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Abstract

In this paper, a numerical scheme based on the meshfree plane wave method applied to inverse boundary value problems associated

with Helmholtz-type equations is investigated. The resulting ill-conditioned system of linear algebraic equations is solved in a stable

manner by employing the truncated singular value decomposition, while the optimal truncation number, i.e. the regularization

parameter, is determined using the L-curve criterion. Numerical results are presented for two- and three-dimensional problems in smooth

and piecewise smooth geometries, with both exact and noisy data. The accuracy, convergence and stability of the numerical method are

analysed and, furthermore, a comparison with other meshless methods is also performed.

r 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Helmholtz-type equations arise in various scientific and
engineering problems related to wave phenomena. They are
frequently used for analysing acoustics, wave scattering,
vibration of membranes and other structures and electro-
magnetic field. Another important application of Helm-
holtz-type equations is heat conduction in a fin [1]. The
knowledge of the boundary conditions on the entire
boundary of the solution domain gives rise to forward
problems for Helmholtz-type equations, which have been
extensively studied both mathematically and numerically
[2–7].

However, many engineering applications of practical
importance lead to inverse problems for Helmholtz-type
equations. In particular, the boundary conditions are often
incomplete due to technical difficulties with data acquisi-
tion. For example, a part of the boundary is inaccessible to
direct measurements and the presence of measuring devices
e front matter r 2007 Elsevier Ltd. All rights reserved.
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would disturb the physical process under investigation.
These inverse problems are often ill-posed, in the sense that
a small perturbation in the data could cause an enormous
deviation of the solution. A classical example for an inverse
problem associated with Helmholtz-type equations is the
Cauchy problem. For details on its practical applica-
tions and relevant theoretical results, we refer the reader to
Refs. [8–11].
Several numerical methods have been proposed for

solving the Cauchy problem associated with Helmholtz-
type equations [10–27]. Roughly speaking, these methods
can be divided into direct and iterative methods. Direct
methods usually employ regularization methods, such as
the Tikhonov regularization method and the singular value
decomposition (SVD), to stabilize the problem. Reginska
and Reginska [10] studied the reconstruction of radiation
field using regularization in the frequency domain. Bai [12]
proposed a boundary element method (BEM) based
acoustic holography technique employing the SVD for
reconstructing sound fields. Wang and Wu [13] and Wu
and Yu [14] developed the Helmholtz equation least-
squares (HELS) method based on the spherical wave
expansion for reconstructing acoustic pressure fields, whilst
e problems associated with Helmholtz-type equations. Eng Anal Bound
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Isakov and Wu [15] provided a mathematical justification
for it. Recently, Semenova and Wu [16] compared three
expansions in the HELS method, namely the localized
spherical waves, distributed spherical waves and distributed
point sources. DeLillo et al. [17] formulated an integral
equation approach to detect the source of acoustical noise
inside the cabin from measurements of the acoustical pressure
field. The marching scheme has been applied to the
Helmholtz equation by Knightly and St. Mary [11] and
Natterer and Wübbeling [18], whilst its convergence has
recently been analysed by Natterer and Wübbeling [19].
However, the application of the marching scheme to irregular
domains seems to be not straightforward. Recently, two
methods based on the boundary knot method (BKM) and the
method of fundamental solutions (MFS) have been proposed
for the efficient solution of inverse problems for Helmholtz-
type equations, see Jin and Zheng [20,21], Marin and Lesnic
[22], Marin [23] and Wei et al. [24].

In the case of iterative methods, one starts with an initial
guess for the unknown boundary condition and adjusts it
iteratively by minimizing a certain functional, such as the
L2-norm of the error between the predicted system
response and experimentally observed data. This approach
could be computationally expensive since each iteration
requires several forward solvers and many iterations may
be required to get an accurate approximation. Marin et al.
[25,26] have solved the Cauchy problem for Helmholtz-
type equations by employing the BEM, in conjunction with
an alternating iterative algorithm originally introduced by
Kozlov et al. [28] and the conjugate gradient method
(CGM), respectively. A preliminary comparison between
direct and iterative methods applied to solving the Cauchy
problem for Helmholtz-type equations has also been
undertaken by Marin et al. [27].

In the present paper, we propose a novel meshless
numerical scheme based on the plane wave method
(PWM), in conjunction with the truncated SVD (TSVD),
for solving inverse problems associated with Helmholtz-
type equations directly. The outline of the paper is as
follows. In Section 2, we formulate the problem mathema-
tically. The following section is devoted to the proposed
numerical scheme: The PWM for discretizing Helmholtz-
type equations and regularization techniques for solving ill-
conditioned systems of linear algebraic equations. In
Section 4, we present numerical results obtained for several
examples in two- and three-dimensional domains with both
smooth and piecewise smooth geometries. Finally, con-
cluding remarks are given in Section 5.

2. Mathematical formulation of the problem

Let O be an open simply connected bounded domain in
Rd , where d is the dimension of the space, and G ¼ qO its
boundary. Then the mathematical formulation of the
problem in the absence of source terms is given by

ðDþ k2ÞuðxÞ ¼ 0; x 2 O, (1)
Please cite this article as: Jin B, Marin L. The plane wave method for invers
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where D is the Laplace operator and kðka0Þ is a complex
number known as the wave number. In the case when k is
purely imaginary, i.e. k ¼ il with i ¼

ffiffiffiffiffiffiffi
�1
p

and l 2 R,
Eq. (1) is also known as the modified Helmholtz equation
and models heat conduction in fins [1]. On eliminating the
imaginary unit, Eq. (1) with k purely imaginary may be
recast as

ðD� l2ÞuðxÞ ¼ 0; x 2 O. (2)

In this paper, we consider only the cases when k is real and
purely imaginary, and for the ease of the presentation,
Eqs. (1) and (2) are henceforth referred to as the Helmholtz
and modified Helmholtz equations, respectively.
Let nðxÞ be the unit outward normal vector at the

boundary point x 2 G and fðxÞ the normal derivative of
the primary field uðxÞ at x 2 G, also termed as the normal
flux in the case of the modified Helmholtz equation,
namely

fðxÞ :¼
quðxÞ

qn
¼ ruðxÞ � nðxÞ; x 2 G. (3)

Assume that the governing partial differential equation (1)
or (2) is subjected to the following Cauchy boundary
conditions

