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Abstract

The nonlinear pull-in behaviors of various electrostatic micro-actuators were simulated. The

differential quadrature method (DQM) was applied to overcome the difficulty in solving the nonlinear

equation of motion. Various types of micro-actuators, such as the cantilever beam actuator and the

fixed-fixed beam actuator were derived and simulated to examine the feasibility of applying the DQM

to the nonlinear deflection in solving the micro-actuator problem. The calculated results agreed very

closely with those in the literature. This study presents a nonlinear deflection analysis of electrostatic

curved electrode actuators using the DQM. The characteristics of various combinations of shaped

cantilevers and curved electrodes are also considered to optimize the design. The determination of the

static deflections of the uniform actuator and the non-uniform actuator using the DQM is efficient. The

deflections of non-uniform actuators with various voltages are obtained. Numerical results are

compared with experimental results to derive the efficient and systematic procedure for solving

nonlinear differential equations.
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1. Introduction

As the use of fast computers and the range of avail-

able numerical methods, including the Rayleigh-Ritz

method, the Galerkin method, the finite element

method and the boundary element method, the solutions

to numerous complex beam-shape problems have been

efficiently obtained. However, an alternative technique

with improved computational efficiency and numerical

accuracy is sought. Bellman et al. introduced the differ-

ential quadrature method (DQM) [1,2]. The DQM has

been widely used to solve a variety of problems in dif-

ferent fields of science and engineering. The DQM has

been shown to be a powerful candidate for in solving

initial and boundary value problems and has thus be-

come an alternative to other methods. DQM is applied

extensively in structural mechanics. Bert et al. [3�8] an-

alyzed the static and free vibration of beams and rectan-

gular plates using the DQM. Jang et al. [9] proposed the

� method. The boundary points are selected at a small

distance from each other. The � technique can be ap-

plied to the double boundary conditions of plate and

beam problems. The � must not be enlarged to increase

the accuracy of the solution. The solutions oscillate

when the � is too small. Wang and Bert [10] consider

the boundary conditions in evaluating the weighting co-

efficients. Malik and Bert [11] solved the free vibration

of the plates and demonstrated that the boundary condi-

tions can be incorporated into the weighting coeffi-

cients. In this formulation, the multiple boundary con-

ditions are directly applied to the weighting coefficients

so, unlike by the �-interval method, no nearby point

needs to be selected. Restated, the accuracy of the cal-

culated results is independent of the value of the �-inter-

val. The weighting coefficients can be obtained by mul-

tiplying of the inverse matrix. Quan and Chang [12,13]

derived the weighting coefficients in more explicitly.

The explicit formulae can be applied conveniently.
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Sherbourne and Pandey [14] analyzed buckling behav-

ior using the DQM. Feng and Bert [15] analyzed vibra-

tion problem of a geometrically nonlinear beam using

the DQM. Du et al. [16] analyzed structural problems

using the DQM. Wang et al. [17] analyzed vibration

problem of circular annular plates with non-uniform

thickness using the DQM. Liew et al. [18] analyzed

mindlin plates on winkler foundations problem using

the DQM. Liew et al. [19] analyzed thick symmetric

cross-ply laminates with first-order shear flexibility

problem using the DQM. Du et al. [20] analyzed buck-

ling problem using the DQM. Kang et al. [21] analyzed

static problem of a curved shaft subjected to end torques

using the DQM. Mirfakhraei and Redekop [22] ana-

lyzed buckling problem of circular cylindrical shells us-

ing the DQM. Tomasiello [23] analyzed initial-

boundary-value problems using the DQM. Moradi and

Taheri [24] presented buckling analysis of general lam-

inated composite beams using the DQM. Hsu [25] ana-

lyzed the nonlinear dynamic behavior of an edge-

cracked beam on elastic foundation with axial using the

DQM. Han and Liew [26] analyzed axisymmetric free

vibration problem of thick annular plates using the

DQM. De Rosa and Franciosi [27] solved dynamic

problem of circular arches using the DQM. Sun and Zhu

[28] analyzed incompressible viscous flow problem us-

ing the DQM. Tanaka and Chen [29] analyzed transient

elastodynamic problems using the DQM. It is not appli-

cable to solve problem have discontinuity in geometry

using the DQM. Striz et al. [30] undertook static analy-

sis of structures using the differential quadrature ele-

ment method. It is applicable to solve problem have dis-

continuity in geometry using the differential quadrature

element method. Wang and Gu [31] analyzed static

problem of frame structures using the differential

quadrature element method. Gu and Wang [32] ana-

lyzed free vibration problem of circular plates with

stepped thickness over a concentric region using the

differential quadrature element method. Chen [33]

presented the warping torsion bar model using the dif-

ferential quadrature element method. Chen et al. [34]

analyzed high-accuracy plane stress and plate ele-

ments problem using the differential quadrature ele-

ment method.

