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Abstract In this paper, the degenerate kernel and superposition technique are employed to solve the screw
dislocation problems with circular holes or inclusions. The problem is decomposed into the screw dislocation
problem with several holes and the interior Laplace problems for several circular inclusions. Following the
success of the null-field integral equation approach, the typical boundary value problems can be solved easily.
The kernel functions and unknown boundary densities are expanded by using the degenerate kernel and
Fourier series, respectively. To the authors’ best knowledge, the angle-type fundamental solution is first derived
in terms of degenerate kernel in this paper. Finally, four examples are demonstrated to verify the validity of
the present approach.

1 Introduction

The subject of dislocation is essential for understanding various physical and mechanical properties of crys-
talline solids. Many researchers investigated dislocation problems in the past years. Smith [18] successfully
solved the problem of the interaction between a screw dislocation and a circular or elliptic inclusion contained
within an infinite body by using the complex-variable function and circle theorem. Besides, uniform anti-
plane remote shear was also considered at the same time. Dislocation problems have been solved by using the
complex variable method [1,3]. Dundurs [9] solved the screw dislocation with circular inclusion problem by
using the image technique. Later, Sendeckyj [17] employed the complex-variable function in conjunction with
the inverse point method to solve the problem of the screw dislocation near an arbitrary number of circular
inclusions. Honein et al. [13] extended the circle theorem to solve the problem of an elastic body containing an
elastic circular inclusion and subject to arbitrary loading. Sudak [19] and Jin and Fang [14] solved the problem
of the screw dislocation interacting with an imperfect interface by using the complex-variable technique. Such a
problem was also solved by using the image technique and Fourier transform by Fan and Wang [10]. Later, Fang
and Liu [11] extended the complex-variable function and Riemann-Schwarz’s symmetry principle to solve the
problem of the interaction of a screw dislocation with a circular nano-inhomogeneity incorporating interface
stress. Almost all the above problems were solved by using the complex-variable technique. Its extension to
three-dimensional cases may be limited. A more general approach is nontrivial for further investigation.

In this paper, we introduce the degenerate (or so-called separable) kernel for the angle-type fundamental
solution (θ ) instead of radial-basis one (ln r) to represent the screw dislocation solution. The terminology
of the degenerate kernel is not coined by the authors, but refers to [2,12,16]. The degenerate kernel is also
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Fig. 1 An infinite-plane problem with arbitrary number of circular inclusions subject to the screw dislocation

defined in the revised manuscript by K (x, s) = ∑∞
j=1 A j (s)B j (s). To our best knowledge, the degenerate

kernel for angle-type fundamental solution was not found in the literature. The proposed approach leads to real
(as opposed to complex) equations that are free of singular integrals even when collocated on the boundary of
a domain. A screw dislocation solution is decomposed into two parts. One is the screw dislocation problem
with several holes, and the other is the interior Laplace problems for several circular inclusions. The interior
problems can be solved by using the null-field integral approach [6]. After superimposing the two solutions,
the governing equation and boundary conditions can be satisfied automatically. The present approach offers a
few attractive features. First, the integrals in the boundary integral equation method (BIEM) are made simple
by avoiding the senses of Cauchy and Hadamard principal values. Second, the extension of this idea to a
three-dimensional problem may be straightforward. Besides, the proposed method can be seen as a kind of
meshless method since no boundary element discretization is required. Finally, several illustrative examples
are demonstrated to validate the present method.

2 Problem statements and mathematical formulation

The physical problem to be considered is shown in Fig. 1, where circular inclusions are imbedded in an infinite
plane. For the anti-plane problem, we only consider the anti-plane displacement w such that

u = v = 0, w = w(x, y), (1)

where u and v are the vanishing components of displacement. The governing equation for the anti-plane
displacement, w, in the anti-plane elasticity in the absence of body force is simplified to

