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This paper investigates the regularity condition at infinity in the exterior boundary value problem

(EBVP) of plane elasticity. It is found that the usual suggested kernel, or the displacement from a

fundamental field in textbooks on BIE, do not satisfy the regularity condition when the loadings on

contour are not in equilibrium. A new kernel from a revised displacement expression in the

fundamental field is suggested, which satisfies the regularity condition. In this paper, a numerical

technique for evaluating the degenerate scale in boundary integral equation (BIE) is suggested. In the

technique, the scale of a notch is changed gradually. Once the determinant for an influence matrix is

nearly equal to zero, the degenerate scale is found. In addition, the eigenfunctions, or the non-trivial

solutions, can also be evaluated. Three examples are presented to examine the results obtained from

numerical solution of the BVP. In those examples, the relevant exact solutions are known beforehand. In

the examination, a suggested kernel that satisfies the regularity condition is used. It is found that if the

used size is near the critical value, the improper solution exists. However, if the used size is different

from the critical value by 10%, a sufficient accurate numerical solution can be achieved.

& 2008 Elsevier Ltd. All rights reserved.
1. Introduction

The boundary integral equation (abbreviated as BIE) was
widely used in elasticity, and the fundamental for BIE could be
found from Refs. [1–3]. Heritage and early history of the boundary
element method was summarized more recently [4]. However,
some difficult points for the BIE remain.

Some problems in the BIE may not be studied throughout. The
first problem is about the regularity condition at infinity. It is
known that the BIE for the exterior problem can be expressed in
the following form:

1

2
uiðxÞ þ

Z
G

P�ijðx; xÞujðxÞdsðxÞ ¼

Z
G

U�ijðx; xÞpjðxÞdsðxÞ

þ D�iðCRÞðxÞ ði ¼ 1;2; x 2 GÞ, (1)

where the kernel P�ijðx; xÞ has been defined in Ref. [3], and U�ijðx; xÞ is
obtained from the fundamental solution that may be differed each
other by a rigid motion. In Eq. (1), the term D�iðCRÞðxÞ is defined by

D�iðCRÞðxÞ ¼ �
Z

CR
P�ijðx; xÞujðxÞdsðxÞ

þ

Z
CR

U�ijðx; xÞpjðxÞdsðxÞ ði ¼ 1;2; x 2 GÞ, (2)
ll rights reserved.

en).
where ‘‘CR’’ denotes a sufficient large circle. The regularity
condition is defined by the equation D�iðCRÞðxÞ ¼ 0. Alternatively
speaking, if the equality D�iðCRÞðxÞ ¼ 0 is satisfied, the regularity
condition is fulfilled. We know that for a given stress field, the
relevant displacements can be differed by three types of rigid
motion. In the fundamental solution, any additional displacements
in the type of rigid motion will influence the kernel U�ijðx; xÞ.
Unfortunately, if the non-equilibrated loadings are applied on the
contour and the usual kernel U�ijðx; xÞ (available in any text book) is
used, the terms D�iðCRÞðxÞ are not vanishing in general, or D�iðCRÞðxÞa0,
or the regularity condition is not satisfied. In this paper, the
condition for D�iðCRÞðxÞ ¼ 0 is considered in detail. It is found that if
the fundamental field is expressed in pure deformable form, the
regularity condition will be fulfilled (or D�iðCRÞðxÞ ¼ 0). In this case,
the terms D�iðCRÞðxÞ can be dropped from Eq. (1).

It was pointed out that the influence matrix of the weakly
singular kernel (logarithmic kernel) might be singular for the
Dirichlet problem of Laplace equation when the geometry is
reaching some special scale [5]. In this case, one may obtain a
non-unique solution. The non-unique solution is not physically
realizable. From the viewpoint of linear algebra, the problem also
originates from rank deficiency in the influence matrices [5].

The degenerate scale problem in BIE for the two-dimensional
Laplace equation is studied by using degenerate kernels and
Fourier series [6]. In the circular domain case, the degenerate scale
problem in BIE for the two-dimensional Laplace equation is
studied by using degenerate kernels and circulants, where the
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ciculants means the influence matrices for the discrete system
have a particular character [7]. By using a particular solution in
the normal scale, the degenerate scale can be evaluated
numerically [5].

In the case of plane elasticity, the degenerate scale problem
in BIE still exists. For example, if the conventional boundary
integral equation is used for a ring region with the vanishing
displacements along the boundary, in some particular geometry
condition the corresponding homogenous equation has non-
trivial solution for the boundary tractions [8,9]. In fact, if the
displacements are vanishing at the boundary of ring region, the
stresses must also be equal to zero. Therefore, the obtained result
seriously violates the basic property of elasticity.

In the case of D�iðCRÞðxÞ ¼ 0, from Eq. (1) we can propose the
following homogenous equation for the exterior problem:

Z
G

U�ijðx; xÞpjðxÞdsðxÞ ¼ 0 ði ¼ 1;2; x 2 GÞ, (3)

where G is the boundary of the notch, x 2 G is the source point,
and x 2 G denotes the field point. Besides, the two kernels P�ijðx; xÞ
and U�ijðx; xÞ can be found in textbook. It is seen that pjðxÞ ¼ 0 is a
trivial solution for the homogenous equation. As in the case of
Laplace equation, there is also a non-trivial solution for Eq. (3)
when the scale reaches a critical value. The implication of a
degenerate scale in plane elasticity is same as in the case of
Laplace equation. For example, the influence matrix of the weakly
singular kernel (the logarithmic kernel U�ijðx; xÞ) might be
singular. Alternatively speaking, the problem also originates
from rank deficiency in the influence matrices. Numerical
technique for evaluating the degenerate scale was also suggested
by using two sets of some particular solution in the geometry of
normal scale [10]. For the elliptic notch case, a closed form
solution has been obtained by using the complex variable and
elliptic coordinate [11]. It is proved that there are either two single
critical values or one double critical value for any domain
boundary. For two circle holes in an infinite plate, degenerate
scales are also studied [12].

The degenerate scale problem for an ellipse-shaped region in
BIE was studied [13]. Since there is no condition at remote place,
the usual suggested kernel U�2ij ðx; xÞ (see Eq. (37)) can be used in
the study. However, in the present study, there is a regularity
condition at infinity for the exterior boundary value problem.
Therefore, one must use the kernel U�1ij ðx; xÞ (see Eq. (34)) in the
formulation of the degenerate scale problem for exterior bound-
ary value problem.

Clearly, except for some simple cases, the degenerate
scale problem for arbitrary configuration of notches cannot
be solved in a closed form. Therefore, the degenerate scale
problem in general case must be solved by using a numerical
technique.

In this paper, a numerical technique for evaluating the
degenerate scale in BIE is suggested. In the technique, the scale
of a notch is changed gradually. Once the determinant for the
influence matrix is nearly equal to zero, the degenerate scale is
obtained. In addition, the eigenfunctions, or the non-trivial
solutions, can also be evaluated. From the cases of elliptic and
triangle notches, computed result proves that there are two
critical values.

In addition, three numerical examples with the known exact
solution are presented to examine the results obtained from
numerical solution. In the examination, the suggested kernel
U�1ij ðx; xÞ is used. In this case, we found that if the used size is near
the critical value, the improper solution exists. However, if the
used size is different from the critical value by 10%, the obtained
numerical solution has a sufficient accuracy.
2. New BIE for exterior problem in plane elasticity with the
usage of a suggested kernel U�1ij ðx; xÞ

A new BIE for exterior problem in plane elasticity is introduced,
in which the adopted kernel U�1ij ðx; xÞ (see Eq. (34)) is different by a
constant from the usual one. It is proved that the regularity
condition at infinity is satisfied by the usage of the suggested kernel
when non-equilibrated loadings are applied on the contour. The role
of regularity condition in BIE was introduced previously in Ref. [3].

