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The Wave Based Method (WBM) is an alternative numerical prediction method for both interior and exterior
steady-state dynamic problems, which is based on an indirect Trefftz approach. It applies wave functions,
which are exact solutions of the governing differential equation, to describe the dynamic field variables. The
smaller system of equations and the absence of pollution errors make the WBM very suitable for the
treatment of Helmholtz problems in the mid-frequency range, where element-based methods are no longer
feasible due to the associated computational costs. A sufficient condition for convergence of the method is
the convexity of the considered problem domain. As a result, only problems of moderate geometrical
complexity can be considered and some geometrical features cannot be handled at all. In this paper, these
limitations are alleviated through the development of a general modelling framework based on existing
WBMmethodologies which allows for the efficient introduction of inclusion configurations in boundedWBM
models for problems governed by one or more Helmholtz equations. The feasibility and efficiency of the
method is illustrated by means of numerical verification studies in which the methodology is applied to two
types of dynamic problems. On the one hand, a single Helmholtz equation associated with the steady-state
dynamic behaviour of acoustic cavities is studied. On the other hand, the framework is applied to the
solution of the Navier system of partial differential equations that describe the elastodynamic response of
two-dimensional perforated solids.
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1. Introduction

In recent years, the application of numerical simulation techniques
in design, analysis and optimisation of mechanical systems has
become an indispensable part of the industrial design process. Both
the Finite Element Method (FEM) and the Boundary ElementMethod
(BEM) are well established Computer Aided Engineering (CAE) tools
which are commonly used for the analysis of time-harmonic dynamic
problems.

The FEM [1] discretises the problem domain into a large but finite
number of small elements. Within these elements, the dynamic field
variables are described in terms of simple, polynomial shape
functions. However, since these shape functions are no exact solutions
of the governing differential equations, a fine discretisation is required
to suppress the associated pollution error [2] and to obtain reasonable
prediction accuracy at higher frequencies. Solving the resulting large
numerical models requires a prohibitively large amount of computa-
tional resources. As a result, the FEM is limited to low-frequency
applications [3].
In recent years, a vast amount of research has been done into the
development of possible extensions of the FEM in order to minimise
or even eliminate the numerical pollution effects and, as a result,
increase the practical application range of the method to higher
frequencies. This has lead to a wide range of techniques, which can be
classified into a number of categories based on their specific focus. A
first family of approaches attempts to optimise the FE modelling
process without fundamentally altering it. Among these, refinement
methods aim at reducing the approximation errors through adaptive
(local) reduction of the dimensions of the FE discretisation [2] or
through an elevation of the approximation order of the FEM basis
functions [4] or through a combination of both [5]. Alternatively, [6–9]
propose special numerical integration schemes which significantly
increase the accuracy of the FEM with respect to numerical pollution
errors. Advanced iterative solution strategies can also be employed to
solve the FE numerical models more efficiently [10,11]. The main
drawback of these solution algorithms is that they are less robust and
that the gain in computational efficiency is highly dependent on the
problem at hand and the combination of iterative solver and
preconditioner used to solve the numerical systems. Domain
decomposition techniques, like Component Mode Synthesis [12], its
automated iterative variation Automated Multi-Level Substructuring
[13,14] and the Finite Element Tearing and Interconnecting approach
[15,16], apply a divide and conquer strategy which is perfectly suited
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for parallel implementation. A final family of FEM extensions modifies
the underlying integral formulations. Examples of this approach are
the stabilised FE methods [17–19], the ultra-weak variational
formulation [20,21] and multi-scale methods like the discontinuous
enrichment [22–24] and discontinuous Galerkin techniques [25,26].
Although all these developments have been instrumental towards
alleviating the frequency limitations of the FEM, they share the
property that the solution strategies are based on a discretisation of
the problem domain which has to conform to the boundary geometry
of any inclusion present in the problem domain, like e.g. holes, voids,
particles or aggregates. Even though at presentmanymesh generation
algorithms are well established, the creation of high-quality FEM
discretisations of domains with an arbitrary number and distribution
of defects and inclusions remains a challenging and time-consuming
process. Moreover, the main motivation for the development of many
of these techniques is to permit relatively rough element sizes to be
used up to much higher frequencies at the cost of more complicated,
and computationally more expensive, element formulations. When
problems with complex multiple inclusion configurations are consid-
ered, the gain in computational efficiency of these methods is partly
negated by the need to use conforming meshes since in this case the
required element sizes are governed by the need to accurately capture
the problem geometry rather than by the frequency limitations of the
method.

In order to overcome such meshing problems, several special
techniques have been developed, which can be divided into two
groups. On the one hand there are the techniques which contain
special elements of which the problem boundary does not have to
coincide with element boundaries. Examples are the extended FEM
and the generalised FEM [27–29], in which the finite element
approximation fields in elements near the inhomogeneities are
enriched (in a partition of unity way) using fields with a strong
physical meaning related to the properties of the inhomogeneities
[30,31], or techniques which introduce problem-dependent specialist
elements in the vicinity of the the inhomogeneity [32–34] while
classical finite elements are used to model the remainder of the
problem domain. These elements typically use analytical solutions of
the governing equation to represent the local behaviour near the
inhomogeneity. These approaches have, to the author's knowledge,
only been applied successfully to static problems. Due to the mesh
resolution requirements resulting from the study of dynamic
problems at higher frequencies, the relatively large specialist
elements, which typically enclose an entire hole, particle, ..., will
couple more and more finite element degrees of freedom to each
other, resulting in a significant increase in the bandwidth of the FEM
system matrix and a drastic decrease in modelling efficiency. On the
other hand, there are techniques which offer elements with a great
geometrical flexibility, for example the NURBS-based isogeometric
analysis developed by Hughes et al. [35]. However, research on that
method has, in the current field of interest, mainly focussed on static
problems and free vibrations of structures [36]. A rigorous assessment
of the behaviour of this method for the forced response analysis of
mid-frequency problems containing multiple inhomogeneities has to
the author's knowledge not been performed at present.

In contrast to the previously described FEM and FEM-based
techniques, which discretise the entire problem domain into small
elements, the BEM [37] is based on a boundary integral formulation of
the problem, such that only the boundary of the considered domain
has to be discretised. Within the applied boundary elements, some
boundary variables are expressed in terms of simple, polynomial
shape functions. Enforcement of the boundary conditions results in a
small numerical model, as compared to FE models, which can be
solved for the nodal values at the discretised boundary. Once these
nodal values are known, the field variables inside the domain may be
reconstructed by application of the boundary integration formula-
tions in a post processing step. While the use of a boundary
discretisation eliminates the problems faced by domain discretisation
methods for problems with complex inclusion configurations, the
construction of the frequency-dependent, complex, densely populat-
ed BE matrices, which includes the integration of singular functions, is
very time consuming as compared to the fast assembly of frequency-
independent, real valued, sparse FE matrices. In this way, the smaller
model size does not necessarily result in an enhanced computational
efficiency, so that the practical use of the BEM is also restricted to low-
frequency applications [38]. Moreover, when the complexity of the
inclusion geometries increases, the number of boundary values grows,
resulting in a further lowering of the practical application range of the
method.

Apart from the FEMand BEM and all themethods derived from their
basic concepts, there is another family of methods, the so called Trefftz
methods [39], which distinguish themselves from the FEMs by their
choice of shape and weighting functions [40]. Instead of using
approximation functions, exact solutions of the governing differential
equations are used for the expansion of the field variables. One such
Trefftz based method is the Wave Based Method (WBM) [41]. It is a
novel numerical prediction method for the analysis of steady-state
interior and exterior Helmholtz problems. Since the functionswhich are
applied to expand the dynamic field variables are exact solutions of the
governing (system of) Helmholtz equation(s), no residual error is
involved with the governing partial differential equation inside the
problem domain. However, the functions may violate the boundary
conditions. Enforcing the residual boundary errors to zero in aweighted
residual scheme yields a small matrix equation. Due to the small model
size and the enhanced convergence characteristics of theWBM, it has a
superior numerical performance as compared to classical domain
discretisation methods. As a result, problems at higher frequencies can
be addressed. In the past, theWBMhas been successfully applied for the
analysis of interior and exterior (vibro-) acoustic problems [42–45] and
for the structural dynamic analysis of flat plates [46,47].

One of the important disadvantages of the WBM is the require-
ment of a division of the problem into convex subdomains to ensure
convergence. This requirement necessitates a complex domain
splitting for some problem geometries, while other geometries may
not be possible at all, e.g. circular holes. Recent work by the authors
[48,49] proposes a significantly enhanced multi-level version of the
WBM for the analysis of two-dimensional acoustic scattering analysis
of a configuration of well separated generally shaped obstacles in an
unbounded acoustic medium. In this publication, the basic principles
of this approach are further developed into a general modelling
framework for the efficient introduction of inclusion configurations in
bounded WBM models. Moreover, the applicability of the methodol-
ogy is extended to encompass any type of dynamic problem governed
by one or multiple coupled Helmholtz-type partial differential
equations which is illustrated by a numerical verification study of
the technique for both steady-state acoustic and elastodynamic
problems. The proposed methodology is based on a decomposition
of the original (bounded) problem into a single interior subproblem
and one or multiple exterior problems. The outer boundary of the
interior subproblem matches the outer boundary of the original
problem domain while disregarding the inclusions. Each of the
exterior problems describes the scattering behaviour of a single
inclusionwhich is embedded in an unbounded homogeneous domain.
By modelling each of the subproblems using existing WBMmodelling
methodologies and applying the superposition principle to the
resulting response fields, an efficient and flexible numerical strategy
for modelling mid-frequency dynamic multiple inclusion problems is
obtained. Concerning themodelling principle, the proposedmethod is
quite similar to the decomposition into two parts using the
superposition principle in order to determine the stress concentration
factor for an infinite plate with a hole under uniaxial tension, as
proposed by Chen in [50]. In that paper, these principles are however
only applied to the static analysis of an infinitely extended medium
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which contains a single circular hole. The approach presented here
is also somewhat similar to the work presented in [51] and [52]
on the introduction of heterogeneous substructures in the VTCR
methodology [53] for the analysis of mid-frequency vibrations of
plates and the work of Stojek [54,55] on the introduction of holes in
frameless T-elements for the Helmholtz equation. For the VTCR as well
as for the T-elements, the authors modify the admissible fields which
describe the response fields in a set of substructures to a priori satisfy
the imposed boundary conditions on the boundary of a hole in one of
the substructures. In order to determine the modified fields, a set of
secondary numerical problems is solved, which, for the VTCR, may
involve the need for performing a number of BEM calculations if the
hole has a non-circular geometry or if multiple holes are present
inside a single substructure. In contrast, the numerical framework
presented in this paper is based on adding additional scattering
models which are based on existing WBM technology and in which
the partitioning of each of the submodels is entirely independent of
the other submodels.

The outline of this paper is as follows: Section 2 briefly addresses
the general problem setting of a steady-state dynamic problem
governed by a system of Helmholtz partial differential equations and
describes the WB modelling methodology for two-dimensional
unbounded Helmholtz problems. Section 3 illustrates the modelling
limitations of the existing WBM approach for multiple inclusion
problems and presents the new multi-level concept, which incorpo-
rates multiple inclusion modelling in the WB methodology. In
Section 4 the new method is applied to the analysis of steady-state
acoustic problems, which are governed by a single Helmholtz
equation. The general problem setting and most commonly applied
types of boundary conditions are discussed and the general multi-
level acoustic WBM problem formulations are derived. Furthermore,
the method is applied to two numerical verification examples, which
both illustrate the feasibility and efficiency of the proposed numerical
modelling framework. The subsequent section is devoted to the
application of the method to two-dimensional elastodynamic pro-
blems, in which the governing equations can be recast into a system of
two coupled Helmholtz equations. After detailing the problem setting
and the associated multi-level WBM formulations, two numerical
verification studies are carried out to analyse the behaviour of the
method for problems governed by multiple Helmholtz equations.
Finally, Section 6 concludes the paper with general remarks and some
possible topics for future research.
2. The Wave Based Method for interior and exterior Helmholtz
problems

This section describes the basic principles of the WBM modelling
methodology for solving the Helmholtz equation in both bounded and
unbounded problem domains. Firstly, a general problem definition is
presented. Next, the four basic steps in the general WBM modelling
Fig. 1. A general 2D unbounded Helmholtz problem.
approach are detailed. In the subsequent parts of this section T-
complete function sets which are used in theWBM for the description
of respectively bounded and unbounded Helmholtz problems are
given.

