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This paper presents a new robust boundary element method, based on a source point isolation

technique, for solving general anisotropic potential and elastic problems with varying coefficients.

Different types of fundamental solutions can be used to derive the basic integral equations for specific

anisotropic problems, although fundamental solutions corresponding to isotropic problems are

recommended and adopted in the paper. The use of isotropic fundamental solutions for anisotropic

and/or varying material property problems results in domain integrals in the basic integral equations.

The radial integration method is employed to transform the domain integrals into boundary integrals,

resulting in a pure boundary element analysis algorithm that does not need any internal cells.

Numerical examples for 2D and 3D potential and elastic problems are given to demonstrate the

correctness and robustness of the proposed method.

& 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Although the boundary element method (BEM) has been
successfully established and applied in engineering as an effective
and convenient numerical tool for finding the solution to a wide
class of boundary value problems [1], its application to general
anisotropic and non-linear problems is not as effective as to linear
isotropic problems. The main reason is that the anisotropy of a
material increases the number of material properties, and hence
makes the fundamental solutions either too complex or unavail-
able in a closed form [2–4]. To obtain fundamental solutions for
general anisotropic solids, Mura [5] investigated line-integral
representations of the three-dimensional Green’s function in a
full-space medium. Based on complex potential theory, Lekhnits-
kii [6] and Sollero [7] gave anisotropic fundamental solutions
based on finding roots of a characteristic fourth degree poly-
nomial equation [8]. Using Lekhnitskii’s fundamental solutions,
Shiah and Tan solved 2D anisotropic elasticity problems with
body forces [9], in which volume integrals involving the body
forces are transformed into surface integrals by applying a
differentiation technique before doing an analytical transforma-
tion. Wang [10] in 1997 derived explicit expressions for three-
dimensional elastostatic Green’s displacement in general aniso-
tropic solids. In Wang’s work, the numerical solution of a
polynomial of sixth order is required in order to obtain the entire
Green’s function. Wang’s work is purely theoretical. Later, Tonon
et al. [11] applied Wang’s work to a boundary element
ll rights reserved.
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implementation. Also in 1997 [12], Ting and Lee derived explicit
expressions for the anisotropic Green’s functions in terms of the
Stroh eigenvalues [13]. For multi-medium problems, Fares and Li
[14] constructed the Green’s functions for multilayered media
using a general image method. By utilizing an inverse Fourier
transform in polar coordinates and combining with Mindlin’s
superposition method, Pan and Yuan [15] derived an expression
of Green’s functions for anisotropic half-space and bimaterial
problems.

The works described above can result in pure boundary-only
integral equations for anisotropic problems with constant
material parameters. The drawback of these works is that
evaluating a line integral or solving an eigenvalue equation set
is cumbersome and often time-consuming. For some problems,
deriving a closed form of fundamental solutions, especially stress
fundamental solutions, is either very difficult in itself or requires
complicated coding of the resulting expression. Besides, for multi-
medium problems, a closed form of the fundamental solutions
may be unavailable and numerical integration of a line integral
may be necessary. This may result in the dependence of Green’s
functions on material properties [15]. On the other hand,
obtaining fundamental solutions for generating pure boundary
integral equations may never be possible for anisotropic problems
involving varying material properties as occurs in functionally
graded material problems (FGMs) [16]. Therefore, a new method
needs to be exploited for solving general anisotropic problems
associated with advanced materials.

In a different manner, Schclar and Partridge [17] proposed an
approach to solve anisotropic problems based on the use of the
fundamental solutions, for a homogeneous material, which leads
y element method for solving general anisotropic potential and
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to a boundary-domain integral equation due to the residuals
between the actual and the isotropic quantities. In this approach,
to achieve a boundary-only BEM algorithm, the dual reciprocity
method (DRM) [18] is used to take the relevant domain integral to
the boundary. The main advantage of this approach [17] is that
the anisotropic fundamental solution is avoided and, therefore, it
is easier to apply in solving different types of anisotropic
problems. In a similar way, Chen et al. [19,20] converted the
resulting domain integrals to the boundary based on the method
of fundamental solutions and DRM. The work in [17] is only
suitable for constant material problems, and, since it relies on the
use of DRM to convert domain integrals to the boundary, certain
amounts of internal points may be required to ensure a
satisfactory computational accuracy.

