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a b s t r a c t

In this paper, the Laplace problems are solved by using the modified Trefftz method. For discontinuous

boundary problem, singular problem, and degenerate scale problem, the conventional Trefftz method

encounters the numerical instability owing to rank deficiency and high-order T-complete functions. To

overcome these problems, the characteristic length of problem domain and high-order T-complete

functions is introduced to obtain a modified Trefftz method, equipping with a characteristic length

factor to make sure that this method is stable. Besides, the high-order T-complete functions can be

clearly described for the discontinuous boundary conditions. Comparing with the solutions in the

previous literature, the present method is powerful even for the problem with complex boundary and

with adding random noise on the boundary data. It is also successfully solving the degenerate scale

problem, resulting to a highly accurate result never seen before.

& 2008 Elsevier Ltd. All rights reserved.
1. Introduction

After 1980, the most widely used numerical methods for
engineering applications are the finite difference method, finite
element method, and boundary element method (BEM). Espe-
cially, the BEM has become quite popular in recent years due to its
advantage of the reduction of dimensionality. Only several years
ago, the meshless methods started to capture the interest of the
researchers in the community of computational mechanics
because those methods are meshes free and only boundary nodes
are necessary [1–4]. Among those meshless methods, the Trefftz
method is a boundary-type solution procedure using only the
T-complete functions satisfying the governing equation. It was the
first proposed in 1926 by Trefftz [5]. The mathematical theory of
the Trefftz method has been studied by Herrera et al. [6]. The
Trefftz method includes a direct and an indirect formulation [7].
In the direct formulation, the weighted residual expression is
derived from the differential equation by using the T-complete
functions as the weight functions. In the indirect formulation, the
solution is approximated by a superposition of T-complete
functions with unknown coefficients, which are determined to
satisfy the boundary conditions. Recently, the Trefftz method
has a broad application in engineering computations, for exam-
ple, Berardi et al. [8], Kita et al. [9], Lu et al. [10], and Portela
et al. [11].
ll rights reserved.
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Although the Trefftz method has much relevant research, it
still has some drawbacks for hindering its successful development
such as in the discontinuous boundary problems, singular
problems and degenerate scale problems. Generally, in order to
overcome these difficulties to obtain a regularized solution one
usually used the truncated singular value decomposition together
with the regularization parameter determined by the L-curve
method. Li et al. [12] have given a complete comparison of the
Trefftz, collocation and other boundary methods. They concluded
that collocation Trefftz method (CTM) is the simplest algorithm
and provides the most accurate solution with the best numerical
stability. However, the conventional CTM may exists a major
drawback that the resulting linear equations system is seriously
ill-conditioned. In order to obtain an accurate solution of the
linear equations the above-mentioned special techniques cannot
be avoided which in turns lead to a complex solution process.

In order to overcome these difficulties appeared in conven-
tional CTM, Liu [13–15] proposed a modified Trefftz method,
refined this method by taking the characteristic length into the
T-complete functions, such that the condition number of the
resulting linear equations system can be greatly reduced. Never-
theless, this method got easily instable solutions such as for
degenerate scale problems and singular problems, while utilizing
the low-order T-complete functions. For the above-mentioned
problems, we are going to compare the maximum errors under
different characteristic lengths and elements number, and the
best accuracy by using high-order T-complete functions can be
obtained.

This paper is organized as follows. In Section 2, we derive the
first kind Fredholm integral equation along a given artificial circle.
d Trefftz method for the Laplace equation. Eng Anal Bound Elem
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In Section 3, we consider a collocation method to find the Fourier
coefficients. In Section 4, we use some examples, including the
Motz problem and torsion problem, to compare with the results
appeared in the previous literature. Finally, in Section 5, we
summarize the conclusions.
2. Basic formulations

In this paper, we consider new methods to solve the mixed-
boundary value problem, which consists of the Laplace equation
and the mixed-boundary condition specified on a non-circular
boundary:

Du ¼ urr þ
1

r
ur þ

1

r2
uyy ¼ 0;

ror or r4r; 0pyp2p;
(1)

bDuðr; yÞ þ bNunðr; yÞ ¼ hðyÞ; 0pyp2p, (2)

where h(y) is a given function, and r ¼ r(y) is a given contour
describing the boundary shape of the interior or exterior domain
S. The contour G in the polar coordinates is given by
G ¼ {(r,y)|r ¼ r(y), 0pyp2p}, which is the boundary of the
problem domain S. For exterior problem S is unbounded, while
S is bounded for interior problem. On the other hand, in order to
deal with the boundary condition conveniently, bD and bn satisfy
b2

D þ b2
N40.

