote the circular disk and circumference of radius R

centered in the origin of coordinates, i.e. �R = {x ∈ R
2 | |x| < R}. Then, taking a

sufficiently large R, the partial integration formula applied to �−
0 ∩ �R gives∫

�−
0 ∩�R

cijkl

∂uϕi

∂xj

∂uϕk

∂xl

d� = −
∫

�0

t−ϕ i
uϕi

d� +
∫

�R

t+ϕ i
uϕi

d�. (11)

Letting R → ∞, the last integral in (11) behaves, taking into account (8) and
assumptions of this proposition, as O(R−2). Hence, in the limit R → ∞ we obtain∫

�−
0

cijkl

∂uϕi

∂xj

∂uϕk

∂xl

d� = −
∫

�0

t−ϕ i
uϕ i

d�. (12)

Summing relations (9), (10) and (12) we have∫
R2\�

cijkl

∂uϕi

∂xj

∂uϕk

∂xl

d� =
H∑

m=m0

∫
�m

[
t+ϕ i

− t−ϕ i

]
uϕi

d�. (13)

Relation (13) is also obtained for unbounded � by making use of the above
procedure with the pertinent modifications: first, the partial integration formula is
applied first to � ∩ �R for a large R and then the limit of the resulting relation is
taken for R → ∞, and second, the integral over �−

0 is not considered.
The right-hand side integral contains a product of the limit-to-the boundary

of uϕ, which is equal to U�ϕ due to the continuity of the single-layer potential
across �, and the jump of the corresponding tractions across �, which due to the
well-known jump relations for tractions of the single layer potential [3, 14] equals

t+
ϕ − t−

ϕ = ϕ. (14)

Hence, taking into account that cijkl is a positive definite tensor [17], relation (13)
writes as

0 �
∫

R2\�
cijkl

∂uϕi

∂xj

∂uϕk

∂xl

d� =
∫

�

ϕi[U�ϕ]i d�. (15)

The first integral in (15) vanishes iff uϕ , and equivalently Uϕ, represents a
rigid body motion inside each connected subdomain of R

2 \ �. Then, the tractions
associated to these displacements, T nUϕ, vanish in R

2\�, and, due to (14), ϕ = 0
on �. This completes the proof. �

REMARK. The former proposition is also valid for subsets of R
2 with a more

general topology. Let � ⊂ R
2 be a union of a finite number of non-intersecting

bounded open and connected components (domains) �m, m = 1, . . . , C�. Let its
boundary ∂� = � be a union of a finite number of closed Lipschitz curves �m, m =
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Figure 2. A case of � which is not a boundary of any connected domain.

1, . . . , C�, which do not intersect each other. Let �′ = R
2 \ � be given by a union

of non-intersecting open and connected components �′
m, m = 0, . . . , C�′ , where

only �′
0 is unbounded and the others components are bounded. Note that equality

C� = C� + C�′ (called Alexander’s relation) is valid [16]. Then Proposition 1
holds for � and � as well.

For the sake of brevity the proof of this statement, based on the proof of Proposi-
tion 1, is only sketched here for a particular case of � depicted in Figure 2. Hence,
we have � = �1 ∪ �2 ∪ �3 (represented by hatched regions in the figure) and
�′ = �′

0 ∪ �′
1 ∪ �′

2, thus C� = 3 and C�′ = 2. We have just to reconsider some
relations of the previous proof. Relations analogous to (9)–(12) are valid for the
following domains: (9) for �1, �3 and �′

2, (10) for �2 and �′
1, and (12) for �′

0.
Summing all these relations together we obtain a formula of the form (13), where
C� appears instead of H , and m0 = 1. A generalization of the example geome-
try and application of the same reasoning as used in the proof of the proposition
renders (15) and, subsequently, also positiveness of U� for any supposed �, given
as a union of a finite number of not-intersecting closed Lipschitz curves, in the
subspace of functions with vanishing integral over �.

Consider the following basis of the space of rigid body translations in plane:

µ1(x) =
{

1
0

}
, µ2(x) =

{
0
1

}
. (16)

PROPOSITION 2. Let � be a domain with a bounded Lipschitz boundary �. If �

is contained in the interior of a circular disk with radius R = e1/(2κ), then U� is
positive (hence invertible) in [H−1/2(�)]2.

