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Abstract

This paper introduces the mathematics and procedures used in developing a time-dependent damping model for integration analyses of

structural response. To establish the time-dependent viscous damping model, frequency-dependent damping ratios of the structure under a

series of steady-state unit impulses corresponding to actual loads are ®rst calculated. For simplicity, the ratios can be incorporated with the

static stiffness of the structure to model approximately the impulse induced damping spectrum. According to the nature of the problem, these

ratios can be calculated from the theoretical impedance functions and experimental observations. With the computed damping spectrum, the

damping coef®cient in the time domain can be obtained with the Fourier transform technique. Adopting the impulse±response method, the

damping can be modeled rationally through integration with changing loads. Numerical examples are presented to show the feasibility of this

model while the transform criterion is satis®ed. q 2000 Elsevier Science Ltd. All rights reserved.

Keywords: Time-domain integration; Damping coef®cient; Fourier transform; Impulse±response method; Equivalent damping ratios; Impedance functions

1. Introduction

Damping, which dissipate energy, as the velocities of

motion and strain are varied, is important to dynamic

structural analyses. Discussions of the possible damping

models can be found in the literature: Refs. [1±4]. Presum-

ing that the structures are excited at small strain levels, two

types of damping, i.e. viscous and hysteretic, are commonly

discussed. These models can be related by the critical damp-

ing ratios (fraction of critical damping), j , and the damping

ratios (energy ratio), D, of the structure at different vibration

modes, which yields:

j � Dv0=v �1�
where v is the excitation frequency of the structure (in rps),

v 0 is the fundamental frequency of the structure (in rps).

Moreover, the equivalent viscous coef®cient, Ceq, for a

hysteretic structural system with damping ratio D can be

expressed as:

Ceq � 2DK=v �2�
where K is the structural stiffness. For certain analyses, the

frequency dependence of the structural stiffness and the

damping ratio are sometimes ignored to simplify the solu-

tion. In design practice, the damping coef®cient can be

modeled using Rayleigh damping and its alternatives.

Considering the orthogonality of the modal shapes and the

associated damping ratios, the mass M and the stiffness K of

the structure can be used to model the viscous coef®cient C

as that de®ned in Rayleigh damping:

C � aM 1 bK �3�
where a � jv and b � j=v:. For easy applications, it is

often assumed that the critical damping ratios j and the

damping ratios D are the same for the frequencies of inter-

est. The resolved solutions would be acceptable if the

frequency effects were not signi®cant. This model can be

further considered in the time-domain analysis, presuming

that the fundamental frequency and a stationary damping

ratio can dominate the structural response. The ambiguity

of the damping ratio treatment and the pre-processed modal

analysis were shortcomings of this model. In the past few

decades, the frequency-domain damping mechanism has

been extensively investigated. A number of corresponding

mathematical models were reported. A summary of the

available damping models can be found in Ref. [5]. More

recently, Makris and Constantinous [6] suggested a viscous

Soil Dynamics and Earthquake Engineering 19 (2000) 551±558

0267-7261/00/$ - see front matter q 2000 Elsevier Science Ltd. All rights reserved.

PII: S0267-7261(00)00072-5

www.elsevier.com/locate/soildyn

* Corresponding author. Tel./fax: 1886-2-2623-4224.

E-mail address: dwchang@mail.tku.edu.tw (D.-W. Chang).



damper following fractional calculus. This model can apply

the frequency-dependent damping coef®cient directly to the

time-domain analysis. In order to control better the damp-

ing for time integration analyses, a number of studies

[7±9] have proposed numerous time-dependent damping

models to both speci®c and generalized engineering

problems. These solutions are rather complicated in

mathematics and have not been widely used in relevant

analyses. To use the integration technique for the mechan-

ical analyses, an alternative time-dependent damping

model is proposed by Chang and Yeh [10] in modeling

the pile response from direct wave equation analyses. In

their work, a complex function of the time-dependent

damping coef®cient was suggested and the amplitudes of

the functional were used in the analysis. For better physi-

cal interpretation of the model, the model is slightly

revised, and applications of the model to both geometric

and material dampings are discussed.

