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For a better understanding for the formulation of the degenerate scale problem by using the complex

variable, preliminary knowledge is introduced. Formulation for the degenerate scale problem is based

on the direct usage of the complex variable and the conformal mapping. After using the conformal

mapping, the vanishing displacement condition is assumed on the boundary of unit circle. The complex

potentials on the mapping plane are sought in a form of superposition of the principal part and

the complementary part. The principal part of the complex potentials is given beforehand, and the

complementary part plays a role for compensating the displacement along the boundary from the

principal part. After using the appropriate complex potentials, the boundary displacement becomes

one term with the form of g(R)�c (g(R) a function of R), where R denotes a length parameter. By letting

the vanishing displacement on the boundary, or g(R)�c ¼ 0, the degenerate scale ‘‘R’’ is obtained. For

four cases, the elliptic contour, the triangle contour, the square contour and the ellipse-like contour, the

degenerate scales are evaluated in a closed form. For the case of antiplane elasticity, similar degenerate

scale problems are solved.

& 2008 Elsevier Ltd. All rights reserved.
1. Introduction

The boundary integral equation (abbreviated as BIE) was
widely used in elasticity, and the fundamental for BIE could be
found from Refs. [1–3]. Heritage and early history of the boundary
element method was summarized more recently [4]. However,
some difficult points for the BIE remain.

The degenerate scale problem in BIE is a particular boundary
value problem in elasticity as well as in Laplace equation. It is
known that the BIE in plane elasticity is generally formulated on
the usage of the Somigliana’s identity [3]. When the Dirichlet
problem is formulated for the exterior domain, a BIE is obtained.
In the Dirichlet problem for the exterior domain, the boundary
displacements are the input data and the boundary tractions are
the investigated arguments. If the assumed boundary displace-
ments vanish, the BIE becomes a homogenous equation, or the
right hand term in the equation is equal to zero. Such formulated
homogenous BIE has been shown to yield a non-trivial solution for
boundary tractions (or sija0 at the boundary points), when the
adopted configuration is equal to a degenerate scale. Since the
displacement and stress condition at infinity, for example
ui ¼ Oðln RÞ, sij ¼ Oð1=RÞ, or ui ¼ Oð1=RÞ, sij ¼ Oð1=R2

Þ, has not
ll rights reserved.
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been defined exactly, it is expected to have a non-trivial solution
from the viewpoint of mathematics and mechanics. This point will
be discussed in detail later. Alternatively speaking, the relevant
non-homogenous BIE has a non-unique solution when the
degenerate scale is reached. From the viewpoint of engineering,
the non-unique solution is an illogical one. Therefore, one must
avoid meeting illogical solution caused by occurrence of the
degenerate scale. Simply because the kernel from the displace-
ment of fundamental solution does not depend on the normal of
the boundary, the relevant homogenous equation for the Dirichlet
problem for the interior domain must be the same style as that for
the exterior domain. For the Laplace equation, the similar
degenerate scale problem also exists.

The boundary integral equation is used for a ring region with
the vanishing displacements along the boundary. In some parti-
cular scale of the configuration, the corresponding homogenous
equation has non-trivial solution for the boundary tractions [5,6].
In fact, if the displacements are vanishing at the boundary of ring
region, the stresses must also be equal to zero. Therefore, the
obtained result seriously violates the basic property of elasticity.

Numerical technique for evaluating the degenerate scale was
also suggested by using two sets of some particular solution in the
geometry of normal scale [7].

Mathematical analysis of the degenerate scale problems for
an elliptic-domain problem in elasticity was presented [8].
The analysis depends on the usage of the Airy stress function,
scale for BIE in plane elasticity and antiplane elasticity by using
d.2008.05.007
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which in turn is expressed through two complex potentials. By
using the complex variable and the elliptic coordinate, a closed
form solution for the degenerate scale was obtained. Both
components of the displacement vanish for the boundary
distribution when the degenerate scale occurs [8].

It is proved that there are either two single critical values or
one double critical value for any domain boundary. For two circle
holes in an infinite plate, degenerate scale was also studied [9].

Numerical procedure was developed to evaluate the degen-
erate scale directly from the zero value of a determinant. In the
time of evaluating the eigenvalue, or the degenerate scale, the
eigenfunction was also obtained as well [10,11]. In those papers,
the influence for the used scale to the obtained solution is
examined numerically. It is assumed that l is the degenerate scale
(or critical value) for size a. If the input data for the displacements
are from an exact solution in closed form, and one chooses the
a ¼ l� �, a ¼ l or a ¼ lþ � (e ¼ 0.00002 a small value), the
obtained tractions along the boundary are seriously deviated from
exact solution in closed form. In addition, if one chooses a ¼ 0:9l
or a ¼ 1:1l, small deviation in the computation is found.

It is found in this paper that, if the conformal mapping function
for a notch configuration is known beforehand, the relevant
degenerate scale (or the eigenvalue, or the critical value) and the
solution for displacements and stresses (or the eigenfunction) can
be obtained in closed form. Clearly, the present study does not
rely on the numerical computation.

It was pointed out that the influence matrix of the weakly
singular kernel (logarithmic kernel) might be singular for the
Dirichlet problem of Laplace equation when the geometry is
reaching some special scale [12]. In this case, one may obtain a
non-unique solution. The non-unique solution is not physically
realizable. From the viewpoint of linear algebra, the problem also
originates from rank deficiency in the influence matrices [12]. By
using a particular solution in the normal scale, the degenerate
scale can be evaluated numerically [12]. The degenerate scale
problem in BIE for the two-dimensional Laplace equation was
studied by using degenerate kernels and Fourier Series [13]. In the
circular domain case, the degenerate scale problem in BIE for the
two-dimensional Laplace equation was studied by using degen-
erate kernels and circulants, where the circulants mean the
influence matrices for the discrete system had a particular
character [14].

This paper evaluates the degenerate scale for BIE in plane
elasticity and antiplane elasticity by using the complex variable
and the conformal mapping. Basic equations in the complex
variable method of plane elasticity are compactly addressed. From
the formulation of an exterior problem in plane elasticity, the
background for existence of the degenerate scale is discussed in
detail.

After using the conformal mapping, the vanishing displace-
ment condition is assumed on the boundary of unit circle. The
complex potentials on the mapping plane are sought in a form of
superposition of the principal part and the complementary part. It
is found from detail derivation that there are some complex
potentials that satisfy the vanishing displacement condition along
the boundary when the degenerate scale is reached. For four
cases, the elliptic contour, the triangle contour, the square contour
and the ellipse-like contour, the degenerate scales are evaluated.
For the case of antiplane elasticity, similar degenerate scale
problems are solved.
Fig. 1. (a) An elliptic hole in infinite plate with non-equilibrated loadings on the

contour. (b) A ring-shaped domain S bounded by an elliptic contour G and a large

circle ‘‘CR’’.
2. Preliminary knowledge

Basic equations in the complex variable method of plane
elasticity are compactly addressed. From the formulation of an
Please cite this article as: Chen YZ, et al. Evaluation of the degenera
conformal.... Eng Anal Bound Elem (2008), doi:10.1016/j.enganabou
exterior problem in plane elasticity, the background for existence
of the degenerate scale is discussed in detail. Formulation of the
degenerate scale problem based on BIE is also introduced.
Emphasis is on the usage of a new suggested kernel. Comparison
between two techniques, from the usage of complex variable and
the BIE, is stated in brief.