Proof. Let �R denote the boundary of the disk with radius R containing �.
Proposition 1 together with Remark 1 imply that∫

�∪�R

ϕ̃i[U�∪�R
ϕ̃]i d� > 0 (17)
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for nonzero ϕ̃ ∈ [H−1/2(� ∪ �R)]2 satisfying∫
�∪�R

ϕ̃i d� = 0. (18)

Let us take ϕ̃ in the form

ϕ̃ =


ϕ on �,

2∑
k=1

ωkµ
k on �R,

(19)

with ωk chosen so that (18) is satisfied. Let ci = ∫
�

ϕid�. Condition (18) gives

0 =
∫

�∪�R

ϕ̃i d� =
∫

�

ϕi d� +
∫

�R

2∑
k=1

ωkµ
k
i d� = ci + 2πRωi. (20)

Decomposing the integral in (17) yields

0 <

∫
�

ϕi[U�ϕ]i d�

+
∫

�

ϕi(x)

[∫
�R

Uij (x, y)

(
2∑

k=1

ωkµ
k
j (y)

)
d�(y)

]
d�(x)

+
∫

�R

(
2∑

k=1

ωkµ
k
i (x)

)[∫
�

Uij (x, y)ϕj (y)d�(y)

]
d�(x)

+
∫

�R

(
2∑

k=1

ωkµ
k
i

)[
U�R

(
2∑

k=1

ωkµ
k

)]
i

d�, (21)

where the second and the third integrals are equal to each other due to the self-
adjoint character of U . When relations (20) are substituted into (21), the second
and fourth integrals become respectively, according to [20, 21],

−�

2
(−2κ ln R + 1)(c2

1 + c2
2), (22a)

and

�

2
(−2κ ln R + 1)(c2

1 + c2
2). (22b)

Hence, we see that (21) becomes

0 <

∫
�

ϕi[U�ϕ]id� − �

2
(−2κ ln R + 1)(c2

1 + c2
2). (23)
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The second member vanishes for R = e1/(2κ), therefore the integral in (23) must be
positive for any nonzero ϕ. �

The proposition gives an alternative how to safe (7) from having multiple so-
lutions or being unsolvable by making use of a suitable unit of length resulting in
sufficiently small dimensions of �.

3.2. SCALING

The main purpose of this subsection is first to prove that for a given � there exist
either one or two critical scale factors ρc > 0 such that U ρc� has a nontrivial
null-space, where

ρ� = {ρx ∈ R
2 | x ∈ �

}
, (24)

and second to deduce a formula which allow us to evaluate these critical scales.
Let us introduce, see [15], a dilation operator Mρ , which maps functions defined

on � to functions defined on ρ�, as follows:

Mρ :
[
H−1/2(�)

]2 �→ [H−1/2(ρ�)
]2

,
(25)

(Mρϕ)(ỹ) = ϕ

(
ỹ

ρ

)
= ϕ̃(ỹ), ỹ ∈ ρ�.

We can now calculate for any ϕ̃ ∈ [H−1/2(ρ�)]2 and any x ∈ � the single-layer
potential

[U ρ�ϕ̃]i (ρx)

= [U ρ�Mρϕ]i (ρx)

=
∫

ρ�

�

(
−κδij ln |ρx − ỹ| + (ρxi − ỹi )(ρxj − ỹj )

|ρx − ỹ|2
)

(Mρϕ)j (ỹ) d(ρ�)(ỹ)

=
∫

�

�

(
−κδij ln |ρx − ρy| + (ρxi − ρyi )(ρxj − ρyj )

|ρx − ρy|2
)

ϕj (y)ρ d�(y)

= ρ

[ ∫
�

�

(
−κδij ln |x − y| + (xi − yi)(xj − yj )

|x − y|2
)

ϕj(y) d�(y)

−
∫

�

�κ ln ρ ϕi(y) d�(y)

]
= ρ

[
[U�ϕ]i (x) − �κ ln ρ

∫
�

ϕi d�

]
. (26)

Note that, following Propositions 1 and 2, rigid body translations µk(�) (k =
1, 2) might define a subspace, where Uρ� is negative for ρ sufficiently large. Scal-
ing behaviour of U� shown in (26) will allow us to prove this hypothesis.
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LEMMA 1. Let � be a domain with a bounded Lipschitz boundary �. Then, there
exists a constant ρM such that for all ρ > ρM and for any µ̂ = α1µ

1 + α2µ
2 	= 0

(α1, α2 ∈ R) it holds
∫
ρ�

[Mρµ̂]i[U ρ�Mρµ̂]id(ρ�) < 0.

Proof. Recall that µk(ρx) = [Mρµ
k](ρx) = µk(x), x ∈ �, k = 1, 2. Then, we

obtain, for any α1, α2 ∈ R,∫
ρ�

[
Mρ(α1µ

1 + α2µ
2)
]
i

[
Uρ�

(
Mρ(α1µ

1 + α2µ
2)
)]

i
d(ρ�)

= ρ2
∫

�

(α1µ
1
i + α2µ

2
i )

([
U�(α1µ

1 + α2µ
2)
]
i

− �κ ln ρ

∫
�

(α1µ
1
i + α2µ

2
i )d�

)
d�

= ρ2

(∫
�

(α1µ
1
i + α2µ

2
i )
[
U�(α1µ

1 + α2µ
2)
]
i
d�

− �κ ln ρ

(∫
�

(α1µ
1
i + α2µ

2
i )d�

)2)
= ρ2

(∫
�

(α1µ
1
i + α2µ

2
i )
[
U�(α1µ

1 + α2µ
2)
]
i
d�

− �κ ln ρ(α2
1 + α2

2)

(∫
�

d�

)2)
. (27)

The last expression is obviously less than zero for sufficiently large ρ and α2
1 +

α2
2 > 0. �

Furthermore, Proposition 1 provides an excellent tool for using the results in
[15, Section 3], the following lemma being satisfied by U� (see also [3, Theo-
rem 9.5.7]).