In this paper, a new and simple BEM, named Source-point
Isolation Boundary Element Method (SIBEM), is proposed for
solving general anisotropic potential and elastic problems. The
method is based on a source-point isolation technique and allows
for material properties to be variable. Different types of funda-
mental solutions can be used in the derived integral equations.
For constant material property problems, if the fundamental
solutions used are the ones of the corresponding problem, pure
boundary integral representation can be preserved. However, as
used in this paper, if the fundamental solution of the homo-
geneous material is used for anisotropic problems or for
problems, in which material properties are not constant, the
resulting integral equation includes domain integrals. In this case,
the radial integration method (RIM) [21,22] is adopted to
transform the domain integrals into boundary integrals. For large
gradient potential/elastic problems, some internal points may be
needed to improve the accuracy. However, for general engineer-
ing problems, few or even no internal points are needed to obtain
a satisfactory result [16]. While both RIM and DRM need to use
RBFs to approximate the unknowns included in the domain
integrals, it should be pointed out that DRM transforms domain
integrals to the boundary by employing particular solutions
derived from the differential operator of the problem, whereas
an RIM can transform any domain integrals to the boundary based
on purely mathematical treatments without needing any parti-
cular solutions [23,24]. In numerical examples, 2D and 3D
anisotropic potential and elastic problems are given to demon-
strate the correctness and robustness of the proposed method.
Also, the challenging problem of the honeycomb sandwich
structure is particularly introduced to show the ability of the
proposed techniques to solve complex 3D geometry problems
with strong contrasts in material properties.
Γ
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Fig. 1. An infinitesimal domain Oe isolated from O.
2. Boundary-domain integral equations for general potential
problems based on source point isolation technique

2.1. Formulations for general potential problems

The governing equation for general potential problems can be
expressed as [25]

@

@xi
kij
@T

@xj

� �
þQ ¼ 0 ð1Þ

where kij and Q are the material property tensor and source terms,
respectively, and T denotes the potential. They may all be
functions of spatial coordinates for non-homogeneous problems
or functions of field variables for non-linear problems. It is noted
that the material property tensor is symmetric, i.e., kij ¼ kji. The
repeated subscripts in Eq. (1) represent summation over the
ranges of their values. Using a weight function G to multiply both
sides of Eq. (1) and integrating over the whole domain O, the
Please cite this article as: Gao X-W. Source point isolation boundar
elastic problems with varying material properties. Eng Anal Bound
following weak form can be written.Z
O

G
@
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kij
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@xj
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dOþ
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O

GQ dO¼ 0 ð2Þ

The first integral can be manipulated as follows:Z
O

G
@
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kij
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@xj
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dO¼

Z
G

Gkij
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@xj
ni dG�

Z
O
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kij
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@xj
dO

¼�
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GqdG�
Z
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Z �
O

@

@xj
kij
@G

@xi

� �
T dO

¼�

Z
G

GqdG�
Z
G

q*T dGþ IO ð3Þ

where

q¼�kij
@T

@xj
ni

q* ¼
@G

@xi
kijnj ð4Þ

IO ¼

Z �
O

@

@xj
kij
@G

@xi

� �
T dO ð5Þ

in which G denotes the boundary of the domain O, ni is the i-th
component of the outward normal vector to G, and q is the flux. It
is noted that the domain integral in Eq. (5) may be strongly
singular (depending on the choice of G) and, therefore, a different
integral symbol is used to denote this.

We assume that the weight function G is a fundamental
solution of either isotropic or anisotropic problems. Usually, it is a
function of the distance r between the source point p and field
point q [25,26]. When r-0, G may be singular and, therefore, an
infinitesimal circular domain Oe centered at the source point p

with radius e can be isolated from O (Fig. 1).
The last term in Eq. (3) now can be written as

IO ¼

Z �
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where
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¼�kijðpÞlim
e-0