The DQM has been demonstrated to be a strong can-

didate for solving initial and boundary value problems

and thus has become an alternative to the other methods.

The efficiency and the accuracy of Rayleigh-Ritz

method are depending on the number and accuracy of the

selected comparison functions. However, the DQM does

not raise such a difficulty, in terms of selecting the appro-

priated comparison functions.

Beam-type electrostatic actuators fabricated from

silicon have been widely applied in microelectromechanical

systems. Petersen [35] first described the nonlinear pull-in

behavior of an electrostatic micro-actuator. Osterberg et

al. [36] proposed different numerical models to analyze

electrostatically deformed diaphragms. The results re-

vealed that the electrostatic deformation calculated using

the one-dimensional model is close to that obtained using

a three-dimensional model. Various models, the lumped

parallel-plate spring model, the one-dimensional numer-

ical model and the finite element model that incorporates

a three-dimensional simulation were proposed to calcu-

late the pull-in behaviors of various fixed-fixed DMD

structures and pressure sensors [36]. Gilbert et al. [37]

analyzed the three dimensional coupled electro-

mechanics of MEMS using a CoSolve-EM simulation al-

gorithm. Elwenspoek et al. [38] studied the dynamic be-

havior of active joints for various electrostatic actuator

designs. Legtenberg et al. [39,40] proposed the use of a

curved electrode to improve the pull-in performance.

These studies applied the Rayleigh-Ritz method to calcu-

late the static deflections of various electrostatic actua-

tors. The cantilever beam model was presented to eluci-

date the characteristics of actuators with large displace-

ments. Hirai et al. [41�43] considered the deflection

characteristics of electrostatic actuators with shaped

modified electrodes and cantilevers. Wang [44] applied

feedback control to suppressing the vibration of an actua-

tor beam in an electrostatic actuator. Shi et al. [45] pre-

sented a combination of an exterior boundary element

method for electrostatics and a finite element method for

elasticity to evaluate the effect of coupling between the

electrostatic force and the elastic deformation. Osterberg

and Senturia [46] adopted the sharp instability phenom-

ena of electrostatic pull-in behaviors for cantilever beam

and fixed-fixed beam actuators to elicit the material char-

acteristics of MEMS. Gretillat et al. [47] employed the

three-dimensional MEMCAD and FEM programs to

simulate the dynamics of a nonlinear actuator, consider-

ing the effect of squeeze-film damping. Hung and
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Senturia [48] developed leveraged bending and

strain-stiffening methods to increase the limiting travel

distance before pull-in of electrostatic actuators. Chan et

al. [49] measured the pull-in voltage and capaci-

tance-voltage and performed 2-D simulations that in-

cluded the electrical effects of fringing fields and finite

beam thickness, to determine the material properties of

electrostatic micro-actuators. Electrostatic micro-

actuators can undergo large deformations at large ap-

plied voltages, so Li and Aluru [50] developed a

mixed-regime approach for combining linear and nonlin-

ear theories. Chyuan et al. [51�53] established the valid-

ity and accuracy of the dual boundary element method

and to study the effect of gap size variation for the levita-

tion of MEMS combdrive.

In this work, the DQM is employed to analyze the

nonlinear pull-in behaviors of different types mi-

cro-actuators with various load and electrode shapes.

This work studies the effect of the shape of the electrode

on the static deflection of an electrostatic actuator. The

change in the shape of an electrode of an electrostatic ac-

tuator is an effective method of varying the distribution

of electrostatic forces in the micro-electrostatic actuator.

Recently, numerous new actuator designs have been pro-

posed to reduce improving the pull-in weakness. The

DQM was employed to formulate the electrostatic field

problems in matrix form. The Chebyshev-Gauss-Lobatto

point distribution on each actuator is utilized. The integ-

rity and computational accuracy of the DQM in solving

this problem will be evaluated through a range of case

studies.