2.1. Preliminary knowledge

The following analysis depends on the complex variable
function method in plane elasticity [14]. In the method, the
stresses (sx;sy; sxy), the resultant forces (X, Y) and the displace-
ments (u, v) are expressed in terms of two complex potentials fðzÞ
and cðzÞ such that

sx þ sy ¼ 4 Ref0ðzÞ,

sy � sx þ 2isxy ¼ 2½z̄f00ðzÞ þ c0ðzÞ�, (4)

f ¼ �Y þ iX ¼ fðzÞ þ zf0ðzÞ þ cðzÞ, (5)

2Gðuþ ivÞ ¼ kfðzÞ � zf0ðzÞ � cðzÞ, (6)

where z ¼ x+iy denotes complex variable, G is the shear modulus
of elasticity, k ¼ ð3� nÞ=ð1þ nÞ is for the plane stress problems,
k ¼ 3� 4n is for the plane strain problems, and n is the Poisson’s
ratio. In the present study, the plane strain condition is assumed
thoroughly. In the following, we occasionally rewrite the dis-
placements ‘‘u’’, ‘‘v’’ as u1, u2, sx, sy, sxy as s11, s22, s12, and ‘‘x’’, ‘‘y’’
as x1, x2, respectively.

The first studied problem is about the representation form of a
displacement–stress field. Two kinds of representation form are
introduced below.

The first kind of form is called the pure deformable form. The
following is an example. It is assumed that the complex potentials
take the form:

fðzÞ ¼ ln z; cðzÞ ¼ �k ln z. (7)

From Eq. (7), the stresses and displacements at a point z ¼ R

exp(iy) are found as follows:

sx þ sy ¼
4 cos y

R
; sy � sx þ 2isxy

¼ �
2

R
½expð�3iyÞ þ k expð�iyÞ�,

2Gu ¼ 2k ln R� cos 2y; 2Gv ¼ � sin 2y. (8)

Since the two pairs of the complex potentials, fðzÞ ¼ ln z, cðzÞ ¼ 0
and fðzÞ ¼ 0, cðzÞ ¼ �k ln z can cause non-vanishing displace-
ments and stresses anywhere, therefore, the mentioned form
belongs to the pure deformable form.

The second kind of form is called the impure deformable form.
The following is an example. It is assumed that the complex
potentials take the form

fðzÞ ¼ ln z; cðzÞ ¼ �k ln zþ 1. (9)

From Eq. (9), the stresses and displacements at a point z ¼ R

exp(iy) are found as follows:

sx þ sy ¼
4 cos y

R
; sy � sx þ 2isxy

¼ �
2

R
½expð�3iyÞ þ k expð�iyÞ�,

2Gu ¼ 2k ln R� 2 cos2 y; 2Gv ¼ � sin 2y. (10)
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Since the one pair of the complex potentials, or the pair
fðzÞ ¼ 0, cðzÞ ¼ 1, only cause non-vanishing displacements
(2Gu ¼ �1 and 2Gv ¼ 0), and the relevant stresses are
equal to zero (or sy ¼ sx ¼ sxy ¼ 0) anywhere, therefore, the
mentioned form shown by Eq. (10) belongs to the impure
deformable form.

It is pointed out here that, it is difficult to find the impure
deformable form from a displacement expression in the real
variable. In fact, the displacements in Eq. (8) or (10) are expressed
in the form of function of R and y. In Eq. (8), the displacements
take the expression 2Gu ¼ 2k ln R� cos 2y; 2Gv ¼ � sin 2y. In
addition, in Eq. (10) the displacements take the expression
2Gu ¼ 2k ln R� 2 cos2 y; 2Gv ¼ � sin 2y. Clearly, both two sets
of displacements represent an elasticity solution. However, it is
difficult to find whether the displacements shown by Eq. (8) or
(10) is expressed in the pure deformable form or not. However, it
is straightforward to find the impure deformable form from the
complex potentials, for example, from Eq. (9).

It is known that there are three pairs of complex potentials,
which are related to rigid motions of body. Those pairs are as
follows [14]:

fðzÞ ¼ a0; cðzÞ ¼ 0, (11)

fðzÞ ¼ 0; cðzÞ ¼ b0, (12)

fðzÞ ¼ igz; cðzÞ ¼ 0 ðg� realÞ. (13)

Naturally, if some complex potentials possess the components
shown by Eqs. (11), (12) or (13), the relevant displacement–stress
fields must belong to the impure deformable form.

It is necessary to study the presentation form of displacement–
stress field in the present analysis. The analysis has a close
relation with the regularity condition at infinity and the formula-
tion of integral equation for the exterior problem.

An important problem in the paper is to study the behavior of
the MWDI (mutual work difference integral on the large circle)
from two stress fields (the a-field and the b-field) [15,16]. The
mentioned MWDI, or D(CR), is defined as follows:

DðCRÞ ¼

I
ðCRÞ

ðuiðaÞsijðbÞ � uiðbÞsijðaÞÞnj ds, (14)

where the subscript CR denotes a sufficient large circle
for integration, uiðaÞ;sijðaÞðuiðbÞ; sijðbÞÞ denotes the displacements
and stresses in the a-field (the b-field), respectively, nj is the
direction cosines. The result for this integral has been obtained
previously [16].

In the case of remote tractions being zero, a physical stress
field with the name of a-field is introduced, which is defined by
two complex potentials [14]:

fðaÞðzÞ ¼ A2 ln zþ a0 þ
X1
k¼1

ak

zk
,

cðaÞðzÞ ¼ B2 ln zþ b0 þ
X1
k¼1

bk

zk
, (15)

where

B2 ¼ �kĀ2; A2 ¼ �
Px þ iPy

2pðkþ 1Þ
(16)

and Px þ iPy denotes the resultant force applied in the finite
portion of infinite plate. For some particular situation mentioned
below, the a-field has been written in the impure deformable
form. This can be seen from the fact that two pairs of complex
potentials, the pair fðzÞ ¼ a0, cðzÞ ¼ 0, and the pair fðzÞ ¼ 0, cðzÞ ¼
b0 are involved in Eq. (15)
Secondly, another physical stress field with the name of b-field
is introduced, which is defined by

fðbÞðzÞ ¼ E2 ln zþ
X1
k¼1

ek

zk
; cðbÞðzÞ ¼ F2 ln zþ

X1
k¼1

f k

zk

ðwith F2 ¼ �kĒ2Þ. (17)

Note that, the b-field represents the physical field in the following
analysis, and it now has been expressed in the pure deformable
form, or no constant terms being involved in fðbÞðzÞ and cðbÞðzÞ.
Alternative speaking, each pair in Eq. (17) (for example, fðbÞðzÞ ¼
E2 ln z, cðbÞðzÞ ¼ 0) represents non-vanishing displacements and
stresses anywhere.

After some manipulation, the following result for a path
independent integral was obtained [16]

DðCRÞ ¼

I
ðCRÞ

ðuiðaÞsijðbÞ � uiðbÞsijðaÞÞnj ds

¼ �
pðkþ 1Þ

G
Re½a0F2 þ b0E2�, (18)

where ‘‘CR’’ is a sufficient large circle. It is valuable to describe the
physical meaning of Eq. (18). In fact, the right-hand term of
Eq. (18) represents a contribution to the MWDI from the terms a0,
b0 (representing a rigid translation in the a-field) and the terms F2,
E2 (representing resultant force in the b-field) has a contribution
to the MWDI.