2.1. General problem setting

Consider a general two-dimensional interior/exterior steady-state
dynamic problem as shown in Fig. 1. The mathematical description of
several dynamic phenomena in physics (e.g. structural mechanics,
acoustics, electromagnetics, thermal conductivity,...) gives rise to (a
coupled system of) the well-known second-order Helmholtz partial
differential equation(s):

∇2ujðrÞ + k2j ujðrÞ = F jðrÞ; r∈Ω: ð1Þ

In this equation∇2•=∂2 • / ∂x2+∂2 • /∂y2 is the Laplacian operator,
kj represents the physical wave number and F j(r) is a general
representation of the non-homogeneous forcing terms which result
from the presence of discrete or volumetric sources in the problem
setting. The value of the complex physical wave number kj is
determined by the physical properties of the medium inside the
problem domain and the excitation frequency ω. In the most general
case, the problem boundary Γ consists of 2 parts: the finite part of the
boundary, Γb, which constitutes the boundary of all the obstacles, and
the boundary at infinity, Γ∞. Based on the available types of commonly
applied boundary conditions for each of the specific phenomena
described by Eq. (1), the finite boundary can be further divided into a
set of non-overlapping parts: Γb=⋃iΓi, on which a multitude of
boundary conditions (of which the Neumann and Dirichlet types are
the most widely known) can be applied. These conditions can be
written in the following general form:

BiðujðrÞÞ = ―BiðrÞ; r∈Γi ð2Þ

with Bi(•) a general boundary differential operator and ―BiðrÞ an
imposed boundary field in the case of non-homogeneous boundary
conditions. At the boundary at infinity Γ∞, the enforcement of a non-
reflecting boundary condition (like e.g. the well-known Sommerfeld
radiation condition [56] applied in acoustics) ensures that the
resulting wave field is purely outgoing:

B∞ðujðrÞÞ = 0; r∈Γ∞ ð3Þ

The Helmholtz Equation (1) together with the associated boundary
conditions Eq. (2) along Γb and Eq. (3) along Γ∞ define a unique dynamic
field uj(r).

2.2. Basic concepts of the Wave Based Method

The WBM [41] is a numerical modelling method based on an
indirect Trefftz approach [39] for the solution of steady-state
Helmholtz problems in both bounded and unbounded problem
domains. Instead of discretising the entire problem domain (or its
boundary) into a large number of small elements and using simple
approximating polynomials to describe the dynamic field variables,
like in the FEM or BEM, the WBM modelling concept is based on a
partitioning of the problem into a limited number of large sub-
domains. Within each of those subdomains the field variables are
expressed as an expansion of wave functions, which intrinsically
satisfy the governing equation(s), in casu a (set of) Helmholtz-type
equation(s) (1). The degrees of freedom are the weighting factors of
the wave functions in this expansion. Enforcing the boundary
conditions along the problem boundaries and the continuity
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conditions on the interfaces between the subdomains using a
weighted residual formulation yields a system of linear equations
whose solution vector contains the unknown wave function weight-
ing factors.

The general modelling procedure consists of the following steps:

A. Partitioning of the problem domain into subdomains
B. Selection of the wave functions in the field variable expansion
C. Construction of the system of equations through a weighted

residual formulation of the boundary and continuity conditions
D. Solution of the system of equations and postprocessing of the

dynamic variables

2.2.1. Domain partitioning
When the method is applied to bounded problems, a sufficient

condition for the theoretical convergence of theWBM is the convexity
of the considered problem domain [41]. In a general Helmholtz
problem however, the problem domain may be non-convex requiring
the entire problem domain to be partitioned into a number of convex
subdomains. If the WBM is applied for unbounded problems, the
introduction of an artificial truncation boundary Γt restricts the
computational domain to a finite region Ω− [44], much like in the
approaches which enable the domain discretisation based modelling
strategies to cope with unbounded problems. After this partitioning,
the region Ω− between the truncation boundary and the problem
boundary is partitioned into NΩ non-overlapping, convex subdomains
Ω(α), as is illustrated in Fig. 2. The unbounded regionΩ+ exterior to Γt
is modelled explicitly as an additional subdomain Ω(NΩ+1), with its
own specific type of basis functions. As a result, the combined interior/
exteriorproblem domain is partitioned into NΩ+1 subdomains:
Ω=Ω−∪Ω+=∪α=1

NΩ+1Ω(α).
The boundary of each of the subdomains Ω(α) is denoted as ∂Ω(α).

It consists of a number of mutually exclusive parts (corresponding to
each of the types of applied boundary conditions),

∂Ω αð Þ = ∪
i
Γ αð Þ
i ; α = 1;…;NΩ + 1: ð4Þ

The boundary of the unbounded subdomain Ω(N
Ω
+1) includes the

boundary at infinity Γ∞, along which non-reflecting boundary
conditions need to be fulfilled.

In order to enforce the total resulting dynamic fields to be
continuous, continuity conditions must be applied at all the interfaces
ΓI(α,β) between the adjacent subdomains Ω(α) and Ω(β):

B α;βð Þ
I ðu αð Þ

j ðrÞ;u βð Þ
j ðrÞÞ = 0; r∈Γ α;βð Þ

I ð5Þ

with BI
(α,β)(•, *)=BI

(α)(•)+BI
(β)(*) a general boundary differential

operator expressing the continuity constraints on the fields • and * and
Fig. 2. A WB partitioning of the 2D unbounded problem.
their derived quantities and uj
(α)(r) and uj

(β)(r) the dynamic fields in
both subdomains.

The WBM adopts a direct coupling approach to enforce the
coupling condition (5). This implies that the continuity conditions
are applied directly on the dynamic quantities of the considered
subdomains, without introduction of auxiliary variables. In order for
the problem to be well-posed, one continuity condition is imposed
on each subdomain for each one of the governing Helmholtz
equations.

2.2.2. Field variable expansion
The steady-state dynamic fields uj

(α)(r) in each of the problem
subdomains Ω(α), α=1…NΩ+1 is approximated by a solution
expansion ûj

(α)(r) in terms of nw(α) wave functions Φw
(α):

u αð Þ
j ðrÞ≃û αð Þ

j ðrÞ = ∑
n αð Þ
w

w=1
u αð Þ
w Φ αð Þ

w ðrÞ + û αð Þ
p;j ðrÞ = Φ αð Þ

w ðrÞu αð Þ
w + û αð Þ

p;j ðrÞ:

ð6Þ

The wave function contributions uw
(α) are the weighting factors

belonging to each of the selected wave functions Φw
(α). Together they

form the vector of degrees of freedom uw
(α). The corresponding a

priori defined wave functions are collected in the row vector Φw
(α).

The set of all nW = ∑
NΩ +1

α=1
n αð Þ
w wave function contributions uw is

collected in the column vector uw, while the row vector Φw contains

all nW wave functions.

Following the indirect Trefftz approach [39], each of the wave

functions Φw
(α)(r) in the field variable expansion proposed above,

exactly satisfies the homogeneous part of the governing Helmholtz
Eq. (1). Moreover, in the unbounded region Ω(N

Ω
+1), these functions

are constructed in such a way that they also inherently satisfy the
non-reflecting boundary conditions (3) along the boundary at infinity
Γ∞. These conditions do not fully determine the set of basis functions
in the expansion and several alternatives are available (e.g. plane
waves [20,57,58], Herrera-type function sets [59], ...). Section 2.3
details the different types of wave functions used in the solution
expansions for both bounded and unbounded WBM subdomains
governed by the Helmholtz equation.

ûp,j
(α) represents a particular solution resulting from the com-

bined source terms F j(r) in the right hand side of the inhomoge-
neous Helmholtz Eq. (1). The nature of these functions is
determined by the physical interpretation of F j(r) as a superpo-
sition of distinct (correlated or uncorrelated) problem-specific
dynamic sources (e.g. acoustic volume velocity sources, structural
forces,...) and will be described in Sections 4 and 5 which detail the
application of the WBM to specific problem types. Usually these
particular solution functions take the form of the dynamic fields
generated by the sources in an infinitely extended homogeneous
medium.

2.2.3. Evaluation of boundary and interface conditions
With the use of the proposed solution expansion Eq. (6), the

Helmholtz Eq. (1) and the radiation condition (3) are always
exactly satisfied, irrespective of the values of the unknown wave
function contributions uw. These contributions are entirely deter-
mined by the imposed boundary and continuity conditions. Both
the boundary and the continuity conditions are defined at an
infinite number of boundary positions. Since only finite sized
prediction models are amenable to numerical implementation, the
boundary and the continuity conditions are, for each subdomain,
transformed into a weighted residual formulation. In this formu-
lation, the residual errors on the boundary and continuity
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conditions are orthogonalised with respect to a set of weighting
functions t ̃(α):

∑
i

∫Γ αð Þ
i
t̃ αð Þ
i ðrÞ Biðû αð ÞðrÞÞ−―BiðrÞ

� �
dΓ

+ ∑
NΩ +1

β=1;β≠α
∫Γ α;βð Þ

I
t̃ αð Þ
I ðrÞB α;βð Þ

I ðû αð ÞðrÞ;û βð ÞðrÞÞdΓ = 0;

α = 1…NΩ + 1:

ð7Þ

In general, the weighting functions t ̃ •
(α)

(r) for each type of
boundary and continuity condition can be interpreted as physical
quantities derived from an underlying weighting function t(α)(r). The
definition of these quantities is determined based on a variational
analysis of the problem being solved [60]:

t̃ αð Þ
• ðrÞ = D• t αð ÞðrÞ

� �
ð8Þ

with D•(*) a problem- and condition-specific differential operator.
Like in the Galerkin weighting procedure used in the FEM, the
weighting functions t(α) are expanded in terms of the same set of basis
functions used in the dynamic field variable expansions:

t̃
αð Þ
• ðrÞ = D• ∑

n αð Þ
w

w=1
t αð Þ
w Φ αð Þ

w ðrÞ
0
@

1
A= D• Φ αð Þ

w ðrÞ
� �

t αð Þ
w : ð9Þ

From here onwards, the position dependency of the vectors is
omitted in the notations to enhance the readability.

Substitution of the field variable expansion (6) and the weighting
function expansion (9) into the weighted residual formulation (7)
yields an algebraic equation linking the unknown wave function
contributions for subdomain Ω(α) to those of the adjacent subdo-
mains. Construction of a similar set of algebraic equations for all
subdomainsΩ(α), α=1…NΩ+1 and enforcing that these should hold
for any arbitrary weighting function results in a fully populated,
complex and generally non-symmetric system of equations consisting
of nW algebraic equations governing the nW unknown wave function
contribution factors uw:

A 1;1ð Þ
aa C 1;2ð Þ

aa ⋯ C 1;NΩ +1ð Þ
aa

C 2;1ð Þ
aa A 2;2ð Þ

aa ⋯ C 2;NΩ +1ð Þ
aa

⋮ ⋮ ⋱ ⋮
C NΩ +1;1ð Þ
aa C NΩ +1;2ð Þ

aa ⋯ A NΩ +1;NΩ +1ð Þ
aa

2
666664

3
777775⋅

u 1ð Þ
w

u 2ð Þ
w

⋮
u NΩ +1ð Þ

w

2
666664

3
777775=

∑βf
1;βð Þ
a

∑βf
2;βð Þ
a

⋮
∑βf

NΩ +1;βð Þ
a

2
666664

3
777775

ð10Þ

The underlying integral formulations for the systemmatrices Aaa
(•,•),

coupling matrices Caa(•,•) and loading vectors fa(•) can be written as:

A α;αð Þ
aa = ∑

i
∫Γi Di Φ αð Þ

w

� �TBi Φ αð Þ
w

� �
dΓ

+ ∑
NΩ + 1

β=1;β≠α
∫Γ α;βð Þ

I
DI Φ αð Þ

w

� �TB αð Þ
I Φ αð Þ

w

� �
dΓ

C α;βð Þ
aa = ∫Γ α;βð Þ

I
DI Φ αð Þ

w

� �TB βð Þ
I Φ βð Þ

w

� �
dΓ

f α;αð Þ
a = −∑

i
∫Γi Di Φ αð Þ

w

� �T ―Bi−Bi û αð Þ
p

� �� �
ÞdΓ

+ ∑
NΩ + 1

β=1;β≠α
∫Γ α;βð Þ

I
DI Φ αð Þ

w

� �TB αð Þ
I û αð Þ

p

� �
dΓ

f α;βð Þ
a = −∫Γ α;βð Þ

I
DI Φ αð Þ

w

� �TB βð Þ
I û βð Þ

p

� �
dΓ

ð11Þ
The calculation of the matrix coefficients involves integrations of
highly oscillatory functions. Because the WBM, like any Trefftz based
method, yields ill-conditioned systemmatrices [61,62], the numerical
integrations must be performed carefully, making sure that a
sufficiently high accuracy in determining the matrix coefficients is
obtained. Applying a classical Gauss-Legendre numerical integration
scheme [63] with a frequency-dependent number of quadrature
points (typically a constant number of integration points per
oscillatory wavelength of the integrand [60,64,65]) results in an
efficient evaluation of the system matrix while avoiding convergence
problems related to integration errors.

