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This paper aims to obtain approximate solutions of the Nonlinear Klein–Gordon (NLKG) equation by
employing the Boundary Integral Equation (BIE) method and the Dual Reciprocity Boundary Element
Method (DRBEM). This method is improved by using a predictor–corrector scheme to the nonlinearity
which appears in the problem. We employ the time stepping scheme to approximate the time derivative,
and the Linear Radial Basis Functions (LRBFs), are used in the Dual Reciprocity (DR) technique. To
confirm the accuracy of the new approach, the numerical results of a Double-Soliton and a problem with
inhomogeneous terms are compared with analytical solutions and for the examples possessing single
and periodic waves, two conserved quantities associated to the (NLKG) equation, the energy and the
momentum are investigated.
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1. Introduction

We consider the general nonlinear Klein–Gordon equation of
the form:

utt − uxx + f (u) = g(x, t), a � x � b, t � 0, (1.1)

where u is a function of x and t , f is a nonlinear function and
g is a known analytic function [24,50]. The function f (u) takes
many forms [25,38] such as: sin u, sinh u, eu , eu + e−2u , e−u + e−2u

that characterize the sine-Gordon, sinh-Gordon, Liouville, Dodd–
Bullough–Mikhailov (DBM) and Tzitzeica–Dodd–Bullough (TDB)
equations, respectively. Also f (u) appears as a polynomial such as
f (u) = cu − dun where c,d ∈ R [58]. Nonlinear phenomena occur
in a wide variety of scientific applications such as fluid dynamics,
plasma physics, solid state physics and chemical kinetics [1]. Since
the discovery of Kruskal and Zabusky [61], of the soliton, there
have been a large number of examples of soliton equations.

The sine-Gordon and sinh-Gordon equations appear in many
fields such as nonlinear optics, solid state physics and propaga-
tion of fluxons in Josephson–Junctions [45]. The DBM and the TDB
equations appear in problems varying from fluid flow to quan-
tum field theory [58]. The NLKG equation with the polynomial
nonlinearity, models many problems in classical and quantum me-
chanics, condensed matter physics, nonlinear optics. The problem
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of physical interpretation of the Klein–Gordon equation has a very
long history. In the early days of quantum mechanics, Schrödinger,
Klein, Gordon and Fock considered it as a relativistic counterpart
of the Schrödinger wave equation [17,49]. Because of the complex-
ity of the nonlinear wave equations, there is no unified method
to find all solutions of these equations. Therefore finding accurate
and efficient methods for solving these equations has been an at-
tractive research undertaking (see [1,7,24,25,38,39,50] for extended
details).

With reference to the solution of this equation, we can see
many published papers: several powerful methods such as in-
verse scattering method [60], the auxiliary equation method [51],
Legendre spectral method [30,41], the Jacobi elliptic functions
method [54] were used to treat this type of equations. Wang and
Cheng [55] used the variational and finite element methods to ob-
tain numerical solution of damped nonlinear Klein–Gordon equa-
tion. Authors of [24] studied the nonlinear Klein–Gordon equation
with quadratic and cubic nonlinearities and proposed a numer-
ical scheme to solve this equation using collocation points and
approximating directly the solution using the thin plate splines ra-
dial basis function. Two numerical techniques based on the finite
difference [15,16,18,20] and collocation schemes [19] are devel-
oped in [38] for the solution of nonlinear Klein–Gordon equation.
Authors of [25] developed a fourth-order compact method for solv-
ing the nonlinear Klein–Gordon equation which is based on using
compact finite difference approximation of fourth-order for dis-
cretizing spatial derivative and a fourth-order A-stable diagonally-
implicit Runge–Kutta–Nystrom technique for the time integration
of the resulting nonlinear second order system of ordinary differ-
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ential equations. Also in [50] He’s variational iteration method is
employed for the solution of the one-dimensional Klein–Gordon
equation. In [28,36] the decomposition method of Adomian for
studying the KG equation is used. Solution of NLKG equation with
a quadratic nonlinear term by Adomian Decomposition Method
(ADM) is described in [6]. The coupled Klein–Gordon–Schrödinger
equations by the modified decomposition method is solved in [48].
The homotopy perturbation method, is employed [13] to obtain
approximate analytical solution of the KG and the SG equations.
Chowdhury and Hashim used an efficient way of choosing the
initial approximation. Also in [43] a reliable treatment of (HPM)
for KG equation is presented. Wazwaz in [57] employed the tanh
method formally to derive a number of traveling wave solutions
of nonlinear equations. In [40] Lee investigated the numerical
solution of the general form of two-dimensional NLKG equation
with inhomogeneous term g(x, t), by collocation method, also this
author showed the stability and convergence for using spectral
method. A variety of second order finite difference schemes have
been presented in [27,35] and a strong emphasis has been given
for developing schemes which conserve a discrete energy [42].
Authors of [35] developed four different finite difference formu-
las for approximating the nonlinear Klein–Gordon equation. They
discovered undesirable characteristics in some of the numerical
techniques, in particular a loss of spatial symmetry and the onset
of instability for large values of a parameter in the initial condition
of the equation. The proposition, put forward by these authors,
that the observed instability is treated against by employing the
energy conserving procedures is questioned [42]. Authors of [47]
presented a numerical method based on the cubic B-spline colloca-
tion technique on the uniform mesh points to solve the nonlinear
one-dimensional Klein–Gordon equation.