∇2w(x, y) = 0, (x, y) ∈ D, (2)

where ∇2 is the two-dimensional Laplacian operator and D denotes the domain of the interest. Therefore, the
screw dislocation can be described as

lim
y→0

[w(x, −y) − w(x, y)] = b, x ≥ ξ, (3)

where b denotes the Burgers’ vector and ξ denotes the location of the screw dislocation. By taking free body
along the interface between the matrix and inclusions, the problem is decomposed into two systems. One is an
infinite plane with H randomly distributed circular holes subject to a screw dislocation as shown in Fig. 2a.
The other is H randomly distributed circular inclusions bounded by contours Bi (i = 1, 2, . . . , H) which
satisfies the Laplace equation as shown in Fig. 2b. For the problem in Fig. 2a, it can be superimposed by two
parts again. One is an infinite plane subject to a screw dislocation and the other is an infinite plane with H
randomly distributed circular holes, which satisfies the specified boundary conditions as shown in Fig. 2c and
d, respectively. The displacement arising from the screw dislocation on each boundary in Fig. 2c by using the
degenerate kernel is introduced in the next section. In order to solve the interior and exterior typical boundary
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Fig. 2 a An infinite matrix with circular holes subject to a screw dislocation; b An interior Laplace problems for each circular
inclusion; c An infinite matrix subject to a screw dislocation; d Exterior Laplace problems for the matrix

value problems (BVPs) in Fig. 2b and d, respectively, the null-field boundary integral formulation is reviewed
and elaborated on later. According to the continuity condition on the interface, we have

wM
i = w I

i , i = 1, 2, 3, . . . , H, (4)

μM
∂wM

i

∂n
= −μI

∂w I
i

∂n
, i = 1, 2, 3, . . . , H, (5)

where μI and μM denote the shear moduli for the inclusion and matrix, respectively.

2.1 Translating the screw dislocation with respect to the center of circular boundary
by using the degenerate kernel

In order to translate the screw dislocation with respect to the center of each circular boundary, the degenerate
kernel is used here. The kernel function in the polar coordinate is utilized to replace the Cartesian coordinate.
Therefore, the location of the screw dislocation and collocation points are expressed as (R, θ) and (ρ, φ),
respectively, in polar coordinates. The position vector of the screw dislocation point is zs = Reiθ . Similarly,
the collocation point can be expressed by zx = ρeiφ as shown in Fig. 3. In order to derive the degenerate
kernel of screw dislocation of Laplace equation, we have

ln(zx − zs) = ln(reiϕ) = ln r + iϕ. (6)
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Fig. 3 Sketch for a screw dislocation

For the exterior case (R < ρ), Eq. (6) can be expanded as follows:

ln(zx − zs) = ln(zx ) + ln

(

1 − zs

zx

)

= ln(ρeiφ) −
∞∑

m=1

1

m

(
zs

zx

)m

= ln ρ + iφ −
∞∑

m=1

1

m

(
Reiθ

ρeiφ

)m

= ln ρ + iφ −
∞∑

m=1

1

m

(
R

ρ

)m

[cos m(θ − φ) + i sin m(θ − φ)]. (7)

Thus, the degenerate (separable) form for the fundamental solution of the screw dislocation, ϕ(s, x), is
obtained

ϕ(s, x) = φ −
∞∑

m=1

1

m

(
R

ρ

)m

sin m(θ − φ), R < ρ. (8)

Similarly, we also obtain

ϕ(s, x) = θ + π +
∞∑

m=1

1

m

( ρ

R

)m
sin m(θ − φ), R > ρ. (9)

for the interior case (R > ρ). In Fig. 3, the principal angle for ϕ(s, x) is defined in the interval of 0 and 2π .
In order to match the physical meaning and mathematical requirement, we modify the range of interest to be
between −π and π . Thus, the fundamental solution of the screw dislocation is expressed by