2.2.4. Solution of the system of equations and postprocessing
After selecting a converging set of wave functions and constructing

the WB model, the third step in the WB modelling process is the
solution of the WB matrix Eq. (10) for the nW wave function
contribution factors uw. As mentioned in the discussion of the WBM
matrices, the numerical conditioning of the WBM models tends to be
poor. However, Desmet [41] shows that nonetheless an accurate
numerical solution can be obtained using standard direct solution
algorithms because the matrices fulfill the so-called Picard
conditions [66,67].

The final step is a back substitution of the resulting wave function
contribution factors into the field variable expansions (6), yielding an
approximation ûj(r) of the dynamic field variables. Derived variables,
such as acoustic velocities, dynamic structural stresses and acoustic
and structural intensities, can be easily obtained by applying the
corresponding differential operators to the proposed wave function
set Φw and combining these quantities with the calculated contribu-
tion factors uw.

2.3. Wave functions expansions for interior and exterior Helmholtz
problems

The general field variable expansion (6) applies to every
computational technique which is based on the Trefftz principle.
The choice of a specific class of basis functions in these methods is
crucial, since they determine to a great extent the stability and the
convergence of the numerical scheme. In this section, a set of wave
functions Φw

(α) is proposed for both interior and exterior subdomains
governed by the Helmholtz Eq. (1) which has proven to result in a
stable and convergent modelling approach.

2.3.1. Wave functions for a bounded subdomain Ω(α)

Each wave function Φw
(α)(r) exactly satisfies the homogeneous

Helmholtz Eq. (1). For 2D bounded subdomains, two types of wave
functions which govern the homogeneous part of the Helmholtz
equation are distinguished, the r- and the s-set:

∑
n αð Þ
w

w=1
u αð Þ
w Φ αð Þ

w ðrÞ = ∑
n αð Þ
wr

wr =1
u αð Þ
wr

Φ αð Þ
wr

ðrÞ + ∑
n αð Þ
ws

ws =1
u αð Þ
ws

Φ αð Þ
ws

ðrÞ; ð12Þ

with nw
(α)=nwr

(α)+nws

(α). These wave functions exhibit harmonic
behaviour along one of the local coordinate directions and behave
like a complex exponential function along the other:

Φ αð Þ
w ðr x; yð ÞÞ =

Φ αð Þ
wr

ðx; yÞ = sinðk αð Þ
xwr

xÞ; cosðk αð Þ
xwr

xÞ
n o

e−jk αð Þ
ywr

y

Φ αð Þ
ws

ðx; yÞ = e−jk αð Þ
xws

x sinðk αð Þ
yws

yÞ; cosðk αð Þ
yws

yÞ
n o

8><
>: ð13Þ

where {f(x, y), g(x, y)}h(x, y) indicates the definition of two
independent basis functions f(x, y).h(x, y) and g(x, y).h(x, y).
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The only requirement for the wave function Eq. (13) to be exact
solutions of Eq. (1) is

k αð Þ
xwr

� �2
+ k αð Þ

ywr

� �2
= k αð Þ

xws

� �2
+ k αð Þ

yws

� �2
= k2

j : ð14Þ

As a result, an infinite number of wave function Eq. (13) can be
defined for expansion (12). Desmet [41] proposes to select the
following wave number components

k αð Þ
xwr

; k αð Þ
ywr

� �
=

w αð Þ
1 π

L αð Þ
x

;�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2j − k αð Þ

xwr

� �2r !
; w αð Þ

1 = 0;1;2; ⋯ ð15Þ

k αð Þ
xws

; k αð Þ
yws

� �
= �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2j − k αð Þ

yws

� �2r
;
w αð Þ

2 π

L αð Þ
y

 !
; w αð Þ

2 = 0;1;2; ⋯ ð16Þ

The dimensions Lx
(α) and Ly

(α) represent the dimensions of the
(preferably smallest) bounding rectangle, circumscribing the consid-
ered subdomain Ω(α), which is called the associated ‘bounding box’
BBα. The proposed wave function set satisfies the Helmholtz equation
in any Cartesian coordinate system. In order to uniquely define these
functions, a local (xα, yα) coordinate system is associated to the
considered bounded subdomain Ω(α). The origin of this coordinate
system is placed in the corner of BBα and both axes are placed along
the edges of the rectangle, such that all points inside the subdomain
have positive local coordinate values.

In order to apply theWBM in a numerical scheme, the expansion of
wave functions must be truncated to a finite set. The adopted
truncation rule is frequency dependent and selects the upper limits
w{1,2},max

(α) for the integersw1
(α) andw2

(α) in Eqs. (15) and (16) such that
the corresponding wave number kmax of the highest oscillating wave
function is higher than a user-defined truncation parameter T times
the physical wavenumber kj of the considered problem:

kmax =
w αð Þ

• π

L αð Þ
•

z Tkj: ð17Þ

The physical wavenumber kj corresponds to the largest physical
wavenumber of the different subdomains so that the approximation
fields in adjacent subdomains exhibit similar spatial variations along
the common interface. The number of included wave functions results
from the specification of T and increases approximately linearly with
the excitation frequency. Typical values for the truncation parameter
are T=1…6.

2.3.2. Wave functions for an unbounded subdomain
Thewave functions for the unbounded domainΩ(NΩ+1) are chosen

to implicitly complywith not only the Helmholtz Eq. (1), but also with
the non-reflecting condition (3) at Γ∞. This removes the need to
explicitly impose a radiation condition, similar to the Green's
functions applied in the BEM. Herrera [59] shows that the following
expansion yields a complete set of basis functions for a homogeneous
Neumann problem exterior to an infinitely long circular cylinder with
radius R:

∑
n

NΩ +1ð Þ
w

w=1
u NΩ +1ð Þ
w Φ NΩ +1ð Þ

w ðrÞ = u NΩ +1ð Þ
0 Hð2Þ

0 ðkjrÞ

+ ∑
N

w=1
u NΩ +1ð Þ
wc

Hð2Þ
w ðkjrÞcosðwθÞ + u NΩ +1ð Þ

ws
Hð2Þ

w ðkjrÞsinðwθÞ
� �

;

ð18Þ

with r and θ polar coordinates, N the number of circumferential orders
in the solution expansion (nw(NΩ+1)=2N+1) and Hw

(2)(•) the w-th
order Hankel function of the second kind. The contributions u0, uwc
and uws
are determined by the imposed velocity distribution along the

circumference of the cylinder. From this expansion, the following set
of wave functions for unbounded domains is derived:

Φ NΩ +1ð Þ
w r r; θð Þð Þ =

Φ NΩ +1ð Þ
wc

ðr; θÞ = Hð2Þ
w ðkjrÞcosðwθÞ; w = 0;1; 2;…

Φ NΩ +1ð Þ
ws

ðr; θÞ = Hð2Þ
w ðkjrÞsinðwθÞ; w = 1; 2;3;…

:

8<
:

ð19Þ

In order to uniquely define this set of wave functions, they are
defined in a local polar coordinate system (r, θ), which is located in the
center of the circular truncation boundary.

The number of wave functions used in the exterior wave function
expansions is determined by applying a truncation rule similar to Eq.
(17) for the bounded domains to the circumferential resolution of
Φw

(NΩ+1)(r(r, θ)):

kmax =
wmax

2R
z Tkj: ð20Þ

3. A Trefftz-based numerical framework for multiple inclusion
modelling in Helmholtz problems

The WBM approach described in Section 2 has proven to be an
efficient modelling technique for the study of low- and mid-frequency
two-dimensional interior and scattering problems governed by the
Helmholtz equation [45]. The applied partitioning approach and the
underlying geometrical convergence requirements impose however
severe limitations to the applicability of the method when an interior
problem with multiple inclusions is considered. This section discusses
these limitations in more detail and proposes a solution in the form of
a novel multi-level modelling concept. The basic concepts of this
approach are similar to the multi-level modelling framework
proposed by the authors in [48,49] to overcome the limitations of
the WBM for multiple scattering problems in unbounded domains
with many well separated scatterers. The approach presented here is
based on an alternative problem partitioning strategy and the
application of the superposition principle to the wave fields in two
derived Helmholtz problems. On the one hand, a bounded WBM
model is built for the exterior boundary of the considered problem,
while the inclusions are neglected. On the other hand, an unbounded
WBM model is constructed which describes the scattering behaviour
of the inclusion(s) in an infinite homogeneous medium. Moreover, if
the inclusion configuration consists of multiple well separated objects,
the framework presented here can be combined with the approach
for multiple scattering problems in [49] into a general modelling
framework for the efficient analysis of interior Helmholtz problems
with complex inclusion configurations.

3.1. Bounded WBM modelling limitations

The WBM has shown to be efficient in modelling 2D interior
Helmholtz problems [44]. However, when the problem geometry
consists of a cavity with moderately complex exterior boundary which
contains one or multiple inclusions, the methods efficiency tends to
deteriorate. This decrease in efficiency is mainly caused by the
geometrical convergence requirements imposed by the wave function
expansion for interior domains (13), as is illustrated in Fig. 3. When the
problem domain consists of a convex cavity containing a simple square
hole, a domain partitioning into 4 WBM subdomains as shown in Fig. 3
(b) is needed to ensure the convergence of the model. Moreover, a
partitioning into 4 domains results in at least two domains with
boundaries along which the imposed boundary conditions are discon-
tinuous. Hence, the convergence rate of the resultingWBMmodelwill be
suboptimal sincemanycontinuouswave functionsareneeded inorder to
accurately describe the jumps in the subdomain boundary variables. As a



Fig. 3. Illustration of the bounded WBM modelling limitations.
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result, the partitioning in 8 domains as shown in Fig. 3(c) is preferred in
order to retain an optimal practical convergence rate of themethod [45].

The simple example above clearly illustrates the limitations of the
WBMmethodology. Since the classical WBMmodel needs to take into
account all the inclusions at once when describing the problem
geometry, a complex partitioning of the interior region is often
needed in order to meet the theoretical convergence requirements.
Fig. 4. General single i
This increase in subdomains is disadvantageous for the convergence
rate of the method, since it introduces many additional subdomain
interfaces along which continuity conditions need to be enforced.
Moreover, some very common geometrical features cannot be dealt
with at all. A typical example of this is the study of the dynamic
behaviour of a two-dimensional convex cavity which contains two or
more circular obstacles. Since the region between two holes or
between a hole and the exterior boundary needs to be partitioned into
convex subdomains, only an approximate, linearised representation
of the circular edge can be used to construct a convergent WBM
model. The resultingmodel is only a crude geometrical approximation
of the actual problem and has the additional disadvantage of being
inefficient since a reasonable representation accuracy of the circle
requires many convex subdomains surrounding it.
3.2. Inclusion problem decomposition

To remedy the modelling limitations for multiple scattering
problems in an unbounded acoustic domain, the concept of multi-
level WBM scattering modelling was introduced in [48,49]. The main
idea of the multi-level WBM approach is to consider the different
scatterers in the problem as nλ different ‘levels’ of the problem. In
every level, the scattering of one particular object is studied by means
of a classical unbounded WBM model, associated to that level of the
problem. The total solution field is written as a combination of the all
wave functions belonging to each of the levels.

The limitations of theWBMfor the analysis of interior problemswith
multiple inclusions can be resolved by extending the unboundedmulti-
level scattering formalism to a combined bounded–unbounded multi-
level formalism. This is done by decomposing the considered problem
into two related Helmholtz problems, see Fig. 4 for the case of a single
inclusion. Thefirst ‘level’describes the interior dynamicbehaviourof the
cavity delimited only by the exterior boundary of the original problem
(bottom-right in Fig. 4). The second level considers the multiple scat-
tering behaviour of the inclusion configuration in an infinite homoge-
neous medium (top-right in Fig. 4). When a configuration of multiple
inclusions is analysed, the latter is delimited by a composite truncation
boundary Γ′t which consists of a collection of circles, each of which
encloses one of the inclusions. Themultiple scattering problem can then
be dealt with using the already developed WBM multiple scattering
nclusion problem.
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modelling [48,49]. Since the exterior solution field in the second ‘level’
canno longerbeexpanded in termsof a single series of exact solutionsof
the Helmholtz equation because there exists no single coordinate
system in which the Helmholtz operator is separable in the region
exterior to Γ′t, the multi-level WBM scattering approach divides the
scattering level further into several levels, each containing one single
scattering object.