In [29] a C∞ global existence for the 2D (NLKG) equation is
investigated. Strauss and Vazquez in [52] solved the equation

utt − uxx + m2u + gup = 0,

for p odd, m, g > 0, and turned out three major properties of this
form of NLKG equations. The Klein–Gordon equation with damp-
ing term is described by the following partial differential equation
(PDE):

utt − αuxx − β�u + δ|u|γ = f ,

where � is the Laplacian operator, f is forcing function, α, β ,
γ > 0, δ ∈ R are physical parameters. Authors of [37,53] discussed
about existence and uniqueness of solutions of the above equa-
tion with Dirichlet boundary conditions. Authors of [37] proposed
a numerical technique based on a finite element method for the
nonlinear Klein–Gordon equation with Dirichlet boundary condi-
tion on a bounded domain, which shows the overflow solution as
expected. Author of [27] investigated three different finite differ-
ence approximations of the initial nonlinear Klein–Gordon equa-
tion, showed they are directly related to symplectic mappings and
tested the methods on the traveling wave and periodic breather
problems over long time intervals. Some exact solutions of the
NLKG equation by the tanh–sech and sine–cosine methods can be
obtained among others [58,59].

Solitons are self-localized solutions of nonlinear evolution equa-
tions [26]. One of the most attractive characteristics of solitons is
that they can propagate without visible changes in their properties
(shape, velocity, etc.), it means that solitons keep their identity af-
ter interaction.

As is said in [34] solitons are a special kind of localized wave,
essentially of nonlinear kind. For further details, the reader is re-
ferred to Ref. [34] which is an overview of the theory of solitons
and the applications. An analytic study of the compactons struc-
tures in a class of nonlinear dispersive equations is investigated
in [56].
In the solitons that appear in the NLKG equations of the form

utt − uxx + f (u) = 0, (1.2)

two quantities are conserved: the energy and the momentum. The
total or Hamiltonian energy and the momentum for Eq. (1.2) are
given [35] by the following formulations, respectively.

E(t) =
b∫

a

[
1

2
u2

t + 1

2
u2

x + F (u)

]
dx, (1.3)

where F (u) is a primitive of the function f (u),

P (t) =
b∫

a

[
1

2
(ux)(ut)

]
dx. (1.4)

