
Comput Mech (2009) 44:757–763
DOI 10.1007/s00466-009-0411-6

ORIGINAL PAPER

Winkler plate bending problems by a truly boundary-only
boundary particle method

Zhuojia Fu · Wen Chen · Wei Yang

Received: 17 February 2009 / Accepted: 12 July 2009 / Published online: 28 July 2009
© Springer-Verlag 2009

Abstract This paper makes the first attempt to use the
boundary particle method (BPM) to solve the problems of
Winkler plate under lateral loading. In this study, we find that
the standard fundamental solution does not work well with
the BPM. Instead we construct the modified singular funda-
mental solution, which satisfies the homogeneous governing
equation of Winkler plate and is employed in the BPM to
calculate the homogeneous solution. Unlike the other bound-
ary discretization methods, the BPM does not require any
inner nodes to evaluate the particular solution of inhomo-
geneous problems, since the method is a truly boundary-
only meshfree technique by using the recursive composite
multiple reciprocity technique. Our numerical experiments
demonstrate efficiency and high accuracy of the BPM in the
solution of Winkler plate bending problems.

Keywords Boundary particle method · Recursive
composite multiple reciprocity method · Winkler plate ·
Modified fundamental solution · Boundary-only ·
Meshfree

1 Introduction

In recent decades, the meshfree boundary-type collocation
methods, such as method of fundamental solution (MFS)
[1–3], boundary knot method (BKM) [4], boundary colloca-
tion method (BCM) [5], regularized meshless method
(RMM) [6,7] and boundary node method (BNM) [8,9],
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have attracted a lot of attention in the numerical solution
of various partial differential equations. All the above-
mentioned boundary methods can solve homogeneous
problems with boundary-only discretization. However, these
methods require inner nodes in conjunction with the other
techniques to handle inhomogeneous problems, such as
quasi-Monte-Carlo method [10] and dual reciprocity method
(DRM) [11].

Since 1980s the dual reciprocity method (DRM) and the
multiple reciprocity method (MRM) [12] have been emerg-
ing as the two most promising techniques to calculate inho-
mogeneous problems in conjunction with the boundary type
methods [11–13]. The striking advantage of the MRM over
the DRM is that it does not require using inner nodes at all for
the particular solution. To take advantage of its truly bound-
ary-only merit, Chen developed the MRM-based meshfree
boundary particle method (BPM) [14]. The BPM is a mesh-
free, integration-free strategy and applying either high-order
nonsingular general solutions or singular fundamental
solutions [15,16] as the radial basis function. Unlike the
method of fundamental solutions with the dual reciprocity
method (MFS-DRM) [17–20], the BPM does not require any
inner nodes for inhomogeneous problems. And the method
also requires much less computational effort for the discret-
ization than the MR-BEM [21].

On the other hand, the standard MRM is computationally
expensive in the construction of the interpolation matrix and
has limited feasibility for general inhomogeneous problems
due to its use of high-order Laplacian operators in the anni-
hilation process [12]. Chen and Jin presented the recursive
composite multiple reciprocity method (RC-MRM) [22,23],
which employs the high-order composite differential oper-
ators to vanish the inhomogeneous term of various types.
The RC-MRM significantly expands the application terri-
tory of the BPM to a much wider variety of inhomogeneous
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problems. In addition, the RC-MRM includes a recursive
algorithm to dramatically reduce the total computing cost.

Some popular meshfree methods, such as element free
Galerkin (EFG) method [24], meshless local Petrov-Galerkin
(MLPG) [25–28], local boundary integral equation (LBIE)
method [29], have been successfully applied to plate prob-
lems. However, all these methods require numerical integra-
tion. In this study, we make the first attempt to investigate the
feasibility of the integration-free and boundary-only BPM in
the solution of the Winkler plate bending problems. In partic-
ular, we find that the standard fundamental solution does not
work well with the BPM. Instead we construct the modified
singular fundamental solution, which satisfies the homoge-
neous governing equation of Winkler plate and is employed
in the BPM to calculate the homogeneous solution. The BPM
solutions are compared with those of the Hermite collocation
method [30] and the MFS-DRM.

