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CRACKS AT THE EDGE OF AN ELLIPTIC HOLE IN
OUT OF PLANE SHEAR

J. TWEED and G. MELROSE

Old Dominion University, Department of Mathematics & Statistics, Norfolk, VA 23529-0077,
US.A.

Abstract—In this paper integral transform techniques are used to find the mode III stress intensity
factors for cracks at the edge of an elliptic hole in an infinite elastic solid.

1. INTRODUCTION

WE PROPOSE to determine the stress intensity factors for one and two cracks at the edge of an elliptic
hole in an infinite elastic solid which is subject to out of plane shear. These problems were first
investigated by Yokobori et al[l, 2] who solved them by means of continuous dislocations. The
purpose of the present paper is to verify Yokobori’s solutions and to show that they can be obtained
elegantly via integral transforms.

In Cartesian coordinates (x, y) our ellipse is given by the equation
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In problem 1 there is an edge crack defined by the relations ¢ < x < b,y =0 while, in
problem 2, there are two edge cracks defined by ¢ <|x|<b,y =0. The cracks and the hole
are assumed to be traction free while the solid is subject to a uniform out of plane shear
load T as shown in Fig. 1. In the interest of brevity, solution details are provided only for the
case in which h <c¢. It should be noted, however, that the case h > c can be dealt with
similarly and yields precisely the same expressions for the stress intensity factors and other field
quantities.

To facilitate the use of integral transforms we introduce elliptic coordinates (&, n) which are
defined by

x=Rchécosn, y=Rshésing (1.2)

where ¢ >0, 0<#n <2n and R =(c?— h?'? so that our ellipse becomes the coordinate line
¢ =y =ch '(c/R), 0 < n < 2x. Since the presence of the cracks and the hole perturbs the uniform
field, our solution must take the form

" u,=%[shésinn+¢(é,n)] (1.3)

where ¢ (£, ) is a harmonic function. It follows at once that the only non-zero stresses are given
by

-

a¢:=%—chésinn +2—(§ (1.4)

and ) )
a,,:=£ _shécosn +%1 (1.5)

where ) )
K = (ch? ¢ —cos? n)'”? (1.6)
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Fig. 1. The variation of k;(b)/ Tﬁ with b/c for various values of 4/c.

2. STATEMENT AND SOLUTION OF PROBLEM 1

By symmetry problem 1 reduces to that of finding a harmonic function ¢ (&, n) in the strip

y < ¢ < 00,0 <n <= subject to the conditions

(1) ¢, n)-0 as -0
(2) ¢, m)=0 E>y
0¢ )
(3)§(v,rl)=—chysmn O<np<n
0,
4 6113;1 % & 0=0
i,
a—ﬁ(£,0)=—shé y<&<p

where  =ch~'(b/R)

On introducing new variables X =¢ —y, Y =9, B=f8 —y and ¢ (X, Y) = ¢(¢, n) we obtain

the equivalent problem

P.D.E. g;(ﬁ+g%—0 0<X<o0,0<Y<n
B.C. ) ¥, Y)-0 as X—-oo
@ yX,n)=0 X>0
oy

3) 5—,\7(0’ Y)=—chysinY

.0y
@) lim = (X, 0)=0

oy _
6—Y_'(X’ 0)= —sh(X +7v)

¥(X,00=0

as 0<Y<mn

0<X<B

B<X<w
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whose solution is clearly given by

shp(n —Y)

VX, Y)=37"c[p“ﬂ(p) ,p—»X]+chye‘xsin Y, Q2.D

sh pn

where &, is the Fourier cosine transform

2 w©
F Aflp)p-x]= \/; J; f(p)cos px dp,

provided Q(p) satisfies the dual integral equations
F(X)=F_.[Q(p)cothmp; p>X]=e"chX 0<X<B

GX)=F [p~'Qp); p—X]=0 B<X<w
Hm M =0. 2.2)
x-0+ d

Assuming a representation of the form

2 B
Qp) = \/7; J‘ p(t)sin pt dt (2.3)
0
we find that
1 [®shtp(t)de
F(X)_EL cht—chX 24
and
G(X)=H(B—X)Jﬂp(t)dt 2.5)
X

and hence that (2.3) satisfies the dual equations if p(¢) is given by the integral equation