LEMMA 2 [15]. Let pk (k = 1, 2) be a basis of a finite-dimensional subspace of
[H 1/2(�)]2 such that U� is positive for all ϕ ∈ [H−1/2(�)]2 satisfying∫
�

pk
i ϕi d� = 0. Let the augmented operator Û� be defined as

 [H−1/2(�)]2

×
R

2

 �
 ϕ

ω

 Û��→


U�ϕ −

2∑
k=1

ωkp
k

∫
�

pk
i ϕi d�

 ∈
 [H 1/2(�)]2

×
R

2

 .

Then Û� is an isomorphism.

Thus, due to Proposition 1, the system of equations

U�ϕ −
2∑

k=1

ωkµ
k = g, (28a)
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�

µk
i ϕi d� =

∫
�

ϕk d� = ξk, k = 1, 2, (28b)

has for each g ∈ [H 1/2(�)]2 and for each ξ ∈ R
2 a unique solution ϕ ∈

[H−1/2(�)]2 and ω ∈ R
2. Moreover, there exists a linear operator B�: R

2 �→ R
2,

which for a given ξ and g = 0 finds the corresponding ω, i.e.

B�ξ = ω ⇔ Û
−1
� (0, ξ ) = (ϕ,ω). (29)

The operator B�, according to [15], inherits the properties of invertibility, symme-
try and positiveness of the operator U�, and the reciprocity also holds. Therefore,
the task of finding the critical scales of the operator U� or, better, Uρ� , is reduced
to investigation of these properties for the operator Bρ�. According to the above
definition, B� is a second-order tensor. It should be noted that the invertibility of
Uρ� does not depend on whether it is applied to solve an interior or exterior BVP.

The first step in the study of Bρ� will be its behaviour with respect to the scale
factor ρ. Let us check the difference between B� and Bρ� for any ρ > 0.

Relation (26) for scaling Uρ� renders for all x̃ ∈ ρ�

[U ρ�ϕ̃](x̃) = ρ
[[MρU�ϕ](x̃) − �κ ln ρ ξ

]
. (30)

The vector ξ can also be scaled to ρ� to obtain ξρ . An application of the dilation
operator yields

ξρk =
∫

ρ�

µk
i (x̃)[Mρϕ]i (x̃) d(ρ�)(x̃)

=
∫

�

µk
i (ρx)ϕi(x)ρ d�(x) = ρ

∫
�

µk
i (x)ϕi(x)d�(x) = ρξk. (31)

Substituting (31) into (30), we find that

[U ρ�Mρϕ](x̃) = ρ

(
[MρU�ϕ](x̃) − �κ ln ρ

1

ρ
ξρ

)
. (32)

Relations (31) and (32) will be used to show the next proposition. Let I denote
the 2 × 2 identity matrix.

PROPOSITION 3. For any ρ > 0, we have

Bρ� = B� − �κ ln ρI. (33)
Proof. Let ϕ be the solution of (28) for g = 0. Then, we rewrite (32) in the

matrix form

Uρ�Mρϕ = ρMρ

(
2∑

k=1

ωkµ
k

)
− �κ ln ρ ξρ

= ρ(Mρµ
1 Mρµ

2)

(
B�

(
1

ρ
ξρ

))
− �κ ln ρ ξρ

= (µ1 µ2) (B� − �κ ln ρ I) ξρ. (34)
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The last term proves the lemma as it must be the same as (28), but now written for
the scaled boundary ρ� and with g = 0, giving Uρ�ϕ̃ =∑2

k=1 µk[Bρ�ξρ]k. �
Finally, we may prove a theorem, which, in fact, reduces the question of invert-

ibility of Uρ� to a single eigenvalue problem for the 2 × 2 matrix representing B�.

THEOREM 1. For any bounded Lipschitz boundary � of a domain there exist ei-
ther one or two critical scales ρc, defined by the real eigenvalues σ of the symmetric
operator B� as

ρc = eσ/(�κ), (35)

such that the operator U ρc� is not invertible. If there is only one critical scale,
the null-space dimension of Uρc� is two, otherwise for each particular ρc this
dimension is one.