2.1. The representation form of the displacement– stress field in

plane elasticity

The following analysis depends on the complex variable
function method in plane elasticity [15]. In the method, the
stresses (sx;sy;sxy), the resultant forces (X, Y) and the displace-
ments (u, v) are expressed in terms of two complex potentials
f1ðzÞ and c1ðzÞ such that

sx þ sy ¼ 4 Ref01ðzÞ,

sy � sx þ 2isxy ¼ 2½z̄f001ðzÞ þ c01ðzÞ�, (1)

f ¼ �Y þ iX ¼ f1ðzÞ þ zf01ðzÞ þc1ðzÞ, (2)

2Gðuþ ivÞ ¼ kf1ðzÞ � zf01ðzÞ � c1ðzÞ, (3)

where z ¼ x+iy denotes complex variable, G is the shear modulus
of elasticity, k ¼ ð3� nÞ=ð1þ nÞ is for the plane stress problems,
k ¼ 3� 4n is for the plane strain problems, and n is the Poisson’s
ratio. In the present study, the plane strain condition is assumed
thoroughly. In the following, we occasionally rewrite the dis-
placements ‘‘u’’, ‘‘v’’ as u1, u2, sx, sy, sxy as s11, s22, s12, and ‘‘x’’, ‘‘y’’
as x1, x2, respectively.

For any notch, for example, the elliptic notch in an infinite
plate with resultant forces Px and Py applied on the contour and
vanishing remote tractions (Fig. 1(a)), the relevant complex
potentials can be expressed in the following form [15]:

f1ðzÞ ¼ A2 ln zþ a0 þ
X1
k¼1

ak

zk
,

c1ðzÞ ¼ B2 ln zþ b0 þ
X1
k¼1

bk

zk
, (4)

where

B2 ¼ �kĀ2; A2 ¼ �
Px þ iPy

2pðkþ 1Þ
. (5)

The coefficients ak and bk (k ¼ 1, 2, y) cane be evaluated from the
solution of the boundary value problem, and two constants a0 and
b0 represent the rigid translation of the body. Since two constants
a0 and b0 are involved in Eq. (4), the complex potentials shown by
Eq. (4) are expressed in an impure deformable form. Simply
deleting two constants a0 and b0 in Eq. (4), we have:

f1ðzÞ ¼ A2 ln zþ
X1
k¼1

ak

zk
; c1ðzÞ ¼ B2 ln zþ

X1
k¼1

bk

zk
. (6)
te scale for BIE in plane elasticity and antiplane elasticity by using
nd.2008.05.007
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Fig. 2. (a) A concentrated force applied at the point z ¼ t, or the loading condition

for the fundamental field. (b) Some loadings having resultant forces applied on the

elliptic contour, or the loading condition for the physical field.
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The complex potentials shown by Eq. (6) are expressed in a pure
deformable form.

Assume that the two complex potentials are expressed in the
form:

f1ðzÞ ¼
XM
j¼1

ajFjðzÞ; c1ðzÞ ¼
XM
j¼1

bjGjðzÞ

where aj; bj real coefficients: (7)

If all the pairs f1ðzÞ ¼ FjðzÞ, c1ðzÞ ¼ 0 and f1ðzÞ ¼ 0, c1ðzÞ ¼ GjðzÞ

(j ¼ 1, 2, y, M) cause non-vanishing stress anywhere excluded
some insulated singular points, the complex potentials are defined
as the pure deformable form. Therefore, the pair f1ðzÞ ¼ igzþ c1,
c1ðzÞ ¼ c2 (where g denotes real constant, and c1, c2, denote two
complex constants) is represented in impure deformable form.

2.2. A particular boundary value problem for exterior domain

Let us consider a particular boundary value problem in the
region S bounded by an ellipse G and a large circle ‘‘CR’’ (Fig. 1(b)).
In the problem, the following boundary condition is assumed:

2Gðuþ ivÞjG ¼ 0. (8)

The usage of the Clapeyron’s theorem for the bounded region
between two boundaries G and ‘‘CR’’ will yield (Fig. 1(b)):

1

2

Z
G
sijnjui dsþ

1

2

Z
CR
sijnjui ds ¼

ZZ
S

wðeijÞdx dy, (9)

where wðeijÞ is the strain density function. Substituting Eq. (8) into
(9) yields:ZZ
S

wðeijÞdx dy ¼
1

2

Z
CR
sijnjui ds. (10)

In the first case, we assume that the radius of circular boundary
‘‘R’’ takes a definite value, for example R ¼ 1000. In addition, we
assume ui ¼ 0 or sijnj ¼ 0 along the boundary ‘‘CR’’. In this case,
from the mentioned condition on the contour G and Eq. (10) we
have:ZZ
S

wðeijÞdx dy ¼ 0. (11)

Since the strain energy wðeijÞ always takes a positive value,
therefore, the relevant strains must be vanishing, or eij ¼ 0, and
the displacements must be a rigid motion. After considering the
condition uijG ¼ 0 shown by Eq. (8), the displacements must be
vanishing (ui � 0) on the entire domain S.

In the second case, we assume that the radius of circular
boundary ‘‘R’’ is a variable. There are two subclasses for
consideration. In the first subclass, we assume that the loadings
applied on the elliptic contour are in equilibrium, or A2 ¼ 0 and
B2 ¼ 0 in the complex potentials shown by Eq. (6). Therefore, from
Eqs. (1) and (3), we have ui ¼ Oð1=RÞ (from the expression
ui ¼ Oð1=zÞ) and sij ¼ Oð1=RÞ2. Therefore, we have:

lim
R!1

1

2

Z
CR
sijnjui ds ¼ 0. (12)

In this case, Eq. (11) and the relevant conclusion are still valid.
In the second subclass, we assume that the loadings applied on

the elliptic contour are not in equilibrium, or A2a0 and B2a0 in
the complex potentials shown by Eq. (6). Therefore, from Eqs. (1),
(3) and (6), we have ui ¼ Oðln RÞ and sij ¼ Oð1=RÞ, and one
generally obtains:

1

2

Z
CR
sijnjui dsa0, (13)
Please cite this article as: Chen YZ, et al. Evaluation of the degenerate
conformal.... Eng Anal Bound Elem (2008), doi:10.1016/j.enganaboun
ZZ
S

wðeijÞdx dya0. (14)

Eq. (12) is derived from the fact that
R

CR sijnjui ds ¼R 2p
0 Oðln RÞOð1=RÞR dy is generally not equal to zero when

R!1. In addition, Eq. (14) reveals that the strain energy wðeijÞ

is not vanishing anywhere, or wðeijÞa0 for ðx; yÞ 2 S. In addition,
wðeijÞa0 is equivalent to uia0 anywhere for ðx; yÞ 2 S.

From Eq. (14), we see that it is possible to have a non-vanishing
displacements uia0 for ðx; yÞ 2 S under the boundary condition
shown by Eq. (8). Some detail analysis shows that non-vanishing
displacements (or uia0) exist for ðx; yÞ 2 S under the condition
shown by Eq. (8) when the scale is reaching some critical value
[5–8,12].

Therefore, the degenerate scale problem can be defined as
follows. One wants to find a particular scale such that the exterior
problem with vanishing displacements on the contour, or
2Gðuþ ivÞjG ¼ 0, has a non-trivial solution for displacements and
stresses (or ui 6¼0, sij 6¼0, for ðx; yÞ 2 S).

2.3. Formulation for the exterior BVP (boundary value problem) and

the degenerate scale problem

In order to formulate the BIE (boundary integral equation),
the first step is to derive a fundamental solution, which is
defined by some concentrated forces applied at the point z ¼ t

(Fig. 2(a)). For the fundamental field caused by concentrated
force at the point z ¼ t, the relevant complex potentials are as
follows [15]:

fðzÞ ¼ F lnðz� tÞ; cðzÞ ¼ �kF ln ðz� tÞ �
Ft̄

z� t
, (15)

where

F ¼ �
Px þ iPy

2pðkþ 1Þ
, (16)

where Px þ iPy is the concentrated force applied at the point z ¼ t.
Note that the complex potentials shown by Eq. (15) is expressed in
a pure deformable form. From the complex potentials shown by
Eq. (15), a simple derivation will lead to the kernel U�1ij ðx; xÞ used
later.