2. The Differential Quadrature Method

The core of the DQM is that the derivative of a func-

tion at a sample point can be approximated as a weighted

linear summation of the value of the function at all of the

sample points in the domain. Using this approximation,

the differential equation is reduced to a set of algebraic

equations. The number of equations depends on the se-

lected number of sample points. Like that of any polyno-

mial approach, the accuracy of the solution using this

method is improved by increasing the number of sample

points. Possible oscillations in the numerical results as-

sociated with higher-order polynomials can be avoided

by applying numerical interpolation methods.

For a function f(z), the DQM approximation to the

mth order derivative at the ith sampling point is given by

(1)

where f(zi) is the value of the function at the sample

point zi, and Dij
(m) are the weighting coefficients of the

mth-order differentiation attached to these functional

values.

Quan et al. [12,13] introduced a Lagrangian interpo-

lation polynomial to overcome the numerical ill-con-

ditions in determining the weighting coefficients Dij
(m):

(2)

where

Substituting Eq. (2) into Eq. (1) yields,

(3)

and

(4)

After the sample points have been selected, the coef-

ficients of the weighting matrix can be obtained from

Eqs. (3) and (4). The number of the test functions must

exceed the highest order of the derivative in the govern-

ing equations; that is N > m.

Higher-order derivatives of weighting coefficients

can also be obtained by matrix multiplication: [10,11]
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(5)

(6)

(7)

The most convenient approach solving a beam

structure problem is to uniformly space out the sample

points. The selection of sample points is important in the

accuracy of the solution of the DQM. Inaccurate results

were obtained using this uniform distribution. A

non-uniform sample point distribution, such as

Chebyshev-Gauss-Lobatto distribution [5,9], improves

the accuracy of the calculation. The unequally spaced,

Chebyshev-Gauss-Lobatto-distributioned sample points

on each beam in this computation satisfy

(8)

The Chebyshev-Gauss-Lobatto distribution of

points on each beam is employed. The integrity and com-

putational efficiency of the DQM in solving this problem

will be demonstrated using through a set of case studies.

As the availability of various numerical methods, such as

the finite difference method, the finite element method

and the boundary element method, the static and dy-

namic solutions for numerous complicated structures

have become obtainable. However, an alternative effi-

cient technique is still sought.

3. Static Deflections of the Electrostatic Actuators

Figure 1 depicts the geometry of a tapered electro-

static actuator; t0 specifies the thickness at the root of the

actuator and t1 represents the thickness at the tip. L is the

length of the actuator. P and q(z) are the loads. Load P

acts on the tip of the beam. Load q(z) acts on z = 0 ~ L in

the beam. The cantilever beam actuator is suspended on

the fixed electrode, indicated in Figure 1. An electro-

static force, which is generated by the difference between

voltage applied to the curved electrode and that applied

to the actuator, pulls the cantilever actuator toward to the

curved electrode. Different electrode shapes have been

presented to improve the distribution of electrostatic

forces and the deformation of the actuator.

Figure 2 depicts a single type of actuator for a

fixed-fixed beam suspended above a ground plane.

When the external voltage e is applied between the de-

formable beam and the fixed electrode, a posi-

tion-dependent electrostatic pressure is generated to pull

the deformable beam toward to the ground electrode.

This electrostatic pressure is approximately proportional

to the inverse of the square of the gap between them. This

approach depends on several approximations, including

the parallel-plate approximation. When the voltage ex-

ceeds the critical voltage, the fixed-fixed beam is sud-

denly pulled into the electrode. The dielectric layer can
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Figure 1. Schematic view of a curved electrode actuator.

Figure 2. Schematic view of an electrostatic fixed-fixed actu-
ator.



also prevent short-circuiting. The following analyses ne-

glect the electric fringing effects.

The long beam assumption can be applied to sim-

plify the strain energy of the bended actuator as

(9)

Considering the electrostatic force yields, the virtual

work �W done by the bent actuator:

(10)

where E is Young’s modulus of the actuator, e is the ap-

plied voltage, �0 is the dielectric constant of air (�0 =

8.85 � 10-12); b0 is the width of the actuator, and d is the

initial gap, as presented in Figure 1. The cross-sectional

area of the tapered actuator is , where

� is defined as the ratio . The moment of inertia of

the cross-sectional area of the actuator is

with . The shape function S(z) describes the

shape of the curved electrode, and is written as a poly-

nomial, . �max is the gap between the tip of the

curved electrode at z = L, and n is the polynomial order

of the electrode shape. The shape of the electrode varies

with n. Applying the principle of the total potential en-

ergy to Eqs. (9) and (10) yields,

�W - �U = 0 (11)

The static deflection �(z) of the actuator can be de-

scribed by the following nonlinear equation:

(12)

The corresponding boundary conditions of the

clamped-free actuator are,

(13)

(14)

(15)

(16)

The DQM is applied and Eq. (1) substituted into Eq.

