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This paper describes an application of the recently proposed modified method of fundamental solutions

(MMFS) to potential flow problems. The solution in two-dimensional Cartesian coordinates is

represented in terms of the single layer and the double layer fundamental solutions. Collocation is

used for the determination of the expansion coefficients. This novel method does not require a fictitious

boundary as the conventional method of fundamental solutions (MFS). The source and the collocation

points thus coincide on the physical boundary of the system. The desingularised values, consistent with

the fundamental solutions used, are deduced from the direct boundary element method (BEM) integral

equations by assuming a linear shape of the boundary between the collocation points. The respective

values of the derivatives of the fundamental solution in the coordinate directions, as required in

potential flow calculations, are calculated indirectly from the considerations of the constant potential

field. The normal on the boundary is calculated by parametrisation of its length and the use of the cubic

radial basis functions with the second-order polynomial augmentation. The components of the normal

are calculated in an analytical way. A numerical example of potential flow around a two-dimensional

circular region is presented. The results with the new MMFS are compared with the results of the

classical MFS and the analytical solution. It is shown that the MMFS gives better accuracy for the

potential, velocity components (partial derivatives of the potential), and absolute value of the velocity as

compared with the classical MFS. The results with the single layer fundamental solution are more

accurate than the results with the double layer fundamental solution.

& 2009 Elsevier Ltd. All rights reserved.
1. Introduction

In recent years there has been a strong development of mesh
reduction methods in which polygon-like meshes are reduced or
avoided. The method of fundamental solutions (MFS) (sometimes
also called the F-Trefftz method, charge simulation method, or
singularity method) [1–3] is a numerical technique that belongs
to the class of methods generally called boundary methods.
The other well-known representative of these methods is the
boundary element method (BEM) [4,5]. Both methods are best
applicable in situations where a fundamental solution of the
partial differential equation in question is known. In such cases,
the dimensionality of the discretisation is reduced. The BEM,
for example, requires polygonisation of the boundary surfaces in
general three-dimensional (3D) cases, and boundary curves in
general 2D cases. This method requires the solution of compli-
cated regular, weakly singular, strongly singular, and hypersin-
gular integrals over boundary segments which is, usually, a
ll rights reserved.
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cumbersome and non-trivial task. The MFS [6] has certain
advantages over BEM, that stem mostly from the fact only the
pointisation of the boundary is needed only, which completely
avoids any integral evaluations, and makes no principal difference
in coding between the 2D and the 3D cases. On the other hand,
when the Laplace operator is involved, the MFS requires, due to
the singular fundamental solution, nodes that are positioned on
an artificial boundary located outside the computational domain.
The location of the artificial boundary represents the most serious
problem of the MFS and has to be dealt with heuristically [7]. Both
BEM and MFS are ideal candidates for solving a certain class
of free and moving boundary problems [8,9]. Some important
developments of the MFS, that might be put into connection with
the Laplace equation, focused in the present paper, are as follows.
The method has been used for harmonic problems with linear [10]
and non-linear boundary conditions [11], free boundaries [12,13],
multi-domains [14], for heat conduction in isotropic and aniso-
tropic bimaterials [15], and for axisymmetric problems [16]. The
method has been expanded for material non-linearities and all
technically relevant boundary conditions in a systematic way and
applied to thermal design of hollow bricks [17]. The latter paper
roblems by the modified method of fundamental solutions:
Bound Elem (2009), doi:10.1016/j.enganabound.2009.06.008
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represents one of the rare industrial applications of the MFS. In
the present paper, the potential flow problem, previously solved
by the least squares version of MFS [18] and collocation version
of MFS [13] is solved by the modified method of fundamental
solutions (MMFS). This novel method, which essentially repre-
sents a sort of blend between BEM and MFS has been originally
developed in [19] by using collocation with the double layer
Laplace equation fundamental solution. The method has been
further extended to the single layer Laplace equation fundamental
solution in [20]. The main drawback of the MFS is to decide the
positions of the source points that need to be positioned outside
the domain. In case they are too close to the boundary, the
solution is not accurate. In case they are too far away from
the boundary, the discretisation matrix becomes ill conditioned.
The novel MMFS overcomes this difficulty by allowing the source
point positions to coincide with the collocation points on the
physical boundary. A desingularisation technique thus has to be
employed in order to be able to allow bounded values in the
discretisation matrix. The desingularisation has been derived
through the properties of the double layer potential in [19] and
through the indirect BEM formulation [21] in [20]. The MMFS can
be seen as a special discrete version of the indirect BEM. In the
present paper, the desingularisation technique is put into the
context of potential flow problems by using and comparing both,
the single layer fundamental solution (SLFS) and the double layer
fundamental solution (DLFS). The calculation of the desingu-
larised values of the partial (not normal) derivatives on the
boundary is represented as well, which was not the case in the
previous two cited MMFS pioneering papers by D.L. Young’s
group. This paper represents a more complete discussion of the
topics, given as an invited lecture at the 30th Boundary Element
Methods and Mesh Reduction Techniques Conference in Maribor,
Slovenia [22] in 2008.
2. Governing equations