ϕ(s, x) =

⎧
⎪⎪⎨

⎪⎪⎩

ϕ I (ρ, φ; R, θ) = θ +
∞∑

m=1

1

m

( ρ

R

)m
sin m(θ − φ), R > ρ,

ϕE (ρ, φ; R, θ) = φ − π −
∞∑

m=1

1

m

(
R

ρ

)m

sin m(θ − φ), R < ρ,

(10)

where the superscripts “I ” and “E” denote the interior and exterior cases, respectively. The interior case means
the collocation point in the blue region of Fig. 5 and the exterior case means the collocation point in the red
region of Fig. 5, where the source is on the circular boundary. It is noted that the denominator for the degen-
erate kernel in Eq. (10) involves the larger argument such that the ratio test can prove the series convergence.
According to the ratio test in the Calculus,

lim
m→∞

∣
∣
∣
∣
∣

1
m+1

(
ρ
R

)m+1
ei(m+1)(θ−φ)

1
m

(
ρ
R

)m
eim(θ−φ)

∣
∣
∣
∣
∣
= ρ

R
< 1, (11)
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Fig. 4 a A screw dislocation in the first quadrant without the constraint (R = 1.5, θ = π/4); b A screw dislocation in the
second quadrant without the constraint (R = 1.5, θ = 3π/4); c A screw dislocation in the third quadrant without the constraint
(R = 1.5, θ = 5π/4); d A screw dislocation in the forth quadrant without the constraint (R = 1.5, θ = 7π/4)

the series in Eq. (7) converges, since the large argument is in the denominator of the corresponding degener-
ate kernel. Besides, the displacement is obtained by integrating the kernel in companion with the boundary
density along the boundary. The convergence behavior can be improved after integration. In real calculation,
we have ρ → R+or ρ → R− instead of ρ = R to make z = 1. The contour plots for the screw dislocation
located at the four quadrants are shown in Fig. 4a–d, respectively. As shown in Fig. 4a–d, there are certain
areas bounded by the green line where the displacement falls outside the range between −π and π . It must
be interpreted by using the principal values. We subtract 2π when the value of the potential is greater than π
in order to ensure the value in the range. Similarly, we add 2π when the value is smaller than −π . It is found
that all the response of screw dislocation fall into the range of definition as shown in Fig. 5. To the authors’
best knowledge, the degenerate kernel for the angle-type fundamental solution was not found in the literature.
Then, the displacement on each circular boundary arisen from the screw dislocation in Fig. 2c can be obtained
easily by using the degenerate kernel.
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Fig. 5 A screw dislocation in the first quadrant under the constraint (R = 1.5, θ = π/4)

2.2 Review of the null-field integral equations for typical BVPs

Following the success of null-field integral equation for interior (Fig. 2b) and exterior (Fig. 2d) BVPs, a detailed
formulation is reviewed here.

2.2.1 Dual null-field integral formulation: the conventional version

Based on the dual boundary integral formulation [1] for the domain point, we have

2πw(x) =
∫

B

T (s, x)w(s)dB(s) −
∫

B

U (s, x)
∂w(s)

∂ns
dB(s), x ∈ D, (12)

2π
∂w(x)

∂nx
=
∫

B

M(s, x)w(s)dB(s) −
∫

B

L(s, x)
∂w(s)

∂ns
dB(s), x ∈ D, (13)

where s and x are the source and field points, respectively; B is the boundary, nx and ns denote the outward
normal vector at field point and source point, respectively; and the kernel function U (s, x) is the fundamental
solution, which satisfies

∇2U (s, x) = δ(x − s). (14)

The other kernel functions can be obtained as

T (s, x) = ∂U (s, x)

∂ns
, (15)

L(s, x) = ∂U (s, x)

∂nx
, (16)

M(s, x) = ∂2U (s, x)

∂ns∂nx
. (17)
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By moving the field point x to the boundary, the dual boundary integral equations for the boundary point can
be obtained as follows:

πw(x) = C.P.V .

∫

B

T (s, x)w(s)dB(s) − R.P.V .

∫

B

U (s, x)
∂w(s)

∂ns
dB(s), x ∈ B, (18)

π
∂w(x)

∂nx
= H.P.V .

∫

B

M(s, x)w(s)dB(s) − C.P.V .