Z
Ge
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nj dG ð7Þ

V ¼
@

@xi
kij
@G

@xj

� �
¼
@kij

@xi

@G

@xj
þkij

@2G

@xi@xj
ð8Þ

It is noted that the last domain integral in Eq. (6) is interpreted
in the Cauchy principal value sense. Substituting Eq. (6) into
Eq. (3) and the result into Eq. (2) yields

kTþ

Z
G

q*T dG¼�
Z
G

GqdGþ
Z
O

VT dOþ
Z
O

GQ dO ð9Þ

Eq. (9) is a boundary-domain integral equation valid for
isotropic, anisotropic, linear and nonlinear potential problems.
The weight function G can be any type of function. If G is a regular
function, the coefficient k as determined by Eq. (7) will be zero
since the radius e-0. If G is chosen as the Green’s function [2–14]
which is weakly singular when source point p approaches the
field point under integration, k has a finite value. Finally, if G is
chosen as a higher-order singular function than the Green’s
function, k is infinite and, therefore, this type of G does not make
sense. Once the weight function G and material coefficient tensor
kij are given, all coefficients and kernel functions in Eq. (9) are
known, and the unknown quantities in it can be solved using the
standard BEM discretization procedure [26–28].

It is noted that although Eq. (9) is derived for an internal
source point p, it can also be used for boundary nodes since it is
actually not necessary to directly compute the coefficient k using
Eq. (7). This is based on the fact that the contribution of k to the
final system of equations is in the diagonal term, which can be
determined using a more efficient way, i.e., the ‘‘rigid body
motion condition’’ [27,28].

2.2. Using isotropic fundamental solutions for general anisotropic

potential problems

In principle, the weight function G can be any function.
However, the simplest way is to choose G as the Green’s function
for isotropic potential problems, i.e.,

G¼

�1

2p lnðrÞ 2D

1

4pr
3D

8>><
>>: ð10Þ

where r is the distance between the source point p and field point
q. The derivatives of G with respect to field point coordinates can
be derived from Eq. (10) and expressions derived for derivatives of
the distance r [28], which can be expressed as

@G

@xi
¼
�1

2para
r, i ð11Þ

@2G

@xi@xj
¼
�1

2parb
ðdij�br, ir, jÞ ð12Þ

where r, i ¼ @r=@xi, b¼2 for 2D and b¼3 for 3D problems, and
a¼b�1. Since Ge is a circle (2D) or a sphere (3D), we have n, j ¼ r,j.
Thus, from Eq. (7), it follows that

k¼
kij

2pa

Z
Ge

r, inj

ra
dG¼

kij

2pa

Z
Ge

r, ir, j

ra
dG ð13Þ

For an internal point, using relationship [21,28]

Z
Ge

r, ir, j

ra
dG¼

pdij 2D

4p
3
dij 3D

8><
>: ð14Þ
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Eq. (13) can be integrated as

k¼ kii=b ð15Þ

It can be seen that k is the average value of the diagonal term
of kij. This is helpful for understanding the coefficient k in Eq. (9).
It is also noted that if the problem solved is isotropic, the last term
in Eq. (8) is zero and Eq. (9) is reduced to the result in [26].
3. Boundary-domain integral equations for general elasticity
problems based on source point isolation technique

3.1. Formulations for general elasticity problems

The elastic constitutive relationship can be expressed as
[27,28]

skl ¼Dklrsers ¼Dklrsur,s ð16Þ

where skl denotes the stress tensor, Dklrs is the constitutive tensor,
ers ¼ ður,sþus,rÞ=2 is the strain tensor and ur is the displacement
vector. Dklrs may be functions of spatial coordinates for non-
homogeneous problems or functions of stresses or strains for non-
linear problems. It is noted that Dklrs is a symmetric tensor, i.e.,
Dklrs¼Drskl¼Dlkrs¼Dklsr. The comma‘,’in the place of subscript
represents the spatial derivative, i.e., ur, s ¼ @ur=@xs. The stress
equilibrium equation with the body force bk can be expressed as