The remaining part of this paper is organized as follows.
Section 2 introduces the BPM based on RC-MRM through
the discretization of Winkler plate bending problems,
followed by the Sect. 3 to numerically examine the efficiency
and utility of this new technique. Finally, Sect. 4 concludes
this paper with some remarks and opening issues.

2 RC-MRM based BPM for Winkler plate

The deflection of Winkler plate under the lateral loading q(x)

is governed by the following equation(
�2 + k

D

)
w = q(x)

D
, x ∈ �, (1)

where w is the deflection of the middle surface of plate,
k denotes the foundation stiffness, and D = Eh3

12(1−ν2)
rep-

resents the flexural rigidity with Young’s Modulus E and
Poisson’s ratio of elasticity ν, the thickness of the plate h.

The Winkler plate fundamental solution [31] and general
solution [16] can be respectively written as

G1 (r) = kei

((
k

D

)1/4

r

)
, (2)

G2 (r) = ber

((
k

D

)1/4

r

)
, (3)

Which respectively satisfies the following representation(
�2 + k

D

)
G1 (r) = δ(r), (4)

(
�2 + k

D

)
G2 (r) = 0, (5)

where kei represents the modified Kelvin functions of the
second kind, ber denotes the Kelvin functions of the first
kind, and r = ‖x − s‖2 is the distance between the source

point s and the boundary collocation point x, δ(r) Dirac delta
function.

Unfortunately, we find that fundamental solution (2) and
general solution (3) cannot work well with the BPM. This
study constructs a modified Winkler plate fundamental
solution by a linear combination of solutions (2) and Eq. (3).

To evaluate the particular solution, this study uses the
RC-MRM to avoid the inner nodes. Unlike the original MRM,
the RC-MRM annihilate the inhomogeneous term by using
a composite differential operator which can be different from
the original governing differential operator. It eliminates
the inhomogeneous term q(x) in Eq. (1) by iterative
differentiations

Lm . . . L2L1 {q(x)} ∼= 0, (6)

where L1, L2, . . ., Lm are differential operators of the same
or different kinds. Appendix displays fundamental solutions
of some commonly-used differential operators [14–16].
According to Eq. (6), Eq. (1) can be transformed into the
following high-order homogeneous problem:
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
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(
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)
w = 0 x ∈ �

...

L2L1
(
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w = L2L1

(
q(x)

D

)
x ∈ ∂�

L1
(
�2 + k

D

)
w = L1

(
q(x)

D

)
x ∈ ∂�

(
�2 + k

D

)
w = q(x)

D x ∈ ∂�

. (7)

Now we see that the solution of the inhomogeneous
Winkler plate Eq. (1) can be evaluated by high-order homo-
geneous solution of Eq. (7).

In conjunction with appropriate boundary conditions of
Winkler plates, the homogeneous governing Eq. (7) can be
simply solved by boundary discretization. At each bound-
ary point, the two out of four boundary conditions, i.e., dis-
placement condition w, normal slope condition θn , bending
moment condition Mn , and effective shear force Vn , have
to be satisfied. Below is a list of the frequently encountered
boundary conditions:

(1) Clamped edge: w = 0, θn = 0;

(2) Simply supported edge: w = 0, Mn = 0;

(3) Free edge: Mn = 0, Vn = 0.

The above boundary conditions can be expressed in terms
of the deflection w as follows.

Normal slope:

θn = ∂w

∂n
= ∂w

∂x

dx

dn
+ ∂w

∂y

dy

dn
= ∂w

∂x
cos α + ∂w

∂y
sin α, (8)
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Normal bending moment:

Mn = −D

{
ν∇2w + (1 − ν)

(
cos2 α

∂2w

∂x2

+ sin2 α
∂2w

∂y2 + sin 2α
∂2w

∂x∂y

)}
, (9)

Normal effective shear:

Vn = −D

{(
cos α

∂

∂x
+ sin α

∂

∂y

)
∇2w

+ (1 − ν)

(
− sin α

∂

∂x
+ cos α

∂

∂y

)

×
(

1

2
sin 2α

(
∂2w

∂y2 − ∂2w

∂x2

)
+ cos 2α

∂2w

∂x∂y

)}
(10)

where n = [cos α, sin α] is the unit outward normal vector.
To illustrate the BPM procedure in the solution of plate

bending problems, we consider the following Winkler plate.