∫

B

L(s, x)
∂w(s)

∂ns
dB(s), x ∈ B, (19)

where R.P.V . is the Riemann principal value, C.P.V . is the Cauchy principal value and H.P.V . is the
Hadamard (or called Mangler) principal value. By moving the field point to the complementary domain, the
dual null-field integral equations are shown below:

0 =
∫

B

T (s, x)w(s)dB(s) −
∫

B

U (s, x)
∂w(s)

∂ns
dB(s), x ∈ Dc, (20)

0 =
∫

B

M(s, x)w(s)dB(s) −
∫

B

L(s, x)
∂w(s)

∂ns
dB(s), x ∈ Dc, (21)

where Dc denotes the complementary domain.

2.2.2 Dual null-field integral formulation: the present version

By introducing the degenerate kernels, the collocation point can be located on the real boundary free of facing
singularity. Therefore, the representations of integral equations including the boundary point can be written as

2πw(x) =
∫

B

T E (s, x)w(s)dB(s) −
∫

B

U E (s, x)
∂w(s)

∂ns
dB(s), x ∈ D ∪ B, (22)

2π
∂w(x)

∂nx
=
∫

B

M E (s, x)w(s)dB(s) −
∫

B

L E (s, x)
∂w(s)

∂ns
dB(s), x ∈ D ∪ B, (23)

and

0 =
∫

B

T I (s, x)w(s)dB(s) −
∫

B

U I (s, x)
∂w(s)

∂ns
dB(s), x ∈ Dc ∪ B, (24)

0 =
∫

B

M I (s, x)w(s)dB(s) −
∫

B

L I (s, x)
∂w(s)

∂ns
dB(s), x ∈ Dc ∪ B, (25)

once the kernel is expressed in terms of an appropriate degenerate form (the superscripts of “E” and “I ”
denote exterior and interior cases, respectively). It is found that the collocation point is categorized to three
regions, domain (Eqs. (12)–(13)), boundary (Eqs. (18)–(19)) and complementary domain (Eqs. (20)–(21)) in
the conventional formulation. After using the degenerate kernel for the null-field BIEM, Eqs. (22)–(23) and
Eqs. (24)–(25) can include the boundary point. In the real implementation, we obtain the linear algebraic
equation by using the limiting process of x → B+ or B− in companion with the corresponding degenerate
kernel. For the boundary densities in Fig. 2c, we introduce the degenerate kernel to describe the potentials.
More details are shown in the next section.

2.3 Expansions of fundamental solutions and boundary densities

To fully employ the property of circular geometry, the mathematical tools, degenerate kernel (so-called
separable kernel) and Fourier series, are utilized for an analytical study.
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2.3.1 Degenerate (separable) kernel

Based on the separable property, the kernel function U (s, x) can be expanded into degenerate form by separating
the source point and field point in the polar coordinate

U (s, x) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

U I (R, θ; ρ, φ) = ln R −
∞∑

m=1

1

m

( ρ

R

)m
cos m(θ − φ), R ≥ ρ,

U E (R, θ; ρ, φ) = ln ρ −
∞∑

m=1

1

m

(
R

ρ

)m

cos m(θ − φ), R < ρ,

(26)

where the superscripts “I ” and “E” denote the interior (R ≥ ρ) and exterior (R < ρ) cases, respectively. In
order to ensure the log singularity and the series convergence, the leading term and the denominator in the
above expansion are dominated by the larger argument. After taking the derivative operators in Eqs. (15)–(17),
the T (s, x), L(s, x) and M(s, x) kernels can be easily derived and the detailed representation can be found in
[4]. It is noted that the null-field point in Eq. (24) or the domain point in Eq. (22) can be exactly located on
the real boundary when the appropriate degenerate kernels are employed. Our formulation for Eqs. (22)–(25)
can be used for the point x on the real boundary free of singular integrals, while the conventional BEM needs
to deal with singularities since a closed-form kernel is used. For a rigorous definition, the degenerate kernel is
a finite-rank expansion of the closed-form fundamental solution.