skl, lþbk ¼ 0 ð17Þ

Using weight functions Uik, the weak form of Eq. (17) can be
written asZ
O

Uikskl,l dOþ
Z
O

Uikbk dO¼ 0 ð18Þ

The first integral of the above equation can be manipulated as
followsZ
O

Uikskl,l dO¼
Z
G

Uiksklnl dG�
Z
O

Uik,lskl dO

¼

Z
G

Uiktk dG�
Z
O

Uik,lDklrs ur,s dO

¼

Z
G

Uiktk dG�
Z
G

Uik,lDkljsnsuj dGþ
Z �
O
ðUik,lDklrsÞ,sur dO

¼

Z
G

Uijtj dG�
Z
G

Tijuj dGþ
Z �
O
ðUik,lDkljsÞ,suj dO ð19Þ

where

Tij ¼Uik,lDkljs ns ð20Þ

tk ¼ sklnl ð21Þ

Similar to the treatment in Section 2, an infinitesimal circular
domain Oe is isolated from O (Fig. 1). Thus, the last term in
Eq. (19) can be expressed asZ �
O
ðUik,lDkljsÞ,suj dO¼�mijðpÞujðpÞþ

Z
O

Vijuj dO ð22Þ

where

mij ¼�lim
e-0

Z
Ge

Uik,lDkljsns dG¼�Dkljslim
e-0

Z
Ge

Uik,lns dG ð23Þ

V ij ¼ ðUik,lDkljsÞ,s ¼Uik,lDkljs,sþUik,lsDkljs ð24Þ

Substituting Eq. (22) into Eq. (19) and the result into Eq. (18),
the following boundary-domain integral equation can be
obtained.

mijujþ

Z
G

Tijuj dG¼
Z
G

Uijtj dGþ
Z
O

Vij uj dOþ
Z
O

Uijbj dO ð25Þ
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Eq. (25) is a boundary-domain integral equation, which can be
used for isotropic, anisotropic, linear, and nonlinear problems. For
nonlinear problems, the effect of nonlinearity is embodied in the
derivatives of the constitutive tensor Dklrs with respect to spatial
coordinates (see Eq. (24)). For detailed procedures for solving
nonlinear problems, the reader is referred to the treatment of
damage mechanics problems in Ref. [29]. The weight function Uij

can be any type of function. All discussions for G and Eq. (9) in
Section 2 can be applied to Uij and Eq. (25). Once the forms of Uij

and Dklrs are given, the coefficient mij and all kernel functions in
Eq. (25) are known, and the unknown quantities included in
Eq. (25) can be solved using the standard BEM discretization
procedure [27,28]. It is noted that mij actually does not need to be
computed for the displacement integral Eq. (25), since it can be
determined indirectly using the ‘‘rigid body motion condition’’
[27,28].

3.2. Using Kelvin’s fundamental solutions for general anisotropic

elasticity problems

In the following, the weight function Uij is taken as the Kelvin’s
displacement fundamental solutions [27,28], i.e.,

Uij ¼

Af�Bdij lnðrÞþr,ir,jg 2D

A

r
fBdijþr,ir,jg 3D

8><
>: ð26Þ

where

A¼
1

8apð1�nÞ , B¼ 3�4n ð27Þ

with n in Eq. (27) being a reference value of Poisson’s ratio, which
can be taken as the average value of all the Poisson’s ratios of the
anisotropic problem under consideration. The related kernel
functions appearing in Eqs. (20) and (24) can be derived as follows

Uik,l ¼
�A

ra
Bdikr, l�dilr,k�dklr,iþbr,ir,kr,l
� �

ð28Þ

Uij,kl ¼
A

rb
dildjkþdikdjl�Bdijdkl�bðdikr,jr, lþdjkr,ir,l�Bdijr,kr, l

�
þdjlr,ir,kþdklr,ir,jþdilr,jr,kÞþbgr,ir,jr,kr,l

�
ð29Þ

where b¼2 for 2D and b¼3 for 3D problems; a¼b�1; g¼b+2.
For an internal point, Ge in Eq. (23) is either a circle (2D) or a

sphere (3D), and it is easy to integrate to obtainZ
Ge

Uik,lns dG¼�ðcdikdlsþddildksþddisdklÞ ð30Þ

where

c¼ A að3�4nÞþbb
� �

, d¼ A bb�a
� �

¼
�1

2bgð1�nÞ
ð31Þ

a¼
ð1þbÞp

3
, b¼

4p
18�b

ð32Þ

Substituting Eqs. (30)–(32) into Eq. (23) results in

mij ¼
1

2bw 2ðw�1ÞDisjs�Dijss

� �
ð33Þ

where

w¼ gð1�nÞ ð34Þ

From Eq. (33), it can be seen that the coefficient mij is a
symmetric tensor, i.e., mij ¼ mji.