Amore detailed derivation of this approach starts by considering the
general single inclusion problem given in Fig. 4. In a first step, the
inclusion is enclosed by a close-fitting circular truncation boundary Γ′t,1
and a local polar coordinate system (r1, θ1) is defined in the center c1 of
this circle. The exterior region outside of this truncation geometry is
defined asΩ+,1. At the same time, the entire interior domain inside the
outer problem boundary is partitioned into NΩ convex bounded WBM
subdomains. For the purpose of this derivation, it is assumed that the
entire truncationgeometry Γ′t,1 is located inside a single subdomainΩ(α)

of the boundeddomain partitioning. Notehowever that this assumption
is solely made for ease of notation and should not be considered as a
supplementary constraint upon the partitioning of the simplified
bounded problem. A local Cartesian coordinate system (xα, yα) is
defined in one of the corners cα of the bounding box associated toΩ(α).
Based on these definitions, the solution field ui

(α′)(r) in the region of
interest Ω(α′), in which both the bounded subdomain Ω(α) and
unbounded region Ω+,1 overlap, is now decomposed into a bounded
wavefield uj

(α) and anunboundedwavefield uj
(α,1), whichboth solve the

governingHelmholtz equation(s) and the latter ofwhichalso inherently
satisfies the non-reflecting boundary conditions imposed at Γ∞:

∇2uðαÞ
j ðxα; yαÞ + k2j u

ðαÞ
j ðxα; yαÞ = 0; ðxα; yαÞ∈Ω αð Þ ð21Þ

and

∇2uðα;1Þ
j ðr1; θ1Þ + k2j u

ðα;1Þ
j ðr1; θ1Þ = 0; ðr1; θ1Þ∈Ω +; 1 ð22Þ

B∞ uðα;1Þ
j r1; θ1ð Þ

� �
= 0: ð23Þ

Both fields are constructed independently of each other. Field uj
(α,1)

is entirely determined by the conditions which are imposed along the
truncation circle Γ′t,1 and field uj

(a) only depends on the conditions
along Γ(α). To solve these problems, the WBM for bounded and
unbounded problems as described in Section 2 can be applied. This
results in two independent wave function expansions for each of the
superimposed wave fields:

Φ αð Þ
w ðr xα; yαð ÞÞ =

Φ αð Þ
wr

xα; yαð Þ = sin k αð Þ
xwr

xα
� �

; cos k αð Þ
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e−jk αð Þ
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Φ αð Þ
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xα; yαð Þ = e−jk αð Þ
xws

xα sin k αð Þ
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yα
� �

; cos k αð Þ
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yα
� �n o :
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and

Φ α;1ð Þ
w r1; θ1ð Þ =

Φ α;1ð Þ
wc

r1; θ1ð Þ = Hð2Þ
w kjr1
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cos wθ1ð Þ
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r1; θ1ð Þ = Hð2Þ
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� �
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8><
>: ð25Þ

Finally, the wave field of interest uj(α′) is constructed by combining
the unbounded wave field uj

(α,1) and the bounded field uj
(α):

u
α′ð Þ

j ðrÞ = uðα;1Þ
j r1; θ1ð Þ + u αð Þ

j xα; yαð Þ; ðrÞ∈Ω α′ð Þ: ð26Þ

In themore general case wheremultiple inclusionsmay be present
inside a single bounded subdomain, the scattering model of the
inclusion configuration applied in the derivation above may be
replaced by an equivalent decomposition into multiple single
scattering problems like in the multiple scattering WBM in [49].
This results in applying the superposition principle to a single
bounded wave function set and multiple sets of unbounded wave
functions, each linked to a single inclusion in the configuration.
Moreover, in the case of multiple inclusions, it becomes likely that not
all inclusions are located within a single bounded subdomain. If this is
the case, only the outgoing wave fields associated to inclusions which
are located within bounded subdomain Ω(α) are superimposed to the
interior field uj

(α). The influence of the inclusion(s) is propagated to
the remaining subdomains in the problem partitioning by applying
the continuity condition (5) to the decomposed wave field in Ω(α′)

and the fields in the adjacent subdomains. If the truncation circle of a
single inclusion would intersect an interface between two subdo-
mains Ω(α) and Ω(β) in the bounded problem partitioning, the
superposition principle is applied to the associated exterior wave
field and both bounded fields uj(α) and uj

(β).

3.3. Multi-level field variable expansion and weighted residual
formulation

Consider a general bounded Helmholtz problem with multiple
inclusions. The general inclusion problem configuration is firstly
decomposed into two subproblems. One subproblem studies the
dynamic behaviour of the interior problem defined by the outer
problem boundary while disregarding the presence of the inclusions.
Meanwhile the complementary subproblem describes the response of
the inclusion configuration embedded in an infinitely extended
homogeneous domain. The former problem is partitioned into a
number of bounded subdomains, in which each bounded subdomain
Ω(α) contains nλ

(α) inclusions for each of which a unique truncation
circle Г′t,Li

(α) is introduced in the latter submodel. Each of the truncation
circles Г′t,Li

(α) defines a so-called ‘level’ Li in the multiple inclusion
model. In each of these levels, the unbounded (outgoing) wave-field
uj
(α,Li) can be described using a wave function expansion of type Eq.
(25). By matching all these expansions and the bounded wave
function expansion uj

(α) belonging to the subdomain in which the
inclusions reside, the dynamic field uj

(α′) in the overlapping region
Ω(α′) of the total problem will be described as a summation of the
fields present in each level:

u
α′ð Þ

j = ΦðαÞ⋅uðαÞ
w + ∑

n αð Þ
λ

Li =1
Φðα;LiÞ⋅uðα;LiÞ

w

= ΦðαÞΦðα;L1Þ⋯Φ
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Þ� �
⋅
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w

uðα;L1Þ
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⋮
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n αð Þ
λ

Þ
w

2
6666664

3
7777775
:

ð27Þ

The modelling principle proposed here is illustrated in Fig. 5 for a
convex bounded Helmholtz problem which contains two circular
inclusions. In order to model this problem, one bounded subdomain
Ω(α) and two unbounded truncation circles Γ′t,1(α) and Γ′t,2(α) which
coincide with the inclusions are introduced. Applying the multi-level
modelling idea, the solution field in the region Ω(α′), which is shaded
grey in the figure, is written a superposition of one set of bounded
wave functions Φw

(α) and two sets of unbounded wave-fields Φw
(α,1)

and Φw
(α,2). The nature of these three approximation bases is

graphically illustrated in the figures at the bottom of Fig. 5.
Now that the function set is defined, the wave model for this

domain can be constructed by enforcing the boundary and continuity
conditions through the application of a weighted residual formula-
tion. This formulation is analogue to Eq. (7), but the residuals are now
expressed in terms of the new, composite wave function set. The



Fig. 5. Illustration of the field variable approximation function superposition in the multi-level modelling approach.
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continuity conditions in this formulation can be used to couple the
multi-level inclusion wave set with other bounded domains or even
an unbounded WBM model, in the same way as a coupling would be
set up between conventional unbounded and boundedwave domains.
The bounded region inside each of the truncation circles can then be
modelled using the conventional wave based domain division
techniques and function sets or could even be modelled using
multi-level domains with their own specific composite basis function
sets. The weighted residual formulation is written as:

∑
NΩ

α=1½∑i ð∫Γ
α′ð Þ

i

Di t α′ð Þ� �
Bi u αð Þ� �
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dΓÞ
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Γ
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I
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+ ∑
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Γ

α′ ;β′ð Þ
I

DI t α′ð Þ� �
B βð Þ
I u β;Lið Þ� �

dΓÞ�= 0

ð28Þ

with Γi(α′)=Γ(α′)∩Γi and ΓI(α′,β′) the overlapping part of the boundary
of domains Ω(α′) and Ω(β′). The latter can either be interface surfaces
between two bounded domains or the interface between a bounded
subdomain and the truncation circle Γ′t,i(α) around an inclusion in the
case of non-circular inclusions.

If the test functions t(α′)(r) in Eq. (28) are random functions, then
the residual errors on the boundary and continuity conditions are
forced to zero in an integral sense. To obtain a numerical model which
can be solved, the test functions related to subdomain Ω(α′) are
expanded in terms of a set of basis functions Ψw

(α′)(r):

t α′ð ÞðrÞ = ∑
n

α′ð Þ
w

w=1
t

α′ð Þ
w Ψ

α′ð Þ
w ðrÞ = Ψ α′ð ÞðrÞt α′ð Þ

w : ð29Þ

In order to minimise the residual errors along the boundaries and
interfaces, a complete set of basis functions Ψw

(α′)(r) must be used to
expand the weighting functions. The choice of basis functions may
vary for each boundary but needs to be able to represent any arbitrary
field on that boundary. In a conventional WBM domain, all basis
functions used to approximate the dynamic field inside domain Ω(α′)

are used as weighting functions in the weighted residual equations
related to the conditions imposed on Γ(α′), following the classical
Galerkin weighted residual approach. In the case of a multi-level
WBMmodel however, the use of the full basis (with all functions of all
levels) is unnecessary since the unbounded basis functions Φw

(α,Li) can
accurately approximate any field on the associated truncation circle
Г′t,Li because they form a complete set for the considered unbounded
problem [59]. The same holds for the bounded wave functions Φw

(α)

along ∂Ω(α) [41]. The addition of the remaining functions of the other
levels would introduce unneeded information to the expansion and
could result in a deterioration of the already unfavourable numerical
conditioning of the WBM system of equations. Moreover, since this
also results in the need to evaluate additional integrals during model
construction, the addition of supplementary weighting functions is
not only unnecessary but also unwanted. The choice of basis functions
which are used to expand the weighting functions in the boundary
integral formulation of the multi-level WBM can be summarised as:

Ψ
α′ð Þ

w ðrÞ =
ΦðαÞ

w ðrÞ; r∈ΓðαÞ

Φ α;Lið Þ
w ðrÞ; r∈Γ′ðαÞt;i

:

8<
: ð30Þ

The theoretical frameworkpresented in this sectionprovides a general
concept to efficiently incorporate complex inclusion configurations in a



1890 B. Van Genechten et al. / Computer Methods in Applied Mechanics and Engineering 199 (2010) 1881–1905
numerical WBM model which describes the dynamic behaviour of any
steady-state dynamic problemwhich is governed by a (set of) Helmholtz
partial differential equation(s). In the two subsequent sections, this
general formulation is applied to two specific types of dynamic problems:
the interior behaviour of an acoustic cavity and the steady-state
elastodynamic behaviour of a perforated membrane. The first class of
problems is governed by a single Helmholtz equation,while in the second
application it will be shown that the governing system of coupled partial
differential equations, the so-called Navier equations [68], can be
decomposed in a system of two independent Helmholtz equations,
which are mutually coupled through the imposed boundary conditions.
For each of these classes of problems, the governing equations and most
commonly applied types of boundary conditions are detailed, the
selection of a convergent set of wave functions is discussed and the
specific underlying multi-level weighted residual formulation is given.
Furthermore, for each problem type two verification examples are given
and both the accuracy and efficiency of the proposedmodelling approach
is illustrated with respect to classical Finite and Boundary Element tech-
niques. Even though the general framework from this section includes the
possibility to model non-circular inclusions, the discussion in the two
following sections is limited to circular inclusion with general boundary
conditions in order to enhance the readability of the theoretical deriva-
tions in these sections.Moreover, this limitation allows the analysis of the
behaviour of the multi-level coupling itself rather than the addedmodel-
ling complexities related to the use of various types of coupling ap-
proaches and continuity conditions to model complex shaped inclusions.

4. Application to two-dimensional interior acoustics

In this section the general multi-level WBM inclusion modelling is
applied to the solution of a single Helmholtz equation to study the
steady-state dynamic behaviour of an acoustic cavity. The governing
equation (and relation between the physical properties of the acoustic
fluid and the associated wave number k) and the three most
commonly applied types of boundary conditions are discussed.
Next, the wave functions used to model this type of problem and
the specific multi-level weighted residual formulation are derived.
Finally, the multi-level modelling approach is applied to two acoustic
problems and the obtained results are compared to classical linear and
quadratic element-based numerical modelling techniques to assess
the applicability and efficiency of the proposed approach.