In the following, the a-field is related to the fundamental field
caused by concentrated force at the point z ¼ t (Fig. 1). The
relevant complex potentials are as follows [14]:

fðzÞ ¼ F lnðz� tÞ; cðzÞ ¼ �kF̄ lnðz� tÞ �
Ft̄

z� t
, (19)

where

F ¼ �
Px þ iPy

2pðkþ 1Þ
, (20)

where Px þ iPy is the concentrated force applied at the point z ¼ t.
Note that, the complex potentials shown by Eq. (19) is expressed
in a pure deformable form. From the complex potentials shown by
Eq. (19), a simple derivation will lead to the kernel U�1ij ðx; xÞ used
later.

Alternatively, the a-field can be also expressed in a different
form:

fðzÞ ¼ F lnðz� tÞ; cðzÞ ¼ �kF̄ lnðz� tÞ �
Ft̄

z� t
þ F̄. (21)

Note that, complex potentials shown by Eq. (21) are expressed in
an impure deformable form. In fact, the pair fðzÞ ¼ 0, cðzÞ ¼ F̄

corresponds to u ¼ const, v ¼ const, and sx ¼ sy ¼ sxy ¼ 0. From
the complex potentials shown by Eq. (21), a simple derivation will
lead to the kernel U�2ij ðx; xÞ used later.

There are three particular cases studied below. In the first
case, the a-field is expressed in a pure deformable form shown by
Eq. (19) with the relevant kernel U�1ij ðx; xÞ. The expression
shown by Eq. (19) is equivalent to a0 ¼ b0 ¼ 0 in Eq. (15). In
addition, in the b-field some resultant forces are applied in
the finite portion (Fig. 1). Therefore, substituting a0 ¼ b0 ¼ 0 into
Eq. (18) yields

DðCRÞ ¼ �
pðkþ 1Þ

G
Re½a0F2 þ b0E2� ¼ 0

ðbecause of a0 ¼ b0 ¼ 0Þ. (22)

It is seen from Eq. (22) that, if the complex potentials shown by
Eq. (19) with the relevant kernel U�1ij ðx; xÞ are used, the term D(CR)

vanishes, or D(CR) ¼ 0.
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Fig. 2. (a) A concentrated force applied at the point z ¼ t, or the loading condition

for the a-field; (b) some loadings in equilibrium applied on a finite portion, or the

loading condition for the b-field.
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Px
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Forces not in equilibrium

the α − field

x x

the β − field

Fig. 1. (a) A concentrated force applied at the point z ¼ t, or the loading condition for the a-field; (b) some loadings having resultant forces applied on a finite portion, or the

loading condition for the b-field.

Table 1
Properties of D(CR) for different representation forms for the a-field, and different

loading conditions for b-field

The a-field, for the

fundamental solution

The b-field, for the

physical field

Result

Case 1 Displacements

expressed in pure

deformable form with

the usage of U�1ij ðx; xÞ

With a non-

equilibrated loadings

on the contour

D(CR) ¼ 0

Case 2 Displacements

expressed in impure

deformable form with

the usage of U�2ij ðx; xÞ

With a non-

equilibrated loadings

on the contour

D(CR) 6¼0

Case 3 Displacements

expressed in pure

deformable form with

the usage of U�1ij ðx; xÞ or

in impure deformable

form with the usage of

U2
ijðx; xÞ

With an equilibrated

loadings on the contour

D(CR) ¼ 0

Y.Z. Chen, X.Y. Lin / Engineering Analysis with Boundary Elements 32 (2008) 811–823814
In the second case, the a-field is expressed in an impure
deformable form shown by Eq. (21) with the relevant kernel
U�2ij ðx; xÞ. The complex potentials shown by Eq. (21) is equivalent
to a0 ¼ 0 and b0 ¼ F̄ in Eq. (15). In addition, some resultant
forces are applied in the finite portion in the b-field (same as
in the first case). Therefore, substituting a0 ¼ 0 and b0 ¼ F̄ into
Eq. (18) yields

DðCRÞ ¼ �
pðkþ 1Þ

G
Re½F̄E2�a0. (23)

It is seen from Eq. (23) that, if the complex potentials shown by
Eq. (21) with the relevant kernel U�2ij ðx; xÞ are used, the term D(CR)

does not vanish, or DðCRÞa0.
In the third case, the a-field is expressed in a pure deformable

form shown by Eq. (19) with the relevant kernel U�1ij ðx; xÞ, or in an
impure deformable form shown by Eq. (21) with the relevant
kernel U�2ij ðx; xÞ. In addition, in the b-field the applied forces on the
finite region are in equilibrium (Fig. 2). In this case, we have
E2 ¼ F2 ¼ 0 in Eq. (17). Under this combination for the a-field and
the b-field, we will find

DðCRÞ ¼ �
pðkþ 1Þ

G
Re½a0F2 þ b0E2� ¼ 0

ðbecause of F2 ¼ E2 ¼ 0Þ. (24)

It is seen from Eq. (24) that, if the applied forces on the finite
region of the b-field are in equilibrium, then DðCRÞ ¼ 0 without
regarding the usage of the complex potentials shown by Eq. (19)
or (21) with relevant kernels U�1ij ðx; xÞ or U�2ij ðx; xÞ. On the other
hand, from the following estimation uiðaÞ ¼ OðlnðRÞÞ, sijðaÞ ¼ Oð1=RÞ,
uiðbÞ ¼ Oð1=RÞ, sijðbÞ ¼ Oð1=R2

Þ, we have

DðCRÞ ¼

I
ðCRÞ

ðuiðaÞsijðbÞ � uiðbÞsijðaÞÞnj ds

¼ lim
R!1

Z 2p

0
O lnðRÞO

1

R2

� �
� O

1

R

� �
O

1

R

� �� �
R dy

¼ 0. (25)

Therefore, the result shown by Eq. (24) is easy to see. In fact,
Eq. (25) was indicted in Ref. [3].

In order to make a comparison among three cases, a summary
for properties of three cases is presented in Table 1.
2.2. Formulation of new suggested BIE for exterior region in an

infinite plate

Without losing generality, we can introduce the BIE for
the region between the elliptic contour G and a large circle ‘‘CR’’
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Fig. 3. (a) A concentrated force applied at the point z ¼ t, or the loading condition for the a-field; (b) some loadings having resultant forces applied on the elliptic contour, or

the loading condition for the b-field.
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(Fig. 3). The observation point x is assumed on the elliptic contour
x 2 G. For the plane strain case, the suggested BIE can be written
as follows:

1

2
uiðxÞ þ

Z
G

P�ijðx; xÞujðxÞdsðxÞ

¼

Z
G

U�1ij ðx; xÞpjðxÞdsðxÞ þ D�1iðCRÞðxÞ,

ði ¼ 1;2; x 2 GÞ, (26)

where D�1iðCRÞðxÞ in a mutual work difference integral (abbreviated
as MWDI) on a large circle and is defined by

D�1iðCRÞðxÞ ¼ �
Z

CR
P�ijðx; xÞujðxÞdsðxÞ

þ

Z
CR

U�1ij ðx; xÞpjðxÞdsðxÞ (27)

and the kernel P�ijðx; xÞ is defined by [3]

P�ijðx; xÞ ¼ �
1

4pð1� vÞ

1

r
fðr;1n1 þ r;2n2Þðð1� 2nÞ

� dij þ 2r;ir;jÞ þ ð1� 2vÞðnir;j � njr;iÞg, (28)

where Kronecker deltas dij is defined as, dij ¼ 1 for i ¼ j, dij ¼ 0 for
iaj, and

r;1 ¼
x1 � x1

r
¼ cos a; r;2 ¼

x2 � x2

r
¼ sin a,

n1 ¼ � sin b; n2 ¼ cos b, (29)

where the angles a and b are indicated in Fig. 3(a).
The kernel P�ijðx; xÞ can be obtained in a usual way [3]. The

kernel U�1ij ðx; xÞmay be obtained from the fundamental stress field
(Fig. 3(a)), and the relevant complex potentials have been shown
in Eq. (19).