B1uðxÞ ¼ gðxÞ; B2uðxÞ ¼ hðxÞ; x 2 G1, (4)

where G1 � G is the accessible part of the boundary andBj,
j ¼ 1; 2, are two linear operators prescribing the boundary
conditions, i.e. j ¼ 1 and j ¼ 2 for Dirichlet and Neumann
boundary conditions, respectively. The inverse problem
consists of reconstructing the boundary conditions on the
remaining part of the boundary G2 ¼ GnG1.
This problem, termed as the Cauchy problem, is much

more difficult to solve than the forward problem both
mathematically and numerically due to its severe ill-posed
nature. Holmgren’s theorem on the unique continuation of
solutions to elliptic partial differential equations ensures
the uniqueness of the solution to the Cauchy problem, see
e.g. Colton and Kress [4]. However, the solution may not
exist. Moreover, even if the solution exists, this is not
continuously dependent on the data. This instability
property has significant practical importance as the
boundary data are based on experimental measurements
and hence they cannot be determined accurately.
Furthermore, in addition to the Cauchy problem given

by Eqs. (1) or (2) and (4), we also investigate the following
inverse boundary value problem associated with the
governing partial differential equation (1) or (2)

BjuðxÞ ¼ gðxÞ; x 2 G1; IuðxÞ ¼ ~uðxÞ; x 2 Oint � O,

(5)

where j 2 f1; 2g depends upon the type of boundary
conditions available, I is the identity operator and
Oint � O. The uniqueness of the solution is guaranteed by
the unique continuation principle and this problem
corresponds to the case when the data are internal
measurements.
e problems associated with Helmholtz-type equations. Eng Anal Bound
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3. Numerical scheme

In this section, we describe the numerical scheme for the
inverse problem, namely the PWM in conjunction with the
TSVD. The connection of the PWM to the MFS and BKM
is also briefly discussed.

3.1. The plane wave method

In both iterative and direct methods, the partial
differential equation must be discretized. Meshfree meth-
ods have received much attention from both scientific and
engineering community in recent years, see e.g. Griebel and
Schweitzer [29] and Liu [30], due to the absence of the mesh
in comparison with their more traditional counterparts,
such as the finite element method and BEM. Boundary-
type meshfree methods, such as the MFS [31,32] and BKM
[33,34], are popular for solving numerically homogeneous
problems and have been successfully applied to inverse
problems, see Jin and Zheng [20,21], Marin and Lesnic [22],
Marin [23] and Wei et al. [24]. The PWM is a ridge function
collocation technique for discretizing homogeneous pro-
blems, see e.g. Pinkus [35], and hence it is also truly
boundary-type and inherently meshfree.

The PWM approximates the solution of a homogeneous
partial differential equation by a linear combination of
plane waves. The plane wave for the Helmholtz and
modified Helmholtz equations in Rd is given by

u�ðx; dÞ ¼ eikx�d; x 2 Rd (6)

and

u�ðx; dÞ ¼ elx�d; x 2 Rd , (7)

respectively, where d 2 Sd�1 is a unit vector in Rd and x � d

denotes the inner product of two vectors x ¼ ðx1;x2; . . . ;xdÞ
T

and d ¼ ðd1; d2; . . . ; ddÞ
T, namely

x � d ¼
Xd

k¼1

xkdk. (8)

In the PWM, one seeks an approximate solution, uðxÞ, in the
form

uðxÞ ¼
Xns

j¼1

ajGjðxÞ; x 2 O ¼ O [ G, (9)

where GjðxÞ ¼ u�ðx; djÞ, fdjg is the set of directions, ns is the
number of directions and fajg are unknown coefficients to
be determined.

Due to this special choice of the basis functions, the
approximate solution uðxÞ automatically satisfies the
governing homogeneous partial differential equation.
However, it does not necessarily satisfy the boundary
conditions. The latter can be enforced by means of either
the collocation method or the Galerkin method and, for
simplicity, we employ the collocation method in the present
study. Let fxig be a set of points on the boundary G1. By
collocating Eq. (4) at fxig, we arrive at the following system
Please cite this article as: Jin B, Marin L. The plane wave method for invers
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of linear algebraic equations

gðxiÞ ¼
Xns

j¼1

ajB1GjðxiÞ; i ¼ 1; 2; . . . ; n1, ð10Þ

hðxiÞ ¼
Xns

j¼1

ajB2GjðxiÞ; i ¼ n1 þ 1; . . . ; n1 þ n2, ð11Þ

where n1 and n2 are the numbers of collocation points on
the boundary G1 for the boundary conditions defined by
B1 and B2, respectively.
Briefly, we obtain the following system of linear

algebraic equations:

Aa ¼ b, (12)

where A ¼ ðAijÞ 2 Cn�ns is the interpolation matrix, a ¼

ða1; a2; . . . ; ans
Þ
T
2 Cns is the vector containing the unknown

coefficients, b ¼ ðgðx1Þ; . . . ; gðxn1Þ; hðxn1þ1Þ; . . . ; hðxnÞÞ
T
2

Cn is the vector containing the given boundary data and
n ¼ n1 þ n2. More precisely, the entries Aij of the inter-
polation matrix A are defined by

Aij ¼
B1GjðxiÞ; i ¼ 1; 2; . . . ; n1; j ¼ 1; 2; . . . ; ns;

B2GjðxiÞ; i ¼ n1 þ 1; . . . ; n; j ¼ 1; 2; . . . ; ns:

(
(13)

The system of linear algebraic equations (12) is often severely
ill-conditioned. Its accurate and stable solution is crucial for
obtaining physically meaningful numerical results and this
will be discussed in detail in the next subsection.
The use of plane waves for solving partial differential

equations dates at least back to early 1950s, see e.g. John
[36]. Numerically, it has been successfully applied to
eigenvalue problems (quantum billiards) by Heller [37]
and Li et al. [38] and wave guide calculations by Sakoda
[39]. Alves and Valtchev [40,41] applied the PWM to the
numerical solution of the Helmholtz equation and, more
recently, Li [42] studied the performance of this method for
the modified Helmholtz equation. The PWM is closely
related to the MFS. The fundamental solutions of the
Helmholtz and modified Helmholtz equations with the
source point located at y are given by

u#ðx; yÞ ¼

i

4
H
ð1Þ
0 ðkrÞ; x 2 R2;

1

4pr
eikr; x 2 R3

8>><>>: (14)

and

u#ðx; yÞ ¼

1

2p
K0ðlrÞ; x 2 R2;