Clearly, in the first step, the point ‘‘t’’ is an inner point
in the region, then it approaches the boundary point x. That is to
say the point ‘‘t’’ has a relation with the boundary point x. In
addition, the point ‘‘z’’ has a relation with ‘‘x’’ in the kernel
U�1ij ðx; xÞ.

Without losing generality, we can introduce the BIE for
the region between the elliptic contour G and a large circle ‘‘CR’’
(Fig. 2(b)). The observation point x is assumed on the elliptic
contour x 2 G. For the plane strain case, the suggested BIE can be
scale for BIE in plane elasticity and antiplane elasticity by using
d.2008.05.007
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written as follows:

1

2
uiðxÞ þ

Z
G

P�ijðx; xÞujðxÞdsðxÞ

¼

Z
G

U�1ij ðx; xÞpjðxÞdsðxÞ þ D�1iðCRÞðxÞ; i ¼ 1;2; x 2 G, (17)

where D�1iðCRÞðxÞ is a mutual work difference integral (abbreviated
as MWDI) on a large circle and is defined by

D�1iðCRÞðxÞ ¼ �
Z

CR
P�ijðx; xÞujðxÞdsðxÞ þ

Z
CR

U�1ij ðx; xÞpjðxÞdsðxÞ (18)

and the kernel P�ijðx; xÞ is defined by [3]

P�ijðx; xÞ ¼ �
1

4pð1� vÞ

1

r
fðr;1n1 þ r;2n2Þðð1� 2nÞdij þ 2r;ir;jÞ

þ ð1� 2vÞðnir;j � njr;iÞg, (19)

where Kronecker deltas dij is defined as, dij ¼ 1 for i ¼ j, dij ¼ 0 for
iaj, and

r;1 ¼
x1 � x1

r
¼ cos a; r;2 ¼

x2 � x2

r
¼ sin a,

n1 ¼ � sin b; n2 ¼ cos b, (20)

where the angles a and b are indicated in Fig. 2(a).
The kernel P�ijðx; xÞ can be obtained in a usual way [3]. The

kernel U�1ij ðx; xÞmay be obtained from the fundamental stress field
(Fig. 2(a)). From the complex potentials shown by Eq. (15), a
simple derivation will result in the following kernel [10]:

U�1ij ðx; xÞ ¼
1

8pð1� vÞG
f�ð3� 4nÞ lnðrÞdij þ r;ir;j � 0:5dijg. (21)

It was proved that if the kernel U�1ij ðx; xÞ or the complex potentials
shown by Eq. (15) is used, we have [10]:

D�1iðCRÞðxÞ ¼ �
Z

CR
P�ijðx; xÞujðxÞdsðxÞ þ

Z
CR

U�1ij ðx; xÞpjðxÞdsðxÞ

¼ 0. (22)

Therefore, the BIE shown by Eq. (17) can be modified to

1

2
uiðxÞ þ

Z
G

P�ijðx; xÞujðxÞdsðxÞ

¼

Z
G

U�1ij ðx; xÞpjðxÞdsðxÞ; i ¼ 1;2; x 2 G. (23)

It is assumed that if the displacements are assumed on the
boundary of the elliptic contour, and we want to find the
boundary traction acted. This demand will formulate the Dirichlet
problem of plane elasticity for exterior region. From Eq. (23), the
integral equation for Dirichlet problem can be expressed as
follows:Z
G

U�1ij ðx; xÞpjðxÞdsðxÞ ¼ ~giðxÞ i ¼ 1;2;x 2 G. (24)

In addition, the right hand term in Eq. (24) is defined by

~giðxÞ ¼
1

2
~uiðxÞ þ

Z
G

P�ijðx; xÞ ~ujðxÞdsðxÞ i ¼ 1;2; x 2 G. (25)

In Eq. (25), ~ujðxÞ (j ¼ 1, 2) are the assumed boundary displacement
which are given beforehand, and they can be considered as the
input data in the problem.

Letting ~giðxÞ ¼ 0 in Eq. (24), the following homogenous
equation is obtained as follows:Z
G

U�1ij ðx; xÞpjðxÞdsðxÞ ¼ 0; i ¼ 1;2; x 2 G. (26)

Note that the condition ~giðxÞ ¼ 0 is derived from the condition
ujðxÞ ¼ 0 ðx 2 GÞ. Alternatively speaking, we have assumed that the
displacements along the contour are vanishing.
Please cite this article as: Chen YZ, et al. Evaluation of the degenera
conformal.... Eng Anal Bound Elem (2008), doi:10.1016/j.enganabou
On the basis of Eq. (26), the degenerate scale problem
can be formulated as follows. One wants to find a particular
scale such that the integral Eq. (26) has a non-trivial solution
pjðxÞa0 (for j ¼ 1, 2, x 2 G). Here, pj ¼ 0 (j ¼ 1, 2) is a trivial
solution.

After making discretization, Eq. (26) can be rewritten in a
matrix form as follows:

UðaÞp ¼ 0, (26a)

where the vector p denotes the tractions applied on the boundary,
or pj (j ¼ 1, 2), In Eq. (26a), U(a) represents the influence matrix in
which each element is a function of the size ‘‘a’’.

In the numerical solution, one can change the ‘‘a’’ value
gradually such that the following condition is satisfied [10,11] as
follows:

det UðaÞ ¼ 0. (26b)

The solution for ‘‘a’’ from Eq. (26b) is denoted by a ¼ ad which in
turn is called the degenerate scale. Therefore, if the real size
coincides with the degenerate scale we have a non-trivial solution
for p, or pa0, or pja0 for j ¼ 1, 2.

Clearly, if the condition (26b) is satisfied for a ¼ ad (here ad

denotes the degenerate scale), the influence matrix U(a) is rank
deficiency [16].

From above-mentioned analysis we see that the following
three statements: (1) if a ¼ ad, Eq. (26) has a non-trivial solution
for pj (j ¼ 1, 2); (2) if a ¼ ad, the condition det U(a) ¼ 0 shown by
Eq. (26b) is satisfied; and (3) if a ¼ ad, the influence matrix U(a) is
rank deficiency, have the same meaning.

For the elliptic contour case, the problem was solved by using
elliptic coordinates [8]. In addition, several numerical techniques
were suggested to solve this problem [7,10–12].

On the other hand, one can also expresses the complex
potentials for the fundamental solution as follows:

fðzÞ ¼ F lnðz� tÞ; cðzÞ ¼ �kF lnðz� tÞ �
Ft̄

z� t
þ F̄. (27)

Note that, the complex potentials shown by Eq. (27) are expressed
in an impure deformable form because of the involved constant F̄.
From Eq. (27), a simple derivation will result in the following
kernel [3]:

U�2ij ðx; xÞ ¼
1

8pð1� vÞG
f�ð3� 4nÞ lnðrÞdij þ r;ir;jg, (28)

where the kernel U�2ij ðx; xÞ is generally used in available text book
[3].