Case 1 A simply-supported square plate with uniform
loading q0⎧⎪⎪⎨
⎪⎪⎩

(
�2 + k

D

)
w = q0

D x ∈ �

w = 0 x ∈ ∂�

Mn = 0 x ∈ ∂�

. (11)

By implementing a Laplacian operation in the two sides
of Eq. (11), the RC-MRM transforms the above inhomoge-
neous problem into the following high-order homogeneous
problem.
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

�
(
�2 + k

D

)
w = 0, x ∈ �(

�2 + k
D

)
w = q0

D x ∈ ∂�

w = 0 x ∈ ∂�

Mn = 0 x ∈ ∂�

, (12)

In general, the solution of Eq. (11) is equal to that of
Eq. (12). Hence the deflection w can be approximated as
follow

w (x, si ) =
N∑

i=1

αi G� (x, si ) +
N∑

i=1

αN+i G1 (x, si )

+
N∑

i=1

α2N+i G2 (x, si ) , (13)

where N represents the number of boundary points which
are used in the BPM calculation, αi is the unknown coeffi-
cients, and G� (r) = 1

2π
ln r the fundamental solution of

Laplace equation. By substituting the above approximate
expression (13) into Eq. (12), the unknown coefficients αi

can be obtained by solving the corresponding 3N linear
equations.

Aα = b (14)

where α is composed of the unknown coefficients α j , j =
1, 2, . . . , 3N .

A=

⎡
⎢⎢⎣

(
�2 + k

D

)
G� 0 0

G� G1 G2

Mn (G�) Mn (G1) Mn (G2)

⎤
⎥⎥⎦, b=

⎡
⎢⎢⎣

q0
D

0

0

⎤
⎥⎥⎦ .

(15)

3 Numerical results and discussions

This section investigates the efficiency, accuracy, and conver-
gence of the BPM on some Winkler plate bending problems,
in comparison with the Hermite collocation method and the
MFS-DRM.

3.1 Convergence rate and condition number
of the RC-MRM based BPM

Unless otherwise specified, parameters in the tested plates are
E = 2.1 × 1011, h = 0.01, ν = 0.3, q0 = 106, k = π4 D. N
denotes the number of boundary collocation points, Rerr rep-
resents the average relative error, Merr is the maximum abso-
lute error, and Aerr denotes average absolute error, which are
defined below

Rerr(w) =
√√√√ 1

N T

N T∑
i=1

∣∣∣∣w(i) − we(i)

we(i)

∣∣∣∣
2

, (16)

Merr(w) = max
1≤i≤N T

|w(i) − we(i)| , (17)

Aerr(w) =
√√√√ 1

N T

N T∑
i=1

|w(i) − we(i)|2, (18)

where we(i) and w(i) are the analytical and numerical
solutions evaluated at xi , respectively, and NT is the total
number of points in the domain and on the boundary which
are used to measure the solution accuracy. Unless otherwise
specified, NT is taken to be 2601 for plate bending prob-
lems. Please note that NT is much larger than N . The latter
represents the number of points which are used in the BPM
calculation. In this study, the fictitious boundary is chosen as
a square with length L = 2, which is placed outside the unit
square physical domain.
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Fig. 1 The accuracy variation of case 1 against the number of interpo-
lation knots

Fig. 2 The condition number of the interpolation matrices in case 1

We consider the simply-supported square plate in case 1,
whose exact solution [32] is given by

we = 16q0

π6 D

∞∑
m=1

∞∑
n=1

sin mπx
a sin nπy

b

mn

[(
m2

a2 + n2

b2

)2 + k
π4 D

] ,

m = 1, 3, 5, . . . ; n = 1, 3, 5, . . . (19)

Figure 1 shows that the numerical accuracy with respect to
the number of boundary collocation points N . It is observed
that with increasing boundary points, numerical accuracy
increases while heavy oscillation also appears largely thanks
to a rapid increase of condition number of the BPM interpo-
lation matrix as displayed in Fig. 2. Condition number Cond
in Fig. 2 is defined as the ratio of the largest and smallest
singular value. Such a ill-conditioned interpolation matrix
problem is also found in the other boundary-type collocation

techniques, such as the MFS [2,3] and the BKM [4]. There are
several ways to handle this ill-conditioning problem, includ-
ing the domain decomposition method [33], preconditioning
technique based on approximate cardinal basis function, the
fast multiple method [34] and regularization methods such
as the truncated singular value decomposition (TSVD) [35].