1

4pr
e�lr; x 2 R3

8>><>>: (15)

respectively, where r ¼ kx� yk2 and k � k2 denotes the
Euclidean norm. Here H

ð1Þ
0 is the Hankel function of the

first kind of order zero and K0 is the modified Bessel
function of the second kind of order zero. Note that the
following asymptotic expansions, see e.g. Abramowitz and
e problems associated with Helmholtz-type equations. Eng Anal Bound
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Stegun [43]

u#ðx; yÞ ¼

eikr0 eip=4ffiffiffiffiffiffiffiffi
8pkr0
p ½e�ikx�by þ Oðr0�1Þ�; x 2 R2;

eikr0

4pr0
½e�ikx�by þ Oðr0�1Þ�; x 2 R3

8<: as r0 ! 1

(16)

and

u#ðx; yÞ ¼

e�lr0ffiffiffiffiffiffiffiffi
8plr0
p ½elx�by þ Oðr0�1Þ�; x 2 R2;

e�lr0

4pr0
½elx�by þ Oðr0�1Þ�; x 2 R3

8<: as r0 ! 1

(17)
u#ðx; yÞ ¼

1ffiffiffiffiffiffiffiffiffiffi
2p3kr0
p cos kr0 � p

4
� kx � by� �

þ Oðr0�1Þ
� �

; x 2 R2;

1
4pr0
½sinðkr0 � kx � byÞ þ Oðr0�1Þ�; x 2 R3

8<: as r0 ! 1. (21)
are valid for the Helmholtz and modified Helmholtz
equations, respectively. Here r0 ¼ kyk2 and by ¼ y=r0 is a
unit vector in the direction of y. Therefore, the PWM could
be regarded as the MFS with the source points located at
infinity. Recall that the accuracy of the MFS usually
increases as the fictitious boundary moves away from the
physical one and theoretically the optimal one should be
placed at infinity [32]. However, numerical experiments
show that the accuracy deteriorates significantly due to
rounding errors when the distance between the fictitious
and physical boundaries is very large. Consequently, the
PWM also features the fast convergence of the MFS for
smooth solutions and works practically identical with the
MFS with source points placed far away from the physical
boundary [41]. However, the PWM surpasses the MFS, in
the sense that it avoids the controversial requirement of
constructing a fictitious boundary outside of the physical
domain since the plane waves are nonsingular.

The PWM is also closely related to the BKM [34]. The
nonsingular general solution of the modified Helmholtz
equation with the source point located at y is given by

u#ðx; yÞ ¼

1
2p I0ðlrÞ; x 2 R2;
1
4pr

sinhðlrÞ; x 2 R3;

(
(18)

where I0 is the modified Bessel function of the first kind of
order zero. Note that the following asymptotic expansion
holds, see e.g. Abramowitz and Stegun [43]

u#ðx; yÞ ¼

elr0ffiffiffiffiffiffiffiffiffi
8p3lr0
p ½e�lx�by þ Oðr0�1Þ�; x 2 R2;

elr0

8pr0
½e�lx�by þ Oðr0�1Þ� � e�lr0

8pr0
½elx�by þ Oðr0�1Þ�; x 2 R3

8<:
as r0 ! 1:

(19)

Therefore, the PWM could be regarded as the BKM with
source points placed at infinity. Numerical experiments
indicate that in the BKM with source points moving
away from the physical boundary, the conditioning of
the interpolation matrix improves considerably. A similar
Please cite this article as: Jin B, Marin L. The plane wave method for invers
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relation can be obtained for the Helmholtz equation,
whose nonsingular general solution with the source point
located at y is given by

u#ðx; yÞ ¼

1

2p
J0ðkrÞ; x 2 R2;

1

4pr
sinðkrÞ; x 2 R3:

8>><>>: (20)

On taking the imaginary part of Eq. (16), we obtain, see
Abramowitz and Stegun [43]
The plane wave could be regarded as a ridge function, see
Pinkus [35], and, therefore, existing theoretical results for
ridge functions may be adapted for the PWM. The density
and fundamentality of the plane waves and general ridge
functions have been established by Alves and Valtchev
[40,41] and Li [42], and Kroó [44], respectively. Moreover,
it was also shown that an appropriately chosen super-
position of ridge functions could converge at a good rate to
the underlying function, see e.g. Barron [45] and Petrushev
[46].
3.2. Regularization techniques

The use of collocation methods, in conjunction with
global basis functions, often results in an ill-conditioned
coefficient matrix. In addition, the ill-posedness of the
inverse problem also carries over to the discretized
problem, i.e. Eq. (12). Consequently, the interpolation
matrix A is often severely ill-conditioned and an accurate
and stable numerical solution to the associated system of
linear algebraic equations is required. Regularization
methods are among the most popular and successful
techniques for solving stably and accurately ill-conditioned
matrix equations, see Hansen [47]. In our computations, we
use the TSVD to solve the matrix equation arising from the
PWM discretization.
The SVD of a matrix A 2 Cn�nsðnXnsÞ is given by

A ¼ URVH, (22)

where U ¼ ½u1; u2; . . . ; un� and V ¼ ½v1; v2; . . . ; vns
� are uni-

tary matrices with column vectors called the left and the
right singular vectors, respectively, whilst R ¼ diagðs1;
s2; . . . ; sns

Þ is a diagonal matrix with nonnegative diagonal
elements in non-increasing order which are the singular
values of A. Here the superscript H denotes the conjugate
transpose of a complex matrix.
A convenient measure for the conditioning of Eq. (12) is

the condition number of the matrix A defined as the ratio
e problems associated with Helmholtz-type equations. Eng Anal Bound
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of the largest singular value to the smallest one, i.e.

CondðAÞ ¼
s1
sns

. (23)

On using the SVD, the solution a to Eq. (12) can be
succinctly written as a linear combination of the right
singular vectors, namely

a ¼
Xk

i¼1

uHi b

si

vi, (24)

where k is the rank of the matrix A. Ill-conditioned
matrices often have many small singular values clustering
around zero and, therefore, the solution to Eq. (12) by
standard methods may be dominated by the contribution
of the small singular values. One simple remedy is to
truncate the above summation by considering an approx-
imate solution, ap, given by

ap ¼
Xp

i¼1

uHi b

si

vi, (25)

where ppk is the regularization parameter which deter-
mines when one starts to leave out small singular values.
This method is known as the TSVD in the inverse problem
community, see e.g. Hansen [47].