The boundary element method (BEM), is [10] a very nice es-
tablished numerical calculation technique to solve many kinds of
engineering problems. This method is applied for nonlinear, in-
homogeneous and time-dependent problems of partial differential
equations. However in the recent cases in that for nonlinear, in-
homogeneous and time-dependent problems of PDEs the integral
equation of the problem generally includes the domain integrals,
so we have to discretize the domain with not only boundary ele-
ments, but also internal domain elements, therefore in the bound-
ary element analysis for this case, one of the advantages which
is reduction in the dimension of analysis domain has disappeared
[4,46]. Because of keeping this advantage, some developments have
helped to handle the domain integral in a more elegant manner,
such as the Multiple Reciprocity Method (MRM) [2] and the Dual
Reciprocity Method (DRM) [9,62]. Chen and Wong [11] used dual
boundary element and multiple reciprocity method, for solving the
one-dimensional eigen-problems. Authors of [12,21,22] applied the
dual reciprocity method and boundary integral equation approach
for solving time independent Burgers’ equation, one-dimensional
SG equation and Cahn–Hillard equation, respectively. W.T. Ang [3]
employed a similar approach to solve an initial-boundary value
problem that combines Neumann and integral condition for the
wave equation [14]. Also Ang in [5] presented a time-stepping dual
reciprocity boundary element method for numerical solution of a
generalized nonlinear Schrödinger equation. In [63] a new weakly
nonlinear numerical model, called the Perturbation DRBEM model,
is presented for the wave diffraction and refraction governed by
the Boussinesq equations. Investigations have been carried out on
the particular case of NLKG, called sine-Gordon equation [23].

In this paper we are going to present a simple and efficient ap-
proach based on the Boundary Integral Equation (BIE) method and
the Dual Reciprocity (DR) technique, for solving NLKG equation.
The time derivative, inhomogeneous and nonlinear terms are inter-
polated by φ(r), that called Radial Basis Functions (RBFs), where
r is the distance between the interpolation point and a node xk .
It is remarkable that the RBFs are known as a powerful tool for
scattered data interpolation. The function φ(r) can be of various
types, for example: polynomials of any chosen degree, Thin Plate
Spline (TPS), Multi Quadrics (MQ), Inverse Multi Quadrics (IMQ)
and Gaussian forms, etc. In [44] these functions and their effi-
ciency are presented for solving some different problems. In our
formulations we have used the linear form of RBFs. To demonstrate
accuracy and usefulness of the proposed method, the numerical re-
sults are presented and some comparisons are made with the exact
solutions. Also in the examples with single and periodic solitons
we have investigated conservation of the energy and the momen-
tum. Initial conditions will be assumed to have the form:

u(x,0) = v1(x), a � x � b, (1.5)

ut(x,0) = v2(x), a � x � b, (1.6)
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while the boundary conditions are given by Dirichlet form:

u(a, t) = h1(t), u(b, t) = h2(t), t � 0, (1.7)

or Neumann form:

ux(a, t) = k1(t), ux(b, t) = k2(t), t � 0. (1.8)

The layout of this paper is as follows: In Section 2, the procedures
of the Boundary Integral Equation (BIE) method and the Dual Reci-
procity (DR) technique for Eq. (1.1) are described. In Section 3, the
results of numerical experiments are presented. Finally concluding
remarks are given in Section 4.

2. Integral equation formulation and application of DRM

We consider Eq. (1.1), with the initial and boundary conditions
that are given in (1.5)–(1.8). As we mentioned in Section 1, there
are several analytical methods and numerical procedures for solv-
ing the above equation. In this section our aim is to present a
different numerical approach for solving this equation. In order to
derive an integral equation formulation for Eq. (1.1), we employ
the following integral identity:

b∫
a

[
utt − uxx + f (u) − g(x, t)

]
ωdx = 0, (2.1)

where ω is the weight function. The idea behind this integral
identity, follows from the well-known weighted residual method,
that is a useful concept to give a common interpretation to vari-
ous numerical techniques for the solution of differential equations.
The goal of these numerical methods in general, is to make the
weighted residual equal to zero. In this paper, we use a special
weight function, that is the fundamental solution for the one-
dimensional Laplacian operator, defined by the equation:

∂2ω

∂x2
(x, ξ) = δ(x, ξ), a � x, ξ � b, (2.2)

where δ is the Dirac delta function and x, ξ are a field point and a
source point, respectively.