Similarly, based on the kernel U�2ij ðx; xÞ, the following integral
equation is introduced as follows:

1

2
uiðxÞ þ

Z
G

P�ijðx; xÞujðxÞdsðxÞ

¼

Z
G

U�1ij ðx; xÞpjðxÞdsðxÞ þ D�2iðCRÞðxÞ; i ¼ 1;2; x 2 G, (29)

where D�2iðCRÞðxÞ is a mutual work difference integral (abbreviated
as MWDI) on a large circle and is defined by

D�2iðCRÞðxÞ ¼ �
Z

CR
P�ijðx; xÞujðxÞdsðxÞ þ

Z
CR

U�2ij ðx; xÞpjðxÞdsðxÞ. (30)

It was proved that if the applied loadings are not in equilibrium,
then D�2iðCRÞðxÞ is not equal to zero in general, or D�2iðCRÞðxÞa0
[10,17,18]. Therefore, the term D�2iðCRÞðxÞ cannot be dropped in Eq.
(29), or Eq. (29) cannot be modified further [10].

The usage of the kernels (U�1ij ðx; xÞ or U�2ij ðx; xÞ) will influence
the result of degenerate scale. For the case of circular hole, or
R ¼ a ¼ b, the degenerate scale is Rcr ¼ 1 from three sources: (a)
by using an elliptic coordinates in Ref. [8]; (b) by using the
conformal mapping technique; and (c) a numerical solution by
te scale for BIE in plane elasticity and antiplane elasticity by using
nd.2008.05.007
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using the fundamental solution shown by Eq. (15) with the
relevant U�1ij ðx; xÞ [10]. However, if the kernel U�2ij ðx; xÞ is used,
other researcher obtained a different result Rcr ¼ expð1=2kÞ [5,6].
This is to say the usage of the kernel U�2ij ðx; xÞ is inadequate for
evaluating the degenerate scale. It is also found that the kernel
U�2ij ðx; xÞ cannot be used for the case of non-equilibrated loading
on the contour.
3. Evaluation of the degenerate scale for boundary value
problem in plane elasticity and by using the conformal
mapping

Formulation for degenerate scale problem is based on the
direct usage of the complex variable and the conformal mapping.
After using the conformal mapping, the vanishing displace-
ment condition is assumed on the boundary of unit circle.
The complex potentials on the mapping plane are sought in a
form of superposition of the principal part and the complemen-
tary part. The principal part of the complex potentials is given
beforehand, and the complementary part plays a role for
compensating the displacement along the boundary from the
principal part. After using the appropriate complex potentials, the
boundary displacement becomes one term with the form of
g(R)�c (g(R) a function of R), where R denotes a length parameter
and c is a constant. By letting the vanishing displacement on the
boundary, or g(R)�c ¼ 0, the degenerate scale ‘‘R’’ is obtained. For
four cases, the elliptic contour, the triangle contour, the square
contour and the ellipse-like contour, the degenerate scales are
evaluated.

3.1. Evaluation of the degenerate scale for the elliptic contour case

Assume that there is an ellipse with half-axis lengths (a, b) and
the elliptical contour and its exterior region (in z-plane) is mapped
into a unit circle and its exterior region (in B-plane) (Fig. 3(a,b)):

z ¼ oðBÞ ¼ R Bþm

B

� �
; where R ¼

aþ b

2
; m ¼

a� b

aþ b
. (31)

After using the conformal mapping, the following function are
introduced as follows:

fðBÞ ¼ f1ðzÞjz¼oðzÞ; cðBÞ ¼ c1ðzÞjz¼oðzÞ; f01ðzÞ ¼
f0ðBÞ
o0ðBÞ ,

f001ðzÞ ¼
f00ðBÞo0ðBÞ �f0ðBÞo00ðBÞ

ðo0ðBÞÞ3
; c01ðzÞ ¼

c0ðBÞ
o0ðBÞ . (32)
Γ Γ =
λ=

η η+ξ=ς
=λ=

ξ

Γ

Fig. 3. (a) An elliptic hole in an infinite plate, on the z-plane, (b) the mapping of

elliptic hole and its exterior region, on the B-plane, and (c) degenerate scale in the

case of b/a ¼ 0.5 and relevant displacements and loading along the boundaries.
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Therefore, the stresses, resultant forces and displacements can be
expressed as follows:

sx þ sy ¼ 4 Re
f0ðBÞ
o0ðBÞ

� �
,

sy � sx þ 2isxy ¼ 2
oðBÞ½f00ðBÞo0ðBÞ � f0ðBÞo00ðBÞ�

ðo0ðBÞÞ3
þ
c0ðBÞ
o0ðBÞ

 !
, (33)

f ¼ �Y þ iX ¼ fðBÞ þoðBÞf
0
ðBÞ

o0ðBÞ
þ cðBÞ, (34)

2Gðuþ ivÞ ¼ kfðBÞ �oðBÞf
0
ðBÞ

o0ðBÞ
� cðBÞ. (35)

In the following derivation, it is preferable to express the
displacement in the form:

2Gðu� ivÞ ¼ kfðBÞ �oðBÞf
0
ðBÞ

o0ðBÞ � cðBÞ. (36)

From a general analysis in plane elasticity, if there is a resultant
force applied on the contour, the complex potentials can be
expressed as follows [15]:

f1ðzÞ ¼ f1pðzÞ þ f1cðzÞ; c1ðzÞ ¼ c1pðzÞ þc1cðzÞ

with f1pðzÞ ¼ A ln z; c1pðzÞ ¼ �kA ln z, (37)

where A ¼ A1 þ iA2, and f1cðzÞ, c1cðzÞ are two analytic functions.
Since at remote place, z � RB, the relevant complex potentials

can be expressed as follows:

fðBÞ ¼ fpðBÞ þ fcðBÞ; cðBÞ ¼ cpðBÞ þccðBÞ

with fpðzÞ ¼ Aðln Bþ ln RÞ; cpðBÞ ¼ �kAðln Bþ ln RÞ, (38)

where fcðBÞ and ccðBÞ are two analytic functions. The two
functions can be expressed in the following form:

fcðBÞ ¼
X1
k¼1

ck

Bk
; ccðBÞ ¼

X1
k¼1

dk

Bk
. (39)

After substituting Eq. (38) into Eq. (36), and letting the variable
B be on the unit circle (using the property B̄ ¼ 1=B on unit circle),
the displacements at the boundary point can be expressed as
follows:

2Gðu� ivÞjG ¼ kfcðBÞ �
BðmB2 þ 1Þf0cðBÞ

B2 �m
� ccðBÞ þ 2kĀ ln R

� mþ
1þm2

B2 �m

� �
A for B ¼ expðiyÞ 2 Go or z 2 G.

(40)

One may write one term in Eq. (40) in an explicit form:

BðmB2 þ 1Þf0cðBÞ
B2 �m

¼
BðmB2 þ 1Þ

B2 �m

X1
k¼1

�kck

Bkþ1

 !
. (41)

That is to say the function shown by Eq. (41) has estimation
ðBðmB2 þ 1Þf0cðBÞÞ=ðB2 �mÞ ¼ Oð1=BÞ at infinity, or it is an analytic
function in the region outside the unit circle. By using this
property, we can let

kfcðBÞ ¼ 0 for B ¼ expðiyÞ 2 Go, (42)

� ccðBÞ �
BðmB2 þ 1Þf0cðBÞ

B2 �m
�

1þm2

B2 �m
A ¼ 0

for B ¼ expðiyÞ 2 Go. (43)

Using the result in Appendix, from Eqs. (42) and (43) we will find

fcðBÞ ¼ 0; ccðBÞ ¼ �
1þm2

B2 �m
A. (44)
scale for BIE in plane elasticity and antiplane elasticity by using
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Finally, from Eqs. (38) and (44) we have:

fðBÞ ¼ Aðln Bþ ln RÞ; cðBÞ ¼ �kAðln Bþ ln RÞ �
1þm2

B2 �m
A. (45)

Substituting Eqs. (42) and (43) into Eq. (40) yields:

2Gðu� ivÞjG ¼ 2kA ln R�mA

for B ¼ expðiyÞ 2 Go or z 2 G. (46)