4.1. Governing equations and boundary and interface conditions

Consider a general 2D acoustic problem. The acoustic fluid that fills
the problem domain is characterised by its density ρ and speed of
sound c. The steady-state acoustic pressure p(r) inside the problem
domain is governed by the inhomogeneous Helmholtz equation:

∇2pðrÞ + k2pðrÞ = −jρωδðr; rqÞq; ð31Þ

with ω=2πf the circular frequency and k=ω/c the acoustic wave
number. The fluid is excited by a cylindrical acoustic volume velocity
source q. The problem boundary Γ is constituted of 2 parts: the finite part
of the boundary, Γb, and the boundary at infinity, Γ∞. Based on the three
types of commonly applied acoustic boundary conditions, the finite
boundary can be further divided in three non-overlapping parts: Γb=Γv∪
Γp∪ΓZ. The followingassociatedboundary condition residuals aredefined:

r∈Γv : RvðpðrÞÞ = LvðpðrÞÞ− �vnðrÞ = 0 ; ð32Þ

r∈Γp : RpðpðrÞÞ = pðrÞ− �pðrÞ = 0 ; ð33Þ

r∈ΓZ : RZðpðrÞÞ = LvðpðrÞÞ−
pðrÞ�
ZnðrÞ

= 0 ; ð34Þ
where n is the normal vector pointing out of the acoustic domain and the
quantities v�n, p

� and Z�n are, respectively, the imposed normal velocity,
pressure and normal impedance values. The velocity operator Lv(•) is
defined as:

Lvð•Þ =
j

ρ0ω
∂•
∂n : ð35Þ

At the boundary Γ∞ the Sommerfeld radiation condition is applied
[56], ensuring that no acoustic energy is reflected at infinity and is
expressed as:

lim
j r j→∞

ffiffiffi
r

p ð∂pðrÞ∂ jr j + jkpðrÞÞ
� �

= 0 : ð36Þ

Solution of the Helmholtz Eq. (31) together with the associated
boundary conditions (32), (33), (34) and (36) yields a unique acoustic
pressure field p(r).

To couple the pressure fields in the two acousticWBM subdomains
Ω(α) and Ω(β) of the partitioned problem domain, Pluymers [69]
proposes two types of coupling conditions: direct enforcement of
acoustic pressure and velocity continuity and an equivalent normal
velocity continuity condition. In this paper the latter is applied along ΓI,
Z
(α,β) and ΓI,Z(β,α):

RI;Z p αð ÞðrÞ; p βð ÞðrÞ
� �

= L αð Þ
eq+ p αð ÞðrÞ

� �
−L βð Þ

eq− p βð ÞðrÞ
� �

= 0 r∈Γ α;βð Þ
I;Z ;

ð37Þ

RI;Z p αð ÞðrÞ; p βð ÞðrÞ
� �

= L βð Þ
eq+ p βð ÞðrÞ

� �
−L αð Þ

eq− p αð ÞðrÞ
� �

= 0 r∈Γ β;αð Þ
I;Z :

ð38Þ

The equivalent normal velocity operators Leq+
(α) (•) and Leq−

(α) (•) in
this formulation are defined as:

L αð Þ
eq+ð•Þ =

j
ρω

∂•
∂n αð Þ −

1
P
Zint

• ð39Þ

L αð Þ
eq−ð•Þ = − j

ρω
∂•

∂n αð Þ −
1

P
Zint

• ð40Þ

with Z
—

int being an impedance coupling factor.
These continuity conditions result in a more stable formulation

than using the conventional conditions enforcing pressure and
normal velocity continuity, due to the introduction of damping via
Z
—

int [70]. Pluymers [69] shows that choosing Z
—

int to be the
characteristic fluid impedance ρc is beneficial for the convergence
rate of the method.

4.2. Selection of wave functions
Since the steady-state acoustic pressure inside a cavity is governed

by a single Helmholtz equation, the total acoustic pressure field p(α′)

(r) inside each of the subdomainsΩ(α′) can be approximated using the
general function expansions for bounded and unbounded problem
domains derived in Section 2.3,

p α′ð ÞðrÞ = ΦðαÞðrÞ⋅pðαÞ
w + ∑

n αð Þ
λ

Li =1
Φðα;LiÞðrÞ⋅pðα;LiÞ

w : ð41Þ

Applying the wave function expansion (12) for the acoustic
pressure field p(α)(r) inside all the bounded subdomains Ω(α) in the
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multi-level problem partitioning results in a convergent numerical
scheme. For acoustic problems however, the required number of basis
functions can be further optimised. Desmet [41] shows that the
theoretical convergence of the method is retained even if the
functions with a sine as harmonic component are omitted from the
expansion. This reduces the number of basis functions by a factor of
two if all the functions up to a certain spatial resolution are used and
hence results in a substantial increase of the computational efficiency.
Based on these observations, the set of wave functions to describe the
acoustic pressure field p(α)(r) inside a bounded subdomain Ω(α)

becomes:

Φ αð Þ
w r x; yð Þð Þ =

Φ αð Þ
wr

ðx; yÞ = cos k αð Þ
xwr

x
� �

e−jk αð Þ
ywr

y

Φ αð Þ
ws

ðx; yÞ = e−jk αð Þ
xws

xcos k αð Þ
yws

y
� � :

8><
>: ð42Þ

To model the outgoing wavefields associated to each of the
inclusion levels Li inside subdomain Ω(α), expansions similar to Eq.
(18) are used:

Φ α;Lið Þ
w r r; θð Þð Þ =

Φ α;Lið Þ
wc

ðr; θÞ = Hð2Þ
w ðkrÞcosðwθÞ

Φ α;Lið Þ
ws

ðr; θÞ = Hð2Þ
w ðkrÞsinðwθÞ

:

8<
: ð43Þ

4.3. Acoustic multi-level weighted residual formulation

The underlying weighted residual formulation for the acoustic
multi-level WBM model is constructed using the boundary residuals
(32)–(34) and the continuity residuals (37) and (38). Based on a
variational analysis of the steady-state acoustic problem, the
differential operators D•(*) which need to be applied to the weighting
functions p̃(•)(r) for each of the residuals in the formulation can be
identified as either a positive pressure or a negative velocity term:

D• p̃ *
	 


ðrÞ
� �

=
p̃ *
	 


ðrÞ

−L *
	 

v ð p̃ *

	 

ðrÞÞ

:

8><
>: ð44Þ

Combining the residuals defined in Section 4.1 with the general
multi-level weighted residual formulation derived in Section 3 and
these operator definitions results in a variational formulation of the
acoustic inclusion problem. The formulation can bewritten as the sum
of three types of contributions:

∑
NΩ

α=1
W αð Þ

1 + ∑
NΩ

β=1;β≠α
W α;βð Þ

2 + ∑
n αð Þ
λ

Li
W α;Lið Þ

3

2
4

3
5= 0: ð45Þ

In this formulation, the terms W1
(α) are related to the boundary

conditions applied to the exterior boundary of the bounded
subproblem. W2

(α,β) originates from the continuity conditions be-
tween the domain Ω(α′) and the adjacent domains. Since both W1

(α)

and W2
(α,β) include conditions which are imposed along the boundary

of the bounded submodel (considering only circular scatterers in this
derivation), the associated weighting functions are expanded into a
set of bounded wave functions Φw

(α). The final term W3
(α,Li) expresses

the boundary conditions which are imposed along the circular
boundary of inclusion Li. The weighting functions in these terms are
expanded in a series of unboundedwave functionsΦw

(α,Li) associated to
the truncation circle of modelling level Li. In full, these contributions
can be written as:

W αð Þ
1 = ∫Γ αð Þ

v
p̃ αð ÞRv p α′ð Þ� �

dΓ + ∫Γ αð Þ
Z

p̃ αð ÞRZ p α′ð Þ� �
dΓ +

∫Γ αð Þ
p

−L αð Þ
v p̃ αð Þ� �

Rp p α′ð Þ� �
dΓ

W α;βð Þ
2 = ∫Γ α;βð Þ

I;Z
p̃ αð ÞRI;Z p α′ð Þ;p β′ð Þ� �

dΓ

W α;Lið Þ
3 = ∫

Γ
α′ ;Lið Þ

v

p̃ α;Lið ÞRv p α′ð Þ� �
dΓ + ∫

Γ
α′ ;Lið Þ

Z

p̃ α;Lið ÞRZ p α′ð Þ� �
dΓ +

∫
Γ

α′ ;Lið Þ
p

−L α′ð Þ
v p̃ α;Lið Þ

� �
Rp p NΩ + α;Lið Þ
� �

dΓ:

ð46Þ

Using the weighted residual formulation and the proposed
acoustic pressure approximation and weighting function operators
and expansions, a linear system of algebraic equations can be
constructed which can be solved to obtain the contribution factors
of the acoustic wave functions in the numerical approximation of the
acoustic pressure field p(r) inside the problem domain.

4.4. Numerical verification example 1: convex acoustic cavity containing
a single circular inclusion

This section and the next one discuss two numerical examples
which illustrate the applicability of the proposed concept for interior
acoustic problems containing one or more circular holes. The results
from the WBM calculations are compared to classical element-based
numerical modelling approaches based on three types of results:

• Firstly, the single frequency acoustic pressure amplitude distribu-
tion inside the entire problem domain is compared to an element-
based reference solution.

• Next, an acoustic pressure amplitude response function in a single
point inside the cavity is compared to the results of an element-
based reference calculation for a frequency range up to 2500 Hz.

• Finally, the efficiency of the proposed modelling framework is
assessed by comparing the relative pressure amplitude prediction
errors in a single point and the associated computational costs for
the WBM and a number of element-based models with a varying
mesh density.

In both verification examples the acoustic fluid inside the cavity is
air (c=340 m/s, ρ=1.225 kg/m3). All calculations are performed on a
Linux-based 2.66 GHz Intel Xeon system, using the commercial
numerical modelling software LMS/Sysnoise Rev5.6 for the element-
based models and a Matlab R2007b-based implementation of the
multi-level WBM modelling framework.

A first verification example applies themulti-levelWBMmodelling
methodology to a simple problem consisting of a convex acoustic
cavity which contains a single circular hole. Fig. 6 shows the problem
configuration. The exterior boundaries of the cavity and the hole are
considered to be acoustically rigid and the system is excited using an
acoustic point source with an amplitude q=1. The cavity is modelled
using both the classical linear and quadratic FEM and the newly
developed multi-level WBM modelling approach. Several FE models
are built for this problem. The FE discretisations consist of a
combination of 4- or 8-noded quadrilateral and 3- or 6-noded
triangular elements, as is shown in Fig. 7. The details of the models
which are used in this verification study are listed in Table 1. For each
of themodels the number of DOFs, the expectedmodel validity and the
computational load needed to calculate a pressure amplitude response
function consisting of 2251 frequency lines between 250 Hz and



Fig. 6. Acoustic verification 1: convex acoustic cavity with a single inclusion.

Fig. 7. Acoustic verification 1: FEM discretisation.

Fig. 8. Acoustic verification 1: pressure amplitude at 1500 Hz [Pa].

Fig. 9. Acoustic verification 1: pressure amplitude prediction errors at 1500 Hz [%].
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2500 Hz is given. The validity of the models is estimated using both a
commonly applied rule of thumb,which states that at least 6 linear or 4
quadratic elements are needed to model a single acoustic wavelength,
and a more complex rule derived in [2] taking into account numerical
pollution effects which become dominant in themid-frequency range.
In the WBM models, the cavity pressure is modelled using a
superposition of bounded wave functions (42), and an expansion of
unboundedwave functions (43) related to the hole, which are defined
by a truncation circle Γ′t,1(1) which is coinciding with the hole. The total
number of functions used in theWBMmodels is frequency dependent
and ranges from 59 at 250 Hz to 557 at 2500 Hz, which corresponds to
the application of truncation rule (17) with parameter T=6 and is
chosen such that the computational load of the model is of the same
order of magnitude as that of the most coarse FEM model. The
calculation times listed in this table consist of the cost of frequency-
dependent operations only, being the time needed to solve the linear
system of equations for the FEM and the time to build and solve the
multi-level system matrices for the WBM. The time to calculate the
FEM systemmatrices is not taken into account since this is a one-time
operation whose computational load is negligible when the model is
solved at many frequencies.