Making use of Eqs. (6) and (19) yields

2Gðuþ ivÞ ¼ 2kF ln ðrÞ � F̄
z� t

z̄� t̄
; where r ¼ jz� tj. (30)

In the derivation, let the point ‘‘t’’ approach to the boundary point
x of ellipse, and the point ‘‘z’’ to the boundary point ‘‘X’’ (Fig. 3(a)),
and

z� t ¼ r expðiaÞ. (31)

If letting Px ¼ 1 and Py ¼ 0, from Eqs. (20) and (30) we have

u ¼
1

8pð1� nÞG
f�ð3� 4nÞ ln ðrÞdij þ cos2 a� 0:5g,

v ¼
1

8pð1� nÞG
fsin a cos ag. (32)
If letting Px ¼ 0 and Py ¼ 1, from Eqs. (20) and (30) we have

u ¼
1

8pð1� nÞG
fsin a cos ag,

v ¼
1

8pð1� nÞG
f�ð3� 4nÞ lnðrÞdij þ sin2 a� 0:5g. (33)

The mentioned derivation leads to

U�1ij ðx; xÞ

¼
1

8pð1� vÞG
f�ð3� 4nÞ lnðrÞdij þ r;ir;j � 0:5dijg. (34)

In the present case, the complex potentials for the a-field shown
by Eq. (19) are expressed in the pure deformable form, which is
used for deriving the kernel U�1ij ðx; xÞ. Therefore, directly using
Eq. (22) yields

D�1iðCRÞðxÞ ¼ 0 ði ¼ 1;2Þ. (35)

Therefore, from Eq. (26), the BIE is modified to be

1

2
uiðxÞ þ

Z
G

P�ijðx; xÞujðxÞdsðxÞ

¼

Z
G

U�1ij ðx; xÞpjðxÞdsðxÞ;

ði ¼ 1;2; x 2 GÞ ðx 2 GÞ (36)

Similarly, from the complex potentials shown by Eq. (21), the
following kernel is obtained:

U�2ij ðx; xÞ ¼
1

8pð1� vÞG
f�ð3� 4nÞ lnðrÞdij þ r;ir;jg. (37)

For the plane strain case, the BIE can be written as follows:

1

2
uiðxÞ þ

Z
G

P�ijðx; xÞujðxÞdsðxÞ

¼

Z
G

U�2ij ðx; xÞpjðxÞdsðxÞ þ D�2iðCRÞðxÞ,

ði ¼ 1;2; x 2 GÞ, (38)

where D�2iðCRÞðxÞ in a mutual work difference integral (abbreviated
as MWDI) on a large circle and is defined by

D�2iðCRÞðxÞ ¼ �
Z

CR
P�ijðx; xÞujðxÞdsðxÞ

þ

Z
CR

U�2ij ðx; xÞpjðxÞdsðxÞ. (39)

There are two cases under consideration. In the first case, the
loading applied on the finite portion in the b-field is not in
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equilibrium. In this case, from Eq. (23) we have D�2iðCRÞðxÞa0, and
the term D�2iðCRÞðxÞ in Eq. (38) cannot be dropped.

In the second case, the loading applied on the finite portion in
the b-field is in equilibrium. In this case, from Eq. (24) we have
D�2iðCRÞðxÞ ¼ 0, and the term D�2iðCRÞðxÞ in Eq. (38) can be dropped.
Therefore, substituting D�2iðCRÞðxÞ ¼ 0 into Eq. (38) yields

1

2
uiðxÞ þ

Z
G

P�ijðx; xÞujðxÞdsðxÞ

¼

Z
G

U�2ij ðx; xÞpjðxÞdsðxÞ ði ¼ 1;2; x 2 GÞ. (40)

From above derivation we see that the BIE shown by Eq. (40) can
only be used to the case that the loadings applied on the contour
are in equilibrium, and it cannot be used to the case of non-
equilibrated loadings on the contour.

It is seen that the BIE shown by Eq. (36) with the usage U�1ij ðx; xÞ
can be used to arbitrary loading case. In addition, for the case of
the loadings pjðxÞ in equilibrium, the results from the usage of the
kernel U�1ij ðx; xÞ or U�2ij ðx; xÞ are equivalent. In fact, from Eq. (34) and
(37), the following result is obtainable
Z
G
ðU�1ij ðx; xÞ � U�2ij ðx; xÞÞpjðxÞdsðxÞ ¼ �

1

16pð1� nÞG

�

Z
G
dijpjðxÞdsðxÞ ¼ 0. (41)

Therefore, the mentioned statement is proved.
It is seen that, any boundary values for the displacements and

stresses from a pure deformable form in the exterior problem
must satisfy the BIE shown by Eq. (36). Actually, we have
performed the following examination. In the numerical examina-
tion, the complex potentials take the form fðzÞ ¼ F ln z, cðzÞ ¼
�F ln z (F-real). Further, one substitutes the relevant displace-
ments along the boundary in the left-hand side of Eq. (36), and
substitutes the relevant stresses in the right-hand side of Eq. (36),
then, the validity of Eq. (36) has been found.

People may meet the following situation. If one substitutes an
elasticity solution, for example, u ¼ 1, v ¼ 0 and sx ¼ sy ¼ sxy ¼ 0
into Eq. (36), the equality shown by Eq. (36) is not valid. The
reason for the happened discrepancy can be expressed as follows.
In fact, all the derivations for the BIE shown by Eq. (36) are based
on the fact that both the a-field and b-field are expressed in the
pure deformable form. Alternative speaking, one do not allow any
solutions in the impure deformable form or in the rigid motion
form (for example, u ¼ 1, v ¼ 0 for displacement and sx ¼ sy ¼

sxy ¼ 0 for stresses) to verify the BIE shown by Eq. (36).

2.3. Examination for the usage of the suggested kernel U�1ij ðx; xÞ

One possibility for examination of the correctness for the
usage of the kernel U�1ij ðx; xÞ is from solution of degenerate
scale problem. For the circle hole case (a ¼ b), by using
the elliptic coordinates and complex variable, the closed form
Table 2

Two critical values for the elliptic notch: (1) a ¼ l1 ¼ f 1ðb=aÞ and a ¼ l2 ¼ f 2ðb=aÞ in

a ¼ l2 ¼ g2(b/a) in the case of using the kernel U�2ij ðx; x; aÞ (see Eq. (37)), within the ran

b/a 0.1 0.2 0.3 0.4 0.5

f1 2.28277 2.00630 1.78718 1.60963 1.46310

f1* 2.28213 2.00574 1.78667 1.60918 1.46269

f2 1.44896 1.38531 1.32510 1.26859 1.21576

f2* 1.44855 1.38492 1.32473 1.26824 1.21542

g1 3.01370 2.64871 2.35942 2.12502 1.93157

g2 1.91290 1.82887 1.74939 1.67479 1.60504

f1*, f2* from a closed form solution [11].
solution was found [11]

a ¼ 1. (42)

On the other hand, from Eq. (36) we can propose the following
humongous equationZ
G

U�1ij ðx; xÞpjðxÞdsðxÞ ¼ 0 ði ¼ 1;2; x 2 GÞ. (43)

For circle hole case, a closed form solution for Eq. (43) suggested
later also indicates that the degenerate scale is a ¼ 1. In addition, a
numerical solution for Eq. (43) (see below, next paragraph and
Table 2) indicates that the degenerate scale is a ¼ 1.00026.