The regularization parameter p plays a crucial role in
the performance of the TSVD. Several algorithms have
been suggested for its appropriate choice, such as the
discrepancy principle, generalized cross-validation and
L-curve criterion, see Hansen [47]. Numerically, the L-curve
criterion is robust and stable with respect to both
uncorrelated and highly correlated noise and works effec-
tively with certain classes of practical problems, see Hansen
[47] and Hansen and O’Leary [48]. In the present study, we
employ the L-curve criterion in order to determine the
optimal regularization parameter.

The L-curve for the TSVD is defined by

L ¼ fðlog kAai � bk2; log ka
ik2Þji ¼ 1; 2; . . . ; kg. (26)

According to the L-curve criterion, the optimal regulariza-
tion parameter is located at the corner of the curve defined
by Eq. (26) since a good tradeoff between the residual and
solution norms is achieved at this point. Several algorithms
for locating the corner have been proposed, such as the
maximum-curvature method, the conic fitting method and
the triangle method. In the present study, we mainly
employ the maximum-curvature method, see Hansen [47].
However, the curvature of the parametric spline is sensitive
to the knot distribution and occasionally the located corner
is not suitable, see Hansen and O’Leary [48]. Therefore,
visual inspection is also used as an auxiliary procedure.

4. Numerical results and discussion

In this section, we present the numerical results obtained
using the proposed scheme, namely the PWM, in conjunc-
tion with the TSVD, for several two- and three-dimensional
Please cite this article as: Jin B, Marin L. The plane wave method for invers
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benchmark examples in both smooth and piecewise smooth
geometries. The convergence and stability of the proposed
method with respect to increasing the number of colloca-
tion points and the number of directions, and decreasing
the amount of noise added into the data, respectively, are
analysed. In addition, a comparison with other meshless
methods is also performed.

4.1. Examples

The domains under consideration and the accessible, G1,
and inaccessible, G2 ¼ GnG1, parts of the boundary G of
the solution domains are given by:

Domain 1: (Unit disk: Two-dimensional smooth domain)

O ¼ fðx1;x2Þjx
2
1 þ x2

2o1g,

G1 ¼ fðr; yÞjr ¼ 1; 0pyopg,

G2 ¼ fðr; yÞjr ¼ 1;ppyo2pg, ð27Þ

where ðr; yÞ are the polar coordinates corresponding to the
point x ¼ ðx1;x2Þ.

Domain 2: (Complex domain: Two-dimensional piece-
wise smooth domain) The configuration of the complex
domain bO is schematically shown in Fig. 1(a), where the
boundaries G1 and G2 are also indicated. Note that the
geometry of the domain bO involves re-entrant corners and
sharp notches which have been deliberately designed to
verify the efficiency of the proposed scheme for problems
with an arbitrary geometry.

Domain 3: (Unit cube: Three-dimensional piecewise
smooth domain)eO ¼ fðx1;x2;x3Þj � 0:5ox1;x2;x3o0:5g,

G1 ¼ fðx1;x2;�0:5Þj � 0:5ox1;x2o0:5g

[ fðx1;�0:5; x3Þj � 0:5ox1; x3o0:5g

[ fð�0:5;x2; x3Þj � 0:5ox2; x3o0:5g,

G2 ¼ fðx1;x2; 0:5Þj � 0:5ox1; x2o0:5g

[ fðx1; 0:5;x3Þj � 0:5ox1;x3o0:5g

[ fð0:5;x2;x3Þj � 0:5ox2;x3o0:5g. ð28Þ

For the convenience of comparison and illustration of the
accuracy, convergence and stability of the proposed
scheme, we consider the test examples listed in Table 1,
where Y 0 is the Bessel function of the second kind of order
zero. Several examples are taken from Jin and Zheng
[20,21] and Marin [23]. Example 1 is adopted to
demonstrate the regularizing effect of the TSVD and
investigate the convergence of the PWM. Examples 2 and 3
are considered for comparing the proposed numerical
scheme with other meshfree methods, whilst Examples 4–7
are used to demonstrate the stability and efficiency of the
present method for smooth and piecewise smooth, two-
and three-dimensional geometries.
The boundary conditions on the boundary G1 defined by

the operators B1 and B2 are taken to be the Dirichlet and
Neumann boundary conditions, respectively. Unless other-
wise specified, the number of collocation points on the
e problems associated with Helmholtz-type equations. Eng Anal Bound
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boundary G1 is taken to be 15 for the circular domain O, 24
for the complex domain bO and 147 for the cube domain eO,
with the mention that the same collocation points are used
(1/4,1/4)

(1/4,0) (1,0)

(1,1)(3/4,1)(1/4,1)(0,1)

(0,1/4)

Ω ^

Γ1

Γ1

Γ1 Γ1

Γ2

Γ1

Γ2

Γ2

Γ1

Γ1

Γ2

Ω

(1/2,1-21/2/4)

Fig. 1. (a) Schematic diagram of the domain bO and the corresponding

distribution of the boundary collocation points (�) on G1. (b) The

distribution of the boundary collocation points on G1 and scattered

internal measurements (�) for the domain O.

Table 1

Test cases for the inverse problems investigated

Example uðxÞ k

1 sinðx1Þ sinðx2Þ k
2 sinð

ffiffiffi
2
p

x1Þ sinhðx2Þ þ cosðx2Þ k
3 sinð8x1Þ þ sinð8x2Þ k
4

Y 0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1 � 5Þ2 þ ðx2 � 10Þ2

q� �
k

5 sinð
ffiffiffi
2
p

x1Þ sinhðx2Þ þ cosðx2Þ k

6 exp x1 þ
1
2

x2 þ
ffiffiffiffi
11
p

2
x3

	 

l

7 expð2x1 � x2Þ l

Please cite this article as: Jin B, Marin L. The plane wave method for invers
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for both types of boundary conditions. The distribution of
the collocation points on the boundary G1 in the case of the
complex domain bO is schematically shown in Fig. 1(a),
whilst the distribution of the boundary collocation points
on G1 and scattered internal measurements for the domain
O is presented in Fig. 1(b). The number of directions is
taken to be the same as the number of boundary
collocation points, i.e. ns ¼ n, such that the resulting
interpolation matrix is square. The uniformity of the
direction distribution could affect the accuracy of the
numerical results significantly, see Alves and Valtchev [41].
In the two-dimensional case, the directions are uniformly
distributed on the unit circle, whereas in the three-
dimensional case, they are quasi-uniformly distributed on
the unit sphere by employing an optimization procedure,
see Ling [49].
In real-world inverse problems, the known boundary

data are measured and, therefore, contaminated by
inherent measurement errors. For all examples investigated
in this paper, the simulated noisy data are generated using
the following formula:

~bi ¼ bið1þ ezÞ; i ¼ 1; 2; . . . ; n, (29)

where e indicates the level of noise added into the data and
z is a normally distributed random variable with zero mean
and unit standard deviation. In our computations, the
random variable z is realized using the Matlab function
randn().
To measure the accuracy of a numerical approximation ~f

to the function f, we use relative error defined as

relðf Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN
i¼1ðf i �

~f iÞ
2

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN

i¼1 f 2
i

q , (30)

where f i and ~f i are the exact and numerical solutions
evaluated at the point xi 2 G2, respectively, and N is the
total number of testing points on the boundary G2. In the
case of the examples considered herein, N ¼ 40 and 1200
for the two- and three-dimensional problems investigated,
respectively, and the evaluated points are distributed
uniformly on the boundary G2.
; l Domain Equation

¼
ffiffiffi
2
p

O Helmholtz

¼ 1 O Helmholtz

¼ 8 O Helmholtz

¼ 1 O Helmholtz

¼ 1 bO Helmholtz

¼ 2 eO Modified Helmholtz

¼
ffiffiffi
5
p

O ModifiedHelmholtz
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4.2. Ill-posedness and regularization of the problem

Before presenting the numerical results for the inverse
problems analysed in this paper, it is interesting to
investigate the source of ill-conditioning of the coefficient
matrix A, i.e. the ill-posedness of the discretization and the
inverse problem, respectively. To do so, we consider
Example 1 with e ¼ 1% noise added into both the Dirichlet
and Neumann data, i.e. the Cauchy data.

The most prominent feature of Eq. (12) is its severe ill-
conditioning and its cause is attributed to both the
discretization method and ill-posedness of the problem.
Collocation methods based on global basis functions, such
as the PWM, MFS and BKM, often result in ill-
conditioned coefficient matrices, see e.g. Galperin and
Zheng [50]. The Cauchy problem for Helmholtz-type
equations is severely ill-posed, see John [8] and Hrycak
and Isakov [9], and this feature also carries over to the
discrete problem. Fig. 2(a) shows the condition number of
the matrix A for the forward (Dirichlet problem) and
Cauchy problems corresponding to the Helmholtz equa-
tion with the wave number k ¼

ffiffiffi
2
p

and n ¼ ns. For both
the forward and inverse problems the condition number
CondðAÞ increases exponentially up to ns ¼ 40 and then
oscillates slightly around 1018 due to the inherent rounding
errors. However, the condition number for the inverse
problem is greater than that corresponding to the forward
problem by Oð103Þ. The wave number k has a significant
effect on the ill-conditioning of the matrix A. Fig. 2(b)
illustrates the condition number for the Helmholtz
equation with the wave number k ¼ 8. The overall pattern
is similar to that for k ¼

ffiffiffi
2
p

, but the difference in the
condition number CondðAÞ for the forward and inverse
problems now increases to Oð106Þ. Therefore, the ill-posed
nature of the problem contributes significantly to the ill-
conditioning of the matrix A. For comparison purposes,
the condition number of the interpolation matrix arising
from the MFS and BKM discretizations of the forward and
inverse problems are presented in Figs. 3(a) and (b),
respectively. Their overall tendency is practically identical
to that of the PWM. However, the BKM levels off for a
number of collocation points lower than that correspond-
ing to the MFS and PWM.

Fig. 4(a) presents the exact and numerical solutions for
the temperature uðxÞ on the boundary G2, obtained using
the Gaussian elimination method. It can be seen from this
figure that the numerical solution is highly oscillatory,
deviates from the exact one by two orders in magnitude
and, therefore, represents a very inaccurate approximation
to the exact solution. The same conclusion holds for
numerical results obtained using the LU factorization or
the QR decomposition. Although not presented here, it is
reported that the numerical boundary flux obtained using
the Gaussian elimination and the aforementioned meshless
methods, in the case of the direct problem for Example 1
with e ¼ 1% noise added into the Dirichlet data, represents
a good approximation for its corresponding analytical
Please cite this article as: Jin B, Marin L. The plane wave method for invers
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value. However, these results can be improved by employ-
ing regularization methods. Therefore, we can conclude
that it is mainly the severe ill-conditioning stemming from
the inverse problem that precludes the use of standard
methods for the resulting system of linear algebraic
equations in the presence of noisy data.
To further expose the difficulty that occurs when solving

the resulting PWM system of linear algebraic equations
using standard methods, we present in Fig. 5(a) the
singular value spectrum of the matrix A, the Fourier
coefficients juHi bj and the ratio juHi bj=si, which is also
e problems associated with Helmholtz-type equations. Eng Anal Bound
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known as the Picard plot in the literature, see e.g. Hansen
[47]. The spectrum is abundant with small singular values
and, moreover, the singular values decay gradually to zero
without any obvious gap and eventually cluster around
zero. However, the Fourier coefficients juHi bj for iX10 are
approximately maintained at a level of Oð10�2Þ, which is
statistically consistent with the fact that the noise level of
the data is 1%, see Hansen [47]. Consequently, the ratio
juHi bj=si blows up and may reach values of Oð1013Þ, which
according to Eq. (24) render the solution obtained by
Please cite this article as: Jin B, Marin L. The plane wave method for invers
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standard methods completely dominated by the contribu-
tions from small singular values.
The TSVD alleviates the aforementioned difficulty by

leaving out the contributions from small singular values
and the TSVD-based results are shown in Fig. 4(b). It
should be mentioned that the regularization parameter
p ¼ 8 is determined by the L-curve criterion and the
corresponding L-curve is illustrated in Fig. 5(b). Note that
the curve approximately consists of two distinct parts,
namely the vertical (large p) and horizontal (small p) ones,
e problems associated with Helmholtz-type equations. Eng Anal Bound
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with the mention that a good tradeoff between the solution
and residual norms is achieved at the corner of the L-curve.
The numerical solution retrieved by the TSVD is in
excellent agreement with the exact one and the results
indicate that the TSVD, in conjunction with the L-curve
method, yields stable and accurate numerical results for
noisy Cauchy data.

