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Abstract

In this paper, a traction integral equation containing no hypersingular integrals is presented to study the interaction

of multiple cracks in an infinite elastic medium. 8-node quadratic quadrilateral elements are used to discretize general

crack surfaces, and special crack tip elements are employed along surface boundaries to model the
ffiffi
r

p
variation of dis-

placements near the crack fronts. Thus, the method possesses the merits of the traction integral equation without hyper-

singular integrals and those of the special crack tip elements for modeling
ffiffi
r

p
variation of displacements near the crack

tips. The stress intensity factors at the crack front are evaluated using one point formulation and the results are

compared with available solutions.

� 2005 Elsevier Ltd. All rights reserved.
1. Introduction

Cracks present in a structure often cause sudden rapid failure of the structure due to high stresses near

the crack tips. In order to understand the failure mechanism due to stress concentration around crack tips,

many researches have been carried out. Collins studied two parallel penny-shaped cracks [6] and two copla-
nar elliptical cracks [5] in an infinite solid using potential theory. Kobayashi et al. [15] used stress functions

method to obtain stress intensity factor for an embedded elliptical crack near two parallel free surfaces.

Nisitani and Murakami (1974) adopted the body force method to investigate problems of an elliptical crack

or a semi-elliptical crack. Isida et al. [14] studied two parallel elliptical cracks located at staggered position

in an infinite solid using the body force method. Compared to these methods which are very complicated in

their formulations, more well-known numerical methods are the finite element method (FEM) and the

boundary element method (BEM). The FEM has been successfully applied to crack problems [12,2].
0013-7944/$ - see front matter � 2005 Elsevier Ltd. All rights reserved.
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However, its disadvantage is that the problem domain has to be meshed into many finite elements to

achieve the required precision. Furthermore, it is not convenient to simulate the crack propagation due

to need for remeshing near crack tips. Compared with the FEM, the BEM has some advantages in solving

elastic fracture problems. The reason is due to the fact that the BEM only contains the boundary discret-

ization of the problem domain and a more accurate result could be obtained with a lesser effort.
Since Cruse and Vanburen�s work [9] about 3D crack problems, the BEM has been widely used to ana-

lyze various crack problems. The multidomain BEM [3] involves artificial boundaries along the crack sur-

faces which are not unique. Thus, it is not convenient to model crack propagation. In addition, it leads to a

larger system of equations. The displacement discontinuity method [7] where the unknown functions are the

displacement differences between the crack surfaces has been used to solve the crack problems in an infinite

domain. However, it is difficult to solve crack problems over a finite domain as higher order kernel func-

tions relative to the conventional BEM are required. The dual boundary element method [13,20,17] is a

method in which the displacement integral equation is applied for source points on one of the crack sur-
faces, whilst the traction integral equation is collocated for source point over the opposite crack surface.

As a result, crack problems can be solved with a single domain formulation. However, this method doubles

the number of algebraic equations along the cracks. The extended version of the dual boundary element

method [19] is a method, in which the displacement integral equation is applied for collocation point out-

side boundary, while the traction integral equation is applied on one side of the crack surfaces. Thus, dou-

bling of elements and nodes over crack surfaces are avoided as compared with the dual BEM. These dual

boundary element methods contain hypersingular integrals which must be carefully evaluated using various

regularization techniques, such as Guiggiani et al. [11] and Pan and Amedei [19]. To solve the crack prob-
lems more accurately, a direct traction boundary integral equation approach [10] (Dominguez et al., 2000)

has been proposed in which the hypersingular and strongly singular integrals are regularized using Taylor�s
series expansion. All the related hypersingular and strongly singular integrals are transformed into regular

or weakly singular integrals by analytical means. These regularization processes are done before boundary

discretization. Thus, the corresponding numerical implementation is relatively simple and the accuracy of

the results is high due to the avoidance of finite-part integral formulations.