This study will use the TSVD to mitigate the effect of
bad conditioning in the BPM solution of the following other
cases, and the generalized cross-validation (GCV) function
choice criterion is employed to estimate an appropriate regu-
larization parameter of the TSVD. Our computations use the
MATLAB SVD code developed by Hansen [36].

Case 2 A clamped square plate with complex loading⎧⎨
⎩

(
�2 + k

D

)
w = F(x, y) x ∈ �

w = 0 x ∈ ∂�

θn = 0 x ∈ ∂�

, (20)

where the complex loading function

F(x, y) = q0

100D

((
64π4 + k

D

)
(cos(2πx) − 1)

× (cos(2πy) − 1) + 48π4 (cos(2πx)

+ cos(2πy)) − 64π4
)

The exact solution is available as follows

we = q0 (cos(2πx) − 1) (cos(2πy) − 1)

100D
, (21)

By implementing composite operators, as shown in
Eq. (23) below, in the two sides of Eq. (20), the RC-MRM
transforms the above inhomogeneous equation into the
following high-order homogeneous problem.
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�
(
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2

) (
�+ λ2

1

) (
�2 + k

)
w = 0 x ∈ �(

�+ λ2
2

) (
�+ λ2

1

) (
�2 + k

D

)
w

= (
�+ λ2

2

) (
�+ λ2

1

)
F(x, y) x ∈ ∂�(

�+ λ2
1

) (
�2 + k

D

)
w = (

�+ λ2
1

)
F(x, y) x ∈ ∂�(

�2 + k
D

)
w = F(x, y) x ∈ ∂�

w = 0 x ∈ ∂�

θn = 0 x ∈ ∂�

,

(22)

By using the RC-MRM, the inhomogeneous term F(x, y)

is eliminated by a composite differential operator�
(
� + λ2

2

)
(
� + λ2

1

)
, which includes Laplacian and Helmholtz

operators. Namely,

�
(
� + λ2

2

) (
� + λ2

1

)
F(x, y) = 0, (23)

where the parameter λ1 = 2π, λ2 = 2
√

2π.
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Fig. 3 The accuracy variation of case 2 against the number of interpo-
lation knots

Fig. 4 The condition number of the interpolation matrices in case 2

It is noted that the BPM cannot get the right solution in
this case without using the TSVD technique. By implement-
ing the TSVD to solve the ill-conditioning matrix system,
Fig. 3 displays the numerical accuracy against the number
of boundary nodes. It is observed that the relative errors are
quickly reduced with increasing boundary nodes up to 60
nodes. Thereafter, we see all error curves become much more
smooth and oscillatory, thanks to serious ill-conditioning of
the interpolation matrix. Figure 4 shows the condition num-
ber of the interpolation matrix. In general, we note that the
RC-MRM BPM performs better in case 2 than in case 1. The
solution accuracy is very high and the convergence rate is
fast. In this case, it is observed that the RC-MRM, using var-
ious differential operators to eliminate the lateral loading, is
much more flexible and wider applicable than the original
MRM only with Laplacian operators.

Fig. 5 The maximum and average absolute error curves of case 1 by
using the boundary particle method and the Hermite collocation method

Fig. 6 The maximum and average absolute error curves of case 2 by
using the boundary particle method and the Hermite collocation method

3.2 Comparisons with the Hermite collocation method
and the MFS-DRM

This section compares the BPM with the other two radial
basis function based meshfree methods, the Hermite collo-
cation method (HCM) [30] and the MFS-DRM [20].

The MQ function with shape parameter 1 is chosen as
the radial basis function in the present HCM. Note that N
in the following figures represents the number of nodes. In
particular, N in the HCM denotes the number of the uniform
collocation points across the whole domain.