If the whole boundary is composed of the Dirichlet boundary
condition, then we have bD ¼ 1 and bN ¼ 0. Conversely, if
the whole boundary is composed of the Neumann boundary
condition, then we have bD ¼ 0 and bN ¼ 1. Therefore, for a
mixed-boundary condition with u prescribed on a partial
boundary G1 and with un prescribed on a partial boundary
G2 ¼ G/G1, we have bD ¼ 1 and bN ¼ 0 on G1 and bD ¼ 0 and
bN ¼ 1 on G2.
Fig. 1. The distribution of maximum errors under
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In the above, through some efforts, we can derive

unðr; yÞ ¼
quðr; yÞ

qr
�
r0

r2

quðr; yÞ
qy

, (3)

where n is an outward-normal direction of the boundary.
We replace Eq. (2) by the following boundary condition:

uðR0; yÞ ¼ f ðyÞ; 0pyp2p, (4)

where f(y) is an unknown function to be determined, and R0 is a
given positive constant, such that the disk D ¼ {(r,y)|rpR0,
0pyp2p} can cover S for the interior problem, or it is inside in
the complement of S, that is, D 2 R2=S̄ for the exterior problem.
Specifically, we may let

R0prmin ¼ min
y2½0;2p�

rðyÞ ðexterior problemÞ, (5)

R0Xrmax ¼ max
y2½0;2p�

rðyÞ ðinterior problemÞ. (6)

Because R0 is uniquely determined by the contour of the
considered problem by Eq. (5) or Eq. (6); we do not worry how
to choose R0. In the later, it will be clear that R0 specifies a
characteristic length of the problem domain, and also plays a
major role to control the stability of the numerical method.

The basic idea is to replace the original complicated Robin
boundary condition in Eq. (2) on a complicated contour by a
simpler boundary condition (4) on a specified circle. However, the
price we should pay is that we require deriving a new equation to
solve f(y). If the task can be finished and if the function f(y) is
available, then the advantage of this replacement is that we have a
Fourier series expansion of u(r,y) satisfying Eqs. (1) and (4):

uðr; yÞ ¼ a0 þ
X1
k¼1

ak
R0

r

� ��k

cos kyþ bk
R0

r

� ��k

sin ky

" #
, (7)

where

a0 ¼
1

2p

Z 2p

0
f ðxÞdx, (8)
different characteristic lengths and elements.
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ak ¼
1

p

Z 2p

0
f ðxÞ cos kxdx, (9)

bk ¼
1

p

Z 2p

0
f ðxÞ sin kxdx (10)

are the Fourier coefficients of f(y). In Eq. (7), the positive sign is
used for the exterior problem, and conversely the minus sign is
used for the interior problem.

From Eqs. (3) and (7), it follows that

unðr; yÞ ¼
X1
k¼1

gk �
kak

r
�

kbkr0

r2

� �
cos ky

�

þ
kakr0

r2
�

kbk

r

� �
sin ky

�
, (11)

where

gðyÞ :¼ R0

rðyÞ

� ��1

. (12)

By imposing condition (2) on Eq. (7) and utilizing Eq. (11) we
obtain

a0bD þ
X1
k¼1

½akEk
ðyÞ þ bkFk

ðyÞ� ¼ hðyÞ, (13)
Fig. 2. Comparing the exact solution and numerical solution for

Please cite this article as: Chen Y-W, et al. Applications of the modifie
(2008), doi:10.1016/j.enganabound.2008.05.008
where

Ek
ðyÞ :¼ gk bD cos ky� bN

k

r
cos kyþ bN

kr0

r2
sin ky

� �
, (14)

Fk
ðyÞ :¼ gk bD sin ky� bN

k

r
sin ky� bN

kr0

r2
cos ky

� �
. (15)

Substituting Eqs. (8)–(10) for a0, ak, and bk into Eq. (13) leads to
the first kind Fredholm integral equation:Z 2p