In this paper, the crack-crack interaction in a 3D infinite elasticmedium is investigated using a traction inte-

gral equation in which the hypersingular integrals are analytically transformed to yield line integrals for pla-
nar cracks [10] (Dominguez et al., 2000). In order to accurately simulate the

ffiffi
r

p
variation of the displacement

between the upper and the lower crack surfaces, special crack tip elements are employed in the numerical

implementation of the traction integral equation. Therefore, the method presented here possesses the merits

of both the traction integral equation and those of the special crack tip elements. The proposed method can

deal withmultiple crack surface of arbitrary geometrical shapes as curved crack surfaces could bemeshed into

8-node quadratic quadrilateral elements. Unstaggered equal penny-shaped cracks and coplanar equal penny-

shaped cracks are worked out as examples to show the accuracy and effectiveness of the method.
2. Basic formulation

According to Cruse [8], the stress integral equation for a source point P in a 3D infinite medium is given

by
rklðP Þ ¼ r0
klðP Þ þ

Z
S
T kliðP ; qÞDiðqÞdS ð1Þ
for k, l, i = 1, 2, 3, where S denotes the crack surface, r0
kl is the stress tensor at the source point P under a

remote loading without cracks, Di(q) = ui(q
�) � ui(q

+) in which q� and q+ are points of the lower and the

upper crack surfaces, Tkli is an integral kernel function and can be written as



1832 S.H. Lo et al. / Engineering Fracture Mechanics 72 (2005) 1830–1840
T kli ¼
E

8pð1� m2Þr3 3
or
on

½ð1� 2mÞdklr;i þ mðdikr;l þ dilr;kÞ � 5r;ir;kr;l� þ 3mðnkr;lr;i þ nlr;kr;iÞ
�

þð1� mÞð3nir;kr;l þ nldki þ nkdliÞ � ð1� 4mÞnidkl
�

ð2Þ
where E is the elastic modulus, m is Poisson�s ratio, r denotes the distance between the source point P and

the field point q, r,i = or(P;q)/oxi(q), ni is the unit normal vector at the field point q over the crack surfaces,

dij is the Dirac delta. As r! 0 , Tkli is hypersingular of order r
�3.

When P approaches the crack surface, the corresponding boundary integral equation can be obtained by

using the modified geometry at boundary point p taking the appropriate limit (Brebbia and Dominguez,

1992; [10])
rklðpÞ ¼ r0
klðpÞ þ lim

e!0

Z
S�seþSe

T kliðp; qÞDiðqÞdC
� �

ð3Þ
where se is a small area near point p. Se is a small hemisphere surrounding point p. e is the radius of the

small hemisphere.

From Eq. (3), one can obtain the corresponding traction integral expression
tkðpÞ ¼ t0kðpÞ þ lim
e!0

Z
S�seþSe

T kliðp; qÞNlðpÞDiðqÞdC
� �

ð4Þ
where tk(p) = rkl(p)Nl(p), t0kðpÞ ¼ r0
klðpÞNlðpÞ, Nl is the lth component of the unit outward normal at the

crack surface.

Considering the property of discontinuity displacement Di, i.e. Di 2 C1,a (a is a positive constant) at the

boundary point p, one has [10]
DiðqÞ ¼ DiðpÞ þ Di;hðpÞðxhðqÞ � xhðpÞÞ þ Oðr1þaÞ ð5Þ

Substituting for Di(q) in Eq. (4) one obtain the following equation
tkðpÞ ¼ t0kðpÞ þ
Z
C
T kliN l½DiðqÞ � DiðpÞ � Di;hðpÞðxhðqÞ � xhðpÞÞ�dC

þ E
8pð1� m2Þ ½IkiDiðpÞ þ JkhiDi;hðpÞ� ð6Þ
in which the integral becomes weakly singular of order r�1 due to an O(r2) displacement field. The weakly

singular integral of order r�1 can be evaluated using Lachat–Watson transformation method [16]. The

expressions Iki and Jkhi can be obtained using the technique presented by Dominguez and Ariza [10]
Iki ¼ 3m
I
C

r� n

r3
r;kr;idCþ ð1� 2mÞdki

I
C

r� n

r3
dCþ ð4m� 1Þ

I
C

r� ei

r3
nkdCþ ð1� 2mÞ

I
C

r� ek

r3
nidC

ð7Þ

and
Jkhi ¼ m
I
C

r;kr;h
r

ðei � nÞdC� mnhni

I
C

ek � n

r
dCþ mnkni

I
C

eh � n

r
dCþ ð1� 2mÞdik

I
C

eh � n

r
dC

þ mdih

I
C

el � n

r
dC ð8Þ
where C is the contour of crack surface S, ek is the unit vector along the direction k.