It should be mentioned that the present computations
have been performed on a PC with 1.00GB RAM using
Matlab 6.5. The computational time as a function of the
number of directions, ns, obtained using the PWM, n ¼ ns,
Please cite this article as: Jin B, Marin L. The plane wave method for invers
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the wave number k ¼
ffiffiffi
2
p

and e ¼ 1% noise added into the
Cauchy data, for the inverse problem associated with
Example 1 is shown in Fig. 6. The average computational
time for 10 runs of the code was found to be 0:3 s, whilst
less than 0.01 s were spent for the SVD calculations. The
computational time allocated to the present numerical
scheme is much less than that corresponding to the
alternating iterative method or CGM, see e.g. Marin
et al. [25,26], and thus the PWM+TSVD is computation-
ally efficient. However, the time for computing the SVD is
dominant when the size of the resulting system of linear
algebraic equations reaches 1000, as can be seen from
Fig. 6, since its flop count grows like 4n2ns þ 8nn2

s þ 9n3
s ,

see Golub and Van Loan [51]. Therefore, the TSVD is not
amenable with large-scale problems and more tractable
alternatives should be employed. A possible approach in
this case would be to adopt other computationally more
efficient rank-revealing techniques, such as the UTV and
URV decompositions, or iterative regularization methods,
e.g. the GMRES and CGM.

4.3. Convergence analysis

In this section, we investigate the convergence of the
scheme with respect to increasing the number of directions,
ns, and collocation points, n, for both exact and noisy data.
In order to ensure the uniqueness of the solution to
Eq. (12), we require that nXns.
Firstly, we consider the inverse problem under investiga-

tion with exact Cauchy data, with the mention that the
corresponding system of linear algebraic equations is
e problems associated with Helmholtz-type equations. Eng Anal Bound
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solved by the Gaussian elimination method since no
regularization is required in this case. The numerical
results obtained for Example 1 by varying simultaneously
both the number of collocation points, n, and directions,
ns, such that the ratio n=ns is constant, are presented in
Figs. 7(a) and (b) in terms of the relative errors relðuÞ and
relðfÞ, respectively. Both these errors decrease exponen-
tially as ns attains a threshold value, after which they tend
to level off. The convergence rate of relðuÞ was found to be
13:8 and 13:0 for the ratios n=ns ¼ 1; 2 and n=ns ¼ 3,
Please cite this article as: Jin B, Marin L. The plane wave method for invers
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respectively, and hence the ratio n=ns has a negligible effect
on the convergence rate of the numerical solution.
However, this ratio does improve slightly the accuracy
for nsX30 at the expense of increased computational cost.
Fig. 8(a) displays the results obtained by setting the
number of collocation points to n ¼ 40 and varying the
number of directions, ns. Again, both relative errors relðuÞ
and relðfÞ decrease exponentially up to ns ¼ 30 and then
they slightly oscillate around 10�10. The convergence rate
of the errors relðuÞ and relðfÞ was found to be 13:8 and
e problems associated with Helmholtz-type equations. Eng Anal Bound
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12:9, respectively, which is comparable with the case
corresponding to the simultaneous increment of both n

and ns, such that n=ns is constant. Note that for ns ¼ 44, we
obtain an under-determined version of the PWM, for
which the solution is not unique. However, the solution
based on the TSVD is still well-defined [51] and the
numerical results presented herein indicate that this under-
determined version of the PWM also works well.

Further, we consider Example 1 with 3% noise added
into the Cauchy data and the optimal truncation number,
i.e. regularization parameter, p determined by the L-curve
criterion. Fig. 8(b) illustrates the evolution of the relative
errors relðuÞ and relðfÞ with respect to the number of
directions, ns, and collocation points n ¼ 40. It can be seen
from this figure that both relðuÞ and relðfÞ decrease as
4pnsp10, whilst a further increase in the number of
directions does not result in a significant improvement of
the numerical results. Fig. 9 presents the relative accuracies
corresponding to the numerical results obtained in the case
of Example 1 with 3% noise added into the Cauchy data,
as functions of the number of directions, ns, such that the
ratio n=ns is kept constant. The accuracy of the numerical
results improves for nsp12 and a further increase in the
number of directions, ns, does not improve substantially
the accuracy of the numerical results. It should also be
mentioned that the ratio n=ns does not influence signifi-
cantly the relative errors relðuÞ and relðfÞ.

It should be mentioned that a low number of directions,
namely ns ¼ 12, was found sufficient to obtain an accurate
and stable numerical solution to the inverse problem
associated with Example 1, for both exact and noisy data.
Consequently, the size of the resulting matrix equation is
quite small and this implies the computational efficiency of
the proposed scheme. Although not presented herein, it is
reported that similar results have been obtained for the
other examples analysed in this paper.

4.4. Comparison with other meshless methods

The basic idea of the PWM is similar to that of the MFS
and BKM, and a comparative study of the PWM and MFS
for forward problems has been undertaken by Alves and
Valtchev [41]. In this section, we compare the performance
of the aforementioned meshless methods when employed
for solving inverse problems associated with Helmholtz-
type equations.

To do so, we consider Example 2 with exact boundary
data. All the meshfree numerical methods considered are
very accurate for solving inverse problems with exact
boundary data. The absolute error distributions of the
numerical results obtained by the PWM, MFS and BKM
are shown in Fig. 10, where n ¼ ns ¼ 40. The source points
for the MFS are placed on a circle centred at the origin
with radius 10, whilst those for the BKM are located
on two arcs fðr; yÞ : r ¼ 1; 0pyppg [ fðr; yÞ : r ¼ 0:8; 0p
yppg, see e.g. Jin and Zheng [20]. The maximum absolute
errors for the numerical boundary temperature uðxÞ
Please cite this article as: Jin B, Marin L. The plane wave method for invers
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retrieved using the PWM, MFS and BKM were found to
be 7:625� 10�7, 2:386� 10�7 and 6:865� 10�4, respec-
tively. The striking accuracy of the numerical results
obtained by these methods is often attributed to their
exponential convergence for smooth solutions, see e.g.
Golberg and Chen [32], Hon and Chen [34] and Alves and
Valtchev [41]. For the inverse problems under investiga-
tion, the numerical results obtained using the PWM are
slightly less inaccurate than those retrieved by the MFS,
with the mention that these meshless methods provide
e problems associated with Helmholtz-type equations. Eng Anal Bound
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numerical results much more accurate than the BKM, i.e.
by two orders in magnitude. This remark is also consistent
with the findings for forward problems, namely the PWM
and MFS with large source radii yield similar results and
they are usually more accurate than the BKM, see Alves
and Valtchev [41].