In the same time, the following integral equation with the
usage of U�2ij ðx; xÞ is introduced [8,9]Z
G

U�2ij ðx; xÞpjðxÞdsðxÞ ¼ 0 ði ¼ 1;2; x 2 GÞ ðx 2 GÞ. (44)

The degenerate scale for the circular hole is a ¼ expð1=2kÞ
( ¼ 1.32019, for n ¼ 0:3 and plane strain case). This mentioned
result reveals that the usage of kernel U�2ij ðx; xÞ is also not
reasonable in the degenerate scale problem.
3. Degenerate scale problem

The degenerate scale problem is a particular problem in BIE. In
the formulation, we take the elliptic notch in an infinite plate as
example (Fig. 4(a)). Assume that the major half-axis ‘‘a’’ is a
parameter subject to change, and the ratio b/a is given beforehand.
It is preferable to write the kernel U�1ij ðx; xÞ in the form of U�1ij ðx; x; aÞ.
Substituting uj ¼ 0 (j ¼ 1, 2) in the left side of Eq. (36) yieldsZ
G

U�1ij ðx; x; aÞpjðxÞdsðxÞ ¼ 0 ði ¼ 1;2; x 2 GÞ. (45)

In addition, it is preferable to write Eq. (45) in the form

Ji ¼ 0; where Ji ¼

Z
G

U�1ij ðx; x; aÞpjðxÞdsðxÞ

ði ¼ 1;2; x 2 GÞ. (46)

In the degenerate scale problem, we will find a particular value of
‘‘a’’ such that Eq. (45) or (46) has a non-trivial solution. Here, pj ¼ 0
(j ¼ 1, 2) is a trivial solution for Eq. (45) or (46).

A closed form solution for the circle hole case (b/a ¼ 1) is
introduced below [8]. If substituting p1 ¼ g0 and p2 ¼ 0 (for
xðx1; x2Þ 2 G) in Eq. (46), after some manipulations we obtain

J1 ¼ Hpag0½2ð3� 4nÞ ln a�; where H ¼
�1

8pð1� vÞG

ðfor x 2 GÞ,

J2 ¼ 0 ðfor x 2 GÞ. (47)

From Eq. (47), it is suitable to find a solution for ‘‘a’’ from

ln a ¼ 0. (48)
the case of using the kernel U�1ij ðx; x; aÞ (see Eq. (34)), (2) a ¼ l1 ¼ g1(b/a) and

ge 0.1pb/ap1.0 (see Fig. 4(a))

0.6 0.7 0.8 0.9 1.0

1.34027 1.23592 1.14626 1.06843 1.00028

1.33989 1.23558 1.14594 1.06813 1.00000

1.16647 1.12050 1.07764 1.03764 1.00028

1.16614 1.12019 1.07734 1.03735 1.00000

1.76941 1.63166 1.51329 1.41054 1.32056

1.53996 1.47928 1.42270 1.36989 1.32056
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Therefore, the solution for Eq. (48) can be found

a ¼ l; where l ¼ exp½0� ¼ 1. (49)

The obtained value for a ¼ l ¼ 1 is called the critical value for size
hereafter.

From above-mentioned analysis, the following conclusion is
deduced. If the critical a ¼ l ¼ 1 is adopted, p1 ¼ g0 (g0, any
constant value), p2 ¼ 0 (for xðx1; x2Þ 2 G) is a non-trivial solution
for the integral Eq. (45) in the case of a circular hole.

It is seen that from the Dirichlet problem of interior domain,
the relevant homogenous equation takes the same form as shown
by Eq. (45). Therefore, the degenerate scale problems arising from
exterior region and interior domain are the same.

For the ellipse contour, a closed form solution for the critical
value was obtained with the usage of the complex variable and
the elliptic coordinate [11]. In addition, the critical value can also
be evaluated by some particular solutions on the normal scale.
The relevant derivation for the Laplace equation and for the plane
elasticity can be referred to in Refs. [5,10]. It is easy seen that it is
more difficult to obtain the critical value in some complicated
cases of contour configuration.
4. Numerical evaluation of the degenerate scale and
numerical examination for the correctness of usage of the
kernel Un

ijðx; xÞ

In the paragraph, the following two problems are studied
numerically. The first is about the degenerate scale for some
shapes of contour. Because of inherent difficulties in integration,
we cannot obtain the critical value for an arbitrary notch
configuration in a closed form. Therefore, a numerical technique
is suggested for the evaluation of the critical value. Discretization
of the BIE is a necessary step in the numerical analysis. After
discretization, the critical value and the non-trivial solution are
obtained numerically.
The second problem is to prove the correctness of usage
of the kernel U�1ij ðx; xÞ. Assume that the degenerate scale is not
reached. In this case, we choose an exact solution, for example,
the solution defined by the complex potentials fðzÞ ¼ Q0 ln z,
cðzÞ ¼ �kQ0 ln z, which represent some non-equilibrated load-
ings on the contour. In this case, we formulate the Dirichlet
problem for the exterior domain for some shapes of contour. The
displacements ujðxÞ (j ¼ 1, 2) from the closed form solution are
substituted into the BIE shown by Eq. (36), and obtain the traction
pjðxÞ (j ¼ 1, 2) from the BIE. Further, the obtained numerical
results for tractions pjðxÞ (i ¼ 1, 2) are compared with those pjðxÞ

(i ¼ 1, 2) from the exact solution. This kind of computation can
examine if the usage of the U�1ij ðx; xÞ is correct or not. The following
examples actually prove that the correctness of the usage of the
kernel U�1ij ðx; xÞ.

4.1. Numerical evaluation of the critical value and non-trivial

solution for homogenous equation

Without losing generality, the elliptic notch with two half-axes
‘‘a’’ and ‘‘b’’ in infinite plate is taken as an example (Fig. 4(a)). In
the numerical technique, the ellipse is divided into 120 intervals,
and n ¼ 0:3 is assumed. The constant traction is assumed for each
interval. After making discretization, Eq. (45) may be written in
the following form:

XM
n¼1

Umn ~pn ¼ 0 ðm ¼ 1;2; . . . ;MÞ, (50)

where the matrix Umn (m, n ¼ 1, y, M) is derived from the kernel
function U�1ij ðx; xÞ, and ~pn denotes the loading vector that is
assumed on the nodes. The vector ~pn(i ¼ 1, 2, y) is composed of
p1ðiÞ, p2ðiÞ (i ¼ 1, 2, y). Eq. (50) may be written in a matrix form as
follows:

U ~p ¼ 0 or UðaÞ ~p ¼ 0. (51)
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We assume that the ratio b/a is given beforehand. Therefore, the
parameter, or the major half-axis ‘‘a’’ is only one parameter
involved in the matrix U. To distinguish this situation, the matrix
U is rewritten as U(a).

The critical value ‘‘a’’ is evaluated from the following equation

detðUðaÞÞ ¼ 0. (52)

In a real computation, the degenerate scale critical value ‘‘a’’ is
evaluated by the following technique. A sufficient small value d is
assumed in advance (use d ¼ 1� 10�6 in this paper). Once we find
a value for l such that detðUÞja¼l�d40 and detðUÞja¼lþdo0
(or detðUÞja¼l�do0 and detðUÞja¼lþd40), the critical value a ¼ l
is obtained approximately.

For the ratio b/a within the range 0:1ob=ao1, two critical
values a ¼ l1 and a ¼ l2 were found from the computation. In the
case of using the kernel U�1ij ðx; x; aÞ, the obtained critical values are
expressed as

l1 ¼ f 1
b

a

� �
; l2 ¼ f 2

b

a

� �
. (53)

The computed results for f 1ðb=aÞ, f 2ðb=aÞ are listed in Table 2. It
can be seen from the tabulated results that, when b/a ¼ 1, the two
degenerate scale critical values are merged into one value
a ¼ l1 ¼ l2 ¼ 1:00028. Besides, the exact one takes the value
a ¼ l1 ¼ l2 ¼ 1.