Fig. 1. Eight-node special crack tip element.

S.H. Lo et al. / Engineering Fracture Mechanics 72 (2005) 1830–1840 1833
Crack surfaces are discretized into 8-node discontinuous elements as shown in Fig. 1. The corresponding

shape functions are listed out as follows [1]
N 1 ¼
1

4k3
ðk� g1Þðk� g2Þð�g1 � g2 � kÞ ð9aÞ

N 2 ¼
1

2k3
ðk2 � g21Þðk� g2Þ ð9bÞ

N 3 ¼
1

4k3
ðkþ g1Þðk� g2Þðg1 � g2 � kÞ ð9cÞ

N 4 ¼
1

2k3
ðkþ g1Þðk2 � g22Þ ð9dÞ

N 5 ¼
1

4k3
ðkþ g1Þðkþ g2Þðg1 þ g2 � kÞ ð9eÞ

N 6 ¼
1

2k3
ðk2 � g21Þðkþ g2Þ ð9fÞ

N 7 ¼
1

4k3
ðk� g1Þðkþ g2Þð�g1 þ g2 � kÞ ð9gÞ

N 8 ¼
1

2k3
ðk� g1Þðk2 � g22Þ ð9hÞ
In order to model the
ffiffi
r

p
variation of the discontinuous displacements near the crack front, special 8-node

crack tip elements are used [18], and their shape functions are given by
Nb ¼ ab1 þ ab2nþ ab3
ffiffiffiffiffiffiffiffiffiffiffi
1þ g

p
þ ab4n

ffiffiffiffiffiffiffiffiffiffiffi
1þ g

p
þ ab5n

2 þ ab6ð1þ gÞ þ ab7n
2

ffiffiffiffiffiffiffiffiffiffiffi
1þ g

p
þ ab8nð1þ gÞ ð10Þ
for b = 1,2, . . . , 8 (see Fig. 1), the eight coefficients abj (j = 1,2, . . . ,8) can be obtained by solving a system of

eight linear equations which has the following properties: Nb = 1 for the collocation point b; Nb = 0 for the

seven remaining collocation points. For ease of reference, these shape functions are listed below [1]
N 1 ¼ fð�kþ g1Þ½�kp þ k2ð1� qÞ � ð1� qÞð1þ qþ 2kqÞ þ ð�3p þ ð1þ kÞð2� qÞ þ 2pqÞg1
þ ðk2 þ kð1� pÞð3� qÞÞsþ ð3� 2p � 2qþ pqÞg1sþ ðkð2� pÞ þ ð1� pÞð1þ qÞÞs2�g=ð�2kDÞ

ð11aÞ
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N 2 ¼ fðk� g1Þðkþ g1Þ½�2k� 2k2 þ 3kp þ kqþ k2q� 2kpqþ ð�3kþ 2kp þ 2kq� kpqÞs�g=ðk2DÞ
ð11bÞ

N 3 ¼ fð�k� g1Þ½�kp þ k2ð1� qÞ � ð1� pÞð1þ qþ 2kqÞ þ ð3p � ð1þ kÞð2� qÞ � 2pqÞg1
þ ðk2 þ kð1� pÞð3� qÞÞsþ ð�3þ 2p þ 2q� pqÞg1sþ ðkð2� pÞ þ ð1� pÞð1þ qÞÞs2�g=ð�2kDÞ