The numerical boundary temperature uðxÞ and flux fðxÞ,
obtained using the PWM, MFS and BKM with 3% noisy
Cauchy data, for Example 2 are displayed in Figs. 11(a)
and (b), respectively. It can be seen from these figures that
the numerical solutions are in reasonable agreement with
Please cite this article as: Jin B, Marin L. The plane wave method for invers
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the exact one. The difference between the numerical
solutions is negligible and all the retrieved numerical
results are practically identical. The accuracies for the
numerical results corresponding to the aforementioned
meshless schemes are comparable and are maintained
at a small level comparable to the noise level, as shown in
Table 2, where p is the regularization parameter.
To further explore the comparison of the PWM, MFS

and BKM for solving inverse problems associated with
e problems associated with Helmholtz-type equations. Eng Anal Bound
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Table 2

The accuracy of the numerical boundary temperature, relðfÞ, and flux,

relðfÞ, obtained using the PWM, MFS and BKM, and e ¼ 3% noise

added into the Cauchy data, for the inverse problem associated with

Example 2

Method CondðAÞ p relðuÞ relðfÞ

PWM 1:043� 1018 8 4:378� 10�2 7:193� 10�2

MFS 5:378� 1017 8 4:324� 10�2 7:088� 10�2

BKM 1:918� 1018 8 4:437� 10�2 7:326� 10�2
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Fig. 12. The exact (—) and numerical (a) temperature uðxÞ, and (b) flux

fðxÞ, on G2, obtained using ns ¼ 100, n ¼ 100, e ¼ 3% noise added into

the Cauchy data and various meshless methods, namely the PWM ð�Þ,

MFS ð’Þ and BKM ðEÞ, for Example 3.

Table 3

The accuracy of the numerical temperature, relðfÞ, and flux, relðfÞ,
obtained using the PWM, MFS and BKM, and e ¼ 3% noise added into

the Cauchy data, for the inverse problem associated with Example 3

Method CondðAÞ p relðuÞ relðfÞ

PWM 1:278� 1018 23 2:278� 10�1 2:368� 10�1

MFS 2:850� 1017 23 2:286� 10�1 2:374� 10�1

BKM 2:224� 1018 23 1:887� 10�1 2:063� 10�1
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Helmholtz-type equations, we test these schemes for a more
challenging problem, i.e. Example 3 with n ¼ ns ¼ 100, e ¼
3% noise added into the Cauchy data and k ¼ 8, which is
representative for medium wave numbers, see Shu and Xue
[52]. The corresponding exact and numerical solutions for
the boundary temperature and flux are displayed in Fig. 12.
Taking into account the severe ill-posed nature of the
inverse problem and challenges posed by the high wave
number, see Shu and Xue [52], the results presented here
are quite satisfactory. The PWM- and MFS-based results
are practically identical, but they are slightly less accurate
than those obtained using the BKM, also see Table 3.
Therefore, we may conclude that the proposed scheme is
comparable with the MFS and BKM in terms of accuracy.

For two-dimensional problems, forming the interpola-
tion matrix A for the MFS and the BKM requires the
evaluation of Bessel and modified Bessel functions and
these are much more costly than evaluating the exponential
functions for the PWM. Numerically, it was found that the
computational time required for calculating the system
matrix A for the PWM is approximately one seventh of
that corresponding to the MFS or BKM. Therefore, the
present meshless method is slightly superior to the MFS
and BKM in terms of computational efficiency. The
difference in computational efficiency could be very
important for large-scale problems which may involve
thousands of unknowns. However, for three-dimensional
problems the computational efficiency is almost the same
since the computation of the Bessel and modified Bessel
functions reduces to that of trigonometric and exponential
functions.

4.5. Stability analysis

The exact and numerical results for the temperature and
flux on the under-specified boundary G2, obtained using
various levels of noise added into the Cauchy data, namely
e 2 f0; 1; 2g, for Example 4 are presented in Figs. 13(a) and
(b), respectively. It can be seen from these figures that the
numerical solutions for the boundary temperature and flux
represent very good approximations for their analytical
values. Furthermore, from Figs. 13(a) and (b) it can be
concluded that the numerical solutions for the temperature
uðxÞ and flux fðxÞ on the under-specified boundary G2,
converge to and approximate their corresponding exact
solutions better as the amount of noise in the data
Please cite this article as: Jin B, Marin L. The plane wave method for inverse problems associated with Helmholtz-type equations. Eng Anal Bound
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Table 4

The accuracy of the numerical temperature, relðfÞ, and flux, relðfÞ,
obtained using the PWM and e ¼ 2% noise added into the Cauchy data,

for the inverse problems associated with Examples 4–7

Example CondðAÞ p relðuÞ relðfÞ

4 2:078� 1017 8 1:235� 10�2 6:467� 10�2

5 9:336� 1017 10 7:157� 10�3 5:546� 10�2

6 5:203� 1019 29 5:365� 10�3 1:837� 10�2

7 9:149� 1017 8 7:654� 10�2 9:659� 10�2
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Fig. 14. The exact (—) and numerical (a) temperature uðxÞ, and (b) flux

fðxÞ on G2, obtained using the PWM and various levels of noise added

into the Cauchy data, namely e ¼ 0% ð�Þ, e ¼ 1% ð’Þ and e ¼ 2% ðmÞ,

for Example 5.
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decreases, while at the same time remaining stable. The
accuracy of the numerical solutions for the level of noise
e ¼ 2% is also tabulated in Table 4. It can be seen from this
table that the error in the numerical solution is maintained
at a small and comparable level with that in the boundary
data.