The following boundary condition is imposed to the problem:

2Gðu� ivÞjG ¼ 0 for B ¼ expðiyÞ 2 Go or z 2 G. (47)

Comparing Eq. (46) with Eq. (47), we find the following equation:

2kA ln R�mA ¼ 0. (48)

There are two cases under consideration. In the first case, we
assume that A ¼ 1 in Eq. (48), and obtain:

2k ln R�m ¼ 0. (49)

By letting d ¼ b=a, and m ¼ ða� bÞ=ðaþ bÞ ¼ ð1� dÞ=ð1þ dÞ, the
critical size for R is obtained as follows:

Rcr1 ¼ exp
m

2k

� �
or Rcr1 ¼ exp

1� d
2kð1þ dÞ

� �
where d ¼ b=a. (50)

In addition, from the relation R ¼ a(1+d)/2, we will critical value
for ‘‘a’’:

acr1 ¼ l1 ¼
2

1þ d
exp

1� d
2kð1þ dÞ

� �
. (51)

Clearly, the two half-axis take the value a ¼ l1 and b ¼ dl1, then
the condition shown by Eq. (47) will be fulfilled. In this case, by
letting A ¼ 1 in Eq. (45) two complex potentials will be as follows:

fðBÞ ¼ ðln Bþ ln RÞ; cðBÞ ¼ �kðln Bþ ln RÞ �
1þm2

B2 �m
. (52)

The displacements and stresses derived from the complex
potentials shown by Eq. (52) correspond to the eigenfunction for
the eigenvalue Rcr1.

For a real case of b/a ¼ 0.5, the degenerate scale and the
loading condition are shown in Fig. 3(c). Particular features of this
case are as follows. The critical value is acr ¼ l1 ¼ 1:46269,
b ¼ 0:5l1. The loadings on the inner boundary G and on the outer
circle ‘‘CR’’ are in equilibrium, and the displacements are
vanishing along the inner boundary G.

Similarly, if we assume A ¼ i in Eq. (48), we have:

2k ln Rþm ¼ 0, (53)

Rcr2 ¼ exp �
1� d

2kð1þ dÞ

� �
where d ¼ b=a, (54)

acr2 ¼ l2 ¼
2

1þ d
exp �

1� d
2kð1þ dÞ

� �
. (55)

Clearly, the two half-axis take the value a ¼ l2 and b ¼ dl2, then
the condition shown by Eq. (47) can also be fulfilled. In the second
case, by letting A ¼ i in Eq. (45) two complex potentials will be as
follows:

fðBÞ ¼ iðln Bþ ln RÞ; cðBÞ ¼ i kðln Bþ ln RÞ �
1þm2

B2 �m

� �
. (56)

Clearly, the displacements and stresses derived from the complex
potentials shown by Eq. (56) correspond to the eigenfunction for
the eigenvalue Rcr2.
Please cite this article as: Chen YZ, et al. Evaluation of the degenera
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3.2. Basic steps used for evaluating the degenerate scale

For the elliptic notch case, there are four values involved
or a, b, R ( ¼ a(1+m)/2) and m( ¼ (a�b)/(a+b)), and among
them two values are independent. Thus, if m is give beforehand,
one can choose R as a parameter for degenerate scale. The
necessary steps for evaluating the degenerate scale are summar-
ized as follows.

In the first step, we introduce some complex potentials
in the form of f1ðzÞ ¼ f1pðzÞ þf1cðzÞ and c1ðzÞ ¼ c1pðzÞ þccðzÞ,
and let the displacements on the hole contour take the following
form:

2Gðu� ivÞjG ¼ gðRÞ � c where G the hole contour; (57)

where g(R) is a function of R, and g(R) represents a value and
does not depend on the location of point (x, y) on the contour G. In
Eq. (57), c is a constant. In fact, we have got this term in the form
(2k ln R�m) in Eq. (49) (corresponding to gðRÞ � c).

In the second step, we simply let the following equation to be
satisfied

gðRÞ � c ¼ 0 or gðRÞ ¼ c. (58)

From Eq. (58), we can get the degenerate scale R. In fact, we have
got the degenerate scale Rcr ¼ expðm=2kÞ shown by Eq. (50).
Therefore, if R takes the value of degenerate scale (or the solution
from Eq. (58)), we have:

2Gðu� ivÞjG ¼ 0. (59)

This will complete the derivation.
In the derivation, the concept of pure deformable form is

particularly important. The above-mentioned complex potentials,
the pair f1pðzÞ, c1pðzÞ and the pair f1cðzÞ, c1cðzÞmust belong to the
pure deformable form.

It is known that, for a given stress state, the relevant
displacements can be different each other by a translation
and a rotation. Therefore, if the used complex potentials
are not expressed in the pure deformable form, we will get the
equation:

gðRÞ ¼ c1 or gðRÞ ¼ c2 where c1; c2 different constants: (60)

This will cause uncertainty in the derivation.
3.3. Evaluation of the degenerate scale for triangle contour case

Similarly, the degenerate scale for triangle contour case can
also be evaluated (Fig. 4(a)). The approximate mapping function is
as follows [15]:

z ¼ oðBÞ ¼ R Bþ 1

3B2

� �
. (61)

Clearly, the mapping configuration using series shown by Eq. (61)
is not an exact triangle.

In this case, the two complex potentials are still assumed in the
form of Eqs. (37)–(39). After substituting Eqs. (38), (39) and (61)
into Eq. (36), and letting the variable B being on the unit circle
(using the property B̄ ¼ 1=B on unit circle), we will find the
displacements at the boundary point as follows:

2Gðu� ivÞjG ¼ kfcðBÞ �
1

3
B2 þ

11B2

3B3 � 2

� �
f0cðBÞ �ccðBÞ

þ 2kA ln R�
A

3
Bþ 11B

3B3 � 2

� �
for B ¼ expðiyÞ 2 Go or z 2 G. (62)
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Fig. 4. (a) A half of triangle hole with evaluated degenerate scale. (b) A quarter of

square hole with evaluated degenerate scale and comparison between numerical

result and conformal mapping technique.
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One may write one term in Eq. (62) in an explicit form as
follows:

BðBÞ ¼ 1

3
B2 þ

11B2

3B3 � 2

� �
f0cðBÞ

¼
1

3
B2 þ

11B2

3B3 � 2

� � X1
k¼1

�kck

Bkþ1

 !
. (63)

Note that, the function BðBÞ is now considered as a function defined
in the region outside the unit circle. From Eq. (63), we find that the
function BðBÞ has the following principal part BpðBÞat infinity:

BpðBÞ ¼ �
c1

3
. (64)

Therefore, Eq. (62) can be rewritten as follows:

2Gðu� ivÞjG ¼ kfcðBÞ �
1

3
B2 þ

11B2

3B3 � 2

� �
f0cðBÞ þ c1

� �
þ

c1

3
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�ccðBÞ þ 2kA ln R�
A

3
Bþ 11B

3B3 � 2

� �
for B ¼ expðiyÞ 2 Go or z 2 G. (65)

From the property of complex variable and result in Appendix,
for some terms in Eq. (65) we may assume:

kfcðBÞ �
AB
3
¼ 0 for B ¼ expðiyÞ 2 Go, (66)

� ccðBÞ �
1

3
B2 þ

11B2

3B3 � 2

� �
f0cðBÞ þ c1

� �
�

A

3

11B
3B3 � 2

� �
¼ 0

for B ¼ expðiyÞ 2 GoÞ. (67)

From Eqs. (66) and (67) and the result in Appendix, we
have:

fcðBÞ ¼
A

3k
1

B
and c1 ¼

A

3k
, (68)

ccðBÞ ¼ �
1

3
B2 þ

11B2

3B3 � 2

� �
f0cðBÞ þ

Ā

3k

� �
�

A

3

11B
3B3 � 2

� �
. (69)

Further, substituting Eqs. (66) and (67) into Eq. (65), we will find:

2Gðu� ivÞjG ¼ 2kĀ ln Rþ
Ā

9k for B ¼ expðiyÞ 2 Go or z 2 G. (70)

As before, by using the condition (47), 2Gðu� ivÞjG ¼ 0, it
follows:

ln R ¼ �
1

18k2
. (71)

Finally, the degenerate scale is obtained as follows:

Rcr ¼ exp �
1

18k2

� �
or Rcr ¼ 0:98300

for k ¼ 3� 4n ¼ 1:8. (72)

Simply because the configuration is symmetric with rotations y ¼
2p=3 or 4p=3, the critical value is 1.