2.3.2 Fourier series expansion for boundary density

The unknown boundary densities are represented by using the Fourier series as shown below:

w(sk) = ak
0 +

∞∑

n=1

(ak
n cos nθk + bk

n sin nθk), sk ∈ Bk, k = 1, 2, . . . , H, (27)

∂w(sk)

∂ns
= pk

0 +
∞∑

n=1

(pk
n cos nθk + qk

n sin nθk), sk ∈ Bk, k = 1, 2, . . . , H, (28)

where ak
n, bk

n, pk
n and qk

n (n = 1, 2, . . .) are the Fourier coefficients, θk is the polar angle measured related to
the x-direction and H is the number of circular boundary. In the real computation, the finite number of terms
M for boundary density is adopted.

2.4 Adaptive observer system

To analytically determine the boundary contour integrations of a problem containing multiple circular bound-
aries, the degenerate kernel for translating the solution of a screw dislocation may be required. In order to fully
employ the property of degenerate kernels for circular boundaries, an adaptive observer system is addressed as
shown in Fig. 6. Figure 6 shows the boundary contour integration for the circular boundaries. For the boundary
integrals, the origin of the observer system can be adaptively located on the center of the corresponding circular
boundary under integration. The dummy variable in the circular boundary integration is the angle, θ , instead
of the radial coordinate R. By using the adaptive observer system, all the integrals can be easily calculated for
multiple holes.

2.5 Linear algebraic equation

In order to calculate the Fourier coefficients, N (N = 2M + 1) boundary nodes for each circular boundary are
located uniformly on each circular boundary. From Eqs. (22) and (23), we have

0 =
H∑

i=1

∫

Bi

T (s, x)w(s)dB(s) −
H∑

i=1

∫

Bi

U (s, x)
∂w(s)

∂ns
dB(s), x ∈ Dc ∪ B, (29)

0 =
H∑

i=1

∫

Bi

M(s, x)w(s)dB(s) −
H∑

i=1

∫

Bi

L(s, x)
∂w(s)

∂ns
dB(s), x ∈ Dc ∪ B. (30)
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Fig. 6 Sketch of the null-field integral equation in conjunction with the adaptive observer system

It is noted that the integration path is clockwise. For the integral of the circular boundary Bi , the kernels
(U (s, x), T (s, x), L(s, x) and M(s, x)) are expressed by using the degenerate kernel and setting the origin at

the center of Bi . The boundary densities
(
w(s) and ∂w(s)

∂ns

)
are substituted by using the degenerate kernel and

Fourier series. From Eq. (29), a linear algebraic system yields

[U]

{
∂w
∂n

}

= [T] {w} , (31)

where [U] and [T] are the influence matrices with a dimension of H × (2M + 1) by H × (2M + 1), {w} and{
∂w
∂n

}
denote the column vectors of Fourier coefficients with a dimension of H × (2M + 1) by 1 for w and ∂w

∂n ,
respectively. All the unknown coefficients can be solved from the linear algebraic equation in Eq. (31). Then,
the unknown boundary data can be determined, and the potential is obtained by substituting the boundary
data into Eq. (22). Based on the null-field integral equation approach, successful applications to Laplace [4],
Helmholtz [8], biharmonic [7] and biHelmholtz [15] problems were presented.

2.6 Matching of interface conditions and solution procedures

After decomposing the inclusion problems, we employ the null-field integral equation approach to handle the
exterior BVP in Fig. 2b and multiple inclusions problem as shown in Fig. 2d. In our approach, the null-field
points are exactly collocated on the real boundary and the linear algebraic system is obtained easily. For the
exterior problem in Fig. 2d, the null-field integral equation yields

[UM ]
{

∂wM

∂n
− ∂wsd

∂n

}

= [TM ]
{

wM − wsd
}

, (32)

where the superscripts “M” and “sd” denote the matrix and screw dislocation, respectively. For more detail
on the null-field integral equation, readers can consult with [4]. For the interior problem of each inclusion in
Fig. 2b, we have