Consider a connected two-dimensional domain O with
boundary G. The domain is filled by a fluid that undergoes
potential flow. The boundary is divided into the part GE that
represents the external boundaries of the system and into the part
GI, that represents internal boundary of the system, i.e. G ¼ GE

[GI

(see Fig. 1). The potential F is governed by the following boundary
value problem: Laplace equation

r2F ¼ 0; ð1Þ

and boundary conditions of the Dirichlet and Neumann type,
located at the Dirichlet GD and Neumann GN parts of the boundary
G, i.e. G ¼ GD

[GN

FðpÞ ¼ F
D
ðpÞ; p 2 GD; ð2Þ
Fig. 1. Problem domain O with internal GI and external GE boundaries. Potential

flow region is represented in gray.
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@F
@nG
ðpÞ ¼ F

N
ðpÞ; p 2 GN ; ð3Þ

with p denoting the position vector and nG the outward normal on
the boundary G. F

D
and F

N
represent the Dirichlet and Neumann

boundary condition forcing functions. Let us introduce a two-
dimensional Cartesian coordinate system with ortho-normal base
vectors ix and iy and coordinates px and py, i.e. p ¼ pxix+pyiy.
The potential field velocity components are calculated from the
potential F as

vxðpÞ ¼
@F
@px
ðpÞ; x ¼ x; y: ð4Þ

It is the purpose of this paper to determine the steady-state
potential flow components as a function of the posed geometry,
governing equation and boundary conditions.
3. Solution procedure

3.1. Solution of the potential flow

The common points of the MFS and MMFS for the solution
of the potential flow field are elaborated first. The differences
are elaborated afterwards. The solution of the potential F is
represented by the NG global approximation functions cn(p) and
their coefficients an

FðpÞ �
XNG

n¼1

cnðpÞan: ð5Þ

The global approximation functions have the property

r2cnðpÞ ¼
0; papn

dðpnÞ; p ¼ pn
; n ¼ 1;2; . . . ; NG;

(
ð6Þ

that is, they are fundamental solutions of the Laplace operator. d
denotes the Kronecker symbol. For two-dimensional problems in
Cartesian coordinates, the single layer fundamental solution is

c�nðpÞ ¼
1

2p log
r�

rn
; r2

n ¼ rn � rn;

rn ¼ p� sn ¼ ðpx � snxÞix þ ðpy � snyÞiy;

ð7Þ

where r* denotes the reference radius. The double layer funda-
mental solution, defined by

c�nðpÞ ¼
@c�n
@ns
ðpÞ

¼
1

2p
ðpx � snxÞnsx

ðpx � snxÞ
2
þ ðpy � snyÞ

2
þ

ðpy � snyÞnsy

ðpx � snxÞ
2
þ ðpy � snyÞ

2

" #
;