3.4. Evaluation of the degenerate scale for square contour case

Similarly, the degenerate scale for square contour case can also
be evaluated (Fig. 4(b)). The approximate mapping function is as
follows [15]:

z ¼ oðBÞ ¼ R B� 1

6B3

� �
. (73)

Clearly, the mapping configuration using series shown by Eq. (73)
is not an exact square.

In this case, the two complex potentials are still assumed in the
form of Eqs. (37)–(39). After substituting Eqs. (38), (39) and (73)
into Eq. (36), and letting the variable B being on the unit circle
(using the property B̄ ¼ 1=B on unit circle), we will find the
displacements at the boundary point as follows:

2Gðu� ivÞjG ¼ kfcðBÞ þ
B3

6
1�

13

2B4 þ 1

� �
f0cðBÞ �ccðBÞ

þ 2kĀ ln Rþ
B2

6
1�

13

2B4 þ 1

� �
A

for B ¼ expðiyÞ 2 Go or z 2 G. (74)

One may write one term in Eq. (74) in an explicit form as
follows:

BðBÞ ¼ B3

6
1�

13

2B4 þ 1

� �
f0cðBÞ

¼
B3

6
1�

13

2B4 þ 1

� � X1
k¼1

�kck

Bkþ1

 !
. (75)
scale for BIE in plane elasticity and antiplane elasticity by using
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Note that, the function BðBÞ is now considered as a function
defined in the region outside the unit circle. From Eq. (75), we find
that the function BðBÞ has the following principal part BpðBÞ at
infinity:

BpðBÞ ¼ �
c1B
6
�

c2

3
. (76)

Therefore, Eq. (74) can be rewritten as follows:

2Gðu� ivÞjG ¼ kfcðBÞ þ
B3

6
1�

13

2B4 þ 1

� �
f0cðBÞ þ

c1B
6
þ

c2

3

� �

�
c1B
6
�

c2

3
�ccðBÞ þ 2kĀ ln Rþ

B2

6
A�

13B2

6ð2B4 þ 1Þ
A

for B ¼ expðiyÞ 2 Go or z 2 G. (77)

From the property of complex variable and result in Appendix,
for some terms in Eq. (77) we may assume that

kfcðBÞ �
c1B
6
þ
B2

6
A ¼ 0 for B ¼ expðiyÞ 2 Go, (78)

� ccðBÞ þ
B3

6
1�

13

2B4 þ 1

� �
f0cðBÞ þ

c1B
6
þ

c2

3

� �

�
13B2

6ð2B4 þ 1Þ
A ¼ 0 for B ¼ expðiyÞ 2 Go. (79)

From Eqs. (78) and (79) and the result in Appendix, we have:

fcðBÞ ¼ �
A

6k
1

B2
with c1 ¼ 0; c2 ¼ �

A

6k
, (80)

ccðBÞ ¼
B3

6
1�

13

2B4 þ 1

� �
f0cðBÞ �

A

18k�
13B2

6ð2B4 þ 1Þ
A. (81)

Further, substituting Eqs. (78) and (79) into Eq. (77), we will find
that

2Gðu� ivÞjG ¼ 2kA ln Rþ
A

18k
for B ¼ expðiyÞ 2 Go or z 2 G. (82)

As before, by using the condition Eq. (47), 2Gðu� ivÞjG ¼ 0, we
find

ln R ¼ �
1

36k2
. (83)

Finally, the degenerate scale is obtained as follows:

Rcr ¼ exp �
1

36k2

� �
or Rcr ¼ 0:99146

for k ¼ 3� 4n ¼ 1:8. (84)

The critical size of the square will be 5Rcr=3 ¼ 1:65244. Simply
because the configuration is symmetric with rotations y ¼ p=2 or
y ¼ p or y ¼ 3p=2, the critical value is 1.

In Fig. 4(b), the dashed contour is from the mapping function
when the degenerate scale is reached, and a1 ¼ 0:82622
(a2 ¼ 0:85863) denotes the size at the narrow (the wider) portion,
respectively. In addition, a ¼ 0.84571 is a degenerate scale for
square notch from a numerical solution [10].

3.5. Evaluation of the degenerate scale for ellipse-like contour case

Similarly, the degenerate scale for ellipse-like contour case can
also be evaluated (Fig. 5). The mapping function is as follows:

z ¼ oðBÞ ¼ R Bþ m

4B� 1

� �
; 0omp1. (85)

In this case, the two complex potentials are still assumed in the
form of Eqs. (37)–(39). After substituting Eqs. (38), (39) and (85)
into Eq. (36), and letting the variable B being on the unit circle
Please cite this article as: Chen YZ, et al. Evaluation of the degenera
conformal.... Eng Anal Bound Elem (2008), doi:10.1016/j.enganabou
(using the property B̄ ¼ 1=B on unit circle), we will find the
displacements at the boundary point as follows:

2Gðu� ivÞjG ¼ kfcðBÞ � gðBÞf0cðBÞ �ccðBÞ þ 2kĀ ln R�
gðBÞ
B

A

for B ¼ expðiyÞ 2 Go or z 2 G, (86)

where

gðBÞ ¼ hðBÞ
B� 4

; hðBÞ ¼ �mB2 þ B� 4

B
ð4B� 1Þ2

ð4B� 1Þ2 � 4m
. (87)

Since the function gðBÞ has a pole at the point B ¼ 4 (B ¼ 4, in
the region outside the unit circle), one needs to make the
following modification to two functions:

gðBÞf0cðBÞ ¼ gðBÞf0cðBÞ �
p1

B� 4

� �
þ

p1

B� 4
þ

p1

4

� �
�

p1

4
, (88)

gðBÞ
B
¼

gðBÞ
B
�

p2

B� 4

� �
þ

p2

B� 4
þ

p2

4

� �
�

p2

4
, (89)

where

p1 ¼ s1f
0

cð4Þ; p2 ¼
s1

4
; s1 ¼ hð4Þ ¼ �

900m

225� 4m
. (90)

Substituting Eqs. (88) and (89) into Eq. (86) yields:

2Gðu� ivÞjG ¼ kfcðBÞ � gðBÞf0cðBÞ �
p1

B� 4

� �
�

p1

B� 4
þ

p1

4

� �

þ
p1

4
� ccðBÞ þ 2kĀ ln R�

gðBÞ
B �

p2

B� 4

� �
A

�
p2

B� 4
þ

p2

4

� �
Aþ

p2

4
A

for B ¼ expðiyÞ 2 Go or z 2 G. (91)

From the property of complex variable and result in Appendix,
for some terms in Eq. (91), we may assume that

kfcðBÞ �
p1

B� 4
þ

p1

4

� �
�

p2

B� 4
þ

p2

4

� �
A ¼ 0

for B ¼ expðiyÞ 2 Go, (92)