(12). Applying the boundary conditions allows the de-

flection equation of the actuator to be discretized the

sample points as

(17)

The Chebyshev-Gauss- Lobatto sampling point dis-

tribution yields the following elements in the stiffness

matrices;

(18)

(19)

(20)

(21)

(22)

(23)
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(24)

(25)

(26)

(27)

4. Numerical Results and Discussion

The tip deflections at various applied voltage for vari-

ously shaped electrodes are compared in Figure 3 to eluci-

date the feasibility of using DQM to solve the fixed-free

beam type micro-actuator, and the accuracy of the

method. Simulated results are compared with experimen-

tal data and the results in the literature [40]. The flat actua-

tor is made of polysilicon. The material and the geometric

parameters of the actuator are, [40] E = 150.0 GPa, �max =

30.0 (m, b0 = 5.0 (m, t0 = 2.0 (m, d = 2.0 (m, L = 500.0

(m and � = 0.0. The shape of the electrode varied with n,

n = 0, 1 and 2. The results imply that the static tip deflec-

tions calculated from the proposed DQM are very consis-

tent with the experimental results published in the litera-

ture [40]. The effect of the shape of the electrode on the

deflection of the tip in a curved electrode system was in-

vestigated using the DQM model proposed above.

The tip deflections of actuators corresponding to dif-

ferent values of � are compared in Figure 4. The material

and the geometric parameters of the actuator are, E =

150.0 GPa, �max = 30.0 µm, b0 = 5.0 µm, t0 = 2.0 (m, d =

2.0 (m, L = 500.0 (m and n = 2.0. The effect of the actua-

tor taper angle on the static deflection was examined.

Numerical results reveal that the stiffness of the taper ac-

tuator is increased with the taper ratio � of the actuator.

Results are calculated using the DQM model. The tip de-

flections with different applied voltages and value of q(z)

are compared in Figure 5. The pull-in voltage increases
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with the load q(z). The accuracy of the calculated results

implies that the static model derived from the DQM can

be feasibly used to analyze the static deflection of the

electrostatic actuator system. Figure 6 compares the tip

deflections with different applied voltages and value of

P. The pull-in voltage increases with the load P.

Figure 7 shows the variations in the deflection along

the z direction in a fixed-fixed actuator with different ap-

plied voltage. The material and the geometric parameters

of the actuator are, E = 150.0 GPa, �max = 30.0 (m, b0 =

5.0 (m, t0 = 2.0 (m, d = 2.0 (m, L = 500.0 (m and S =

�max . Numerical results imply that the DQM is a feasible

and efficient method analyzing the nonlinear pull-in be-

havior of a fixed-fixed electrostatic micro-beam, which

type is used extensively in micro-actuators and mi-

cro-sensors. Numerical results in this example demon-

strate that the driving voltage significantly influences the

static behaviors of the actuator system.

5. Conclusions

DQM models for simulating the deflection and

pull-in voltage of micro-actuators of the fixed-fixed and

cantilever beam type are obtained. Numerical results im-

ply that the DQM models can efficiently yield accurate

results used to analyze the response of micro-actuator,

which are used extensively in microelectromechanical

systems. Numerical results indicate that DQM can effi-

ciently provide accurate estimates of pull-in voltage for

different types of electrostatic micro-actuators. The

DQM is highly suited to designing or analyzing an elec-

trostatic micro-actuator. More complicated models, such

as those in which the shaped cantilever beam has vari-

ously curved electrodes, are also evaluated herein. The

effects of the shape of electrode and the cantilever beam

on the pull-in behavior of the tapered cantilever actuator

in a micro-electrostatic-actuator system are investigated.

The measured static deflections and the static deflections

are extremely consistent with the static deflections deter-

mined using the DQM. The simplicity of this formula-

tion makes it a strong candidate for modeling more com-

plicated applications.
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