ð11cÞ

N 4 ¼ fðkþ g1Þ½4kþ 2kpð�kþ k2 � 2qÞ þ 2k2ð�2kþ qþ kqÞ þ 4k2ð�kþ p � qÞs

þ ð2k2ðp � qÞ þ 4kðpq� 1ÞÞs2�g=ð4k2DÞ ð11dÞ

N 5 ¼ f�ðkþ g1Þ½2kð1� k2 þ p� 2kpþ k2p� q� kq� pqþ 2kpqÞ � 2kð2� 2k� pþ kp� 3qþ 2pqÞg1
� 2k2ð�3þ kþ pþ 3q� pqÞs� 2kð3� 2p� 2qþ pqÞg1s

� 2kð1� 2kþ p� qþ kq� pqÞs2�g=ð4k2DÞ ð11eÞ

N 6 ¼ fð�k� g1Þðk� g1Þ½�2kþ 2k2 þ kp � k2p þ 3kp � 2kpqþ ð�3kþ 2kp þ 2kq� kpqÞs�g=ðk2DÞ
ð11fÞ

N 7 ¼ f�ðk� g1Þ½2kð1� k2 þ p � 2kp þ k2p � q� kq� pqþ 2kpqÞ

þ 2kð2� 2k� p þ kp � 3qþ 2pqÞg1 � 2k2ð�3þ kþ p þ 3q� pqÞs� 2kð3� 2p � 2qþ pqÞg1s

� 2kð1� 2kþ p � qþ kq� pqÞs2�g=ð4k2DÞ ð11gÞ

N 8 ¼ fðk� g1Þ½4kþ 2kpð�kþ k2 � 2qÞ þ 2k2ð�2kþ qþ kqÞ þ 4k2ð�kþ p � qÞsþ ð2k2ðp � qÞ

þ 4kðpq� 1ÞÞs2�g=ð4k2DÞ ð11hÞ
From the above discretization process, one can obtain a system of equations as follows
AD ¼ F ð12Þ
where A is a coefficient matrix, F is a column vector containing known values, and D is a column vector

containing the discontinuous displacement components over the cracks.

Once the discontinuous displacements are available, the stress intensity factors along the crack front

can be calculated by [1]
KI ¼
E

4ð1� m2Þ

ffiffiffiffiffi
p
2r

r
Dn

KII ¼
E

4ð1� m2Þ

ffiffiffiffiffi
p
2r

r
Dt1

KIII ¼
E

4ð1� m2Þ

ffiffiffiffiffi
p
2r

r
Dt2

8>>>>>>>>><
>>>>>>>>>:

ð13Þ
where r is the shortest distance from the calculation point p to the nearest crack front, the corresponding

point of which is taken as q. Dn, Dt1 and Dt2 are respectively discontinuous displacement components along

the local coordinate system at point q as shown in Fig. 2.



p

q

n

t1t 2

Fig. 2. Local coordinate system at point q.
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3. Numerical examples

3.1. Example 1: Equal penny-shaped cracks

Fig. 3(a) shows an infinite elastic medium containing two unstaggered equal penny-shaped cracks under

a remote loading (r0 = 1) along the z-direction. The material parameters are as follows: E = 1000, m = 0.3.

Each crack surface of radius a = 1 is meshed into 64 eight-node quadratic quadrilateral elements in which

16 eight-node special quadratic quadrilateral elements (elements shaded) are distributed along the crack
front as shown in Fig. 3(b).

The stress intensity factors are listed in Table 1, together with the results from Isida et al. [14]. From

Table 1, we found that the results from the present method are in good agreement with those obtained

by Isida et al. [14] using the body force method.

3.2. Example 2: Two coplanar equal cracks

Two coplanar equal penny-shaped cracks in an infinite elastic medium under a remote loading (r0 = 1)
along the z-direction is shown in Fig. 4. The material data are: the elastic modulus E = 1000, Poisson�s ratio
x

y

z

a

d

a

(a) 

(b) 

Fig. 3. (a) Two parallel penny-shaped cracks; (b) mesh division of crack surfaces.