By using complex variable and elliptic coordinate, the
degenerate scales for elliptic contour were found in a closed form
[11], which are as follows:

a ¼ l1 ¼ f 1�
b

a

� �
¼

2

1þ d
exp

1� d
2kð1þ dÞ

� �
,

a ¼ l2 ¼ f 2�
b

a

� �
¼

2

1þ d
exp �

1� d
2kð1þ dÞ

� �

with d ¼
b

a

� �
. (54)

The obtained results for f 1�ðb=aÞ and f 2�ðb=aÞ are also listed in
Table 2. From comparison results in Table 2 we see that there is no
significant deviation between numerical result and exact solution.

The b/a ¼ 0.5 case is taken as an example to find the non-trivial
solution for ~pn. As mentioned above, two critical values, a ¼ l1 ¼

1:46310 and a ¼ l2 ¼ 1:21576 (for b/a ¼ 0.5 case), have been
achieved approximately. The non-trivial solution for ~pn can be
found in the following manner. After taking a ¼ l1 ¼ 1:46310, we
can formulate the matrix ‘‘U’’ with the elements Umn (m, n ¼ 1, y,
M) as a first step. Substituting ~p1 ¼ 1 in Eq. (50) yields

XM
n¼2

Umn ~pn ¼ �Um1 ðm ¼ 1;2; . . . ;MÞ. (55)

We may truncate M�1 equations from Eq. (55), and obtain

XM
n¼2

Umn ~pn ¼ �Um1 ðm ¼ 2; . . . ;MÞ. (56)

From Eq. (56), we can obtain a solution for ~pn(n ¼ 2, 3, y, M). In
the case of assuming f xðyÞjy¼0� ¼ 1, two functions f xðyÞ and f yðyÞ
can be obtained immediately. The computed results for tractions
are expressed as follows:

p1 ¼ f xðyÞ; p2 ¼ f yðyÞ

ðtractions at the boundary points; x ¼ a cos y; y ¼ b cos yÞ.(57)

Both functions f xðyÞ; f yðyÞ are plotted in Fig. 5. From computed
results, it is found that f yðyÞ ¼ 0:000. That is to say, the critical
value a ¼ l1 ¼ 1:46310 only gives the component p1 the non-
trivial solution. Similar phenomena can be found in the non-
homogenous equation case (see Eq. (63)).
Similarly, for the second critical value a ¼ l2 ¼ 1:21576 (for b/
a ¼ 0.5 case), the non-trivial solution for ~pn can be found in a
similar manner. The computed results for tractions under the
condition gyðyÞjy¼0� ¼ 1 are expressed as follows:

p1 ¼ gxðyÞ; p2 ¼ gyðyÞ

ðtractions at the boundary points; x ¼ a cos y; y ¼ b cos yÞ.(58)

Both functions gxðyÞ; gyðyÞ are also plotted in Fig. 5. It is found that
the function gxðyÞ takes the value gxðyÞ ¼ 0:000. That is to say, the
critical value a ¼ l2 ¼ 1:21576 only gives the component p2 the
non-trivial solution. Similar phenomena can be found in the non-
homogenous equation case (see Eq. (63)).

The used kernel in the integral equation will influence the
results about the critical value. Instead of the kernel U�1ij ðx; x; aÞ, we
may propose the following integral equation

Z
G

U�2ij ðx; x; aÞpjðxÞdsðxÞ ¼ 0 ði ¼ 1;2; x 2 GÞ, (59)

where

U�2ij ðx; xÞ ¼
1

8pð1� vÞG
f�ð3� 4nÞ lnðrÞdij þ r;ir;jg. (60)

The kernel U�2ij ðx; xÞ is different by a constant �dij=16pð1� vÞG

with respect to U�1ij ðx; xÞ. The kernel U�2ij ðx; xÞ was introduced in
Ref. [3].

Similarly, in the case of using the kernel U�2ij ðx; x; aÞ, the
obtained critical values are expressed as

l1 ¼ g1
b

a

� �
; l2 ¼ g2

b

a

� �
. (61)

The computed results for g1ðb=aÞ, g2ðb=aÞ are also listed in Table 2.
It is seen that the g1ðb=aÞ and g2ðb=aÞ values are larger than f 1ðb=aÞ

and f 2ðb=aÞ, respectively. It can be seen from the tabulated results
that, when b/a ¼ 1, the two critical values are merged into one
value a ¼ l1 ¼ l2 ¼ 1:32056. Besides, the exact one takes the
value a ¼ l1 ¼ l2 ¼ 1:32019 for the case of n ¼ 0:3.
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4.2. Numerical examination for the non-homogenous equation

From Eq. (36), the BIE can be rewritten as
Z
G

U�1ij ðx; xÞpjðxÞdsðxÞ ¼ hiðxÞ

ði ¼ 1;2; x 2 GÞ ðx 2 GÞ, (62)

where

hiðxÞ ¼
1

2
uiðxÞ þ

Z
G

P�ijðx; xÞujðxÞdsðxÞ

ði ¼ 1;2; x 2 GÞ ðx 2 GÞ. (63)

In the solution, the functions uj(x) (j ¼ 1, 2) are given beforehand.
In addition, the functions hi(x) (i ¼ 1, 2) are obtained from Eq. (63),
and they become the right-hand term of Eq. (62). In the following
computation, we will find some particular behaviors for the
solution of Eq. (62) once the critical values are approaching.

Example 4.1. The above-mentioned results for the critical value
can be examined by the following concrete example. In the
example shown by Fig. 4(a), we propose the following complex
potentials

fðzÞ ¼ Q0 ln z; cðzÞ ¼ �kQ0 ln z, (64)

where Q0 is a loading that has a dimension of force. Therefore,
from Eqs. (4) and (5), the stresses and the displacements can be
evaluated

sx þ sy ¼ 4Q0 Re
1

z
,

sy � sx þ 2isxy ¼ �2Q0
z̄

z2
þ
k
z

� �
, (65)

2Gðuþ ivÞ ¼ Q0 2k ln jzj �
z

z̄

� �
. (66)

In addition, from Eqs. (5) and (64) the amount of the resultant
force in x-direction applied on the boundary will be 2pðkþ 1ÞQ0.
The relevant loading condition is shown in Fig. 4(a) approxi-
mately.

In the numerical examination, the BIE takes the form of Eq. (62).

The displacements uj(x) (j ¼ 1, 2) obtained from the exact solution

are substituted into Eq. (63), and the obtained results become the

right-hand side of Eq. (62), the boundary tractions pj(x) (j ¼ 1, 2)

will be obtained from Eq. (62).

In computation, the exterior ellipse has the two half-axes ‘‘a’’

and ‘‘b’’ with the ratio b/a ¼ 0.5 (Fig. 4(a)). The contour of ellipse is

divided into 120 intervals. The constant displacement and traction

are assumed for each interval. Standard numerical technique is

used to solve the BIE Eq. (62) numerically.

As mentioned previously, there are two critical values a ¼ l1 ¼

1:46310 and a ¼ l2 ¼ 1:21576 (for b/a ¼ 0.5 case), which have

been shown in Table 2.

In this example, computations for five cases, a ¼ l1 � �, a ¼ l1,

a ¼ l1 þ �, a ¼ 0:9l1, and a ¼ 1:1l1 (l1 ¼ 1:46310, � ¼ 0:00002)

are performed. The computed results for tractions are expressed

as follows:

p1 ¼ f xðyÞ
pðkþ 1ÞQ0

a
; p2 ¼ f yðyÞ

pðkþ 1ÞQ0

a
ðtractions at the boundary points,

x ¼ a cos y; y ¼ b cos yÞ. (67)

The computed results for f xðyÞ, and f yðyÞ are plotted in Figs. 6–8.