Eq. (33) is an expression for general anisotropic elasticity
problems. For an isotropic material, Dijkl ¼ ldijdklþmðdikdjlþdildjkÞ,
with m being the shear modulus. It is easy to prove that mij ¼ mdij,
Please cite this article as: Gao X-W. Source point isolation boundar
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Uik,lsDkljs ¼ 0, and, in this case, Eqs. (24) and (25) are reduced to the
results in [16,30].
4. Transformation of domain integrals into boundary
integrals

The domain integrals involved in Eqs. (9) and (25) can be
evaluated using the standard cell-discretization technique [28].
However, this will remove the distinct advantage of BEM of
requiring only that the boundary of the problem needs to be
discretized into elements. To retain this advantage, the radial
integration method (RIM) [21,22] is adopted in this paper to
transform all the domain integrals included in Eqs. (9) and (25)
into equivalent boundary integrals.

In terms of RIM, a domain integral with integrand f ðx,yÞ can be
transformed into an equivalent boundary integral as follows:Z
O

f ðx,yÞdOðxÞ ¼
Z
G

1

raðz,yÞ

@r

@n
Fðz,yÞdGðzÞ ð35Þ

where a¼1 for 2D and a¼2 for 3D domain integrals, r(z, y)
denotes the distance between points y and z, and F(z, y) is
determined by the following radial integral

Fðz,yÞ ¼
Z rðz,yÞ

0
f ðx,yÞradr ð36Þ

To evaluate the radial integral (36), the coordinates x in f(x,y)
need to be expressed in terms of the integration variable r using
the following relationship

xi ¼ yiþr,ir ð37Þ

in which the quantities yi and r,i are constant in the radial integral
(36).

For some simple functions, Eq. (36) can be analytically
integrated. However, for complicated functions, Gaussian quad-
rature may be used to numerically evaluate Eq. (36) [21,22]. The
domain integrals caused by source Q or body force bj in Eqs. (9)
and (25) can be directly and accurately transformed into
boundary integrals using RIM formulations (35) and (36) [21],
since Q and bj are usually known functions. However, for the first
domain integrals involved in Eqs. (9) and (25), the radial integral
(36) cannot be directly evaluated, since the unknown field
variables T and uj are included in the resulting integrands.
Therefore, to use RIM, T and uj are approximated in this study
by a series of prescribed basis functions, usually by radial basis
functions (RBFs) [16,26,30,31]. In this approximation, the poten-
tial T can be expressed as

TðxÞ ¼
X

A

aAfA
ðR=SAÞþajxjþa0 ð38aÞ

X
A

aA ¼
X

A

aAxA
j ¼ 0 ð38bÞ

where R¼ :x�xA: is the distance from the application point xA to
the field point x, SA is the size of the support region for RBFs at
point xA, and aA and ak are coefficients to be determined.
Investigations show that the 4th order spline RBF can give very
stable results [30], which can be expressed as

fA
ðR=RAÞ ¼

1�6
R

SA

� �2

þ8
R

SA

� �3

�3
R

SA

� �4

0rRrSA

0 RZSA

8><
>: ð39Þ

In this study, the support size SA is determined by specifying
the number of application points around xA, while the coefficients
aA and ak are determined by collocating x in Eq. (38) at all appli-
cation points. As a result, a set of algebraic equations can be
y element method for solving general anisotropic potential and
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obtained in the following matrix form

fTg ¼ ½f�fag ð40Þ

where {T} is a vector of the potential at all application points, and
{a} is a vector consisting of the coefficients aA for all application
points and ak. If there are no two points having the same
coordinates, the matrix [f] is invertible and thereby

fag ¼ ½f��1fTg ð41Þ

Similarly, ui can be approximated using an RBF as

ui ¼
X

A

aA
i f

A
ðR=SAÞþaj

ixjþa0
i ð42aÞ

X
A

aA
i ¼

X
A

aA
i xA

j ¼ 0 ð42bÞ

and coefficients aA
i and ak

i are determined using

faig ¼ ½f��1fuig ð43Þ
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Fig. 2. Geometry and boundary conditions for the hollow ellipse.
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where {ui} is a vector consisting of the i-th components of all
nodal displacements.