The contours in Fig. 8 show the acoustic pressure amplitude inside
the cavity at 1500 Hz, computed using the multi-level WBM. In Fig. 9,
the relative error ɛrel, as defined in Eq. (47) of this pressure amplitude
Table 1
Model information for acoustic verification example 1.

Element
order

Element
size [mm]

#DOFs
(=#nodes)

FEM Linear 10 13,302
Quadratic 15 16,592
Quadratic 6 106,823
Quadratic 4 235,783

WBM / / 59–557
with respect to the results of themost detailed quadratic FEMmodel is
shown.

εrel =
j jp α′ð ÞðrÞ j− jpref ðrÞ j j

jpref ðrÞ j
ð47Þ

with |pref(r)| the acoustic pressure amplitude reference. The acoustic
amplitude prediction errors remain well within the range of 0–1%,
except at the pressure nodal lines, where the error calculation itself is
inaccurate due to almost-zero division.

Fig. 10 compares the frequency response function in the frequency
range between 250 and 2500 Hz of the acoustic pressure amplitude in
the response point P (0.375 m,0.75 m) indicated in Fig. 6 for the
quadratic FEM reference model and the WBM model. The good
agreement between the WBM results and the FEM reference is
evident from this figure.

A more detailed comparison is made in Fig. 11 where the
frequency-dependent pressure amplitude errors in the response
Mesh validity Calculation
time [s]

Fixed # el./λ [Hz] [2] [Hz]

5,422 1,018 720
7,215 2,500 1,327

18,038 5,205 42,750
27,056 7,198 /

/ / 664



Fig. 10. Acoustic verification 1: pressure amplitude [Pa] comparison: WBM model and FEM reference.
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point P for the three FEM models and the WBM model are shown. As
shown in the bottom figure, the WBM model is valid over the entire
frequency range presented here. The spikes in the error spectrum at
certain frequencies originate from the fact that the acoustic pressure
amplitude at resonance is undetermined due to the lack of damping in
the system. It is clear that the WBM result (bottom figure) is far more
accurate than the one obtained by the linear FEM model with the
same calculation time (top figure). The second figure illustrates the
advantage of using a higher-order FEM model. In this figure the
prediction errors for a quadratic FEM model with a comparable
computational load to that of the linear FEM model is given. The
quadratic model is valid up to approximately 1250 Hz while the linear
model is only able to accurately predict the acoustic behaviour up to
500 Hz. As shown in the third figure from the top, the quadratic FEM
mesh needs to be refined in order to obtain the same overall average
prediction accuracy as theWBM calculation. This results in an average
computation time of 19 s per frequency, while the WBM model only
needs 0.3 s per frequency to obtain a similar overall prediction
accuracy. It can be concluded that for this verification example the
newly developed multi-level WBM modelling concept is about 60
Fig. 11. Acoustic verification 1: pressure amplitude erro
times quicker than the quadratic FEM. This clearly illustrates the
advantageous properties of the proposed modelling concept.

4.5. Numerical verification example 2: non-convex acoustic cavity
containing multiple circular inclusions

In a second verification example, the multi-level modelling
concept is applied to the bounded acoustic problem shown in
Fig. 12. A concave cavity which contains seven circular holes is
excited using a constant acoustic normal velocity distribution along
the left edge. One of the holes inside the cavity is covered with an
acoustic absorbing material, which is modelled by applying an
acoustic normal impedance boundary condition (34) along the edge
of the hole. A normal impedance value

P
Z = 441−1241jPas

m
is

imposed. The concave shape of the cavity requires the WBM model
to consist of two bounded subdomains: one bounded WBM
subdomain is used to model the rectangular domain to the left and
one bounded subdomain, which constitutes the bounded level of a
multi-level domain, describes the acoustic behaviour of the convex
cavity to the right. Both submodels are linked to each other using the
r function [%] comparison: WBM and FEM models.



Fig. 12. Acoustic verification 2: concave acoustic cavity containing multiple circular inclusions.

Table 2
Model information for acoustic verification example 2.

Element
Size [mm]

#DOFs
(=#nodes)

Mesh validity: Calculation
time [s]

6 el./λ [Hz] [2] [Hz]

BEM 7.5 1,367 7,215 979 4,600
2.5 4,105 21,645 2,037 47,200
1 10,258 54,113 3,752 /

WBM / 143–675 / / 2,340
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continuity conditions (37) and (38). The second subdomain contains
seven holes, all of which are introduced in the WBM model by
assigning a separate unbounded level to them. Similar to the first
example, unbounded wave function sets based on truncation circles
which coincide with the holes are used in themulti-level model. Since
the complex geometry of the problem may result in large mesh
distortions when the FEM is used to model this problem, the linear
BEM is used to obtain a reference solution and to compare the multi-
level modelling concept to classical element-based methodologies.
The model details for the various BEMmodels are given in Table 2, the
Fig. 13. Acoustic verification 2: pres

Fig. 14. Acoustic verification 2: pressure amp
1 mm model is used as a reference. This table also lists the details of
the WBM model with truncation parameter T=4, which is again
created such that the total calculation time for an acoustic pressure
response function consisting of 2001 frequency lines between 500 Hz
and 2500 Hz is the same order of magnitude as the computational
load of the most coarse BEM model. Since the BEM system matrices
are frequency dependent, the BEM calculation times comprise the
times needed to build and to solve the system matrices.

The contours in Fig. 13 show the amplitude of the acoustic pressure
inside the cavity at 1500 Hz, calculated using the WBM. In Fig. 14, the
sure amplitude at 1500 Hz [Pa].

litude prediction errors at 1500 Hz [%].



Fig. 15. Acoustic verification 2: pressure amplitude [Pa] comparison: WBM model and FEM reference.
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relative prediction error of this pressure result is again compared to the
BEM reference. The acoustic amplitude prediction errors remain well
within the rangeof 0–1%. Like in thefirst verification study, higher errors
are observed at the pressure nodal lines, where the error calculation is
inaccurate.

Fig. 15 compares the acoustic pressure amplitude in the frequency
range between 500 Hz and 2500 Hz in the response point P (2 m,
0.375 m) indicated in Fig. 12 for the BEM reference model and the
WBM model. The figure shows a good agreement between the WBM
results and the BEM reference.

A more detailed study of the accuracy and performance of the
multi-level WBM modelling framework presented in Fig. 16 shows
very similar behaviour as observed for the first verification example.
Also for this more complex problem the WBM prediction result
(bottom figure) is far more accurate than the one obtained by the
linear BEM model with the same calculation time (top figure). As
shown in the middle figure, refining the BEMmodel results in a better
overall average prediction accuracy. This results in an average
computation time of 19 s per frequency, while the WBM model only
needs 1.17 s per frequency to obtain a similar overall prediction
accuracy at low frequencies and a much better accuracy at the upper
end of the frequency range. It can be concluded that for this
verification example the newly developed multi-level WBM model-
Fig. 16. Acoustic verification 2: pressure amplitude erro
ling concept requires about 20 times less computational effort to
attain the same prediction accuracy as the linear BEM. This illustrates
that the proposed modelling concept retains its advantageous
properties when it is applied to the study of more complex systems.
5. Application to two-dimensional elastodynamics of perforated
solids

In this section the general multi-level WBM inclusion modelling
concept is applied to the solution of the steady-state dynamic
deformations of a perforatedmembrane. Firstly, the governing system
of two coupled partial differential equations is decomposed into two
uncoupled Helmholtz equations by means of a transformation of the
primary variables and the three types of boundary conditions which
link the fields described by both equations together are discussed.
Next, the wave functions used to model the behaviour of both
Helmholtz fields and the specific multi-level weighted residual
formulation are derived. Finally, the multi-level modelling approach
is applied to two dynamic perforated membrane problems and the
obtained results are compared to classicallinear and quadratic
element-based numerical modelling techniques to assess the appli-
cability and efficiency of the proposed approach.
r function [%] comparison: WBM and FEM models.
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5.1. Governing equations and boundary and interface conditions

Consider a general interior structural dynamic membrane prob-
lem. The Navier system of coupled partial differential equations
describes the dynamic in-plane displacements in a two-dimensional
solid [68]:

∂2wx

∂x2
+

1−ν
2

∂2wx

∂y2
+

1 + ν
2

∂2wy

∂x∂y +
ρð1−ν2Þω2

Eð1 + jηÞ wx = 0;

∂2wy

∂y2
+

1−ν
2

∂2wy

∂x2
+

1 + ν
2

∂2wx

∂x∂y +
ρð1−ν2Þω2

Eð1 + jηÞ wy = 0;

8>>>><
>>>>:

ð48Þ

with E the Young's modulus, ν the Poisson-coefficient, ρ the density, η
the damping ratio and ω the circular frequency.

Many modern numerical simulation approaches, like the FEM,
directly discretise this system of partial differential equations to
derive the structural model matrices. The WBM, on the other hand,
applies an expansion in terms of exact analytical solutions of the
governing equations as basis functions. In order to enable the
derivation of such a set of solutions of the coupled equations (48),
Vanmaele [65] proposes to decompose the total structural dynamic
strain field S into a dilatational and a rotational component e and Ω,
from which the two displacement components can be derived by
means of the following differential relationship:

wðrÞ = wx
wy

� �
= − 1

k2l
∇e +

1
k2t

∇ × Ω; ð49Þ

with ∇ the gradient operator, ∇× the curl operator. This decompo-
sition converts the coupled system of Navier Eq. (48) into two
uncoupled Helmholtz-type equations,

∇2e + k2l e = 0; ð50Þ

∇2Ω + k2t Ω = 0; ð51Þ

with the in-plane longitudinal and shear wave numbers kl and kt
defined as,

kl = ω

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρð1−ν2Þ
Eð1 + jηÞ

s
and kt = ω

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ρð1 + νÞ
Eð1 + jηÞ

s
: ð52Þ

The differential operators, needed to reconstruct the in-plane
normal and tangential displacement, and the in-plane normal and
tangential force from the strain field S are defined as follows,

Lwn
= − 1

k2l

∂
∂n

1
k2t

∂
∂s

" #
; ð53Þ

Lws
= − 1

k2l

∂
∂s−

1
k2t

∂
∂n

" #
; ð54Þ

LTn
= − 1

k2l

Ehð1 + jηÞ
1−ν2

∂2

∂n2 + ν
∂2

∂s2

 !
1
k2t

Ehð1 + jηÞ
1 + ν

∂2

∂n∂s

" #
; ð55Þ

LTs
= − 1

k2l

Ehð1 + jηÞ
1 + ν

∂2

∂n∂s
1
k2t

Ehð1 + jηÞ
2ð1 + νÞ

∂2

∂s2
− ∂2

∂n2

 !" #
; ð56Þ
where n and s are the in-plane normal and in-plane tangential
directions of the plate boundary Γ.

By applying thedecomposition proposed above, themutual coupling
between the two strain field components is entirely contained within
the boundary and continuity conditions which are specified along the
subdomain boundaries. The most commonly applied types of boundary
conditions for the dynamic in-plane displacements of a 2D solid include
a combination of the normal and tangential components of the dynamic
deformations and/or forces along the domain boundaries. The
corresponding error residuals are defined as

Rwn
= Lwn

e
Ω

� �
− Pwn

Rws
= Lws

e
Ω

� �
− Pws

RTn
= LTn

e
Ω

� �
−

P
Tn

RTs
= LTs

e
Ω

� �
−

P
Ts

ð57Þ

with w—n, w
—

s, T
—

n and T
—

s the prescribed normal and shear displacements
and forces.

Since the membrane equations consist of two second-order partial
differential equations, two of the above types of boundary conditions
must be specified at each point of theplate boundary Γ in order to obtain
a well-posed problem. Based on three commonly used combinations of
conditions, the entire bounded boundary of the solid can bedivided into
three non-overlapping parts: Γb=Γf ∪ Γw ∪ Γsym.

• Along the force boundary Γf, both force residuals RTn and RTs are set to
be zero.

• Along the displacement boundary Γw, both displacement residuals
Rwn

and Rws
are set to be zero.

• Along a symmetry boundary Γsym, The normal displacement and the
shear force are forced to zero, using the residuals Rwn

and RTs with
prescribed values w—n=0 and T

—
s=0.