For comparison, the exact result from Eq. (65) is also shown in the

figures.
The most significant feature of the critical value can be seen

from Figs. 6 and 7. In fact, the exact values for f xðyÞ are varying

within the range �0:546pf xðyÞp� 0:190 (see Fig. 7). However, if

a ¼ l1 is adopted, we have f xðyÞjy¼0� ¼ 129:500. Therefore, the

obtained results are incorrect in general if a ¼ l1 is adopted. In

addition, if a ¼ 0:9l1 and a ¼ 1:1l1 are adopted, we have

f xðyÞjy¼0� ¼ �0:543 and f xðyÞjy¼0� ¼ �0:547, respectively. Besides,

the exact value is f xðyÞjy¼0� ¼ �0:546. Therefore, we can get the

accurate results if a ¼ 0:9l1 or a ¼ 1:1l1 is adopted. From Fig. 8, it

is seen that the dependence of the functions f yðyÞ to the used size

‘‘a’’ is not significant.

It is proved by computation that the critical value a ¼ l1

will solely give an improper (or singular) solution for the

component p1.

It is necessary to explain one point in detail. There must have

an exact solution for the two degenerate scale critical values
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a ¼ l1ðexactÞ and a ¼ l2ðexactÞ. If we could find the real value of

a ¼ l1ðexactÞ, then there must have det(U) ¼ 0, at a ¼ l1ðexactÞ. In this

case, the algebraic equation does not have solution. In a real

computation, we can only get a value a ¼ l1 that is a sufficient

approximation to a ¼ l1ðexactÞ. For example, we have got the

following estimation 1:4631019781ol1ðexactÞo1:4631019782

from computation. In this case, even one takes a sufficient

approximate value, for example, a ¼ l1 ¼ 1:4631019781, there

still has det(U)6¼0. In this case, the algebraic equation has a

solution. Finally, it is pointed out that in all cited numerical

examples, the used a ¼ l1 and a ¼ l2 are some approximate

values for a ¼ l1ðexactÞ and a ¼ l2ðexactÞ.

Example 4.2. As shown by Fig. 8, the critical value a ¼ l1 does
not give the component p2 an improper solution in the
previous example. In the present example, it will be shown that
critical value a ¼ l2 will give the component p2 an improper
solution.

In the example, we propose the following complex potentials

fðzÞ ¼ iQ0 ln z; cðzÞ ¼ ikQ0 ln z, (68)

where Q0 is a loading that has a dimension of force. Therefore,

from Eqs. (4)–(6), the stresses and the displacements can be

evaluated

sx þ sy ¼ 4Q0 Re
i

z
; sy � sx þ 2isxy ¼ 2Q0i �

z̄

z2
þ
k
z

� �
, (69)

2Gðuþ ivÞ ¼ Q0i 2k ln jzj þ
z

z̄

� �
. (70)

In addition, from Eqs. (5) and (68) the amount of the resultant

force in y-direction applied on the boundary will be 2pðkþ 1ÞQ0.

The relevant loading condition is shown in Fig. 4(b).

In this example, computations for five cases, a ¼ l2 � �, a ¼ l2,

a ¼ l2 þ �, a ¼ 0:9l2, and a ¼ 1:1l2 (l2 ¼ 1:21576, � ¼ 0:00002)

are performed. Under the same condition as mentioned

in the Example 4.1, the computed results for tractions are
expressed as follows:

p1 ¼ f xðyÞ
pðkþ 1ÞQ0

a
; p2 ¼ f yðyÞ

pðkþ 1ÞQ0

a
ðtractions at the boundary points,

x ¼ a cos y; y ¼ b cos yÞ. (67)

The computed results for fx(y), and fy(y) are plotted in Figs. 9–11.

For comparison, the exact result from Eq. (69) is also shown in the

figures.

Contrary to the previous case, from Fig. 9 it is seen that the

dependence of the functions fx(y) to the used size ‘‘a’’ is not

significant. In this example, the most significant feature

of the critical value can be seen from Figs. 10 and 11. In fact,

the exact values for fy(y) are varying within the range

�1:074pf yðyÞp� 0:091 (Fig. 11). However, if a ¼ l2 is adopted,

we have f yðyÞjy¼0� ¼ 29:251. Therefore, the obtained results are
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incorrect in general if a ¼ l2 is adopted. In addition, if a ¼ 0.9l2

and a ¼ 1.1l2 are adopted, we have f yðyÞjy¼90� ¼ �1:088 and

f yðyÞjy¼90� ¼ �1:089, respectively. In addition, the exact value is

f yðyÞjy¼90� ¼ �1:091. Also, the three curves from (a) exact solution,

(b) a ¼ 0.9l2, and (c) a ¼ 1.1l2 are merged into one curve (see

Fig. 11). Therefore, we can get the accurate results for tractions if

a ¼ 0.9l2 or a ¼ 1.1l2 is adopted.

As in the first example, we find that the second critical value

a ¼ l2 will solely give an improper solution for the component p2.

Example 4.3. The third example is devoted to a triangle
configuration with no symmetry condition (Fig. 4(c)).

Similar to the ellipse case, in the case of using the kernel

U�1ij ðx; x; aÞ, the obtained critical values are expressed as

l1 ¼ f 1
b

a

� �
; l2 ¼ f 2

b

a

� �
. (53)

Besides, in the case of using the kernel U�2ij ðx; x; aÞ, the obtained

scale critical values are expressed as

l1 ¼ g1
b

a

� �
; l2 ¼ g2

b

a

� �
. (61)

The computed results for l1 ¼ f 1ðb=aÞ, l2 ¼ f 2ðb=aÞ, l1 ¼ g1ðb=aÞ,

and l2 ¼ g2ðb=aÞ are listed in Table 3.

For two critical values a ¼ l1 ¼ 1:575118 and a ¼ l2 ¼

1:205902 (for b/a ¼ 0.5 case using the kernel U�1ij ðx; x; aÞ), the

non-trivial solution for ~pn for the homogenous Eq. (50) can be

found in a similar manner. The computed results for tractions
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Fig. 11. Non-dimensional boundary tractions f yðyÞ on the elliptic boundary under

the conditions: (a) b/a ¼ 0.5; (b) the assumed displacements from Eq. (68); (c) for

two cases: a ¼ 0:9l2 and a ¼ 1:1l2 (l2 ¼ 1:21576) (see Fig. 4(b) and Eq. (67)).

Table 3

Two critical values for the triangle notch case: (1) a ¼ l1 ¼ f 1ðb=aÞ and a ¼ l2 ¼ f 2ðb=a

a ¼ l2 ¼ g2(b/a) in the case of using the kernel U�2ij ðx; x; aÞ(see Eq. (37)), within the rang

b/a 0.1 0.2 0.3 0.4 0.5

f1 2.31587 2.07019 1.87397 1.71154 1.57512

f2 1.45054 1.38270 1.32073 1.26219 1.20590

g1 3.05740 2.73305 2.47400 2.25957 2.07946

g2 1.91499 1.82543 1.74362 1.66634 1.59202
under the condition f xðs=LÞjs¼0 ¼ 1 are expressed as follows:

p1 ¼ f x

s

L

� �
; p2 ¼ f y

s

L

� �
ðtractions at the boundary

points; for a ¼ l1 ¼ 1:575118 caseÞ, (71)

p1 ¼ gx

s

L

� �
; p2 ¼ gy

s

L

� �
ðtractions at the boundary

points; for a ¼ l2 ¼ 1:205902 caseÞ. (72)

In Eqs. (71) and (72), the coordinate for ‘‘s’’ is starting at a point of

the right side of triangle, and ‘‘L’’ is defined by L ¼ 2ðaþ bþffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p
Þ (Fig. 4(c)). The computed results for f xðs=LÞ, f yðs=LÞ,

gxðs=LÞ and gyðs=LÞ are plotted in Figs. 12 and 13, which represent

the non-trivial solution for the homogeneous Eq. (50). It is seen

from the computed results that both components are not

vanishing (or p1a0; p2a0), simply because of the unsymmetrical

geometry of the triangle. In the case of using a ¼ l1 ¼ 1:575118,

the component f xðs=LÞ is dominant in the magnitude. However, in

the case of using a ¼ l2 ¼ 1:205902, the component gyðs=LÞ is

dominant in the magnitude.