ð8Þ

is also used in the present paper. ns represents the normal to the
boundary at the source point s. The following is valid

r2c�nðpÞ ¼ r
2 @c

�

@ns
ðpÞ ¼

@

@ns
r2c�ðpÞ

¼

0; papn

@

@ns
dðpnÞ; p ¼ pn

; n ¼ 1;2; :::; NG:

8<
: ð9Þ

Let us introduce the boundary condition indicators in order to
be able to represent the boundary collocation equations in a
compact form. The Dirichlet wD and Neumann wN type of boundary
roblems by the modified method of fundamental solutions:
Bound Elem (2009), doi:10.1016/j.enganabound.2009.06.008
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conditions indicators are

wDðpÞ ¼
1; p 2 GD

0; p =2 GD ;

(
ð10Þ

wNðpÞ ¼
1; p 2 GN

0; p =2 GN :

(
ð11Þ

The coefficients are calculated from a system of NG algebraic
equations

Wa ¼ b;
XNG

n¼1

Cjnan ¼ bj; j ¼ 1;2; . . . ; NG; ð12Þ

where

Cjn ¼ wDðpjÞcnðpjÞ þ wNðpjÞ
@cn

@nG
ðpjÞ; ð13Þ

bj ¼ wDðpjÞF
D
ðpjÞ þ wNðpjÞF

N
ðpjÞ; ð14Þ

and where cn stands either for c�n or for c�n. The coefficients a can
be expressed through inversion of the system (12), which gives

a ¼ Wb; an ¼
XNG

j¼1

Cnj½wDðpjÞF
D
ðpjÞ þ wNðpjÞF

N
ðpjÞ�;

n ¼ 1;2; . . . ; NG; ð15Þ

with W standing for the inverse of the matrix W. The velocity field
components are than calculated as

vxðpÞ ¼
XNG

n¼1

@cn

@px
ðpÞan; x ¼ x; y: ð16Þ
3.2. The classical method of fundamental solutions

The fundamental solution source points are located outside the
physical domain, i.e. pjasj and sjeO in the classical MFS (see
Fig. 2). One can consider that they form an artificial boundary.
The proper location of the source points is not a trivial task. It can
be observed that the accuracy improves with the increasing of
distance from the physical boundary up to some extent. However,
the collocation matrices become increasingly ill conditioned with
increased distance from the boundary. The explicit forms of the
partial derivatives of the introduced fundamental solutions are

@c�

@px
ðpÞ ¼ �

1

p
ðpx � snxÞ

ðpx � snxÞ
2
þ ðpy � snyÞ

2
; x ¼ x; y; ð17Þ
Fig. 2. Discretisation schematics. Symbols d and + represent collocation points and

fundamental solution source points, respectively. These points do not coincide in

the case of MFS (like in the figure) and coincide in the case of MMFS.
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@c�

@px
ðpÞ ¼ �

1

p
ðpx � snxÞðpy � snyÞnsy

½ðpx � snxÞ
2
þ ðpy � snyÞ

2
�2

þ
1

2p
1

ðpx � snxÞ
2
þ ðpy � snyÞ

2
�

2ðpx � snxÞðpx � snxÞ

½ðpx � snxÞ
2
þ ðpy � snyÞ

2
�2

" #
nsx;

ð18Þ

@c�

@py
ðpÞ ¼ �

1

p
ðpy � snyÞðpx � snxÞnsy

½ðpx � snxÞ
2
þ ðpy � snyÞ

2
�2

þ
1

2p
1

ðpx � snxÞ
2
þ ðpy � snyÞ

2
�

2ðpy � snyÞðpy � snyÞ

½ðpx � snxÞ
2
þ ðpy � snyÞ

2
�2

" #
nsy:

ð19Þ
3.3. The modified method of fundamental solutions

The key point of the modified method of fundamental
solutions lies in the desingularisation of the value of the
fundamental solution, in case the source and the collocation
points coincide, i.e. pj ¼ sj (see Fig. 2). The desingularisation value
can be directly set fromZ

G
Frc� � dC�

Z
G
c�rF � dCþ cðsÞFðsÞ ¼ 0: ð20Þ

The derivation of the upper equation with respect to ns givesZ
G
Frc� � dC�

Z
G
c�rF � dCþ cðsÞ

@F
@n
ðsÞ ¼ 0: ð21Þ

In case of the constant potential F, Eq. (20) reduces toZ
G
Frc� � dCþ cðsÞFðsÞ ¼ �

Z
G
Fc� dGþ cðsÞFðsÞ ¼ 0;

Z
G
c�dG ¼ cðsÞ; ð22Þ

and Eq. (21) intoZ
G
rc� dC ¼ 0: ð23Þ

The calculation of the desingularised value of the SLFS can be
directly set as an average value of the fundamental solution over a
portion of the boundary. This can be formulated as

c�j ðpjÞ ¼
1

‘j�

Z pj

pj�1

f �j ½pðGÞ�dGþ
1

‘jþ

Z pjþ1

pj

f �j ½pðGÞ�dG: ð24Þ

The average value of the singularity on the boundary can be
calculated in closed form [23]

c�j ðpjÞ ¼
1

4p 1þ log
2r�

‘j�

� �
þ

1

4p 1þ log
2r�

‘jþ

� �
; ð25Þ

where ‘j represents the Euclidean distance between the points
pj�1 and pj on the boundary. The derivatives of the fundamental
solution can be calculated in the following indirect way. Let us
assume we have a pure Dirichlet problem with all the boundary
values set to a constant F

D
ðpÞ ¼ c;p 2 G. In this case we obtain

FðpjÞ ¼ c ¼
XNG

n¼1

c�nðpjÞac
n; ð26Þ
roblems by the modified method of fundamental solutions:
Bound Elem (2009), doi:10.1016/j.enganabound.2009.06.008
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Table 1
RMS error of the solution as a function of the number of collocation points on the

circle boundary. MMFS based on SLFS.

NI Frms vxrms vyrms

64 4.3769614E�04 0.0053239 0.0091937

128 4.4850865E�05 0.0052270 0.0090230

256 4.4021808E�05 0.0051796 0.0089396

Table 2
RMS error of the solution as a function of the number of collocation points on the

circle boundary. MMFS based on DLFS.

NI Frms vxrms vyrms

64 5.225166E�04 0.0060698 0.0104648

128 4.806703E�05 0.0060203 0.0103831

256 4.524209E�05 0.0059957 0.0103427
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@

@px
FðpjÞ ¼ 0 ¼

XNGþ3

n¼1

@

@px
c�nðpjÞac

n; x ¼ x; y: ð27Þ

The desingularised value of the partial derivative can be
calculated as

@

@px
c�j ðpjÞ ¼ �

1

ac
j

XNG

n¼1
naj

@

@px
c�nðpjÞac

n; x ¼ x; y: ð28Þ

The desingularised values of the normal derivatives can be
calculated from the desingularised values of the partial deriva-
tives as

@

@nG
c�j ðpjÞ ¼

@

@px
c�j ðpjÞnxðpjÞ þ

@

@py
c�j ðpjÞnyðpjÞ: ð29Þ

The calculation of the desingularised value of the DLFS can be
performed through the discretisation of Eq. (23) in the following
simple way