Proof. The invertibility of the operator Uρ� is inherited by the operator Bρ�.
Thus, according to Proposition 3, it is sufficient to show that equation

det(B� − �κ ln ρI) = 0 (36)

has either one or two roots ρc. This is the task of finding eigenvalues σ = �κ ln ρ

of the symmetric matrix representing the operator B� . Such eigenvalues σ exist,
they are always real and at most two different. The other statements of the theorem
are direct consequences of Proposition 1, Lemma 2, system of equations (28) and
the definition of B� in (29). �

Definition (29), Proposition 3 and Theorem 1 enable us to find another subspace
of [H−1/2(�)]2 where the operator U� is not positive (cf. Lemma 1). Actually, we
have proved, for each �, the existence of two real parameters ρ1 � ρ2 > 0, two
nonzero orthogonal vectors ξ 1 and ξ 2 in R

2 (eigenvectors of the symmetric operator
B�) and two nonzero vector functions η1 and η2 in [H−1/2(�)]2 such that a special
case of the system (28), with the property (31) of scaled ξ k for k = 1, 2, reads

Uρk�(Mρk
ηk)= 0, (37a)∫

�

ηk d� = ξ k. (37b)

Hence, we may prove the following proposition.

PROPOSITION 4. Let � be a bounded Lipschitz boundary of a domain. Let ρk

(ρ1 � ρ2) and ξ k with ηk be as specified in (37). Then for each ρ < ρ2 the operator
Uρ� is positive in [H−1/2(ρ�)]2, for each ρ > ρ1 the operator Uρ� is negative in a
two-dimensional subspace of [H−1/2(ρ�)]2 defined by the basis Mρη

1 and Mρη
2,

and finally, when ρ1 > ρ2, for ρ between ρ1 and ρ2 the operator Uρ� is negative
in a one-dimensional subspace defined by Mρη

2.
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Proof. Let ϕ ∈ [H−1/2(�)]2. Then, ϕ can be uniquely split to ϕ = ϕ̂ +
α1η

1 + α2η
2, with ϕ̂ satisfying the condition

∫
�

ϕ̂ d� = 0. Taking into account
that U�ηs = �κ ln ρsξ s due to (32) and (37a), it is easy to see that∫

ρ�

(Mρη
r )i

[
Uρ�(Mρη

s)
]
i
d(ρ�)

= ρ2
∫

�

ηr
i

[
[U�ηs]i − �κ ln ρ

∫
�

ηs
i d�

]
d�

= ρ2
∫

�

ηr
i

[
�κ ln

ρs

ρ
ξ s

]
i

d� = ρ2�κ ln
ρs

ρ
ξ s
i ξ

r
i , (38)

where ξ s
i ξ

r
i can be taken as δrs . Similar reasoning leads to the identity∫

ρ�

(Mρϕ̂)i

[
U ρ�(Mρη

s)
]
i
d(ρ�) = ρ2

∫
�

ϕ̂i

[
�κ ln

ρs

ρ
ξ s

]
i

d� = 0. (39)

These relations together with Proposition 1 prove the proposition. �
Unfortunately, this proposition is of small practical usage, because the func-

tions ηk are not known a priori and generally are quite complicated. Also the critical
scales are not easily found. In the simplest case of a circular domain, however, as
shown in [20, 21], ηk are equal to µk so that Lemma 1 and Proposition 4 deal with
the same subspaces.

Finally, let us mention that Theorem 1 and Proposition 4 confirm previous
analytical and numerical studies by Heise and co-workers [20, 21, 26] of some
particular cases.

3.3. BOUNDED MULTIPLY CONNECTED DOMAIN

Let us study the critical scales of a bounded multiply connected domain. The
boundary � of such a domain, see (2), always contains an external border �0,
which plays an important role in finding the critical scales of this domain. The
next proposition specifies this role.

PROPOSITION 5. Let � be a Lipschitz boundary of a bounded multiply connected
domain with an external boundary �0 ⊂ �. Then ρc is a critical scale factor of �

iff it is a critical scale factor of �0.
Proof. Let ρc be a critical scale of �0. Then there exists ϕ ∈ [H−1/2(ρc�0)]2

such that Uρc�0ϕ = 0. Let Ũϕ denote the associated single-layer potential. Thus,
uϕ = Ũϕ is the unique solution of the interior Dirichlet BVP in ρc scaled �0 with
zero boundary conditions at ρc�0. Hence, uϕ = 0 in scaled �0. Now, let us take a
function ϕ̃ ∈ [H−1/2(ρc�)]2, which is equal to ϕ on ρc�0 and zero elsewhere on
ρc�. Then

x ∈ ρc�0: (Uρc�ϕ̃)(x) = (Uρc�0ϕ)(x) = 0,

x ∈ ρc� \ ρc�0: (Uρc�ϕ̃)(x) = (Ũϕ)(x) = 0.
(40)
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Therefore, ϕ̃ is in the null-space of Uρc�, implying ρc is a critical scale of �. The
proof is easily completed by virtue of Theorem 1. �

Notice, that the above proof specifies the null-space of Uρc� for a bounded
multiply connected domain and shows that it is independent of the number and
forms of holes.