Table 1

Stress intensity factor at crack front KI
r
ffiffiffiffi
pa

p
� �

d/(2a) 0.5 0.75 1.0 1.5 2.0 5.0

Isida et al. [14] 0.532 0.562 0.585 0.612 0.624 0.636

Present 0.524 0.558 0.583 0.610 0.622 0.633
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Fig. 4. Two coplanar penny-shaped cracks.
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m = 0.3. The distance e between A and C can be varied. Each crack surface is meshed in exactly the same

way as the previous example as shown in Fig. 3(b). The radius of each crack surface is a1 = a2 = 1. For dif-

ferent values of e, the stress intensity factors along the arc AB are shown in Fig. 5. It can be found that the

smaller the distance e between A and C, the greater the change of stress intensity factor along arc AB. Near

point B, the influence of the distance e between A and C on the stress intensity factor is smaller. Chen, Has-
ebe and Lee [4] used hypersingular integral equation approach to study the same problem, the results of

which are also plotted out in Fig. 5. One can observe that their results are in good agreement with our re-

sults. Note here that the results presented by Chen, Hasebe and Lee [4] have been normalized by the factor
KI

r
ffiffiffiffi
pa

p for comparison. For e = 0.5 and different radii of the second penny-shaped crack, the stress intensity

factors along arc AB are shown in Fig. 6. As expected, one can find that the stress intensity factor becomes

larger as radius a2 increases.

3.3. Example 3: Three coplanar cracks

Fig. 7 shows three coplanar penny-shaped cracks in an infinite elastic medium under a remote loading

(r0 = 1) along the z-direction. The material data are: the elastic modulus E = 1000, Poisson�s ratio m = 0.3.

The distance e between A and C is set equal to 2. The division of crack surface is the same as the above two

examples as shown in Fig. 3(b). Three radii of the crack surfaces are respectively a1 = a2 = 1 and a3 = 0.5.

The distances of the crack center o3 to x-axis and y-axis are h and b respectively, while b is kept constant
Fig. 5. Normalized stress intensity factor along arc AB at crack front for different angle a and e.



Fig. 6. Normalized stress intensity factor along arc AB at crack front for different angle a and a2.

Fig. 7. Three coplanar penny-shapes cracks.
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(b = 2), the value of h could be varied. For different values of h, the stress intensity factor along arc AB is

shown in Fig. 8. One can find that the strong change of the stress intensity factor along arc AB happens

near point A as expected. As h is increased, the effect of the third crack on the other two cracks gradually
Fig. 8. Normalized stress intensity factor at crack front against angle a.
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diminished. Since the solution of the same problem cannot be found in the available references, our results

can be taken as a reference solution for other investigators.

3.4. Example 4: Three staggered equal penny-shaped cracks

Three staggered equal penny-shaped cracks in an infinite elastic medium under a remote loading (r0 = 1)

along the z-direction is shown in Fig. 9. The material data are: the elastic modulus E = 1000, Poisson�s ratio
m = 0.3. The distance d between cracks 1 and 2 is taken to be 1. The discretization of crack surfaces is the

same as the previous examples as shown in Fig. 3(b). The radius of each crack surface is set equal to 1, i.e.

a1 = a2 = a3 = 1 . The center coordinates of the third crack surface is taken as (0.0, e, 0.5), in which e varies.

For different values of e, the stress intensity factor along arc AB is shown in Fig. 10. As expected, it can be
Fig. 9. Three unstaggered equal penny-shapes cracks.

Fig. 10. Normalized stress intensity factor at crack front against angle a.



S.H. Lo et al. / Engineering Fracture Mechanics 72 (2005) 1830–1840 1839
found that the stress intensity factor almost remains the same for e = 0.0. As e is increased, the stress inten-

sity factor along arc AB shows a parabolic variation. Especially, when e P 4.0, the stress intensity factor

along arc AB remains almost constant at a value of 0.524 which is the same as the first example. This shows

that the effect of the third crack on cracks 1 and 2 disappears when e P 4.0. To the best knowledge of the

authors, this result has not been published in the literature.
4. Conclusion

Based on a regularized traction integral equation containing no hypersingular integrals, the problems of

unstaggered cracks and coplanar penny-shaped cracks within a 3D elastic medium have been investigated.

The stress intensity factors along the tip of the crack surfaces have been evaluated. The present results are in

good agreement with those from other methods. Problems involving three crack surfaces lying on a plane or
in a staggered arrangement have also been worked out as reference solutions.
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