The fundamental solution and its derivative are given in the
following:

ω(x, ξ) = 1

2
|x − ξ |, (2.3)

ω,x(x, ξ) = ω′(x, ξ) = 1

2
sgn(x − ξ), (2.4)

in which sgn denotes the signum function. For implementation of
the method we meshed the interval [a,b] to N −1 parts and chose
N source points x j , j = 1,2, . . . , N in [a,b], where a = x1 < x2 <

· · · < xN − 1 < xN = b. In this step we made an interpolation for
approximating the time derivative, the nonlinear and the inhomo-
geneous terms in the following [46]:

∂2u

∂t2
+ f (u) − g(x, t) = b(x, t) =

N∑
k=1

φk(x)ηk(t), (2.5)

where φk = 1 + rk is a linear RBF and rk = |x − xk| for k =
1,2, . . . , N . From (2.1) and (2.5) we have:

b∫
a

∂2u

∂x2
ωdx =

N∑
k=1

[ b∫
a

φk(x)ωdx

]
ηk(t). (2.6)

We put the value of the function φk at source point xi by φik for
i = 1,2, . . . , N , and set F as a N × N matrix that F (i,k) = φik and
G = F −1, then we have
ηk(t) =
N∑

j=1

Gkjb j(t), (2.7)

where b j(t) = b(x j, t). Now define a particular solution fk associ-
ated with each φk , satisfying the following equation:

∂2 fk

∂x2
= φk, (2.8)

the particular solution fk and its derivative f ′
k for linear RBFs are

presented, respectively:

fk = 1

2
r2

k + 1

6
r3

k , (2.9)

f ′
k = ∂ fk

∂x
= rk + 1

2
r2

k . (2.10)

According to linearization and approximation of the nonlinear inte-
gral equation (2.1) by LRBFs and substituting (2.8) in to (2.6), and
applying the integration by parts [21], we can get the following
expression:[
ωi(x)q(x, t)

]b
a − [

u(x, t)ω′
i(x)

]b
a + ui(t)

=
N∑

k=1

[[
ωi f ′

k

]b
a − [

fkω
′
i

]b
a + f ik

]
ηk(t), (2.11)

for i = 1,2, . . . , N , where q(x, t) = ∂u(x, t)/∂x and ωi(x) =
ω(x, ξ)|ξ=xi are weight functions at the points i = 1,2, . . . , N
which satisfy Eq. (2.2). ui(t) = u(ξ, t)|ξ=xi , f ik = fk(xi). If we set

Sik = [
ωi f ′

k

]b
a − [

fkω
′
i

]b
a + f ik, (2.12)

then Eq. (2.12) takes the following form:

[
ωi(x)q(x, t)

]b
a − [

u(x, t)ω′
i(x)

]b
a + ui(t) =

N∑
k=1

Sikηk(t). (2.13)

From (2.7), the right-hand side of Eq. (2.13) is:

N∑
k=1

Sikηk(t) =
N∑

k=1

Sik

N∑
j=1

Gkjb j(t) =
N∑

j=1

Mijb j(t), (2.14)

where

Mij =
N∑

k=1

SikGkj . (2.15)

If we set:

E =

⎡
⎢⎢⎢⎢⎣

−ω1(a) ω1(b)

−ω2(a) ω2(b)

...
...

−ωN (a) ωN(b)

⎤
⎥⎥⎥⎥⎦ , H =

⎡
⎢⎢⎢⎢⎣

−ω′
1(a) ω′

1(b)

−ω′
2(a) ω′

2(b)

...
...

−ω′
N(a) ω′

N(b)

⎤
⎥⎥⎥⎥⎦ , (2.16)

then Eqs. (2.13)–(2.15) yield:

[E]
[

q1(t)

qN(t)

]
− [H]

[
u1(t)

uN(t)

]
+ [I]

⎡
⎢⎢⎢⎢⎣

u1(t)

u2(t)
...

uN(t)

⎤
⎥⎥⎥⎥⎦ = [M]

⎡
⎢⎢⎢⎢⎣

b1(t)

b2(t)
...

bN(t)

⎤
⎥⎥⎥⎥⎦ ,

(2.17)

where I is the N by N identity matrix, q1(t) = q(a, t), qN (t) =
q(b, t) and u j(t) = u(x j, t). We note that
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b j(t) = ∂2u

∂t2
(x j, t) + f

(
u(x j, t)

) − g(x j, t). (2.18)

Now (2.17) constitutes a system of N equations in N unknown
functions of t . In the numerical solutions, we can use Dirichlet,
Neumann and mixed boundary conditions. If the Dirichlet bound-
ary conditions are applied, the unknown variables are given by
q1(t), qN (t) and u j(t), for j = 2,3, . . . , N − 1. For Neumann bound-
ary conditions the unknowns are given by u j(t), for j = 1,2, . . . , N .
Finally for the mixed boundary conditions we can drive the un-
known variables similarly. This system is solved approximately us-
ing the iterative scheme which is described in the following:

We use the central difference operator,

utt | j � u(n−1)
j − 2u(n)

j + u(n+1)
j

(τ )2
, j = 1,2, . . . , N, (2.19)

and make the following approximation by using the Crank–
Nicolson technique:

q j(t) � 1

2

[
q(n)

j + q(n+1)
j

]
, j = 1, N, (2.20)

for u we employ the subsequent approximation:

u j(t) � 1

3

[
u(n−1)

j + u(n)
j + u(n+1)

j

]
, j = 1,2, . . . , N, (2.21)

where u(n)
j = u(x j,nτ ) and q(n)

j = q(x j,nτ ), f , g are nonlinear

and inhomogeneous terms, respectively. Now we set λ = 1/(τ )2,
u = [u1, u2, . . . , uN ]T and Φ(ũ j) = f (ũ j), Ψ (x j, t) = g(x j, t), where
ũ j is given by the known approximation of u(x j, t). Now we put
Eqs. (2.18)–(2.21) in Eq. (2.17), so we get:

1

2
[E]

([
q1

qN

](n)

+
[

q1

qN

](n+1))

− 1

3
[H]

([
u1

uN

](n−1)

+
[

u1

uN

](n)

+
[

u1

uN

](n+1))

+ 1

3
[I]([u](n−1) + [u](n) + [u](n+1)

)
= λ[M]([u](n−1) − 2[u](n) + [u](n+1)

)
+ [M][Φ] − [M][Ψ ], (2.22)

where Φ = [Φ(ũ1),Φ(ũ2), . . . ,Φ(ũN )]T and Ψ = [g(x1, t), g(x2, t),
. . . , g(xN , t)]T . At the first time level, when n = 0, according to the
initial conditions that were introduced in (1.5) and (1.6), we apply
the following assumptions:

u(0)
j = v1(x j),

and

u(−1)
j = u j(0) − (τ )v2(x j) = v1(x j) − (τ )v2(x j).

In each time level (for example time level n + 1), at first we set

Φ(ũ j) = Φ
(
u(n)

j

)
.

For Dirichlet boundary conditions, Eq. (2.22) is solved as a sys-
tem of linear algebraic equations, for unknowns u(n+1)

j ( j =
2,3, . . . , N − 1) and q(n+1)

j ( j = 1, N). Assuming that u(n−1)
j , u(n)

j
for j = 2,3, . . . , N − 1, are known from the two previous time lev-
els, q(n)

j from the previous time level and u(n−1)
j , u(n)

j ( j = 1, N)

from the boundary conditions (1.7). Similarly, for Neumann and
Robin boundary conditions, the known and unknown variables are
characterized and the above system is solved at each time level.
A remarkable point which corresponds to solving Eq. (2.22), is
that the expression Φ that is appeared in right-hand side of the
above system is a nonlinear term, therefore in order to obtain an
acceptable solution, we solve this equation by the following proce-
dure [21]:

At the first time level (n = 0), we solve the above equation as
a system of linear algebraic equations, for unknowns u(n+1)

j , j =
1,2, . . . , N (for Neumann boundary conditions), and u(n+1)

j ( j =
2,3, . . . , N − 1), q(n+1)

j ( j = 1, N) (for Dirichlet boundary condi-

tions, u(n+1)
j ( j = 1, N) are known always), then recompute

Φ(ũ j) = Φ

(
1

3
u(n−1)

j + 1

3
u(n)

j + 1

3
u(n+1)

j

)
,

where u(n+1)
j as we illustrate, can be obtained by solving Eq. (2.22).

Now we iterate between calculating Φ(ũ j) and solving the system
(2.22), until all unknown variables are obtained while at each time
level the tolerance of any two latest iterations is not bigger than
10−6, i.e. a predictor–corrector scheme is adopted in each time
level, then we can move on to the next time level. This process
is repeated until reaching to the final time tN .

3. Test problems

To access both important parameters in numerical solution of
problems, the accuracy and the applicability of the procedure de-
scribed in the previous section, some test examples are considered.
The present section is designed as follows:

In Examples 1, 2 we have investigated two conservative quanti-
ties, as the momentum and the energy. In Examples 3, 4 to confirm
accuracy of the method, we have compared the estimated results
with the exact solutions. Also the results are given in the following
subsections.