At the boundary Γ∞ at infinity the well-known Kupradze radiation
condition is applied [71], ensuring that no structural energy is
reflected at infinity and is expressed as

lim
j r j→∞

ffiffiffi
r

p ð∂u
PðrÞ

∂ jr j + jklu
PðrÞÞ

 !
= 0 ð58Þ

lim
j r j→∞

ffiffiffi
r

p ð∂u
SðrÞ

∂ jr j + jktu
SðrÞÞ

 !
= 0 ð59Þ

with uP(r)=−kl
−2∇(∇ ⋅ u(r)) the longitudinal and uS(r)=

kt
−2∇×(∇×u(r)) the rotational part of the dynamic response field,

which correspond to radiated P- and S-waves respectively [72].
Solution of the system of Helmholtz Eqs. (50)–(51) together with

the associated boundary and radiation conditions yields a unique
dynamic deformation field w(r).

Partitioning of the elastodynamic problemusing theWBMapproach
results in the creation of a number of domain interfaces alongwhich the
dynamic deformations in adjacent subdomainsΩ(α) andΩ(β) need to be
matched. In the WBM approach for elastodynamics, this coupling is
most commonly achieved by imposing the continuity of both
displacement components on one of the subdomains, while the force
equilibrium is enforced on the other subdomain:

RI;w u αð ÞðrÞ;u βð ÞðrÞ
� �

=
L αð Þ
wn

S αð ÞðrÞ−L βð Þ
wn

S βð ÞðrÞ = 0

L αð Þ
ws

S αð ÞðrÞ−L βð Þ
ws

S βð ÞðrÞ = 0
r∈Γ α;βð Þ

I;w ;

8<
:

ð60Þ
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RI;T u βð ÞðrÞ;u αð ÞðrÞ
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=
L βð Þ
Tn

S βð ÞðrÞ−L αð Þ
Tn

S αð ÞðrÞ = 0

L βð Þ
Ts

S βð ÞðrÞ−L αð Þ
Ts

S αð ÞðrÞ = 0
r∈Γ β;αð Þ

I;T :

8<
:

ð61Þ

5.2. Selection of wave functions

Since each of the steady-state structural strain components inside
the problem domain is governed by an independent Helmholtz
equation, the total strain field S(α′)(r) inside each of the subdomains
Ω(α′) can be approximated using two independent general function
expansions for bounded and unbounded problem domains like the
ones derived in Section 2.3.

S α′ð ÞðrÞ = e
Ω

� �
=

ΦðαÞ
l ðrÞ⋅uðαÞ

l + ∑n αð Þ
λ

Li = 1Φ
ðα;LiÞ
l ðrÞ⋅uðα;LiÞ

l

ΦðαÞ
t ðrÞ⋅uðαÞ

t + ∑n αð Þ
λ

Li = 1Φ
ðα;LiÞ
t ðrÞ⋅uðα;LiÞ

t

2
64

3
75: ð62Þ

Based on this expansion, the elastodynamic displacement fields w
(α) can be easily obtained by applying the corresponding differential
operators to the proposed strain expansions.

Applying the wave function expansion (12) for the elastodynamic
strain fields S(α)(r) inside all the bounded subdomains Ω(α) in the
multi-level problem partitioning results in a convergent numerical
scheme. The optimisation of the number of wave functions for the
strain fields in the bounded domains by omitting the sine-type
harmonic components also retains the theoretical convergence of the
WBM modelling approach. Vanmaele [65] shows however that in
practical applications the obtained convergence rate of the method is
significantly higher when using the full set of basis functions.
Consequently, the full set of bounded wave functions is used to
expand the bounded strain fields S(α):

Φ αð Þ
fl;tg r x; yð Þð Þ =

Φ αð Þ
fl;tgr ðx; yÞ = sin k αð Þ

xfl;tgr x
� �
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xfl;tgr x

� �n o
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y

Φ αð Þ
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xfl;tgs
x sin k αð Þ

xfl;tgr x
� �

; cos k αð Þ
yfl;tgs y

� �n o :

8><
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ð63Þ

To describe the outgoing strain fields associated to each of the
inclusion levels Li inside subdomain Ω(α), expansions similar to Eq.
(18), which result in displacement fields which a priory fulfill the
Kupradze non-reflection boundary conditions along Γ∞ are used:

Φ α;Lið Þ
fl;tg r r; θð Þð Þ =

Φ α;Lið Þ
fl;tgc ðr; θÞ = Hð2Þ

fl;tg kfl;tgr
� �

cosðfl; tgθÞ

Φ α;Lið Þ
fl;tgs ðr; θÞ = Hð2Þ

fl;tg kfl;tgr
� �

sinðfl; tgθÞ
:

8><
>: ð64Þ

5.3. Membrane multi-level weighted residual formulation

The underlying weighted residual formulation for the elastody-
namic multi-level WBM model is constructed based on the boundary
residuals (57) and the continuity residuals (60) and (61). Based on a
variational analysis of the steady-state elastodynamic problem, the
differential operators which need to be applied to the weighting
functions S̃(•)(r) for each of the residuals in the formulation can be
identified as either a positive displacement or a negative force term:

D• S̃
4ð ÞðrÞ

� �
=

Lwn
S̃

4ð ÞðrÞ
Lws

S̃
4ð ÞðrÞ

−LTn
S̃

4ð ÞðrÞ
−LTs

S̃
4ð ÞðrÞ

:

8>>>>><
>>>>>:

ð65Þ
Combining the defined residuals in Section 5.1 with the general
multi-level weighted residual formulation derived in Section 3 and
the results from the variational analysis, yields a variational
formulation of the elastodynamic inclusion problem. This formulation
can again be written as the sum of three types of contributions:

∑
NΩ

α=1
W αð Þ

1 + ∑
NΩ

β=1;β≠α
W α;βð Þ

2 + ∑
n αð Þ
λ

Li
W α;Lið Þ

3

2
4

3
5= 0: ð66Þ

In this formulation, the terms W1
(α) are related to the boundary

conditionsapplied to the exteriorboundaryof the bounded subproblem.
W2

(α,β) originates from the continuity conditions between the domain
Ω(α′) and the adjacent domains. Since both W1

(α) and W2
(α,β) include

conditions which are imposed along the boundary of the bounded
submodel (considering only circular scatterers in this derivation), the
associatedweighting functions are expanded into a set of boundedwave
functionsΦ{l,t}

(α). The final termW3
(α,Li) expresses the boundary conditions

which are imposed along the circular boundary of inclusion Li. The
weighting functions in these terms are expanded in a series of
unbounded wave functions Φ{l,t}

(α,Li) associated to the truncation circle of
modelling level Li. In full, these contributions can be written as:
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Using the weighted residual formulation and the proposed
elastodynamic strain approximations and weighting function opera-
tors and expansions, a linear system of algebraic equations can be
constructed which can be solved to obtain the contribution factors of
the structural wave functions to the numerical approximation of the
elastodynamic deformation field u(r) inside the problem domain.

5.4. Numerical verification example 1: square membrane containing a
single circular hole

The potential of theWBM extendedwith themulti-level concept is
demonstrated by means of two numerical verification examples.
Consider the square plate with circular hole shown in Fig. 17. Using
the multi-level approach for elastodynamic problems presented
above, it is possible to use only one bounded domain and one
unbounded modelling level to accurately model this problem.



Fig. 17. Elastodynamic verification 1: square plate with circular hole.
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The plate is loaded by a unit line load at the top and bottom of the
plate and has a thickness of 0.001 m. The material is an aluminium
alloy (E=70⋅109 N/m2, ν=0.3, ρ=2,790 kg/m3). The following
response points are considered: w1(−0.25 m,−0.25 m), w2(0.25 m,
−0.25 m),w3(0.25 m,0.25 m) andw4(−0.25 m,0.25 m), as indicated
in Fig. 17.

The plate is modelled using both linear and quadratic FE and a
number of multi-level WB models. The WB models do not require a
rediscretisation in order to refine the model. The perforated
membrane can be modelled by constructing a multi-level WB model
which combines a single square bounded subdomain and 1 unbound-
ed level with a truncation circle which coincides with the geometry of
the hole. Variation of the truncation parameter T in Eq. (17) can again
be used to create several WB models with different numbers of
structural WB degrees of freedom for the bounded subdomain. The
number of unbounded functions in the second model level is chosen
such that the spatial resolution of the bounded and unbounded wave
functions are approximately the same.

In order to study the convergence behaviour of the FEM, the entire
perforated membrane is modelled using both linear and quadratic
FEMmodels. The linear models use 4-noded quadrilateral elements to
discretise the problemdomain,while the quadratic FEmodels are built
using 8-noded quadrilateral membrane elements. A baseline model
with an average discretisation dimension h≈0.025 m is continuously
refined in order to generate all the models, the details of which are
given in Table 3. Themost detailed quadratic FEmodel (model number
Table 3
FEM model properties for elastodynamic verification example 1.

Model
number

hmax

[m]
Linear FE models

#DOFs (=2×#nodes)

FE 1 0.02500 14,080
FE 2 0.02000 21,600
FE 3 0.01500 38,592
FE 4 0.01000 86,400
FE 5 0.00800 134,000
FE 6 0.00600 237,808
FE 7 0.00500 342,400
FE 8 0.00400 534,000
FE 9 0.00300 948,384
FE 10 0.00200 2,132,000
FE 11 0.00150 3,799,232
FE 12 0.00125 5,459,200
FE 13 0.00100 8,536,000
FE 14 0.00080 13,330,000
13) serves as a reference solution when comparing the computational
accuracy of the differentmodels at a single frequency.When looking at
the displacement prediction results for a large number of frequencies
in a frequency response analysis, the computational effort for the use
of this reference becomes prohibitively large and the quadratic FE
model number 9 is used as a reference solution. In Table 3 hmax is the
length of the longest side of a finite element in the discretisation, and
tsolve is the frequency-independent CPU time needed to solve the
different models for a single frequency. The commercial FEM software
MD.Nastran R3b is used to carry out the FEM analyses and all
calculations are performed on a 2.66 GHz Intel Xeon based Linux-
system with 32 gigabytes of RAM.

To illustrate that the multi-level extension of the WBM accurately
describes the elastodynamic membrane behaviour, Fig. 18 shows a
contour of the structural forced displacement amplitude at 18.4 kHz
obtained using both quadratic FE model 10 (6.392.000 DOFs) and a
multi-level WBM model containing only 512 basis functions in the
displacement expansion (172 bounded and 21 unbounded dilatation-
al DOFs and 284 bounded and 35 unbounded rotational wave
functions). This frequency is well within the mid-frequency range,
since the membrane has 96 uncoupled modes below it. The results
show that the multi-level WBM is capable of accurately describing the
spatial distribution of the dynamic displacement field within a
perforated membrane.

In order to compare the computational efficiency of themulti-level
WBM and the FEM in both the low- and mid-frequency range, a
convergence analysis is performed. For all themodels described above,
the forced structural displacements at 1 kHz, 8.75 kHz and 19.25 kHz
are calculated in the four response points indicated in Fig. 17. The
symmetric location of these points with respect to the problem
geometry allows detection of possible difficulties of the multi-level
method to describe symmetric solution fields since the symmetry of
the problemdefinitionmust inherently result in symmetric responses.
The first frequency is in the low-frequency range, the second one is in
the region where the low- and mid-frequency range overlap and the
third one is far within the mid-frequency range. Based on the
calculated displacement values, the average relative prediction error
ɛav for the forced response amplitude is defined as:

εav =
1
4

∑
4

j=1
�j =

1
4

∑
4

j=1 jWmodelðrjÞ−Wref ðrjÞ
Wref ðrjÞ j; ð68Þ

with Wmodel(rj) the calculated displacement amplitude and Wref(rj)
the reference displacement amplitude at each of the response
locations rj and the displacement amplitude defined as

W• =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2

•;x + w2
•;y

q
. These results are plotted against the CPU times

needed to solve the different models. Only frequency-dependent
Quadratic FE models

tsolve [s] #DOFs (=2×#nodes) tsolve [s]

0.3 41,920 1.4
0.4 64,400 2.4
0.9 115,240 4.8
2.2 258,400 13.3
3.8 401,000 22.9
7.7 712,088 48.8

12.1 1,025,600 80.3
21.4 1,600,000 151.1
46.0 2,842,488 325.4

143.1 6,392,000 1,068.6
321.5 11,392,360 2,802.9
612.4 16,371,200 4,529.1

1,028.7 25,600,000 /
2,105.2 / /



Fig. 18. Elastodynamic verification 1: forced displacement amplitude [10−9 m] at 18.4 kHz predicted by the WBM (left) and FEM (right).
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operations are taken into account in the calculation time. That means
that for the FEM only the time needed to solve the system of equations
is given, and for the WBM the time needed to build the WB system
matrix as well as the time needed to solve the system of equations are
given. The time to build the FE matrices is not taken into account for
Fig. 19. Elastodynamic verification 1: convergence cu
the FEM, since this effort is frequency independent and negligible
when a large number of frequencies is considered.