After approximating the potential and displacement using
Eqs. (38) and (42), the first domain integrals in Eqs. (9) and (25)
can be transformed into boundary integrals using RIM formula-
tions (35)–(37). The transformation procedure is the same as
those described in [26,16,30]. The reader is encouraged to refer to
these references for further details.
5. Numerical examples

A Fortran code called an SIBEM has been developed using the
formulations presented in this paper based on the use of isotropic
fundamental solutions. The code is based on a modification of the
source code BEMECH given in [28]. In view of the fact that general
practical engineering problems are usually composed of different
materials or sub-structures, the three-step multi-domain BEM solver
developed in [32] is built in an SIBEM. The three-step MDBEM solver
was particularly developed for solving nonhomogenous and nonlinear
problems. One of its features is that large-scale problems can be
solved efficiently. To handle structural multiscale problems, in which
the size in one direction is much smaller than those in other
directions, an unequally spaced element sub-division technique is
used in an SIBEM based on the integration strategy of the equally
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Fig. 4. Distribution of heat flux over outer boundary.
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Fig. 5. Anisotropic cube in uniform tension.
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spaced element sub-division technique described in [28] for evaluat-
ing nearly singular integrals. This technique is very efficient for
solving thin or narrow structural problems. To model the feature of
multiple values of the flux and traction at corner and edge points, the
discontinuous element technique [32,27] is used in an SIBEM. To
verify the correctness and capabilities of the developed code SIBEM, a
2D anisotropic heat conduction problem and three 3D transversely
isotropic elastic problems are analyzed in the following examples.

5.1. Heat conduction over an anisotropic hollow ellipse

The first example is concerned with the heat conduction over a
hollow ellipse with dimensions as shown in Fig. 2. The varying
heat conductivity kij is specified as

½k� ¼
xþyþ5 1

1 xþyþ4

" #

The temperature satisfying the governing Eq. (1) without a
heat generator is [25]

Tðx,yÞ ¼ �x2�y2þ6xyþ3xþ3yþ100
Table 1
Displacement for anisotropic cube in uniform tension.

Exact solution (�10�6 m) SIBEM (�10�6 m) Load direction

ux 4.673 4.6730

uy �1.242 �1.2420 x

uz �0.948 �9.4806

ux �1.242 �1.2420

uy 7.162 7.1626 y

uz �1.387 �1.3878

ux �0.948 �9.4806

uy �1.387 �1.3878

uz 7.252 7.2526 z

Fig. 6. BEM model of the varying coefficient cube.

Table 2
Displacements for anisotropic FGM cube (�10�6 m).

No. of internal points 0 1 8

ux �0.4409 �0.7386 �0.1002

uy �1.4324 �1.4517 �1.0819

uz 3.7125 4.5289 2.5884

Please cite this article as: Gao X-W. Source point isolation boundar
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The boundary conditions (B.C.) are specified by the tempera-
ture on the outer elliptical boundary and the heat flux on the
inner circular boundary, which are computed using the above
temperature function. The boundary of the hollow ellipse is
discretized into eighty quadratic boundary elements. No internal
points are used. Fig. 3 gives the variation of the computed
temperature versus the angle y (see Fig. 2) over the inner circular
boundary, in which fluxes are specified as B.C. Fig. 4 shows the
case of the computed flux over the outer elliptical boundary over
which temperatures are specified. Figs. 3 and 4 show that the
SIBEM results are in excellent agreement with the exact solutions.
This indicates that even without the use of any internal points,
SIBEM can still give very satisfactory results due to the use of RIM
[21,22] in the transformation of the domain integrals included in
Eq. (9) to the boundary integrals.

5.2. Transversely isotropic elastic cube in uniform tension

The second example deals with a cube with dimensions of
1�1�1 m3 subject to a uniform tension load. The following
transversely isotropic material properties [17] are used, in which
the unit is 104 Mpa.