0
Kðy; xÞf ðxÞdx ¼ hðyÞ, (16)

where

Kðy; xÞ ¼
bD

p
þ

1

p
X1
k¼1

½Ek
ðyÞ cos kxþ Fk

ðyÞ sin kx� (17)

is a kernel function.
Eq. (16) is an exact boundary condition, providing a mapping

from the Dirichlet boundary condition on a simple artificial circle
to the Robin boundary condition on the original complicated
boundary. This mapping is named the Dirichlet to Robin mapping,
abbreviated as the DtR mapping. However, it is difficult to directly
Example 1 in (a), and the numerical error is plotted in (b).
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inverse Eq. (16) to obtain the exact boundary data f(y). Liu [16]
has applied the regularization integral equation method to solve
Eq. (16) for the Dirichlet boundary value problems. But in this
paper, we are going to directly solve Eq. (7) to obtain the Fourier
coefficients as simple as possible.
Fig. 4. Comparing the exact solution and numerical solution with 5% noise in the

boundary data for Example 1 in (a), and the numerical errors are plotted in (b).
3. The collocation method

We consider a mixed-boundary condition with u prescribed on
a partial boundary G1 and with un prescribed on the other
boundary G2 ¼ G/G1. Therefore, we have bD ¼ 1 and bN ¼ 0 on G1,
while bD ¼ 0 and bN ¼ 1 on G2, i.e.,

uðr; yÞ ¼ hDðyÞ ðr; yÞ 2 G1, (18)

unðr; yÞ ¼ hNðyÞ ðr; yÞ 2 G2. (19)

The series expansions in Eqs. (7) and (11) are well suited to the
entire solution domain. Hence, the admissible functions with
finite terms can be used to determine the unknown coefficients ak

and bk:

uðr; yÞ ¼ a0 þ
Xm

k¼1

½Akak þ Bkbk�, (20)

unðr; yÞ ¼
Xm
k¼1

½Ckak þ Dkbk�, (21)

where

AkðyÞ :¼ gk cos ðkyÞ, (22)

BkðyÞ :¼ gk sin ðkyÞ, (23)

CkðyÞ :¼ �
k

r
Ak þ

kr0

r2
Bk, (24)
Fig. 3. The distribution of maximum errors under different characteristic lengths and elements, with 5% noise in the boundary data.
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DkðyÞ :¼ �
k

r
Bk �

kr0

r2
Ak. (25)

Here, we introduce the collocation method. Eqs. (20) and (21) are
imposed at different collocation points on two different bound-
aries with [r(yi),yi]AG1 and ½rðȳjÞ; ȳj� 2 G2,

a0 þ
Xm

k¼1

½AkðyiÞak þ BkðyiÞbk� ¼ hDðyiÞ, (26)

Xm

k¼1

½CkðȳjÞak þ DkðȳjÞbk� ¼ hNðȳjÞ. (27)

When the indices i and j in Eqs. (26) and (27) run from 1 to m, we
obtain a linear equations system with dimensions n ¼ 2m+1:
Fig. 5. The distribution of maximum errors under different characteristic lengths an
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1 A1ðy0Þ B1ðy0Þ � � � Amðy0Þ Bmðy0Þ

1 A1ðy1Þ B1ðy1Þ � � � Amðy1Þ Bmðy1Þ

0 C1ðȳ1Þ D1ðȳ1Þ � � � Cmðȳ1Þ Dmðȳ1Þ

..

. ..
. ..

. ..
. ..

. ..
.

1 A1ðymÞ B1ðymÞ � � � AmðymÞ BmðymÞ

0 C1ðȳmÞ D1ðȳmÞ � � � CmðȳmÞ DmðȳmÞ

2
6666666666664

3
7777777777775

a0

a1

b1

..

.

am

bm

2
6666666666664

3
7777777777775

¼

hDðy0Þ

hDðy1Þ

hNðȳ1Þ

..

.

hDðymÞ

hNðȳmÞ

2
6666666666664

3
7777777777775

. (28)
d elements in (a). In (b), we are plotting the convergent trend of the elements.
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In the above, y0 is an extra collocated point on the boun-
dary G1 used to supplement another equation to determine the
unknowns.