3.4. OTHER FUNDAMENTAL SOLUTIONS

So far, we have analysed what happens if the domain is scaled, e.g., by changing
the unit of length. Another possibility of changing and controlling the critical scales
is to choose the integral kernel of the operator U�, i.e. a fundamental solution of
Navier equation (2a). It is well known, lacking any vanishing condition at infinity in
two-dimensional elasticity, that Uij in (6) can be changed by an arbitrary constant,
so it is possible to apply a modified integral kernel U

ς

ij = Uij + �κ ln ς δij and,
subsequently, modified single-layer potential

U
ς
�ϕ = U�ϕ + �κ ln ς

∫
�

ϕ d�. (41)

It is obvious that Proposition 1 and Lemma 1 are not altered by a change of ς .
Nevertheless, it may be useful to know how the radius R in Proposition 2 and the
operator B� are modified.

Substituting (41) into (23) leads, in view of
∫
�

ϕkd� = ck , to∫
�

ϕi[Uς
�ϕ]i d� >

�

2

(
−2κ ln

R

ς
+ 1

)
(c2

1 + c2
2). (42)

The right-hand side vanishes if (−2κ ln(R/ς) + 1) = 0 thus R in Proposition 2
converts to R/ς .

Similarly, substituting (41) into (28a) with g = 0, we obtain

U
ς
�ϕ =

2∑
k=1

ωkµ
k + �κ ln ς ξ =

2∑
k=1

ω
ς

k µk. (43)

Applying definitions of B� and B
ς

� to (43) renders

0 =
2∑

k=1

(
ωk − ω

ς

k

)
µk + �κ ln ς ξ = B�ξ − B

ς
�ξ + �κ ln ς ξ

= (B� − B
ς

� + �κ ln ςI)ξ , (44)

and finally,

B
ς
� = B� + �κ ln ςI. (45)
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Both, Proposition 3 and Theorem 1, therefore remain valid also for the modified
single-layer operator U

ς
�.

An application of the integral kernel U
ς

ij thus introduces another approach to
guarantee the single-layer operator to be invertible for a particular �, being suffi-
cient that � is contained in a disk of radius R = ςe1/(2κ).

4. Examples

Several examples have been chosen to cover various types of domains. The solution
of the first example – a rigid line inclusion – is analytic, whereas numerical solu-
tions are presented for the others examples. Our attention is focused on calculation
of critical scale factors ρc for each geometrical form. In all present calculations the
unmodified single-layer potential introduced in (6) and the associated single-layer
boundary integral operator. U� have been used. Evaluation of critical scales starts
in the next numerical examples with a numerical solution of the system (28) with
g = 0 for two linearly independent choices of ξ . The solutions obtained enable us
to find an approximation of the matrix B� for a particular scale, no necessarily a
critical one. Finally, using Theorem 1 the critical scales ρc are calculated solving
the eigenvalue problem for B�.

The following geometries are considered: a rectangular region, an elliptic re-
gion, an infinite plane with two circular holes and a bounded rectangular region
with two rectangular holes. For simplicity, in all problems studied the material
parameters are chosen as follows: the shear modulus G is equal to unity and the
Poisson ratio ν is equal to a quarter, if not stated otherwise.

An SGBEM code, with continuous straight linear elements and analytic inte-
grations, has been used to solve numerically (28). The BEM meshes applied have
been either uniform, along all straight and circular parts of boundaries, or naturally
quasi-uniform, along elliptic boundaries. The number of elements is kept constant
in each particular example when the domain is scaled.

4.1. RIGID LINE INCLUSION, AN ANALYTICAL SOLUTION

First, let us consider the problem of a rigid line inclusion of length 2L as shown
in Figure 3. Thus, elastic domain � = R

2 \ (〈−L,L〉 × {0}). This geometry
represents, although the boundary � is not Lipschitz (� not being locally on one
side of �), a limit state of geometries in the two following examples.

Critical scales of such an inclusion can be calculated analytically, using the
complex potentials of Kolosoff–Muskhelishvili [27]. These scales are defined by
the nontrivial solutions of the exterior problem with vanishing displacements at the
rigid line inclusion and satisfying the radiation condition (8), which in complex
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Figure 3. Rigid line inclusion geometry.

variable notation has the form:

u1(z) + iu2(z) = �

2

[
b(−2κ ln r + 1) + b

z

z

]
+ O(r−1), r → ∞, (46)

with b = b1 + ib2 and z = x1 + ix2 = reiϑ . To satisfy this condition, let us define
the potential functions φ and ψ as follows:

φ(z) = A ln
1

2
(z2 +

√
z2 − L2),

(47)

ψ(z) = Ā

(
1 − κ ln

1

2

(
z2 +
√

z2 − L2
))+ A

(
1 − z√

z2 − L2

)
,

where A is a complex constant A = A1 + iA2 and

ln z = ln r + iϑ, ϑ ∈ (−π, π), (48)√
z2 − L2 = ζ ⇔ (z2 = ζ 2 + L2 ∧ |z + ζ | > |z − ζ |). (49)

The displacements of the points out of the inclusion can be expressed, using the
potential functions as

2µ(u1(z) + iu2(z))