2. Theoretic procedures

For the equation of motion in time integration analysis,

the damping force Fd(t), at arbitrary time t, can be written as

follows:

Fd�t� � C�t� £ V�t� �4�
where C(t) and V(t) are the viscous damping coef®cient and

the velocity±time history at arbitrary time t. Considering

many small time steps, the viscous coef®cient C(t) at a

time stage can be assumed independent of V(t), and to be

affected mainly by the response history of the structure prior

to that time. Applying the Fourier transform technique, a

time-dependent viscous damping coef®cient C(t) can be

expressed as:

C�t� � 1

2p

Z1

2 1
C�v� eivt dv � 1

2p

Z1

2 1
c�v�f �v� eivt dv

�5�
where C(v ) is the frequency-domain damping spectrum,

c(v ) is the transfer function of the damping at unity

steady-state excitations, and f(v ) is the loading spectrum

associated with F(t). Note that convolutions are required

to obtain C(v ). Eq. (5) would be very dif®cult to solve if

the loads last for a certain duration.

To simplify the above computations, the impulse±

response method, in which the actual load±time history

can be regarded as a continuous series of small impulses,

is alternatively considered. The function C(t) at arbitrary

time t can then be expressed by:

C�t� �
Zt

2 1
c�t 2 t�F�t� dt �6�

where t is the applied time of the small impulses, F(t) is the

load applied at that time, and c�t 2 t� is the decomposed

damping at time t to a unit impulse applied at t . For t . t,

where the impulse does not exist, the upper limit of the

integral can extend to in®nity. This equation implies that

the damping coef®cient C(t) can be obtained by integrating

the decomposed damping function c(t) to a set of unit

impulses of the load±time history that is reproducible in

the integration analysis. The decomposed damping function

c(t) due to the unit impulses can be computed from c(v )

using the Fourier transform. To reveal the mathematics, the

integral of F(t) with respect to the time between �21;1�
is ®rst present as a de®nite integral of the unit impulse

function d (t) and a constant parameter I.

Z1

2 1
F�t� dt � I

Z1

2 1
d�t� dt � I £ 1 �7�
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Fig. 1. Equivalent damping ratios of vertical soil impedance along pile shaft

for single pile.



The unit impulses d (t) and their in¯uences are constantly

incorporated at various time steps of the analysis. Now

recall that the result of the Fourier transform of d (t) is:

h�v� �
Z1

2 1
d�t� e2ivt dt � 1: �8�

One may know that the unity-loads h(v ) are admissible in

reproducing c(v ). Hence, the corresponding time-domain

damping c(t) can be calculated from the inverse Fourier

transform on the convolutions of c(v ) and h(v ). Conse-

quently, the expression can be written as:

c�t� � 1

2p

Z1

2 1
c�v�h�v� eivt dv � 1

2p

Z1

2 1
c�v� eivt dv: �9�

Using the integration procedures presented in Eq. (6), one

can solve for c(t) easily at arbitrary time. Notice that this model

is applicable to both material and geometric damping as long

as c(v) is suitable to the transform. This model can provide

engineers with a physically time-dependent damping coef®-

cient encountering the dynamic nature of the structure. It is

also important to know that the velocity±time history is not

required in deriving the coef®cient; yet it can be used to sub-

stitute for the load time history F(t) in Eq. (6) to attain the time

history of the damping force, in stead of C(t). In that case, one

may use the same derivations to establish c(t) while a series of

unit impulse d(t) and corresponding unity spectrum h(v) are

both present for the associated velocity in¯uence. Certainly, to

solve for the transfer damping function c(v) of a linearly

viscoelastic structural system, the equivalent damping ratios

D need to be obtained ®rst.
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Fig. 2. Equivalent damping ratios of vertical soil impedance at pile tip for

single pile.

Fig. 3. Equivalent damping ratios of horizontal soil impedance along pile

shaft for single pile.



3. Calculations for damping

3.1. Example of theoretical impedance functions

To establish the function c(v), equivalent damping ratios

calculated from the dynamic impedance functions Kp of a

structure under unity steady-state loads are shown next. Recall

that the equivalent damping ratios of the energy dissipation of

a structural system can be computed as follows:

Kp � Kreal 1 iKimag � K�v�1 ivC�v� ; K�v� �1 1 2iD� �10�

D ; vC�v�=2K�v� �11�
where K(v) and C(v) are the stiffness and the damping of the

structural impedance function, respectively. For simplicity,

one may use the equivalent damping ratio and the `static'

structural stiffness K to reconstitute the dynamic impedance

of the system. By assuming that the structure is excited under

many unity steady-state loads h(v), the transfer damping func-

tion c(v), as appearing in Eq. (9), is as same as the function Ceq

shown in Eq. (2). One can apply the available impedance

functions to obtain these damping ratios. For example, the

dynamic impedance functions, representing the soil resistance

around a single pile under the steady-state excitations, have

been used to model the associated damping ratios [10]. In that

case, the available functions suggested by Novak [11] are:

vertical soil impedance along pile shaft

K�v�1 ivC�v� � G�Sw1�a0�1 iSw2�a0��; �12�

vertical soil impedance at pile tip

K�v�1 ivC�v� � Gr�Cw1�a0�1 iCw2�a0�� �13�
horizontal soil impedance along pile shaft

K�v�1 ivC�v� � G�Sx1�a0�1 iSx2�a0��; �14�
where Sw1, Sw2, Cw1, Cw2, Sx1 and Sx2 are the transcendental

functions of the non-dimensional frequency a0 �a0 � rv=Vs;

where r is the pile radius and Vs is the shear wave velocity of

the soils). According to Novak [11], these functions can be

simpli®ed for soils with various Poisson's ratios, and a0

between 0 and 1.5.

Based on Eq. (11), the damping ratios of these impedance

functions can be computed respectively. For piles having a

radius of 0.3±0.8 m and located in soils with shear wave velo-

cities of 90±250 m/s, the corresponding values of r/Vs are

about 0.001±0.008 s. The damping ratios D at different r/Vs

values against circular frequencies are plotted in Figs. 1±3. To

conduct the transform, the values of D(v)/v associated with

the averaged r/Vs values (� 0.0045 s) can be ®tted by regres-

sion analysis. For the ratios in the frequency ranges of interest,

a simpli®ed relationship found is:

D�v�=v � av2b �15�
Parameters a and b are obtainable from the curve-®tting

procedure. Substituting Eq. (15) into Eq. (2) with the static

soil stiffness K, one can attain c(v ). To obtain a real func-

tion at time-domain, the damping spectrum is presumed

symmetric to the ordinate. Hence the following equation
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Fig. 4. Ratios between decomposed damping coef®cient and soil stiffness against time for single pile.



is different from the complex equation present in Ref. [10].

One can use the computer package `Mathematica' [12] to

derive the closed form solution.

c�t� � 1

2p

Z1

2 1
c�v�h�v� eivt dv

� 1

2p

Z1

2 1
2Kav2b eivt dv

� 2aKt�b21�G�1 2 b� sin�0:5pb�
p

� AKt 2B �16�

In the above equation, A and B are the damping model

parameters. FunctionG(z) denotes the Euler-Gamma function

with variable z, and is equal to
R1

0 t z21 e2t dt; for positive

integers n, G�n� � �n 2 1�! Eq. (16) is newly suggested for

physical damping and parameters A obtained for the cases of

r=Vs � 0:0045 s are slightly different from those present in

Ref. [10]. They were also comparable to the data points

obtained from the FFT module four2 suggested by Roesset

and Kaussel [13]. The values of c(t) over K against time,

applicable to the vertically- and laterally-loaded pile analyses,

are plotted in Fig. 4. The decomposed damping function c(t)

will decay as the time continues. This phenomenon indicates

that soil damping can work effectively in the early periods of

the response history. If a simple mathematical function of the

modeled damping ratios is not available, one can use the

module to compute the discrete data. Recently, Chang and

Ou Yang, and Chang and Lin [14,15] have applied this

model, with different soil stiffness, to wave equation analysis

considering the pile interaction effects. Fig. 5 shows the

discrete data of the transformed dampings for the center

piles that are affected by the pile interactions in the 3 £ 3

and 4 £ 4 square-shaped pile groups, where r=Vs � 0:0045 s;

s=d � 3 (s, pile-to-pile spacing; d, pile diameter) and soil

damping ratio� 5%. It is interesting to know that the soil
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Fig. 6. Ratios between decomposed damping coef®cient and soil stiffness against time for pile shaft interior pile in group-pile foundation.

Fig. 5. Damping ratios vs frequency of Ottawa sand (from Ref. [19]).



dampings are approximately less than 0.5% of the soil stiffness

(units Ð s) for the speci®c interactive piles.

3.2. Example from experimental observations

Damping coef®cients obtained from material testing

are discussed next. For soils at different conditions,

Czakowski and Vinson [16], Isenhower and Stokoe [17],

Sousa and Monismith [18], Lin et al. [19] and Bray et al.