[UI ]
{

∂wI

∂n

}

= [TI ]
{

wI
}

, (33)

where the superscript “I ” denotes the inclusion. [UM ], [TM ], [UI ] and [TI ] are the influence matrices and are

obtained from the degenerate kernels. The boundary data of
{

∂wM

∂n

}
,
{

∂wI

∂n

}
,
{
wM

}
and

{
wI
}

are the vectors

of Fourier coefficients. According to the continuity of displacement and the equilibrium of traction along the
ideal interface, we have the constraints

{
wM

}
=
{

wI
}

, on B, (34)

[µM ]
{

∂wM

∂n

}

= −[µI ]
{

∂wI

∂n

}

, on B, (35)
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where [µI ] and [µM ] are shown as follows:

[µI ] =

⎡

⎢
⎢
⎣

μI 0 . . . 0
0 μI . . . 0
...

...
. . .

...
0 0 . . . μI

⎤

⎥
⎥
⎦ , [µM ] =

⎡

⎢
⎢
⎣

μM 0 . . . 0
0 μM . . . 0
...

...
. . .

...
0 0 . . . μM

⎤

⎥
⎥
⎦ , (36)

in which μI and μM denote the shear modulus of the matrix and the inclusion, respectively. By assembling
matrices in Eqs. (32)–(35), a global algebraic system can be obtained as follows:

⎡

⎢
⎣

T M −U M 0 0
0 0 T I −U I

I 0 −I 0
0 μM 0 μI

⎤

⎥
⎦

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

wM

∂wM

∂n

w I

∂w I

∂n

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

=

⎧
⎪⎨

⎪⎩

c
0
0
0

⎫
⎪⎬

⎪⎭
, (37)

where the matrix [I ] is an identity matrix and {c} is the forcing term due to the screw dislocation, which is
represented as

{c} = [T M ]
{
wsd

}
− [U M ]

{
∂wsd

∂n

}

. (38)

By translating the screw dislocation to the origin of the circular hole, the boundary distribution of wsd and
∂wsd

∂n due to the screw dislocation are expressed as

wsd =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

θ +
∞∑

m=1

1

m

(ai

R

)m
sin m(θ − φ), ai < R,

φ − π −
∞∑

m=1

1

m

(
R

ai

)m

sin m(θ − φ), ai > R,

(39)

∂wsd

∂n
=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∞∑

m=1

am−1
i

Rm
sin m(θ − φ), ai < R,

∞∑

m=1

Rm

am+1
i

sin m(θ − φ), ai > R,

(40)

where R and θ denote the distance and polar angle, respectively, between the screw dislocation and the origin
as shown in Fig. 3 and ai denotes the radius of the i-th circle. The flowchart of the present approach is shown
in Fig. 7.

3 Illustrative examples and discussions

Case 1 An infinite plane with a rigid inclusion subject to the Dirichlet boundary condition (an analytical
solution)

Figure 8a shows the geometry of a rigid inclusion in an infinite plane with the screw dislocation subject to
the Dirichlet boundary condition of w = 0. The screw dislocation is located at (x, y) = (1.75, 0). The center
of the rigid inclusion is set at (0, 0) and the radius a is 1.5 m. An analytical solution was derived by Smith
[18] as shown below:

F(z) = μE b

2π i
ln(z − z0) + μE b

2π i
ln

(
a2

z
− z̄0

)

,

(41)
w(x, y) = 1

μE
Re[F(z)],
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Fig. 7 Flowchart of the present method

where F(z) and μE denote the complex-variable function and shear modulus, respectively, z̄0 denotes the
conjugate of the position vector of the screw dislocation, b denotes the Burgers’ vector, and Re[·] denotes the
real part. By using the present formulation, the analytical solution is obtained as shown below:

w(ρ, φ) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(

1 − ln ρ

ln a

)
bθ

2π
+

∞∑

m=1

b

2πm

[
( ρ

R

)m −
(

a2

ρR

)m
]

sin m(θ − φ), R ≥ ρ,

bφ

2π
− b

2
− ln ρ

ln a

bθ

2π
−

∞∑

m=1

b

2πm

[(
R

ρ

)m

+
(

a2

ρR

)m
]

sin m(θ − φ), R < ρ,

(42)

Figure 8b and c shows the potential distribution by using the Smith method [18] and the present method, respec-
tively. It is found that the result of the present approach compares well with those of using the Simth’s method.
Based on the degenerate kernel, it is easier to find the image location of (a2/R) with the negative strength.
A similar work can be found for the image location of source case [5].