� ccðBÞ � gðBÞf0cðBÞ �
p1

B� 4

� �
�

gðBÞ
B
�

p2

B� 4

� �
A ¼ 0

for B ¼ expðiyÞ 2 Go. (93)

Note that, two terms in Eq. (92) satisfy the conditionf. . .g
jB¼0 ¼ 0. Directly using the result in Appendix, we will find:

kfcðBÞ ¼ �
1

4ð4B� 1Þ
ðp̄1 þ p2AÞ, (94)

kf0cðBÞ ¼
1

ð4B� 1Þ2
ðp̄1 þ p2AÞ. (95)

Substituting B ¼ 4 into Eq. (95), we can formulate an equation
for f0cð4Þ, and it can be evaluated immediately:

f0cð4Þ ¼
s2

4ðk2 � s2
2Þ
ðs2Aþ kAÞ with s2 ¼ �

4m

225� 4m
, (96)

p1 ¼ s1f
0

cð4Þ ¼
s1s2

4ðk2 � s2
2Þ
ðs2Aþ kAÞ. (97)

From Eq. (93) and the result in Appendix, we will find:

ccðBÞ ¼ � gðBÞf0cðBÞ �
p1

B� 4

� �
�

gðBÞ
B �

p2

B� 4

� �
A. (98)

Note that, the meanings of Eqs. (93) and (98) are different. In the
former case, Eq. (93) represents a condition on the circular
boundary. However, in Eq. (98), the function ccðBÞ is defined in the
region outside the unit circle.
te scale for BIE in plane elasticity and antiplane elasticity by using
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Further, substituting Eqs. (92) and (93) into Eq. (91), we will
find:

2Gðu� ivÞjG ¼ 2kA ln Rþ
p1

4
þ

p2

4
A

for B ¼ expðiyÞ 2 Go or z 2 G. (99)

As before, by using the condition Eq. (47), 2Gðu� ivÞjG ¼ 0, will
we find:

2kA ln Rþ
p1

4
þ

p2

4
A ¼ 0. (100)

If letting A ¼ 1 in Eq. (100), the first critical value can be
obtained as follows:

Rcr1 ¼ exp
s1

32k �
s2

k� s2
� 1

� �� �
. (101)

If letting A ¼ i in Eq. (100), the second critical value can be
obtained as follows:

Rcr2 ¼ exp
s1

32k �
s2

kþ s2
þ 1

� �� �
. (102)

For m ¼ 0.1, 0.2, y, 1.0, two critical values are listed in Table 1. In
addition, for m ¼ 0.2, 0.4, y, 1.0 case, the degenerate sizes are
plotted in Figs. 5 and 6, for the Rcr1 and the Rcr2 case, respectively.
Table 1
Two critical values for an ellipse-like notch with the conformal mapping function defin

m ¼ 0.1 0.2 0.3 0.4 0.5

Rcr1 1.0070 1.0140 1.0211 1.0283 1.0355

Rcr2 0.9931 0.9861 0.9792 0.9723 0.9654

-0.5-1.0
0.0

0.2

0.4

0.6

0.8

1.0

m = 1.0

y

-1.5

Fig. 5. The first degenerate size corresponding to Rcr1 for an e

-0.5-1.0-1.5
0.0

0.2

0.4

0.6

0.8

1.0

m = 1.0

y

Fig. 6. The second degenerate size corresponding to Rcr2 for an
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4. Evaluation of the degenerate scale for boundary value
problem in antiplane elasticity by using the conformal
mapping

Similar to the case of plane elasticity, degenerate scale in the
BIE of antiplane elasticity, or for the Laplace equation, can also be
studied by using the complex variable and the conformal
mapping.
4.1. Evaluation of the degenerate scale for elliptic contour case

After using complex potential f1ðzÞ in antiplane elasticity, all
the physical quantities can be expressed through f1ðzÞ [19]:

Gwðx; yÞ þ if ðx; yÞ ¼ f1ðzÞ, (103)

f ðx; yÞ ¼

Z z

zo

sxz dy� syz dx, (104)

G
qw

qx
þ i

qf

qx
¼ sxz � isyz ¼ F1ðzÞ ¼ f01ðzÞ, (105)

where G is the shear modulus of elasticity, w is the out of plane
displacement, f is the longitudinal resultant force, and sxz and syz

are the stress components, and z ¼ x+iy.
ed by Eq. (85)

0.6 0.7 0.8 0.9 1.0

1.0428 1.0501 1.0575 1.0650 1.0725

0.9585 0.9516 0.9448 0.9379 0.9311

1.51.00.50.0

0.6
0.4

0.2

0.8

x

llipse-like contour using the conformal mapping Eq. (85).

1.51.00.50.0

0.6

0.4
0.2

0.8

x

ellipse-like contour using the conformal mapping Eq. (85).
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2Rcr = 2.00000 92Rcr /45 = 2.04444

4R/3 31R/45 61R/45

h = 92R/45

y

x xoo

y

Fig. 7. The degenerate size for the case of a triangle contour in antiplane elasticity

by using the conformal mapping: (a) Eq. (61) and (b) Eq. (118).
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As before, for the elliptic contour case, the following mapping
function is introduced:

z ¼ oðBÞ ¼ R Bþm

B

� �
where R ¼

aþ b

2
; m ¼

a� b

aþ b
. (31)

After using the conformal mapping, the following function are
introduced:

fðBÞ ¼ f1ðzÞjz¼oðzÞ. (106)

Therefore, the displacements, resultant forces and stresses can be
expressed as follows:

Gwþ if ¼ fðBÞ and 2Gw ¼ fðBÞ þ fðBÞ, (107)

sxz � isyz ¼
f0ðBÞ
o0ðBÞ

. (108)

It was known that if there is a resultant force in the longitudinal
direction applied on the contour, the complex potential can be
expressed as follows:

f1ðzÞ ¼ A ln zþ f1cðzÞ, (109)

where A is a real, and f1cðzÞ is an analytic function.
Since at remote place, z � RB, the relevant complex potentials

can be expressed as follows:

fðBÞ ¼ Aðln Bþ ln RÞ þfcðBÞ, (110)

where fcðBÞ is an analytic function which can be expressed as
follows:

fcðBÞ ¼
X1
k¼1

ck

Bk
. (111)

After substituting Eqs. (110) and (111) into Eq. (107), and letting
the variable B being on the unit circle (using the property B̄ ¼ 1=B
or BB̄ ¼ 1 on unit circle), we will find the displacement at the on
the boundary point as follows:

2GwjG ¼ 2A ln RþfcðBÞ þ fcðBÞ
for B ¼ expðiyÞ 2 Go or z 2 G. (112)

It is found that it is appropriate to take fcðBÞ ¼ 0 in Eq. (112).
Using this result yielding:

2GwjG ¼ 2A ln R for B ¼ expðiyÞ 2 Go or z 2 G. (113)

As before, the vanishing displacement can be expressed as
follows:

2GwjG ¼ 0 for B ¼ expðiyÞ 2 Go or z 2 G. (114)

From the condition 2GwjG ¼ 0, we will find:

ln R ¼ 0. (115)

From Eq. (116), the degenerate scale is obtainable:

Rcr ¼ 1. (116)

Eq. (116) may be expressed (from the relation R ¼ (a+b)/2) in an
alternative form:

acr þ bcr ¼ 2; acr ¼
2

1þ d
where d ¼

bcr

acr
. (117)

This result was obtained in Ref. [12].