XNG

n¼1

‘n� þ ‘nþ

2
c�j ðpnÞ ¼ csðsjÞ; ð30Þ

c�j ðpjÞ ¼
1

‘j� þ ‘jþ
1�

XNG

n¼1
naj

ð‘n� þ ‘nþÞc
�

j ðpnÞ

2
64

3
75 ; ð31Þ

where we set cs(sj) ¼ 1/2 in Eq. (30), since it assumed the
boundary is smooth. The calculation of the desingularised value
of the DLFS normal derivatives can be performed through
discretisation of Eq. (23) in the following simple way

XNG

n¼1

‘n� þ ‘nþ

2

@c�n
@nG
ðpjÞ ¼ 0; ð32Þ

@c�j
@nG
ðpjÞ ¼ �

1

‘j� þ ‘jþ

XNG

n¼1
naj

ð‘n� þ ‘nþÞ
@c�j
@nG
ðpjÞ

2
64

3
75: ð33Þ

The calculation of the derivatives of the potentials in the x- and
y-directions at singular points is performed through the deriva-
tion of Eq. (31)

@

@px
c�j ðpjÞ ¼ �

1

‘j� þ ‘jþ

XNG

n¼1
naj

ð‘n� þ ‘nþÞ
@

@px
c�j ðpnÞ

2
64

3
75; x ¼ x; y:

ð34Þ

The desingularised values of @cj
}/@px, @cj

}/@py, and @cj
}/@nG

can be alternatively calculated from Eqs. (26)–(29) by replacing
cj

} by cj*. This is also the case in the represented numerical
examples of the present paper. The internal and external
boundaries are given by a vector of points pk; k ¼ 1, 2,y, NG

B;
B ¼ I, E. The length ‘k of the contour between the boundary points
pk and pk71 is parametrised by the simple Euclidean distance

‘k7 ¼ ½ðpkx � pk71xÞ
2
þ ðpky � pk71yÞ

2
�1=2; ð35Þ

with the cyclic index conditions k�1 ¼ NG
B; k ¼ 1, k+1 ¼1;

k ¼ NG
B. The total Euclidean length ‘G of the boundary
Please cite this article as: Šarler B. Solution of potential flow p
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contour equals

‘G ¼
XNI

G

k¼1

‘I
k þ

XNE
G

k¼1

‘E
k ; ð36Þ

with ‘k
I and ‘k

E standing for the boundary contour segments of the
internal and external boundaries.

3.4. Calculation of the normal on the boundary

The position of the boundary contour between the boundary
points can be estimated by the meshless approximation with the
contour parameter ‘

pxð‘Þ ¼
XNB
Gþ3

k¼1

ckð‘Þa
x
k; x ¼ x; y: ð37Þ

The cubic splines

ckð‘Þ ¼ j‘ � ‘kj
3; k ¼ 1;2; . . . ; NB

G; ð38Þ

with the augmented functions

cNB
Gþ1ð‘Þ ¼ 1; ð39Þ

cNB
Gþ2ð‘Þ ¼ ‘; ð40Þ

cNB
Gþ3ð‘Þ ¼ ‘

2; ð41Þ

are used for the global approximation. The following three
compatibility conditions are needed

XNB
Gþ3

k¼1

ckð0Þa
x
k ¼

XNB
Gþ3

k¼1

ckð‘GÞa
x
k; x ¼ x; y; ð42Þ

XNB
Gþ3

k¼1

d

d‘
ckð0Þa

x
k ¼

XNB
Gþ3

k¼1

d

d‘
ckð‘GÞa

x
k; x ¼ x; y; ð43Þ

XNB
Gþ3

k¼1

d2

d‘2
ckð0Þa

x
k ¼

XNB
Gþ3

k¼1

d2

d‘2
ckð‘GÞa

x
k; x ¼ x; y; ð44Þ

in order to ensure the continuity and the smoothness of the first
and the second derivatives required in the calculation of the
normal. The coefficients are calculated from a system of NG