So far, we have investigated the performance of the
PWM+TSVD only for inverse problems in a smooth
geometry. In fact, the proposed method works equally well
Please cite this article as: Jin B, Marin L. The plane wave method for inverse problems associated with Helmholtz-type equations. Eng Anal Bound
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for inverse problems in a non-smooth geometry. To
illustrate this, we consider the inverse problem in the
piecewise smooth geometry, as given by Example 5. The
numerical results for Example 5 are presented in Figs. 14(a)
and (b). With up to 2% noise in the boundary data, the
numerical results are found to be in good agreement with
their corresponding exact solutions. The accuracy of the
numerical results achieved in this case is comparable with
that obtained for inverse problems in a smooth geometry,
as indicated in Table 4. These results show clearly the
strength of the present scheme for problems with compli-
cated geometry. Note that the solution is smooth in spite of
the nonsmooth geometry considered and this is usually
necessary to guarantee the fast convergence of the PWM,
as in the case of the MFS and BKM, see Golberg and Chen
[32] and Hon and Chen [34]. For problems with singular
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solutions, such as those caused by re-entrant corners and/
or boundary conditions, a special treatment is required.
The most popular technique is to approximate the solution
by the leading terms of the local expansion of the solution
around the singularity and to enforce the boundary
conditions by means of Lagrange multipliers or penalty
methods etc., see Karageorghis [53] and Li et al. [54].
The proposed scheme can be extended to three-dimen-

sional problems in a straightforward manner. The exact
and numerical results for the temperature uðxÞ and the flux
fðxÞ on the surface fðx1;x2; 0:5Þj � 0:5ox1;x2o0:5g � G2,
obtained with e ¼ 2% noise added into the Cauchy data,
for the three-dimensional modified Helmholtz equation as
given by Example 6, are shown in Figs. 15(a) and (b),
respectively, while their corresponding error distributions
are illustrated in Figs. 15(c) and (d), respectively. It can be
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seen from these figures that the numerical results recon-
structed for uðxÞ and fðxÞ on the boundary G2 are in good
agreement with their corresponding exact solutions. From
Fig. 15 we can conclude that the PWM+TSVD is also
applicable to three-dimensional inverse problems. This is
important especially for problems with a complicated
geometry since generating a good quality mesh for a
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Fig. 16. The exact (—) and numerical (a) temperature uðxÞ, and (b) flux

fðxÞ on G2, obtained using the PWM and various levels of noise added

into the boundary and internal data, namely e ¼ 0%ð�Þ, e ¼ 1% ð’Þ and

e ¼ 2% ðmÞ, for Example 7.
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complicated geometry in higher dimensions could be
costly.
The present numerical method works equally well for

inverse boundary value problems with internal measure-
ments. To illustrate this point, we consider the inverse
problem for the two-dimensional modified Helmholtz
equation corresponding to Example 7, where the internal
measurement points are scattered in the domain as shown
in Fig. 1(b). The numerical results for Example 7, obtained
with various levels of noise added into the boundary and
internal data, are presented in Fig. 16. From this figure, as
well as Table 4, it can be seen that an excellent agreement
between the numerical and analytical solutions is attained
for all the levels of noise considered. This is clearly
advantageous over traditional methods, which can only
handle cumbersomely problems involving scattered inter-
nal measurements. Although not presented herein, it
should be mentioned that similar results have been
obtained for three-dimensional inverse boundary value
problems for Helmholtz-type equations with internal
measurements.
Overall, from Figs. 13–16 and Table 4, we can conclude

that the proposed numerical scheme is stable with respect
to decreasing the amount of noise, as well as versatile for
complicated domains. Moreover, the solution and its high-
order derivatives in the domain are readily available by
direct differentiation.

5. Conclusions

In this paper, a meshless method for solving inverse
boundary value problem associated with Helmholtz-type
equations has been developed. The equation was discre-
tized using the PWM, whilst the ill-conditioning of the
resulting system of linear algebraic equations was over-
come by the TSVD, in conjunction with the L-curve
criterion. The numerical results for two- and three-
dimensional problems indicate that for both smooth and
piecewise smooth geometries accurate, convergent and
stable numerical solutions can be obtained. The compara-
tive study presented in Section 4.4 has shown that the
PWM is also competitive with other meshless methods used
for solving numerically inverse problems associated with
Helmholtz-type equations.
There are several potential extensions of the present

scheme, which are currently under investigation. Firstly, a
much wider class of inhomogeneous problems can be
conveniently handled using the proposed method with
simple and minor modifications when combined with
techniques for obtaining a particular solution, such as the
dual reciprocity and multiple reciprocity methods. Sec-
ondly, the present algorithm can be extended in a
straightforward manner to convection–diffusion problems
and problems in anisotropic media. For details on this
aspect, we refer the reader to Appendix A. Finally, the
recent algorithmic innovations of the PWM by the scaling
method, see Vergini and Saraceno [55] and Barnett et al.
e problems associated with Helmholtz-type equations. Eng Anal Bound
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[56], may provide the essential means for its successful
application to problems with very high wave numbers.

Acknowledgements

The authors would like to thank Professor Vladimir
Kozlov for his kind provision of relevant literature, as well
as the reviewers for their constructive comments.

Appendix A. Plane waves for anisotropic problems

In this section, we derive the plane waves for the
Helmholtz, modified Helmholtz and convection–diffusion
equations in anisotropic media. These plane waves may be
employed to solve relevant forward and inverse problems.

Firstly, we consider the Helmholtz equation in an
anisotropic medium, namely

r � ðKruÞ þ k2u ¼ 0; x 2 O, (31)

where the constant second order tensor K ¼ ½klm� is
symmetric and positive definite, and thus it admits the
Cholesky factorization [51]

K ¼ LLT, (32)

where L is a lower-triangular matrix. We define the
following plane wave:

u�ðx; dÞ ¼ eikd
TL�1x. (33)

Then it is easy to verify that

ru� ¼ iku�L�Td (34)

and

r � ðKru�Þ ¼ r � ðiku�KL�TdÞ ¼ ikru� � ðKL�TdÞ

¼ � k2dTL�1KL�Tdu� ¼ �k2u�,

where we have made use of the identity L�1KL�T ¼ I, I
being the identity matrix. Therefore, the plane wave given
by Eq. (33) satisfies Eq. (31).

Next, we consider the modified Helmholtz equation in an
anisotropic medium

r � ðKruÞ � l2u ¼ 0. (35)

Analogous derivations show that its plane wave is given by

u�ðx; dÞ ¼ eld
TL�1x. (36)

Finally, we consider the convection–diffusion equation in
an anisotropic medium, namely

r � ðKruÞ þ v � ru� Z2u ¼ 0, (37)

where Z 2 R and v is the velocity vector, and we let

vðxÞ ¼ exp
vTK�1x

2

� �
uðxÞ. (38)

Then the function vðxÞ satisfies

r � ðKrvÞ � m2v ¼ 0, (39)
Please cite this article as: Jin B, Marin L. The plane wave method for invers
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where the constant m40 is given by

m2 ¼ Z2 þ
vTK�1v

4
. (40)

Therefore, the plane wave for the convection–diffusion
equation is given by

u�ðx; dÞ ¼ exp �
vTK�1x

2
þ mdTL�1x

� �
. (41)
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