Fig. 19(a)–(c) compare the convergence rate of the different WB
modelswith that of the FEmodels in the low- andmid-frequency range.
Each subfigure plots the global convergence curve for the quadratic FEM
rves for the linear and quadratic FEM and WBM.



Fig. 20. Elastodynamic verification 1: forced displacement response functions for the response point w1 predicted by a reference FEM model (thick black line) and the WBM (red line).
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(× marker), the linear FEM (○ marker) and the WBM (□marker). The
global curves for the FEM are obtained by incrementally refining the
structural elements in the model. The convergence curves for the WB
models are calculated by using an increasing number of wave functions
(ranging from 30 to 1334 DOFs) to model the structural displacement
field. The convergence curves show that, as the number of wave
functions increases, the prediction accuracy of theWBmodels increases
until some saturation level is reached after which adding additional
wave functions does no longer result in a better prediction accuracy.

For the three frequencies shown here, the WB models converge
faster to a certainpredictionaccuracy as compared toboth the linear and
quadratic FE models. For the low-frequency case, both the linear and
quadratic FE models perform equally well. As the frequency increases,
the advantages of using a higher-order FEM scheme become apparent
and the quadratic FEM is, for a fixed calculation time, at least 1 to 2
orders of magnitude more accurate. Both the linear and quadratic
models show a monotonic convergence behaviour. The WB conver-
gence curves showavery steepdeclineat very lowcalculation times, but
stabilise at afixedpredictionaccuracy of 10−4 to10−6 dependingon the
frequency of interest. This type of convergence behaviour is typically
seen when the model which is used as a reference solution has not yet
Fig. 21. Elastodynamic verification 1: relative prediction error for the
converged to a better accuracy than the model with which it is
compared. To show that this is probably the case, Fig. 19(d) shows the
convergence curves for the FEM and multi-level WBM methods at
8.75 kHz which are obtained when the finest WBM prediction result is
used as reference solution. The FEM convergence curves remain
unchanged while the WBM curve no longer saturates but reaches a
prediction accuracy of 10−11 in approximately 10 cpu s. These results
show that themulti-levelWBperforms clearly better than the linear and
quadratic FEM in both the low- and mid-frequency range.

In order to study the behaviour of the different methods in an entire
frequency range, the forced structural displacement spectrum between
4 kHzand30 kHzat response locationw1 is calculatedwithamulti-level
WB model with an average computational load of 1.68 s per frequency.
This model contains a frequency-dependent number of DOFs which
ranges from219 at 4 kHz to 1104 at 30 kHz (T=5). In Fig. 20, the results
of these calculations (for both the amplitude of the displacement in the
x- and y-directions) are compared with a reference solution (thick line)
obtainedwith the quadratic FEmodel 9 in Table 3. Themulti-levelWBM
predictions show a perfect agreementwith the reference solution in the
entire frequency range. Thehigher computational efficiencyof theWBM
is illustrated in Fig. 21, which shows the relative displacement
linear and quadratic FEM and WBM as a function of frequency.



Fig. 22. Elastodynamic verification 2: square plate with 5 circular holes.
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amplitude errors in the low- and mid-frequency range for linear FE
model 4, quadratic FE model (2) and the multi-level WBM model with
respect to a refined WBM reference model. All the models in this
comparison have approximately the same computational cost for the
full frequency response analysis. The relative prediction errors for the
three models are very similar at the lower end of the frequency range,
but almost immediately the FEM prediction accuracy begins to
deteriorate. The quadratic model suffers less from these effects than
the linear model, which is on average one order of magnitude less
accurate than the former. The WBM predictions are by far the most
accurate and the errors for thismodel are for all frequencies at least two
orders of magnitude smaller than those for the quadratic FEM. This
clearly shows the advantageous convergence properties of the proposed
method.

5.5. Numerical verification example 2: symmetric membrane containing
multiple circular holes

In a second verification example, themulti-level concept is applied
to the problem shown in Fig. 22(a). A plate with a thickness of
0.001 m which contains five holes is excited by a unit line load at the
top and at the bottom. All other edges are free. The material of the
plate is an aluminium alloy with the following parameters:
E=70 ⋅109 N/m2, ν=0.3, ρ=2,790 kg/m3.

The symmetry of the problem makes it possible to model only a
quarter of the problem. When using symmetry boundary conditions a
square plate with a circular hole in the middle and a quarter of a circle
removed from one corner remains, see Fig. 22(b). The following
response points are considered: w1(0.394 m, 0.106 m), w2

(0.394 m,0.394 m) and w3(0.106 m,0.394 m).
With the traditional WBM it would not be possible to model this

plate accurately, since it is impossible to divide the problem into
convex subdomains. The circular hole and the quarter circle can be
approximated by a large number of straight edges, but that would lead
to a rough approximation and a large number of subdomains, which
jeopardises the computational efficiency of the WBM.With the multi-
level approach, it is possible to use only one bounded and two
unbounded domains, which are coupled at the boundaries. One
Table 4
FEM model properties for elastodynamic verification example 2.

Model
number

hmax

[m]
Linear FE models

#DOFs (=2×#nodes)

FE 1 0.02500 4,484
FE 2 0.01000 13,560
FE 3 0.00750 24,114
FE 4 0.00500 54,322
FE 5 0.00250 216,086
FE 6 0.00100 1,346,018
FE 7 0.00050 5,371,238
unbounded level is used for the circle and one for the quarter circle.
The truncation circle of the unbounded level corresponding to the
quarter circle lies partly out of the problem domain. Only the part
inside the bounded domain is considered in the weighted residual
formulation. It will be shown in this example that this is sufficient and
that it does not disturb the convergence of the method.

The various WB models are created in a similar fashion as in the
previous example. As point of comparison, the perforatedmembrane is
modelled using both linear and quadratic FEM models, the details of
which are given in Table 4.Themost detailed quadratic FEmodel (model
number (7)) serves as a reference solution when comparing the
computational accuracy of the different models at a single frequency.

To illustrate that the multi-level extension of the WBM describes
the elastodynamic membrane behaviour accurately, Fig. 23 shows a
contour of the structural forced displacement amplitude at 18.4 kHz
obtained using bothquadratic FE model 6 (4.035.038 DOFs) and a
multi-level WBM model containing only 406 basis functions in the
displacement expansion (188 bounded and 40 unbounded dilatation-
al DOFs and 116 bounded and 62 unbounded rotational wave
functions). The results show that the multi-level WBM is capable of
accurately describing the spatial distribution of the dynamic displace-
ment field within the perforated membrane.

In order to compare the computational efficiency of the multi-level
WBM and the FEM in both the low- and mid-frequency range, a second
convergence analysis is performed. The forced structural displacements
at 1 kHz, 8.75 kHz and 25.75 kHz are calculated in the three response
points indicated in Fig. 22(b). Based on the calculated displacement
values, the average relative prediction error ɛav for the forced response
can be computed similar to the previous verification example:

εav =
1
3

∑
3

j=1
�j =

1
3

∑
3

j=1 jWmodelðrjÞ−Wref ðrjÞ
Wref ðrjÞ j; ð69Þ

These results are plotted against the CPU times needed to solve the
different models. Again only frequency-dependent operations are
taken into account in the calculation time.

Fig. 24(a)–(c) compare the convergence rate of the different WB
models with that of the FE models in the low- and mid-frequency
range. Each subfigure plots the global convergence curve for the
quadratic FEM (× marker), the linear FEM (○ marker) and the WBM
(□marker). The convergence curves for theWBmodels are calculated
by using an increasing number of wave functions (ranging from 36 to
1508 DOFs) to model the structural displacement field.

For the three frequencies shown here, the WB models converge
faster to a certain prediction accuracy as compared to both the linear
and quadratic FE models. Both the linear and quadratic models show
an (almost) monotonic convergence behaviour. The WB convergence
curves show a very steep decline, but again stabilise at a fixed
prediction accuracy of 10−5 to 10−6 depending on the frequency of
interest. As for the previous numerical example, it is likely that the
model which is used as a reference solution has not yet converged to a
better accuracy than the model with which it is compared. To show
that this is probably the case, Fig. 24(d) shows the convergence curves
Quadratic FE models

tsolve [s] #DOFs (=2×#nodes) tsolve [s]

0.03 13,282 0.17
0.13 40,382 0.67
0.24 71,942 1.37
0.69 162,366 4.07
4.09 647,054 26.00

49.20 4,035,038 395.00
389.20 16,107,678 3,572.70



Fig. 23. Elastodynamic verification 2: forced displacement amplitude [10−9 m] at 18.4 kHz predicted by the WBM (left) and FEM (right).
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for the FEM and multi-level WBM methods at 8.75 kHz which are
obtained when the finest WBM prediction result is used as reference
solution. The FEM convergence curves remain unchanged while the
WBM curve no longer saturates but reaches a prediction accuracy of
10−11 in approximately 3 cpu s. These results show that the multi-
Fig. 24. Elastodynamic verification 2: convergence curves for the linear a
level WB performs better clearly better than the quadratic and the
linear FEM in both the low- and mid-frequency range.

In order to study the behaviour of the different methods in an entire
frequency range, the forced structural displacement spectrum between
5 kHz and 30 kHz at response locationw2 is calculated with a multi-level
nd quadratic FEM and WBM with FE quadratic model 7 as reference.



Fig. 25. Elastodynamic verification 2: forced displacement response functions for the response point w1 predicted by a reference FEM model (thick black line) and the WBM (red line).
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WBM model with a calculation time of 3.8 s per frequency, a linear FEM
model of 4.1 s per frequency and a quadraticmodel of 4.1 s per frequency.
Fig. 25 compares theWBM results for the displacement amplitude in the
x- and y-directionswith a FEM reference solution obtainedwith quadratic
FE model 7 in Table 4. In Fig. 26 the relative displacement amplitude
errors, compared to a very accurate WBM calculation, are shown for the
three calculationswithapproximately the samecomputational load. It can
be seen that the linear and quadratic FE calculations show a similar
accuracy at low frequencies, but at higher frequencies the accuracy of the
linear FEM deteriorates more quickly than the quadratic FEM. Over the
entire frequency range, themulti-levelWBM calculation is several orders
of magnitude more accurate than both linear and quadratic FE models
with a comparable computational load.

6. Conclusions

This paper discusses a new multi-level modelling framework,
aimed to alleviate or remove some of the geometrical constraints faced
when applying theWBM for the study of interior steady-state dynamic
problems with multiple inclusions which are governed by a (system
Fig. 26. Elastodynamic verification 2: relative prediction error for the
of) Helmholtz-type partial differential equations. The main idea of the
approach is to consider the multiple objects in a problem as different
‘levels’ of the problem. Each level considers the reflection and
scattering on the boundaries of one particular object, using existing
WBM techniques for bounded and unbounded problems. A special
compound wave function set and an adapted weighted residual
formulation link the different levels together, yielding a single multi-
level system, describing the entire problem.

This newly developed modelling framework is first cast in a form
which is applicable to a general Helmholtz problem definition. Next,
the methodology is presented in more detail for two classes of
dynamic problems which are either governed by or can be cast into a
Helmholtz-type problem by means of a transformation of the primary
field variables. Both for the steady-state interior dynamic behaviour of
an acoustic cavity and the elastodynamic deformations of a finite size
membrane, suitable wave function expansions and the associated
weighted residual formulation for a multi-level WBMmodel in which
all inclusions are circular are presented.

For both problem types the numerical framework is successfully
applied to several numerical examples of varying degree of
linear and quadratic FEM and WBM as a function of frequency.
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complexity, indicating both the excellent accuracy and the superior
numerical performance as compared to classical element-based
numerical modelling techniques. The reduction in computational
load, combined with the lack of pollution errors, makes the WBM
particularly suited for the treatment of interior Helmholtz problems
with complex inclusion configurations in an extended frequency
range.

In the future, this methodology will be applied to more complex
Helmholtz problems such as multi-material aggregates in an elastic
material and wave propagation problems in unbounded solid media.
Also, the general modelling framework will be extended to cope with
the influence of perforations on the out of plane bending behaviour of
(networks of) flat plates. The application of this methodology to
bounded problems containing non-circular inclusions (including the
influence of the applied coupling strategies to copewith these types of
geometries) and to three dimensional acoustic and elastodynamic
problems will be studied.
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