3.1. Example 1: Single soliton wave

In this example, we consider the equation

utt − αuxx + βu − γ u3 = 0, −10 � x � 10, t � 0. (3.1)

To obtain the exact traveling wave solutions of this equation, the
following wave transformation u(ζ ) = u(x, t), ζ = μ(x − υt) is
used, where υ is velocity of the wave and μ is the wave number
[8]. This transformation reduces Eq. (3.1) to the following nonlin-
ear ordinary differential equation:(
υ2 − α

)
u′′ + βu′ − γ u3 = 0. (3.2)

Therefore by using the sech method [59], we can obtain the exact
solution:

u(x, t) =
√

2β

γ
sech

[
κ(x − υt)

]
. (3.3)

The initial conditions for this example are:

u(x,0) =
√

2β

γ
sech(κx), (3.4)

ut |t=0 = υκ

√
2β

γ
sech(κx) tanh(κx), (3.5)

where κ = (
β

α−υ2 )1/2, β > 0, γ > 0, α − υ2 > 0. In this example
we set the following assumptions: α = 0.25, β = 0.5, γ = 1, υ =
0.3, τ = t j − t( j−1) = 0.01, χ = x j − x( j−1) = 0.05. The Neumann
boundary conditions are obtained from the exact solution. As we
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Table 1
The energy and the momentum of NLKG equation for t ∈ [0,10] (τ = 0.01, χ = 0.05) with the initial energy E(0) = 0.2946 and the initial momentum P (0) = −0.0442.

Times t = 1.0 t = 2.0 t = 4.0 t = 6.0 t = 8.0 t = 10.0

Energy E(t) 0.2948 0.2953 0.2959 0.2967 0.2981 0.2997
Momentum P (t) −0.0445 −0.0449 −0.0457 −0.0468 −0.0474 −0.0485

Table 2
Periodic wave: The energy and the momentum for t ∈ [0,150] (A = 1.5, τ = 0.01, χ = 0.05), with the initial E(0) = 26.5963 and the initial momentum P (0) = 0.

Time t t = 10.0 t = 50.0 t = 100 t = 120 t = 150

Energy E(t) 26.5957 26.5902 26.5725 26.5507 26.5308
Absolute momentum |P (t)| 9.419 × 10−11 1.459 × 10−10 5.131 × 10−8 1.009 × 10−7 6.172 × 10−6

Fig. 1. The left figure shows the space–time graph of the estimated solution and the analytical-estimated solution is shown in right figure for x ∈ [−10,10] and t ∈ [0,10] (in
the right figure the wave propagation for t = 0, 5, 10, from left to right is shown clearly).
considered in Eqs. (1.3) and (1.4) the initial energy E(0), and the
initial momentum P (0), were obtained by the following analytical
integration:

E(0) =
10∫

−10

[
1

2
(ut |t=0)

2

+ α

2
(ux|t=0)

2 + 1

2
β(u|t=0)

2 − γ

4
(u|t=0)

4
]

dx

= 0.2946, (3.6)

P (0) =
10∫

−10

1

2
α(ut |t=0)(ux|t=0)dx = −0.0442. (3.7)

The solution must preserve the conservation laws during propaga-
tion. Therefore Table 1 shows conservation of the energy and the
momentum. The space–time graph of the estimated solution and
the estimated-analytical solution graph, for some different times
are presented in Fig. 1. In the right figure, the wave propagation is
shown from left to right for t = 0, 5, 10, respectively.

3.2. Example 2: Periodic wave

We consider the nonlinear KG equation of the following form:

utt − uxx + u + u3 = 0, x ∈ [0,1.28], (3.8)
Fig. 2. Space–time graph of the propagation of periodic solution (boundedness is
preserved for small A = 1.5 and long time t ∈ [0,150]).
subject to the initial conditions:

u(x,0) = A

[
1 + cos

(
2πx

L

)]
, L = 1.28, x ∈ [0,1.28], (3.9)

ut(x,0) = 0. (3.10)

There are some papers that have solved this example numeri-
cally, and have reported their results. Specially in [35], this equa-
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Fig. 3. Boundedness for long time (t = 200) and intermediate amplitude (A = 10).