½D� ¼

23:5 4:85 4: 0: 0: 0:

15:5 3:6 0: 0: 0:

15:0 0: 0: 0:

12: 0: 0:

Symmetric 1:4 0:

7:

2
666666664

3
777777775

The elastic constitutive equation corresponding to the above
material matrix is {s}¼[D]{e}, where sf gT ¼ fs11, s22, s33,
s12, s23, s31g and fegT ¼ fe11, e22, e33, e12, e23, e31g. Six surfaces
of the cube are discretized into 26 linear boundary elements (Fig. 5)
and no internal points are defined. The three surfaces corresponding
to x¼0, y¼0, and z¼0 are imposed with roller boundary conditions,
i.e. the normal displacement and tangential tractions are zero.
27 64 125 216

�0.3030 �0.2743 �0.3174 �0.3261

�1.0153 �0.9159 �0.9427 �1.0126

3.4846 3.5126 3.5677 3.5363

-2

-1

0

1

2

3

4

5

0
Number of internal points

D
is

pl
ac

em
en

ts

uz
uy
ux

40 80 120 160 200 240

Fig. 7. Variation of displacements versus number of internal points.
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Three load cases are considered by imposing a unit tension of
1 kN/m2 over three surfaces with normal directions along the
three axes. An exact solution exists for this problem [6]. Table 1
lists the computed displacements for point A (see Fig. 5) using an
SIBEM and the exact solution. It can be seen that the results of
SIBEM are very close to the exact solutions. This demonstrates
that the formulations presented in the paper are correct.

5.3. Transversely isotropic elastic cube with varying material

properties

The third numerical example considers the same problem
setup as described in the second example, but the material is
functionally graded in the x-direction in such a way that all
elements in the matrix [D] listed in example two vary following
x

z

Lower facesheet

Upper facesheet

Core y

x

y

Fig. 8. BEM model for the honeycomb sandwich structure. (a) global model;

(b) top view of the core; (c) enlarged top view of the core.
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the same rule that ½D�FGM ¼ ½D�e
ax with a¼1.61. This means that

the value of the elasticity matrix at x¼1 is five times that at x¼0.
Here, we only consider the load case of tz¼1 kN/m2, which is

imposed on the top surface of the cube. Since the stiffness matrix
½D�FGM varies nonlinearly, more elements are required than in the
second example. The six surfaces of the cube are discretized into
216 linear boundary elements with 218 boundary nodes (Fig. 6).

To ensure computational accuracy, equally spaced internal
points are defined in the cube. To examine the dependence of the
results on the number of internal points, different computations
are carried out using different numbers of internal points. Table 2
gives the computed displacements at point A (see Figs. 5 and 7) is
a plot of the results.

From Fig. 7, we can see that internal points are necessary for
varying coefficient anisotropic problems to ensure computational
accuracy. However, only 27 internal points are sufficient in this
example to obtain a modest result.
5.4. Honeycomb sandwich structure with isotropic and transversely

isotropic material properties

To demonstrate the ability of the proposed technique to solve
challenging complex 3D geometry problems, a honeycomb
sandwich structure is analyzed in this fourth example. The
structure consists of upper and lower facesheets with thicknesses
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Fig. 9. Variation of temperature.
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Fig. 10. Heat flux, qz, along x-direction over wall and cavum of the honeycomb.

y element method for solving general anisotropic potential and
Elem (2010), doi:10.1016/j.enganabound.2010.06.015

dx.doi.org/10.1016/j.enganabound.2010.06.015


τz = −0.5Mpa

τx = 0.05Mpa

Deformation

Fig. 11. Deformed mesh of the honeycomb.
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Fig. 13. Shear stress sxz along the x-direction.
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of 1 and 0.5 mm, respectively, and the honeycomb core with
dimensions of the wall thickness being 0.2 mm, wall height being
20 mm, and width of each side of the six walls being 5 mm. The
structure has a total of 66 honeycombs with global dimensions of
56.1188�47.5�21.5 mm3.