= κφ(z) − zφ′(z) − ψ(z)

= 2

(
Aκ ln

(
1

2

∣∣z +
√

z2 − L2
∣∣)− �A − iĀ

√
z2 − L2

�z

)
, (50)

where � and � respectively denote the real and imaginary parts of a complex
number. When z approaches the inclusion, this relation becomes

2µ(u1(z) + iu2(z))
∣∣
z=x1±i0
|x1|�L

= 2

(
Aκ ln

L

2
− �A

)
, (51)

which produces zero displacements at boundary only when the following condi-
tions are satisfied:

2µ(u1(z) + iu2(z))
∣∣
z=x1±i0
|x1|�L

= 0

⇔ (
A2 = 0 ∧ L = 2e1/κ

) ∨ (A1 = 0 ∧ L = 2). (52)
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Hence, we conclude that a rigid line inclusion has in accordance with Theorem 1
two critical scales. One of them is independent of material properties and causes
an inclusion of length four (in the used unit of length) to be critical. The other
depends on the material and the corresponding inclusion length is 4e1/κ . Notice,
that the positivity guess of Proposition 2 guarantees that for any inclusion of length
less than 2e1/2κ the operator U� is positive, though in fact it is positive for any line
inclusion of length less than four due to Lemma 4.

4.2. RECTANGLE

The first numerical example deals with a rectangular domain, see Figure 4. The
shape of the domain is changed during the present parametric study in the follow-
ing way: the length of one side is kept fixed at unity, the other side length varies
between zero and unity. This allows us to find the critical scales for any rectangular
domain.

The critical scales calculated for a series of BEM meshes with 40 elements
along each rectangular boundary are shown in Figure 5. These scales coincide in

Figure 4. Rectangle geometry.

Figure 5. Critical scales – rectangle.
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Figure 6. Condition numbers – rectangle, a = 10/11.

the case of a square (a = 1, ρc = 2.156944) and approach the critical scales
of a rigid line inclusion, when a is sufficiently small. We can also show an esti-
mate of the domain size, for which the positiveness of U� is guaranteed according
to Proposition 2. The radius of the circumscribed circle of ρ� equals 1

2ρ
√

1 + a2.
The hatched area of Figure 5 shows the zone of all ρ for which this radius is less
than e1/(2κ) for every a. It is obviously situated below both curves of ρc. The picture
also documents how efficient is the estimate because, due to Proposition 4, U� is
positive for all points below the bottom curve of ρc.

The critical scale of a domain causes the integral equation operator U� to
have a nontrivial null-space. However, the behaviour of the operator spectrum near
this critical scale is also very important. We can study this spectrum numerically,
analysing the spectrum of the SGBEM discretisation matrix.

Let us look at the numerical results obtained for a particular value a = 10/11
and a uniform mesh with 11 elements on the longer side and 10 on the shorter
side of the rectangle. Figure 6 shows the condition number θ of the SGBEM
discretisation matrix:

θ,= σmax

σmin
, (53)

σmax and σmin being respectively maximum and minimum singular values, as a
function of the scaling factor ρ. It is clear that near the critical scales θ tends
to infinity. The dashed lines correspond to the critical scales 2.240785, 2.283305
calculated according to (35). Both values, of course, coincide with the peaks of
the condition number. The condition number also tends to infinity as ρ approaches
zero or infinity, the approximate behaviour in both cases is O(ln ρ). Within an
interval of ρ, as is clearly seen in Figure 6, θ is almost constant except for a small
vicinity of ρc. This observation is in clear agreement with results in [21] and also
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Table I. Convergence rates for the rectangle a = 10/11

N ρ1 ρ2 α1 ρ̃1 α2 ρ̃2

22 2.242867 2.285450

42 2.240785 2.283305

84 2.239813 2.282303 1.247 2.239105 1.247 2.281574

168 2.239398 2.281876 1.229 2.239089 1.228 2.281558

336 2.239221 2.281693 1.224 2.239088 1.224 2.281556

in [6, 8]. Studies of eigenvalues of U� for the circular disk [20, 21, 26] and also for
an irregular slice [26] show that only two eigenvalues, which cause critical scales,
depend nonlinearly on the domain size. Thus, the observed approximately constant
condition number is caused by a linear and homogeneous variation of the rest of
the eigenvalues during scaling. These facts also explain the logarithmic behaviour
of θ near zero and at infinity.