Case 2 An infinite plane with a hole subject to the Neumann boundary condition (an analytical solution).

Figure 9a shows the geometry of a single hole in the infinite plane with the screw dislocation. The screw
dislocation is located at (x, y) = (1.75, 0). The center of the hole is set at (0, 0), and the radius a is 1.5 m.
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Fig. 8 a An infinite plane with a circular rigid inclusion (Dirichlet boundary condition) subject to the screw dislocation; b Potential
contour by using the Smith method [15]; c Potential contour by using the present method (M = 50)

The analytical solution proposed by Smith is found in [18] as

F(z) = μE b

2π i
ln(z − z0) − μE b

2π i
ln

(
a2

z
− z̄0

)

,

(43)
w(x, y) = 1

μE
Re[F(z)],
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Fig. 9 a An infinite plane with a circular hole (Neumann boundary condition) subject to the screw dislocation; b Potential contour
by using the Smith method [15]; c Potential contour by using the present method (M = 50); d Stress distribution along the circular
hole
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Fig. 10 a A circular inclusion embedded in the matrix subject to the screw dislocation; b Potential contour by using the Smith
method (1968); c Potential contour by using the present method (M = 50)

By using the present formulation, the analytical solution is derived as shown below:

w(ρ, φ) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

bθ

2π
+

∞∑

m=1

b

2πm

[
( ρ

R

)m +
(

a2

ρR

)m
]

sin m(θ − φ), R ≥ ρ,

bφ

2π
− b

π
−

∞∑

m=1

b

2πm

[(
R

ρ

)m

−
(

a2

ρR

)m
]

sin m(θ − φ), R < ρ,

(44)

Figure 9b and c shows the potential distribution by using the Smith method [18] and the present method,
respectively. Good agreement is seen. By expanding the Smith’s solution through the degenerate kernel,
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Fig. 11 a Parseval’s sum for wM with a = 1.5 and (x, y) = (1.75, 0); b Parseval’s sum for ∂wM

∂n with a = 1.5 and (x, y) =
(1.75, 0)

we have

ws(ρ, φ) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

bθ

π
+

∞∑

m=1

b

2πm

[
( ρ

R

)m +
(

a2

ρR

)m
]

sin m(θ − φ), R ≥ ρ,

bφ

2π
+ bθ

2π
− b

2
−

∞∑

m=1

b

2πm

[(
R

ρ

)m

−
(

a2

ρR

)m
]

sin m(θ − φ), R < ρ,

(45)

where the subscript “s” denotes the Smith’s solution. After comparing with the two solutions, there is a little
difference between the present approach and Smith’s work as θ is not equal to zero. The θ term can be viewed
as a rigid body solution due to the Neumann problem. The stress distribution along the circular hole is shown
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in Fig. 9d. The stress on the artificial boundary of an infinite plane subject to the dislocation yields

σzθ = − 1

2πρ

∞∑

m=1

( ρ

R

)m
cos(m(θ − φ)). (46)

For an infinite plane with a circular hole, the stress on the circular boundary is obtained as follows:

σzθ = − 1

2πρ

∞∑

m=1

(
ρm

Rm
+
(

a2

ρR

)m
)

cos(m(θ − φ)). (47)

It is worthy of noting that the stress concentration factor (SCF) on the circular boundary (ρ = a) is two where
the SCF is the ratio of stress in an infinite plane with a hole over free space subject to the screw dislocation.