Fig. 8 shows the BEM model consisting of 2868 four-noded
boundary and interface elements with 3804 boundary nodes. The
upper and lower facesheets, honeycomb wall, and hollow volume
are treated as different sub-domains.
5.4.1. Heat conduction computation for transversely isotropic

medium

In this computation, we simulate a real thermal protection
system [33] of an aircraft with the geometry structure as shown in
Fig. 8. The upper facesheet is considered as a thermal isolation lid
consisting of a fibrous material with transversely isotropic
properties of k11 ¼ k22 ¼ 7:8� 10�5W=ðmm dKÞ, k33 ¼ 3:0�
10�5W= mm�Kð Þ, and other kij¼0 for ia j. The conductivities
are 7:8� 10�5W= mm�Kð Þ for the lower facesheet, 1:7�
10�4W= mm�Kð Þ for the honeycomb wall, and 2:3�
10�5W= mm�Kð Þ for the filled air in the hollow volume of the
core. The thermal boundary conditions are as follows: the top and
bottom surfaces are specified with the temperature computed
using Tðx,y,zÞ ¼ 10xþ10yþ10zþ200 (K) and the side surfaces are
adiabatic. Figs. 9 and 10 are computed temperature and heat flux
over the line of (z¼19.9 mm, y¼22.5 mm). In Fig. 10, the points
Please cite this article as: Gao X-W. Source point isolation boundar
elastic problems with varying material properties. Eng Anal Bound
corresponding to the lower position are above the center of each
honeycomb, and those corresponding to the upper position are
above the honeycomb wall. Fig. 10 clearly shows that the heat flux
is much larger through the honeycomb wall than through the
hollow volume. This phenomenon is difficult to capture with an
FEM, since the honeycomb wall is too thin to be discretized into
elements in an FEM analysis.

5.4.2. Elasticity computation for transversely isotropic medium

In the following, the elasticity analysis is performed for the
honeycomb sandwich structure described above. The top surface
is uniformly imposed with traction conditions of tx ¼ 0:05Mpa

and tz ¼�0:5Mpa, the bottom surface is fixed, and the side
surface is traction-free. The material parameters are taken as
follows for the upper facesheet

½Dtop� ¼

160: 108: 106: 0: 0: 0:

160: 106: 0: 0: 0:

248: 0: 0: 0:

72: 0: 0:

Symmetric 104: 0:

104:

2
666666664

3
777777775

The sandwich core and lower sheet are treated as isotropic
materials, both having Young’s modulus of E¼280 Gpa. The sub-
domain of the hollow volumes is not considered in the elasticity
computation and the corresponding surfaces are imposed with
traction-free boundary conditions. The Poisson’s ratio n¼ 0:25 is
used for all sub-domains.
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Fig. 11 shows the original and deformed meshes drawn using
computed displacements enlarged 80 times, and Figs. 12 and 13
give the computed horizontal displacement along the line of
(z¼20.1, y¼20) and the shear stresssxz along the line of (y¼20,
z¼ �0.5) on the bottom surface, respectively. Although no
existing analytical or numerical results can be used to verify the
computed results, the distribution trends of the displacements
and stresses are correct.
6. Conclusions and discussion

In this paper, a simple but robust boundary element method is
presented based on a source point isolation technique. Mathe-
matically, the technique is stemmed from the Cauchy principal
value concept. Nevertheless, the term of ‘‘source point’’ is
commonly used in BEM. Therefore, the proposed method is called
the Source-point Isolation Boundary Element Method (SIBEM).
The derived boundary-domain integral equations can be used to
solve anisotropic, nonlinear potential and elasticity problems. For
nonlinear problems, the material property matrices kij and Dklrs

may be the functions of field quantities such as temperatures and/
or stresses. In this case, an iterative procedure is required to solve
the resulting system of equations [29].

Different types of fundamental solutions can be used for a
specific problem, although isotropic fundamental solutions are
adopted in the paper, which result in simple and explicit integral
equations. Fundamental solutions with singularities of Green’s
functions are preferable, since this type of solutions can result in
finite values of the free term coefficients appearing in the
boundary-domain integrals, as shown in Eqs. (15) and (33).

The domain integrals involved in the integral equations are
transformed into boundary integrals using an RIM and, conse-
quently, internal cell discretization is avoided. Numerical exam-
ples show that accurate computational results can be achieved
using the presented SIBEM and few internal points are required to
obtain a satisfactory result.
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