In order to estimate the accuracy of the numerical results presented the follow-
ing convergency test has been carried out. Various uniform meshes (except for the
first one – 6 and 5 elements respectively placed along the longer and shorter sides)
were used to calculate the critical scales in Table I. The second mesh is the same
as used in Figure 6. Convergence rates αm (m = 1, 2) and the extrapolated critical
scales ρ̃m were calculated using a three-parameter fit function ρm = ρ̃m + K N−α .
The parameters were at each instance calculated from three previous approxima-
tions of ρm. Thus, the last values in the fifth and the seventh column should have
errors about 10−6. The convergence rates are about a quarter higher than unity,
this relatively low rate being caused by the non-smooth (rectangular) boundary
including corners. A small shift between the critical scales associated to a coarse
and a fine mesh can be observed in Figure 7, where the condition numbers θ (in fact
θ/N is presented to eliminate the linear dependence of θ on N) of the discretisation
matrices associated to the meshes with N being 42 and 168 are plotted. The ver-
tical lines are placed at the calculated critical scales ρc given in the corresponding
rows of Table I. Note that, apart from the shift of the calculated critical scales for
the refined mesh, a narrower interval of ρ around each critical scale, where the
condition numbers θ present a singular behaviour, appears for this mesh.

4.3. ELLIPSE

Critical scales of an elliptic domain, see Figure 8, are evaluated in this example.
The shape of the domain is changed to find the critical scales for any ellipse:

the length of one semi-axis is kept fixed at unity, the other semi-axis length varies
between zero and unity. Each elliptic boundary is discretised by a quasi-uniform
mesh with 40 elements.
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Figure 7. Condition numbers, rectangle a = 10/11, a comparison of two meshes around the
critical scales.

Figure 8. Ellipse geometry.

The two critical scales as a function of b are shown in Figure 9. These scales
coincide in the case of a circle (b = 1, ρc = e1/4 [11]) and are approaching the
critical scales of a line inclusion, when b is very small. The positiveness of U� is
guaranteed by Proposition 2 in the hatched area, whose extent is clear considering
the radius of the circumscribed circle of ρ� is equal to ρ. Thus, the efficiency of
the estimate, as contrasted with Proposition 4, which guarantees U� to be positive
for all scales below the bottom curve of ρc, can be observed. In particular, the guess
is the best one for a circle, due to the proof of Proposition 2.

A sufficient accuracy seems to be achieved for rather coarse meshes when
comparing with the convergence study for a rectangle. Results for an ellipse with
b = 1/2 discretised by five meshes are shown in Table II. As could be expected
due to the smooth character of the elliptic boundary, the rates of convergence ob-
tained are close to two. The claim about the accuracy is also supported by the
results obtained for the unit circle, whose critical scale evaluated analytically is
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Figure 9. Critical scales – ellipse, ν = 0.25.

Table II. Convergence rates for the ellipse b = 1/2

N ρ1 ρ2 α1 ρ̃1 α2 ρ̃2

6 1.695534 2.032902

12 1.608920 1.902459

24 1.583873 1.871284 1.790 1.573683 2.065 1.861494

48 1.577363 1.863451 1.944 1.575076 1.993 1.860823

96 1.575705 1.861478 1.974 1.575139 1.989 1.860813

ρc = e0.25 = 1.284025 and the best extrapolated numerical result (obtained by
meshes with the same number of elements as used for ellipse) is 1.284023.

Figure 10 shows how ρc depend on ν, varying ν within its limits for common
isotropic materials. Each curve corresponds to a particular value of the parame-
ter b (small numbers near each curve). In the left part of the figure the lower
critical scales are presented. It is clear that, for vanishing b, ρc approach value
two, independently of ν. While the greater critical scales, shown in the right part
of the figure, approach for vanishing b, according to Section 4.1, the following
limit curve: ρc = 2e1/(3−4ν) – the dashed line. Notice, that the bottom limit curves
(theoretically ρc = e1/(2(3−4ν)), represented by the almost hidden dashed lines)
on the left and right figure parts, associated to the circle, are in fact the same.
Moreover, they coincide with the boundary curve of the hatched domain – the
region where U� is positive following an estimate by Proposition 2.

The above numerical results agree with analytical results deduced in [4], where,
however, U

ς
� is used with ς = e−1/2(3−4ν). The critical radius of a circular disk is

in this case equal to unity, see Section 3.4.
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Figure 10. Critical scales as functions of the Poisson ratio ν for ellipse.

Figure 11. Two circular holes, geometry description.

4.4. TWO CIRCULAR HOLES

Let � be defined as an exterior domain to two circular holes, see Figure 11. The
basic configuration consists of two circles with the unit radii, which centers are
placed at a distance D > 2. Relation between ρc and the geometry parameter D

is analysed, the obtained results being shown in Figure 12. Uniform BEM meshes
with 40 elements placed on each contour have been applied. It appears that for
large D both ρc behave as O(D−1/2), see the detail picture using log–log scales
in Figure 12 (the dashed line represents the function 1.3D−0.5). The area, where
the positivity of U� is guaranteed by Proposition 2, is hatched again. The radius
of the circumscribed circle of ρ� equals 1

2ρ(D + 2). Therefore, for D tending
to infinity, the bound provided by Proposition 2 behaves as O(D−1), having then
significantly lower values than ρc with observed O(D−1/2) behaviour.
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Figure 12. Critical scales – two circles.

Figure 13. Bounded domain with rectangular holes, geometry description.