Case 3 An infinite plane with a circular inclusion (an analytical solution)

Figure 10a shows the geometry of a single inclusion in the infinite plane with the screw dislocation. The
screw dislocation is located at (x, y) = (1.75, 0). The center of the hole is set at (0, 0) and the radius a is 1.5
m. The analytical solution proposed by Smith was found in [18] as

FI (z) = (1 + k)μE b

2π i
ln(z − z0),

FE (z) = μE b

2π i
ln(z − z0) + kμE b

2π i
ln

(
a2

z
− z̄0

)

,

(48)
wI (x, y) = 1

μI
Re[FI (z)],

wE (x, y) = 1

μE
Re[FE (z)],

where the subscripts “I ” and “E” denote the inside and outside of the inclusion, respectively, μI and μE
denote the shear modulus for the inclusion and matrix, respectively, and k = (μI −μE )/(μI +μE ). By using
the present formulation, the analytical solution is shown below:

w(ρ, φ) =⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

bθ
2π

+
∞∑

m=1

b
2πm

[(
ρ
R

)m + μM−μI
μM+μI

(
a2

ρR

)m]
sin m(θ − φ), ρ ≥ a and ρ ≤ R,

b(φ−π)
2π

−
∞∑

m=1

b
2πm

[(
R
ρ

)m − μM−μI
μM+μI

(
a2

ρR

)m]
sin m(θ − φ), ρ ≥ a and ρ > R,

bθ
2π

+
∞∑

m=1

b
πm

(
ρ
R

)m μM
μM+μI

sin m(θ − φ), ρ < a,

(49)

where μM and μI denote the shear moduli of the matrix and inclusion, respectively. Figure 10b and c shows
the potential distribution by using the Smith method [18] and the present method, respectively. The result of
Case 2 can be obtained by using the limiting process (μI → 0). Furthermore, Parseval’s theorem is adopted
to test the convergence for different number of terms (M) for the Fourier series since the boundary densities
are continuous on [0, 2π]. Parseval’s theorem is defined as shown below:

∫

f 2(θ)dθ ≈ 2πa2
0 + π

M∑

n=1

(
a2

n + b2
n

)
, (50)

where

f (θ) = a0 +
M∑

n=1

(an cos nθ + bn sin nθ). (51)

According to Eq. (49), the Parseval sum versus various number of terms (M) of the Fourier series of boundary
densities on each circular boundary in the screw dislocation is plotted in Fig. 11a and b. The value marked by
dashed lines is the error of 2%. In the tolerance of this error, only five and fifteen truncated terms are required
for displacement and stress, respectively.
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Fig. 12 a An infinite plane with two circular holes (Neumann boundary condition) subject to the screw dislocation; b The dis-
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Case 4 An infinite plane with two circular holes (semi-analytical solution).

Following the success of the single-hole case to compare well with the Smith’s result, we extend to two
circular holes as shown in Fig. 12a to show the generality of our approach. The screw dislocation is located
at (x, y) = (0, 0). The center of the two holes are set at (−a1, 0.01a1) and (d + a2, 0.01a1). The radii a1
and a2 are 1.0 m and 2.0a1, respectively. Three cases of d = 2.0a1, 0.1a1 and 0.01a1 are demonstrated to
show the validity of the present method. The contour of displacement for the two circular holes problem is
shown in Fig. 12b–d. In this case, the analytical solution cannot be derived. A numerical solution instead of an
analytical one is obtained in this case. Fifty terms of the Fourier series are used, and 101 collocation points are
distributed on each circle. Since the error comes from the number of truncation terms, the proposed approach
can be called a semi-analytical approach.

4 Conclusions

For the screw dislocation problem with circular holes and/or inclusions, we have proposed a logical approach
to construct the screw dislocation solution by using the degenerate kernel and superposition technique. The
angle-type fundamental solution for the screw dislocation was first derived in terms of degenerate kernel in
this paper. Several examples including an infinite plane with a circular boundary subject to the Dirichlet or
Neumann boundary condition and a circular inclusion imbedded in an infinite plane were demonstrated to
check the validity of the present formulation. A case of two holes was also addressed. Neither complex-var-
iable technique nor senses of principal values were required. Good agreements were made after comparing
with the previous results. Based on the developed concept, the extension to three dimension is now under
investigation.
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