We denote the above equation by

Rc ¼ b1, (29)

where c ¼ [a0, a1, b1,y,am, bm]T is the vector of unknown
coefficients. The conjugate gradient method can be used to solve
the following normal equation:

Ac ¼ b, (30)
Fig. 6. Comparing the exact solution and numerical solution for

Please cite this article as: Chen Y-W, et al. Applications of the modifi
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where

A :¼ RTR; b :¼ RTb1. (31)

Inserting the calculated c into Eq. (7) we thus have a semi-
analytical solution of

uðr; yÞ ¼ c1 þ
X1
k¼1

c2k
R0

r

� ��k

cos ky

"

þc2kþ1
R0

r

� ��k

sin ky

#
(32)

where (c1,y,c2m+1) are the component of c.
Example 2 in (a) and the numerical errors are plotted in (b).
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4. Numerical tests

In order to test the stability of the modified Trefftz method
when the boundary data are contaminated by random noise,
Fig. 7. The distribution of maximum errors under

Fig. 8. Comparing the exact solution and numerical solution for

Please cite this article as: Chen Y-W, et al. Applications of the modifie
(2008), doi:10.1016/j.enganabound.2008.05.008
which is investigated by adding the different levels of
random noise on the boundary data. We use the function
RANDOM_NUMBER given in Fortran to generate the
noisy data R(i), where R(i) are random numbers in [�1, 1].
different characteristic lengths and elements.

Example 3 in (a) and the numerical errors are plotted in (b).
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Hence, we can use the simulated noisy data as the input on our
calculations,

h
_

ðyiÞ ¼ hðyiÞ þ sRðiÞ, (33)

where yi ¼ 2ip/n, i ¼ 0,1,y,n, and s is the level of additive noise on
the data. Numerical investigations are carried out to the following
examples.

Example 1. This solution domain is a simple two-dimensional
disk with radius equal to 2. To illustrate the accuracy and stability
of this method we consider the following analytical solution:

uðx; yÞ ¼ cos x cosh yþ sin x sinh y. (34)

where x ¼ 2 cos y and y ¼ 2 sin y.

In the numerical computations, we have fixed y0 ¼ 0. In Fig. 1,
we compare the exact solution with numerical solutions by using
different characteristic length and elements (or called numbers of
the T-complete function). It can be seen that the maximum errors
about 10�5 are regular distribution while the geometric shape and
boundary conditions are simple. Therefore, we utilize R0 ¼ 2.29
and m ¼ 30, and the numerical result and absolute errors are
plotted in Fig. 2(a) and (b) with absolute errors smaller than
2�10�15. However, when adding a 5% noise in boundary data, the
errors distribution for different characteristic length and elements
Fig. 9. The distribution of maximum errors under

Please cite this article as: Chen Y-W, et al. Applications of the modifi
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are shown in Fig. 3. Here, we can find that the trend of the
maximum error becomes large when using the T-complete
functions from a low order to a high order. Thus, by fixing
R0 ¼ 98 and m ¼ 128, the numerical solution and exact solution
are compared in Fig. 4(a), and the absolute errors are plotted in
Fig. 4(b) with absolute errors smaller than 3�10�2. That is to say,
when the boundary conditions are contaminated by a large noise,
one can control the errors by increasing the characteristic length
or elements.

Example 2. For this example, the degenerate scale problem is
solved for a thin plate with a ¼ 20 and b ¼ 0.1. In the inset of
Fig. 5, a schematic plot of the plate is shown. We consider the
following analytical solution:

uðx; yÞ ¼ x2 � y2. (35)

In Fig. 5(a), we compare the exact solution with numerical
solutions under different characteristic length and elements, and
the trend of maximum error is plotted in Fig. 5(a). It can be seen
that the maximum error distributes regularly in the region of low-
order T-complete functions. We can increase the characteristic
length to keep the stability by reducing the degenerate scale
effect. By fixing R0 ¼ 8214, we compare the numerical results with
m ¼ 12 and 112. The numerical result and absolute errors are
different characteristic lengths and elements.

ed Trefftz method for the Laplace equation. Eng Anal Bound Elem
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shown in Fig. 6(a) and (b). From Figs. 5 and 6, it is clear that the
increasing of characteristic length or elements can keep the
accuracy and stability, with absolute errors about 4.37�10�12 and
1.62�10�11. However, by utilizing the low-order T-complete
functions it is easy to make the numerical solution instable,
because the range of stability is too narrow to easily choose a
suitable characteristic length as shown in Fig. 5.