1 (Bshep(r)dt ,
;J;m—e chX 0<X<B (2.6)
with subsidiary condition
p(0)=0. 2.7

A simple change of variable reduces (2.6) to the finite Hilbert Transform discussed by Tricomi[3],
from which we obtain

e’ cht—1 7
The stress intensity factor at the tip (b, 0) is defined by the limit
kiy(b)= — lim u[2(b — x)]‘/z% (x, 0). 2.9)
x—b— 6x
Therefore, if we let k,= T./b, it is readily seen that
kiyd) . [(2{chf —ché&}\"? 1
=1 —_— ) — —-7). 2.1
k. :g}_( oh p Sh51)(6 7) (2.10)

After a little algebra we find, in agreement with Yokobori, Ichikawa, Konosu and Takahashi[1],
that

ky(b) (c+h)(s+1) s2—1 1”2 o
ko 2 bs{(c + h)s*—c + h} :
where
bt -+ m)” o1

c+h



746 J. TWEED and G. MELROSE

3. STATEMENT AND SOLUTION OF PROBLEM 2

Since the configuration to be investigated in problem 2 is symmetric with respect to both the
x and y axes, we require to find a function ¢(&n) which is harmonic in the strip
y <& < 0,0<n <n/2 and satisfies the conditions

(1) $(E n)—0 as Eoo
@ ad’(c 2>=0 £ >y

0 n
() 66 (Va"])——Ch'ySIHVI O<p1<_2_
@ lim 6‘2’ &0)=0

ajﬁ(ﬁ 0)= —sh¢ y<E<p

$(E.0)=0. §<t<o

As in the previous case the change of variables X =2(& —y), Y =25, B=2(f —y) and
Y (X, Y)=¢(& n) produces the equivalent problem

P.D.E. 6;/12 2;"; 0 O0<X<w,0<Y<n
B.C. () Y, Y)-0 as X-w

@ X xm=0 X>0

3) %(O,Y)=—%chysin§ 0<Y<mn

@ lim ¥ x,0=0

al/I(XO) ;h(—§+y> 0<X<B

Y(X,0)=0. B<X <
It is readily seen that this problem has solution

chp(n—7)

Y(X, Y)= fc[P"'Q(P) oh pm

;p-»X:|+e‘msin§chy 3.D
provided Q(p) satisfies the dual equations
1 X
F(X) = Z.[Q(p)th pr; X] =—2-eych5 0<X<B

GX)=F . [p~'Qp); X]1=0 B<X<w

lim E =0. 3.2

x—o+r d

Again we assume a representation of the form

Q)= \/% Lap(t)sin pt dt 3.3)
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which yields

| (5 sh%chiz,
F(X)=—-j ——p(t)dst 3.4)
™ Jo sh’i—shzz
2 2
and
B
G(X)=H(B—X)f p(t)ds (3.5)

and hence requires that p(z) satisfy the singular integral equation

t
sh Ep(t)dt

B
lj‘ ————-=£e7, 0<X<B (3.6)
T Jo shzi—shzj—( 2
2 2
with subsidiary condition
p0)=0. 3.7

Once more a simple change of variables facilitates the use of the finite Hilbert Transform and leads
to the result

le’ sh ! chi
2 272
p@)= T (3.8)
h2 E h2 _t_ !
RT3
This time we find that
k() . (2chBp—ch{)\”? 1 3¢
k- m ( chp e &0 (39)
and hence, in agreement with Yokobori, Kamei and Konosu[2], that
ks(b) _ (s‘=1) 2
el G h)(st{(c TR —(c =)} (3.10)

where s is given by (2.12).

4. CONCLUSION

The results of Sections 2 and 3 are presented graphically in Fig. 1 which shows the variation
of ks (b)/ T\/Z with b/c for several values of & /c. In both the one and two crack cases we find that
if b — ¢ < c then ky(b) ~ 1./b — c where 7 = T(1 + c/h) = 6,,(c, 0) is the stress at the edge of the
elliptic hole in the absence of cracks. If b>c¢ we find, in the one crack case that
ky(b) ~ T /(b + ¢)/2 and, in the two crack base that k;(b) = T\/I;. Lastly if # =0 we find, as
expected, that k;(b) = T./(b + ¢)/2 in the one crack case and k;(b) = T'./b in the two crack case.
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