[20] have shown that the material damping ratios could

depend on the frequency or the rate of the strain. More-

over, the possible frequency in¯uences on the damping

ratios are indeed different in various soils. According to

the data from a series of cyclic-torsional-shear tests on

Ottawa sand conducted by Lin et al. (Fig. 6), the internal

damping of the soil at various strain levels were increased

linearly between 2.5 and 8% with respect to the frequen-

cies from 0.1 to 20 Hz. A modeling example is now

conducted for these damping ratios with Eq. (15).

Symmetry of the damping function is assumed to obtain

the transformed solution. It is important to point out that

the parameter b should be kept less than one in this case

to obtain a rational damping coef®cient. The functional of

the resulted transformed coef®cient will be less than

zero as time increases for b $ 1; which does not satisfy

the physical nature of the vibrations. Fig. 7 illustrates

the corresponding data and the available transform

results.

In order to show the ef®ciency of the proposed model,

structural response of an SDOF system, obtained from

modeling with the calculated damping parameters, are

compared with those obtained from the Rayleigh damping

model. Parameters a and b in the Rayleigh damping

model are computed as those occurring at resonance.

Two and 5% material damping ratios are respectively

considered for the simulations. The motion histories of

the SDOF system, with dimensionless mass of one and

dimensionless stiffness of 10, subjected to three different

loads (as shown in Fig. 8) are examined. Notice that the

time to reach the ultimate load in the monotonic loading

case, and the duration of the impulse as well as the period

of the 5-cycle harmonic loads, were termed Td, and were

set as 1, 1.98 and 5 s in the analyses. The comparative

results for the response of the SDOF structure with a

natural period, Tn, of 1.98 s are shown in Figs. 9±11.

The results of this modeling were found compatible

with those calculated from the Rayleigh damping. The

differences of these two solutions are mainly caused by

the estimated damping magnitude. For rapidly monotonic

loading (whose structure's natural period is greater than

Td), the oscillations of the structure are pronounced. The
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Fig. 7. Calculated material damping based on the data from Ref. [19].

Fig. 8. Loading functions considered in numerical examples.



transformed damping tends to reduce the response. When

Tn � Td; both solutions will get insigni®cant oscillations

of the structural response under monotonic load; the

Rayleigh solution provides much larger resonant displace-

ment under the steady-state load. On the other hand,

the suggested damping will reduce the free motions at

the impulse. In the cases where the natural period of the

structure is less than Td, the oscillation of the displace-

ment becomes much smaller, which yields more accepta-

ble solutions. The free-motions of the structure reveal

again the damping in¯uences of the solutions. The higher

damping suggested could reduce the response, in which

the oscillations will decrease and decay faster than those

predicted by Rayleigh damping. The proposed higher

damping is mainly because the higher damping ratios

(.5%) are encountered at relatively high frequencies

(see Fig. 6), and they will certainly in¯uence the trans-

formed damping. On the other hand, the simpli®ed

Rayleigh damping adopts constant damping ratios (2 and

5%) for the whole frequency range of structural response.

It is obvious that the proposed model would capture

closely the importance of the frequency effects on damp-

ing for the time-domain structural analysis.

4. Summary

A time-dependent damping model is introduced in this

paper. Fourier transforms and the impulse±response

method are considered in establishing the model. To

compute the equivalent damping ratios for the excitations,

frequency-dependent damping ratios, modeled from the

structural impedance functions or from experimental

observations of the materials, are ®rst obtained. These

ratios are then incorporated with structural stiffness and

the operational frequencies to calculate the transfer damp-

ing function. For simplicity, a Power function is suggested

to ®t the modeled ratios of the damping and the frequen-

cies. By assuming symmetry of this function, a Power

function, dependent on the structural stiffness and decay-

ing with time, is again obtainable. As was noted, the

resolved functional will remain positive as long as the

order of the power spectrum is greater than 21.0. Proce-

dures to obtain the model parameters are further discussed

for the radiation damping of a single pile with the struc-

tural impedance functions and the material damping of

Ottawa sand from cyclic torsional tests. By comparing

the model solutions with those from Rayleigh damping
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for the response of a SDOF structure, this model is found

amenable to time integration analysis, providing that the

transform mathematics is fully satis®ed.
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