Example 3. (Motz problem). Among the many singular problems,
in 1946, Motz first studied the Laplace problem of crack in a
narrow rectangular plate, and he found that there was a
Fig. 10. Comparing the exact solution and numerical solution for

Please cite this article as: Chen Y-W, et al. Applications of the modifie
(2008), doi:10.1016/j.enganabound.2008.05.008
singularity nearby the tip of crack. Since there is a strong
singularity O(r1/2) at the original point, the Motz problem has
become a benchmark of singularity problem [17], which solves the
Laplace equation in a rectangle with length 2 on the horizontal
sides and with length 1 on the vertical sides, and the boundary
conditions are given by

uð1; yÞ ¼ 500; 0pyp1, (36)

uyðx;1Þ ¼ 0; �1pxp1, (37)

uxð�1; yÞ ¼ 0; 0pyp1, (38)
Example 4 in (a) and the numerical errors are plotted in (b).

d Trefftz method for the Laplace equation. Eng Anal Bound Elem
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uðx;0Þ ¼ 0; �1pxo0, (39)

uyðx;0Þ ¼ 0; 0pxp1. (40)

To solve this problem, the most researchers [18] use the
following approximation:

uðr;yÞ ¼
XN

k¼1

Dkrk�ð1=2Þ cos k�
1

2

� �
y, (41)

which satisfies the Laplace equation and the boundary conditions
(39) and (40) automatically. Then the coefficients Dk are
determined by the other boundary conditions.

According to Liu [14], we pose a modified approximation given
as follows:

uðr;yÞ ¼
XN

k¼1

Ck
r

R0

� �k�ð1=2Þ

cos k�
1

2

� �
y, (42)

where R0 can be as an extra parameter, which can keep the
numerical stability. However, in order to satisfy Eq. (6) for the
interior problem, we need to choose R0X

ffiffiffi
2
p

.
The maximum numerical error at x ¼ 1 under different

characteristic lengths and elements is shown in Fig. 7. Here, we
can find that the use of low-order T-complete functions is
extremely easy to cause the numerical solution instability more
than the higher order ones when characteristic length and
elements are chosen wrong. Liu [14] has obtained the best result
with the accuracy about 1.84�10�9 when using N ¼ 60 and
R0 ¼ 1.71. Here, by utilizing N ¼ 232 and R0 ¼ 1.71, the numerical
result and numerical error of the boundary data at x ¼ 1 are
shown in Fig. 8(a) and (b). Form the numerical result, it can be
seen that the maximum error 1.24�10�10 is better than that
calculated by the low-order T-complete functions.

Example 4. For this example, the torsion problem is considered
for a circular shaft with a grove. In the inset of Fig. 9, a schematic
plot of the cross section with a grove is shown. We consider the
following analytical solution:

uðr;yÞ ¼
b2

2
ða2 þ ar cos yÞ 1�

ab2

r2 þ 2ar cos yþ a2

" #
. (43)

Here, we have expressed the conjugate warping function u(r,y)
in a polar coordinate with the circular center as the original point.
For the most solutions appeared in the literature, the original
point is placed at the left-end point of the circle.

The contour shape of this problem is given by

rðyÞ ¼ �a cos�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2
� a2 sin y2;

q
p�fpyppþ f;

a otherwise;

8<
: (44)

where

f ¼ arccos
2a2 � b2

2a2

 !
. (45)

The boundary condition is obtained by inserting Eq. (43) for r into
Eq. (42).

In the numerical computations, we have fixed a ¼ 2, b ¼ 1 and
y0 ¼ 0. In Fig. 10, we compare the exact solution with numerical
solutions under different characteristic lengths and elements. It
can be seen that maximum errors change extremely acute under
different characteristic lengths and elements. Therefore, by fixing
R0 ¼ 3.14 and m ¼ 139, we compare exact solution with numerical
solutions and plot the absolute error in Fig. 10(a) and (b). It can be
seen that the numerical solution is close to the exact solution, of
which the L2 error is about 1.83�10�5, better than 8.22�10�3 for
Please cite this article as: Chen Y-W, et al. Applications of the modifi
(2008), doi:10.1016/j.enganabound.2008.05.008
the low-order T-complete functions of the collocation method and
5.27�10�3 for the Galerkin method in literature [13].
5. Conclusions

In this paper, we have applied the modified Trefftz method to
calculate the solutions of Laplace problems in arbitrary plane
domains. Due to the inclusion of characteristic length to keep the
property of high accuracy and stability, the modified Trefftz method
could avoid the numerical instability causing by high-order
T-complete functions. However, the idea of utilizing the high-order
T-complete functions is greatly different from the conventional
Trefftz method and other BEM. About this, no matter the geometric
shape has discontinuity or singularity of the boundary, the
numerical examples show that the stability and the accuracy are
very good while utilizing high-order T-complete functions. There-
fore, this new method has several advantages than the conven-
tional boundary-type solution method, including meshfree,
singularity-free, semi-analyticity, highly accuracy and stability.
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