Fig. 4. Boundedness for long time (t = 50) and large amplitude (A = 100).
tion has been solved by four different finite difference schemes
A, B, C and D, and they found that scheme A was superior to
the other three methods, in that it better preserved the special
symmetry of the numerical solution and was not prone to the on-
set of instability for large values of the amplitude parameter A. It
means that they found unpleasant results in other three schemes
for conservation of energy, special symmetric and preservation of
boundedness. Bratsos [8] has pointed out this problem, and has
shown conservation of the energy for a long time and bounded-
ness of solution for special A(A = 150). As mentioned in [35],
the initial momentum is obtained as zero P0 = 0. Also Bratsos [8]
investigated that the initial energy for A = 1.5 is E0 = 26.5963.
Therefore according to the above solutions, we obtained the desir-
able numerical results for the total energy and the momentum in
Table 2 and the space–time graph for A = 1.5, t = 150 seconds, is
shown in Fig. 2.

Figs. 2 and 3 show that the boundedness is preserved for long
times with small (A = 1.5) and intermediate (A = 10), amplitudes
respectively. Also in Fig. 4, boundedness is presented for a long
time (t = 50) and large amplitude (A = 100).

3.3. Example 3: Double soliton

Consider the equation:

utt − αuxx + βu − γ u3 = 0, (3.11)
to obtain the exact solution of this equation, as mentioned in Ex-
ample 1, by using the transformation u(ζ ) = u(x, t), ζ = μ(x − υt)
and sech method [8,59], a 2-soliton solution is given by:

u(x, t) =
2∑

i=1

√
2βi

γi
sech

[
κi

(
x − υit − x(i)

0

)]
, (3.12)

where αi, βi, γi are constants analogous to those in Eq. (3.11), κi =√
βi

αi−υ2
i
, i = 1,2.

The initial conditions for this example are:

u(x,0) =
√

2β1

γ1
sech

[
κ1

(
x − x(1)

0

)] +
√

2β2

γ2
sech

[
κ2

(
x − x(2)

0

)]
,

(3.13)

ut |t=0 = υ1κ1

√
2β1

γ1
sech

[
κ1

(
x − x(1)

0

)]
tanh

[
κ1

(
x − x(1)

0

)]

+ υ2κ2

√
2β2

γ2
sech

[
κ2

(
x − x(2)

0

)]
tanh

[
κ2

(
x − x(2)

0

)]
.

(3.14)

In this example x(1)
0 = −x(2)

0 = −3 are the initial positions of
the waves, υ1 = −υ2 = 0.25 are the velocities, α1 = α2 = α = 1 ,
4
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Fig. 5. The left figure shows the space–time graph of estimated solution and the analytical-estimated solution is presented in right figure for x ∈ [−10,10] and t ∈ [0,10].

Fig. 6. The left figure shows the space–time graph of estimated solution and the analytical-estimated solution is shown in right figure for x ∈ [−5,5] and t ∈ [0,5].
Table 3
Errors between the exact and the (BIE–DRM) solutions of the double-solitons (χ =
0.05, τ = 0.01).

Times t = 2.00 t = 5.00 t = 8.00 t = 10.0

‖e‖L∞ 9.011E−004 5.127E−004 7.120E−004 2.224E−003
‖e‖lL2 3.851E−003 1.107E−003 6.953E−003 7.948E−003
RMS 1.900E−003 5.528E−004 3.501E−004 3.950E−003

β1 = β2 = β = 1
2 and γ1 = γ2 = γ = 1. We set χ = x j − x( j−1) =

0.05 and τ = t j − t( j−1) = 0.01. The Neumann boundary conditions
are obtained from the exact solution (3.12).

The space–time graph of the numerical solution and the graph
of analytical and estimated functions for some different times are
given in Fig. 5. It is obvious that after the collision of two waves,
they are getting far from each other during the passage of time.
The accuracy of the scheme is measured by using the following
error norms. The errors are reported in Table 3. It is remarkable
that RMS, in this table is Root-Mean-Square error, in the results
from RMS we can find that, the number of zeros after the deci-
mal allows one to infer the number of decimal places calculated
correctly. For example, if RMS = 0.0001: in this case one can ex-
pect three decimal places of accuracy in the numerical results or if
RMS = 0.0007: here all results will be correct to two decimals.