4.5. BOUNDED DOMAIN WITH TWO RECTANGULAR HOLES

A multiply connected domain with non-smooth outer and also hole boundaries is
analysed, see Figure 13 for its basic configuration. A uniform BEM mesh with 118
elements has been applied. Applying (35) the following critical scales: 1.362790
and 1.557598 have been obtained. Another possibility how to find these scales is to
calculate the condition numbers θ according to (53) for various scale factors ρ. The
relation between the results obtained by these two approaches is studied in Fig-
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Figure 14. Condition numbers – bounded domain with rectangular holes.

Figure 15. SGBEM approximation of the zero eigen-solution at the critical scale
ρc = 1.362790.

ure 14. As expected, in view of results in Section 4.2, θ behaves as O(ln ρ) for
large and small ρ. Two singularities in θ appear within the zone of approximately
constant θ . The positions of these singularities, see the detail picture, confirm the
values of ρc predicted by (35).

Let us recall, that due to Proposition 5, a critical scale for the multi-connected
domain analysed equals, in fact, a critical scale of the outer rectangle (compare
with Figure 5), the zero eigen-solution for the whole multi-connected domain being
equal to that of the outer rectangle and vanishing on the holes. An SGBEM approx-
imation of the zero eigen-solution belonging to the lower critical scale is plotted,
naturally along the outer boundary only starting from the point A, in Figure 15.
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Note, that the singular behaviour observed at the sharp corners of the outer rec-
tangle corresponds to the following facts, first this zero eigen-solution is actually
equal to a traction solution of an exterior problem with the boundary defined by
the outer rectangle, and second such a traction solution is singular at the re-entrant
corners of the exterior domain [18].

5. Concluding Remarks

The problem of determination of critical scales associated to a two-dimensional
boundary �, for which the isotropic elastic single-layer potential operator U� is
not invertible, has been studied. The well-known concept of the Robin constant
associated to � in the potential theory has been generalized to isotropic elasticity
introducing a symmetric second-order tensor B� ∈ R

2×2 and deducing a formula
for scaling this tensor (33). The relation between the tensors B� associated to
different definitions of the fundamental solution of Navier equation has been es-
tablished. It has been shown that eigenvalues of B� define through expression (35)
either two single critical scales ρ1 > ρ2 (the dimension of the null-space of U� is
one) or one double critical scale ρ1 = ρ2 (the dimension is two now) of �. The
critical scales of a bounded multiply-connected domain are equal to the critical
scales of the outer boundary contour. In view of the tensor character of B� , the
critical scales of a boundary � are independent of its orientation with respect to
the Cartesian coordinate system. It can easily be shown that a boundary � with
a symmetry-transformation group including a rotation by an angle different from
kπ (k an integer), has associated one double critical scale. This is the case, for
example, of any regular polygon or circle.

It can be useful to know that single-layer potential operator Uρ� defined on
the scaled boundary ρ� is positive for ρ < ρ2 and has two negative eigenvalues
for ρ > ρ1. A bound for the radius R of the circumscribed circle of � which
guarantees the positivity and thus invertibility of U� can be given for each form of
the fundamental solution, see Section 3.4. Whereas for the fundamental solution
usually used in BEM (4), this bound is a function of the Poisson ratio ν, having
the form R < e1/2κ and its value being 1.074041 for ν = −1 and 1.648721 for
ν = 0.5, for the fundamental solution used in [11] this bound is independent of ν,
its value being e−1 = 0.367879.

Analytical and numerical examples presented have confirmed and illustrated
the conclusions of the theory developed. In particular, it has been verified that the
boundary sizes, for which singularities in the condition number of the discretised
version of U� take place, coincide with those predicted, by the above mentioned
formula, as critical.

Although in the present study only plane strain state has been considered, the
results obtained are directly applicable to plane stress state by the pertinent modi-
fication of material constants.
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It should be mentioned, that the theoretical results presented in Section 3 could
also be formulated working with the subspace of all rigid body motions, instead
of the subspace of rigid body translations, as has been done for the purpose of
simplicity here. In this way, a matrix defined by Constanda [11] (see Theorem 2
therein) would directly correspond to the symmetric tensor B̃� ∈ R

3×3 defined
according to Lemma 2. Let us present, for the completeness purposes, the formula
(analogous to (33)) for scaling this tensor

B̃ρ� = Dρ

(
B̃� − �κ ln ρJ

)
Dρ,

where Dρ and J are diagonal matrices defined as

Dρ = diag
[
1, 1, ρ−1] and J = diag[1, 1, 0].

Note that B̃� does not vanish for any boundary �, whereas B� can be zero, what
happens, for example, for the circle of radius e1/2κ when the fundamental solution
from (4) is considered.

Finally, it is considered that the present work has established a sound the-
oretical basis for subsequent development of general methods for removing of
non-uniqueness in the numerical solution of BIE’s (in the spirit of methods de-
veloped in [1, 29]), which will take into account the phenomenon of critical sizes
in two-dimensional elastic problems.
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