In the example, we propose the following complex potentials

fðzÞ ¼ Q0 ln z; cðzÞ ¼ �kQ0 ln z, (64)

where Q0 is a loading that has a dimension of force. Similar to the

Example 4.1, the exact values for displacements and tractions

along the notch contour can be found. From Eqs. (5) and (64) the

amount of the resultant force in x-direction applied on the interior

boundary will be 2pðkþ 1ÞQ0. The relevant loading condition is
Þ in the case of using the kernel U�1ij ðx; x; aÞ (see Eq. (34)), (2) a ¼ l1 ¼ g1(b/a) and

e 0:1pb=ap1:0 ( see Fig. 4(c))
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Fig. 12. Non-trivial solution for the boundary tractions f xðx=LÞ and f yðx=LÞ on the

triangle notch under the conditions: (a) b/a ¼ 0.5; (b) a ¼ l1 ¼ 1:575118 (see

Fig. 4(c) and Eq. (71)).
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shown in Fig. 4(c) approximately. Same numerical solution

technique mentioned in the Example 4.1 is used in the present

example.

As mentioned above, there are two critical values a ¼ l1 ¼

1:575118 and a ¼ l2 ¼ 1:205902 in the case of b/a ¼ 0.5.

In the numerical examination, computations for five cases,

a ¼ l1 � �, a ¼ l1, a ¼ l1 þ �, a ¼ 0:9l1, and a ¼ 1:1l1

(l1 ¼ 1:575118, � ¼ 0:000002) are performed. The computed

results for tractions are expressed as follows:

p1 ¼ f x

s

L

� � pðkþ 1ÞQ0

a
; p2 ¼ f y

s

L

� � pðkþ 1ÞQ0

a
ðtractions at the boundary points for

tractions on the boundaryÞ. (73)
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Fig. 13. Non-trivial solution for the boundary tractions gxðx=LÞ and gyðx=LÞ on the
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Fig. 2(c) and Eq. (72)).
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Fig. 14. Non-dimensional boundary tractions f xðs=LÞ on the triangle boundary

under the conditions: (a) b/a ¼ 0.5; (b) the assumed displacements from Eq. (64);

(c) for three cases: a ¼ l1 � �, a ¼ l1 and a ¼ l1 þ � (l1 ¼ 1:575118, � ¼ 0:000002)

(see Fig. 4(c) and Eq. (73)).
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Fig. 15. Non-dimensional boundary tractions f xðs=LÞ on the triangle boundary

under the conditions: (a) b/a ¼ 0.5; (b) the assumed displacements from Eq. (64);

(c) for two cases: a ¼ 0:9l1 and a ¼ 1:1l1 (l1 ¼ 1:575118) (see Fig. 4(c) and

Eq. (73)).
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Fig. 16. Non-dimensional boundary tractions f yðs=LÞ on the triangle boundary

under the conditions: (a) b/a ¼ 0.5; (b) the assumed displacements from Eq. (64);

(c) for three cases: a ¼ l1 � �, a ¼ l1 and a ¼ l1 þ � (l1 ¼ 1:575118, � ¼ 0:000002)

(see Fig. 4(c) and Eq. (73)).
The computed results for f xðx=LÞ, and f yðy=LÞ are plotted in

Figs. 14–17. For comparison, the exact result from Eqs. (5) and

(64) is also shown in the figures.

Some particular features can be found from the present

example. If the used size ‘‘a’’ is equal to or near to the critical

value, for example,a ¼ l1 � �, a ¼ l1, a ¼ l1 þ �, the computed

results for f xðx=LÞ and f yðy=LÞ are generally incorrect. However, if

the used size ‘‘a’’ takes the value a ¼ 0:9l1 or a ¼ 1:1l1, the

computed results for f xðx=LÞ and f yðy=LÞ are sufficient accurate.

Similarly, computations for five cases, a ¼ l2 � �, a ¼ l2,

a ¼ l2 þ �, a ¼ 0:9l2, and a ¼ 1:1l2 (l2 ¼ 1:205902, � ¼ 0:000002)

are performed. Since no new finding was found in computation, the

computed results need not to describe.
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Fig. 17. Non-dimensional boundary tractions f yðs=LÞ on the triangle boundary

under the conditions: (a) b/a ¼ 0.5; (b) the assumed displacements from

Eq. (64); (c) for two cases: a ¼ 0:9l1 and a ¼ 1:1l1 (l1 ¼ 1:575118) (see Fig. 4(c)

and Eq. (73)).
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4.3. Technique for avoiding the improper solution

From mentioned numerical examples, a technique for avoiding
the improper solutions is introduced. In the technique, one must
not use the dimension ‘‘a’’ too near to the two critical values
a ¼ l1 and a ¼ l2. It is suggested to use aX1:1l1 or ap0:9l2.
Validity of this approach is easily seen from the computed results
in the three numerical examples, particularly, from Figs. 7, 11, 15
and 17. This technique can be used when the l1 and l2 values can
be obtained from other references.

If the l1 and l2 values have not known beforehand, the normal
scale can be assumed in the following way. It is known for circular
hole case that, a ¼ b ¼ 1 is a degenerate scale. In the case
of rigid line (or b ¼ 0), from Eq. (54) we have, a ¼ l1 ¼

2 exp ð1=2kÞ ¼ 2:64038 and a ¼ l2 ¼ 2 exp ð�1=2kÞ ¼ 1:51493.
Therefore, three is no degenerate scale larger than 5. In this case,
for an elliptic notch it is sufficient to take b ¼ 5 and a ¼ 5/b
(b defined by b ¼ b/a) as the normal scale.

In most cases, a very simple technique for finding the normal
scale was suggested [5]. For example, if one meet a computation
with the size a ¼ 2 m, one simply replaces the dimension a ¼ 2 m
by a ¼ 200 cm, then the numerical instability in the BIE solution
will disappear. In this case, one does not need to perform a
computation for the critical value.
5. Conclusions

The regularity condition at infinity in the exterior problem is
important for the formulation of BIE. The relevant analysis
depends on two factors: (a) the representation form of the
displacement–stress field for the fundamental field and (b) the
loading condition on the notch. A new kernel U�1ij ðx; xÞ has been
found, which satisfies the regularity condition in general case of
non-equilibrated loadings on the contour. For elliptic notch case,
the degenerate scale based on the usage of U�1ij ðx; xÞ and numerical
solution coincides with that from exact solution [11].

As mentioned above, it is complicated to analyze the
degenerate scale problem in the form of the integral equation
shown by Eq. (45). After discretization, the critical value can be
evaluated from the property of the influence matrix. In addition to
the critical value, the non-trivial solution can also be found
numerically.

The computed results for tractions on the contour for BIE based
on the usage of the suggested kernel U�1ij ðx; xÞ coincide with those
from exact solution when the normal scale is used.
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