‖e‖L2 =

√√√√√ N∑
j=1

|e j|2, (3.15)

‖e‖L∞ = max
j

|e j|, (3.16)

RMS = ‖e‖L2√
N

, (3.17)

where

e = uexact − uapprox, e j = (uexact) j − (uapprox) j,

and

N = length(e).
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Table 4
Errors between the exact and the (BIE–DR) solutions, (χ = 0.05, τ = 0.01).

Times t = 1.00 t = 2.00 t = 3.00 t = 4.00 t = 5.00

‖e‖L∞ 7.001E−005 9.011E−005 3.014E−004 6.011E−004 6.930E−004
‖e‖L2 7.301E−005 1.181E−004 4.112E−004 7.173E−004 8.129E−004
RMS 6.962E−005 8.330E−005 2.900E−004 5.059E−004 5.838E−004
3.4. Example 4

We finally close our analysis by considering the following
(KG) equation with the quadratic nonlinearity and inhomogeneous
terms:

utt − uxx + π2

4
u + u2 = x2 sin2

(
πx

2

)
, (3.18)

with the following initial conditions:

u(x,0) = 0, −5 � x � 5, (3.19)

ut(x,0) = πx

2
, −5 � x � 5, (3.20)

which was discussed in [6], as a nonlinear model of physical prob-
lems. The exact solution of the differential Eq. (3.18) is given by:

u(x, t) = x sin

(
πt

2

)
. (3.21)

The Neumann boundary conditions are obtained from Eq. (3.21).
The errors are reported in Table 4. Fig. 6 shows the space–time
graph of the estimated solution, and the graph of analytical-
estimated solution for some different times.

Remark. The essential difficulty of the numerical solution for the
Klein–Gordon equation involves the unboundedness of the physical
domain. In this paper we considered the nonlinear Klein–Gordon
equation on a bounded domain. However, when we wish to solve
the Klein–Gordon equation numerically on an unbounded domain,
these techniques will face essential difficulties. Since the unbound-
edness of the physical domain, the standard numerical techniques
cannot be used directly. As is mentioned in [33] the artificial
boundary condition is a powerful approach to reduce the prob-
lems on unbounded domain to a bounded computational domain.
In general, the artificial boundary conditions can be classified into
implicit boundary conditions and explicit boundary conditions. In
the recent years, many mathematicians have made great contri-
butions [32] on this subject, which makes the artificial boundary
method for the linear partial differential equations on the un-
bounded domain become a well-developed method. Very recently,
there have been some new progress on the artificial boundary
method for nonlinear partial differential equations on unbounded
domain. We refer the interested reader to [33,31] for details. The
artificial boundary conditions may be included in a forthcoming
work.

4. Conclusion

The Klein–Gordon equation arises in various application areas
such as relativistic quantum mechanics and field theory, which is
of great importance for the high energy physicists, and is used to
model many different phenomena, including the propagation of
dislocations in crystals and the behavior of elementary particles.
In this study, the boundary integral equation method and the dual
reciprocity technique (BIE–DR) are used to obtain approximate an-
alytical solutions of the nonlinear Klein–Gordon (NLKG) equation.
In formulation of the boundary integral equation method, we em-
ployed the fundamental solution of the Laplacian operator as the
weight function. To implement the dual reciprocity (DR) as a tech-
nique of the boundary element method (BEM), in that for interpo-
lation of the nonlinear, inhomogeneous and time derivative terms,
the linear radial basis functions (LRBFs) are utilized. To obtain a
good accuracy in solving the NLKG equation, we used a Predictor–
Corrector (PC) scheme to deal with the nonlinear term f (u) in
each time step. To demonstrate the accuracy and usefulness of this
method, some numerical examples are presented. We investigated
the conservation of the total energy and the momentum in Exam-
ples 1 and 2. Also in Examples 3 and 4 we presented three types
of errors: L2, L∞ and Root-Mean-Square error. A good agreement
between the results for the DRBIE technique and the exact solu-
tions observed in Tables 3 and 4. The results confirm the validity
of the new numerical technique developed in this paper.
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