Figures 5 and 6 show the average and maximum absolute
errors (Aerr and Merr) curves of cases 1 and 2 by using the
BPM and the HCM. It is observed from Figs. 5 and 6 that the
numerical accuracy of 16 nodes BPM solution is even better
than that of 36 nodes HCM solution.
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Table 1 The average relative error of case 1 by using the boundary
particle method and the Hermite collocation method

Boundary particle Hermite collocation
method method

Node number Average Node number Average
relative error relative error

36 1.90E-03 36 2.13E-02

56 2.90E-03 81 1.40E-03

76 3.29E-04 121 5.52E-04

Table 2 The average relative error of case 2 by using the boundary
particle method and the Hermite collocation method

Boundary particle Hermite collocation
method method

Node number Average Node number Average
relative error relative error

36 1.59E-04 36 6.79E-01

56 1.30E-06 81 5.20E-03

68 1.27E-06 121 1.18E-04

Tables 1 and 2 display the average relative error of cases 1
and 2 by using the BPM and the HCM. We can see that the
BPM clearly outperforms the HCM in the numerical accu-
racy. It is also stressed that the BPM only requires the bound-
ary discretization and has a particular edge over the domain
discretization HCM for some real-world applications such
as inverse problems, where only boundary data are usually
available.

To compare the BPM with the MFS-DRM, we consider a
reference case [20], namely, the deflection of a 2×2 clamped
square plate. Its exact solution is as follow:

we = sin
(πx

2

)
sin

(πy

2

)
. (24)

The parameters of the plate are D = 1, ν = 0.33, k = π4 in
terms of Eq. (1).

Tsai [20] concludes that the best average absolute errors
of the MFS-DRM solution with 48, 64, 80 nodes are in
range of 10−6 ∼ 10−9 when fictitious boundary L = 4–8.

In contrast, Fig. 7 illustrates the BPM and MFS-DRM con-
vergence curves with the fictitious boundary L = 8. We
can see from Fig. 7 that the numerical accuracy of 60 nodes
BPM solution is comparable with that of 80 nodes MFS-
DRM solution. Thus, the BPM uses fewer points than the
MFS-DRM to obtain the numerical solutions of similar
accuracy. It is noted that the BPM solutions do not invariably
improved when the knots increase up to a certain number
largely thanks to the round-off error effect of its ill-condi-
tioned interpolation matrix. This is a common issue facing
all global interpolation methods, such as Hermite collocation
method [30].

Fig. 7 The average absolute error curves of the BPM and the MFS-
DRM

Unlike the MFS-DRM, the BPM does not require any
additional interior points to evaluate the particular solution.
Thus, the BPM is far more attractive than the MFS-DRM in
the solution of inhomogeneous problems.

4 Conclusions

This paper extends the BPM based on RC-MRM to the
Winkler plate under lateral loading. We find that the original
fundamental solution [31] cannot work well with the BPM.
And a modified fundamental solution of Winkler operator
is constructed and is successfully employed with the BPM,
as evidenced in the given numerical experiments. In some
cases, owing to serious ill-conditioning of the interpolation
matrix, the TSVD with GCV function choice criterion needs
to be adopted to obtain accurate results. It is also stressed that
the BPM solves the Winkler plate bending problems with-
out using any inner collocation nodes, which is more attrac-
tive than the Hermite collocation method and the MFS-DRM
in the solution of inverse and optimization problems, where
only boundary data are usually accessible.
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Appendix: Singular fundamental solutions

Table 3 is given for the readers to test the BPM. Here �

denotes Laplacian, ∇ is the gradient operator, λ denotes wave
number, v and r, respectively, represent the velocity vector
and distance vector, and r denotes the Euclidean distance. Y0
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Table 3 Singular fundamental solutions to commonly used differential
operators

L 2D 3D

� − 1
2π

ln r 1
4πr

� + λ2 1
2π

Y0(λr) cos λr
4πr

� − λ2 1
2π

K0(λr) e−λr

4πr

� + v · ∇ − λ2 1
2π

K0(µr)e− v · r
2 e−µr

4πr e− v · r
2

and K0 are the Bessel and modified Bessel functions of the
second kind of order zero, respectively.
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