4.2. Evaluation of the degenerate scale for triangle and square

contour cases

For the case of square contour, we use the following mapping
functions [15]:

z ¼ oðBÞ ¼ R Bþ 1

3B2

� �
, (61)
Please cite this article as: Chen YZ, et al. Evaluation of the degenera
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z ¼ oðBÞ ¼ R Bþ 1

3B2
þ

1

45B5

� �
, (118)

z ¼ oðBÞ ¼ R Bþ
XN

n¼2

cn

B3n�4

 !

with cn ¼ ð�1Þn
ð2=3Þðð2=3Þ � 1Þ � � � ðð2=3Þ � nþ 2Þ

ð3n� 4Þðn� 1Þ!
. (119)

In those functions, the mapping shown by Eq. (119) is more
accurate than that shown by the function (118). The technique
used in the elliptic contour case can be used in the present case. It
is interesting to point out that, for the above-mentioned three
mapping cases we always have the same solution Rcr ¼ 1.
Therefore, the critical value for height of triangle is obtained as:
hcr ¼ 2Rcr ¼ 2:00000 (using Eq. (61)), hcr ¼ 92Rcr=45 ¼ 2:04444
(using Eq. (118)), hcr ¼ 2:05338 (using Eq. (119) with 200 terms
truncated). The previously obtained result was hcr ¼ 2:0700 [12].
The evaluated degenerate scales for the case of triangle contour
are plotted in Fig. 7.

In addition, if the mapping function takes the following form:

z ¼ oðBÞ ¼ R Bþ
X1
k¼1

ck

Bk

 !
(120)

the critical value for ‘‘R’’ always takes the value Rcr ¼ 1. That is to
say, the result Rcr ¼ 1 does not depend on the detail expression for
the portion

P1
k¼1ðck=BkÞ in Eq. (120)

For the square contour case, we use the following mapping
functions [15]:

z ¼ oðBÞ ¼ R B� 1

6B3

� �
, (73)

z ¼ oðBÞ ¼ R B� 1

6B3
þ

1

56B7

� �
, (121)

z ¼ oðBÞ ¼ R B� 1

6B3
þ

1

56B7
�

1

176B11

� �
, (122)

z ¼ oðBÞ ¼ R Bþ
XN

n¼2

cn

B4n�5

 !

with cn ¼ �
ð1=2Þðð1=2Þ � 1Þ � � � ðð1=2Þ � nþ 2Þ

ð4n� 5Þðn� 1Þ!
. (123)
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a = 5R/6

Rcr = 1.00000 Rcr = 1.00000 Rcr = 1.00000

acr = 5Rcr /6 = 0.83333 acr = 143 Rcr /168 = 0.85119 acr = 3125 Rcr /3696 = 0.84551

y

a a a

y y

o x o x o x

a = 143R/168 a = 3125R/3696

Fig. 8. The degenerate size for the case of a square contour in antiplane elasticity by using the conformal mapping; (a) Eqs. (73) and. (121) and (b) Eq. (122).
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In those functions, the mapping shown by Eq. (123) is more
accurate than that shown by the function (122). It is interesting to
point out that, for the above-mentioned four cases of the mapping
function we always have the following solution Rcr ¼ 1. Therefore,
the critical value for the half width of square is obtained as follows,
acr ¼ 5Rcr=6 ¼ 0:83333 (using Eq. (73)), acr ¼ 143Rcr=168 ¼
0:85119 (using Eq. (121)). acr ¼ 3125Rcr=3696 ¼ 0:84551 (using
Eq. (122)). acr ¼ 0:84721 (using Eq. (123) with 200 terms truncated).
The previously obtained result was acr ¼ 0:85 [12]. The evaluated
degenerate scales for the case of square contour are plotted in Fig. 8.
5. Conclusions

By using the complex variable and the conformal mapping, all the
degenerate scale problems in plane elasticity and antiplnae elasticity
can be solved in a unified way. The suggested method not only
provides the solution for the critical value, but also the eigenfunction.
Appendix. Evaluation of two analytic functions f1(1), f2(1)
from boundary condition on the unit circle

The following boundary condition on the unit circle is assumed

f 1ðBÞ þ f 2ðBÞ � gðBÞ � hðBÞ ¼ 0

for B ¼ expðiyÞon the unit circle, (A.1)

where f1(B), f2(B) are the boundary value of two unknown analytic
functions. Both functions are defined in the region outside the
unit circle, and they are assumed to satisfy f 1ð1Þ ¼ 0 and
f 2ð1Þ ¼ 0. The function f 2ðBÞ is the conjugate to the function f 2ðBÞ.

In Eq. (A.1), the gðBÞ is the boundary value of a given
holomorphic function in the region outside the unit circle, and
it satisfies the condition gð1Þ ¼ 0. That is to say the function gðBÞ
may have poles in the region inside the unit circle. The following
are examples for g(B):

gðBÞ ¼
X1
k¼1

ck

Bk
or gðBÞ ¼

X1
k¼1

dk

ðB� 0:5Þk
. (A.2)

In Eq. (A.1), the h(B) is the boundary value of a given
holomorphic function in the region inside the unit circle, and it
satisfies the condition hð0Þ ¼ 0. That is to say the function h(B)
may have poles in the region outside the unit circle. The following
are examples for h(B):

hðBÞ ¼
X1
k¼1

ckBk or hðBÞ ¼
X1
k¼1

dk

ðB� 2Þk
�
X1
k¼1

ð�1Þkdk

2k
. (A.3)
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From the function f2(B), we may introduce an analytic function
[15]:

F2ðBÞ ¼ f 2
1

B

� �
¼ f 2

1

B̄

� �
. (A.4)

Therefore, Eq. (A.1) can be rewritten as follows:

f 1ðBÞ þ F2ðBÞ � gðBÞ � hðBÞ ¼ 0

for B ¼ expðiyÞon the unit circle: (A.5)

It was known that for any variable ‘‘t’’ in the region outside the
unit circle we have [15]:

1

2pi

I
G

f 1ðBÞdB
B� t

¼ �f 1ðtÞ, (A.6)

1

2pi

I
G

gðBÞdB
B� t

¼ �gðtÞ, (A.7)

1

2pi

I
G

F2ðBÞdB
B� t

¼ 0 (A.8)

1

2pi

I
G

hðBÞdB
B� t

¼ 0, (A.9)

where G denotes the unit circle for integration. Because the
functions f 1ðBÞ and gðBÞ are holomorphic in the region outside the
unit circle; therefore, we have equalities shown by Eqs. (A.6)
and (A.7).

In addition, because the functions F2ðBÞ and hðBÞ are holo-
morphic in the region inside the unit circle, therefore, we have
equalities shown by Eqs. (A.8) and (A.9). Therefore, after using the
operator ð1=2piÞ

H
G
½. . .�dB=ðB� tÞ to Eq. (A.5), we have:

f 1ðtÞ � gðtÞ ¼ 0 or f 1ðBÞ � gðBÞ ¼ 0 or

f 1ðBÞ ¼ gðBÞ for jBjX1. (A.10)

By using this result, Eq. (A.1) can be reduced to:

f 2ðBÞ � hðBÞ ¼ 0 or f 2ðBÞ � hðBÞ ¼ 0

for B ¼ expðiyÞ on the unit circle: (A.11)

Similar derivation fro Eq. (A.11) will lead to the following
solution:

f 2ðBÞ ¼ HðBÞ for jBjX1, (A.12)

where the function HðBÞ is defined by

HðBÞ ¼ h̄
1

B

� �
¼ h

1

B̄

� �
for jBjX1. (A.13)
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It is seen that under above-mentioned condition, Eq. (A.1) can
be decomposed into two equations as follows:

f 1ðBÞ � gðBÞ ¼ 0 for B ¼ expðiyÞ on the unit circle, (A.14)

f 2ðBÞ � hðBÞ ¼ 0; for B ¼ expðiyÞ on the unit circle: (A.15)
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