B+3
algebraic equations

XNB
Gþ3

k¼1

Cknaxn ¼ bxk; n ¼ 1;2; :::; NB
G þ 3; x ¼ x; y: ð45Þ
roblems by the modified method of fundamental solutions:
Bound Elem (2009), doi:10.1016/j.enganabound.2009.06.008
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The first NG
B equations are obtained through collocation

of Eq. (37) for x- and y-directions at the collocation points ‘k;
k ¼ 1, 2,y, NG

B for n ¼ 1, 2,y, NG
B+3, distributed over GB, with

Cx
kn ¼ cnð‘kÞ; x ¼ x; y; ð46Þ
Fig. 3. (a) Potential around circle. MFS with SLFS. The difference between the isopote

Potential around circle. MFS with DLFS. Note the presence of the internal fictitious bound

and the collocation points. (d) Potential around circle. MMFS with DLFS. Note the coin

Table 3
Error of the solution in terms of vrms as a function of the solution procedure.

NG
I MFS-SLFS MFS-DLFS MMFS-SLFS MMFS-DLFS

64 0.0150628 0.0150657 0.0132799 0.0151222

128 0.0106511 0.0106617 0.0092168 0.0106085

256 0.0075315 0.0075542 0.0064574 0.0074718

Please cite this article as: Šarler B. Solution of potential flow p
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bxk ¼ pkx; x ¼ x; y: ð47Þ

The remaining three equations are obtained through the
compatibility conditions

Cx
ðNB

Gþ1Þn
¼ cnð‘GÞ �cnð0Þ; x ¼ x; y; ð48Þ

bxk ¼ 0; k ¼ NB
G þ 1; x ¼ x; y; ð49Þ

Cx
ðNB

Gþ2Þn
¼

dck

d‘
ð‘GÞ �

dck

d‘
ð0Þ; x ¼ x; y; ð50Þ
ntial lines is 0.02 m2/s. Note the presence of the internal fictitious boundary. (b)

ary. (c) Potential around circle. MMFS with SLFS. Note the coincidence of the source

cidence of the source and the collocation points.

roblems by the modified method of fundamental solutions:
Bound Elem (2009), doi:10.1016/j.enganabound.2009.06.008
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bxk ¼ 0; k ¼ NB
G þ 2; x ¼ x; y; ð51Þ

Cx
ðNB

Gþ3Þn
¼

d2cn

d‘2
ð‘GÞ �

d2cn

d‘2
ð0Þ; x ¼ x; y; ð52Þ

bxk ¼ 0; k ¼ NB
G þ 3: ð53Þ

The coefficients an
x and an

y can be expressed through inversion
of the related two systems (37)

axn ¼
XNB

G

k¼1

Cx�1
nk px

k; x ¼ x; y: ð54Þ

The components of the normal on the boundary can be
explicitly calculated as

nGx ¼ þ
dpy

d‘

dpx

d‘

� �2

þ
dpy

d‘

� �2
" #�1=2

; ð55Þ
Fig. 4. (a) Calculated potential as a function of the square height at the square centerl

positions. (b) Calculated potential as a function of the square height at the square ce

boundary positions. (c) Calculated potential as a function of the square height at the s

physical boundary. (d) Calculated potential as a function of the square height at the sq

physical boundary.

Please cite this article as: Šarler B. Solution of potential flow p
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nGy ¼ �
dpx

d‘

dpx

d‘

� �2

þ
dpy

d‘

� �2
" #�1=2

: ð56Þ
4. Numerical example

Potential flow around a circle is considered for a numerical
example. The flow is confined to a square (exterior) region GE,
px
�rpxrpx

+, py
�rpyrpy

+ with px
+
¼ �px

�
¼ p0, py

+
¼ �py

�
¼ p0.

The Dirichlet boundary conditions are defined on the square
boundaries as

F
D
ðpx; pyÞ ¼ v0py; px ¼ p7

x ; py ¼ p7
y : ð57Þ

The potential field, defined from the boundary conditions (57)
gives the following solution for the velocity field

v0x ¼ 0; ð58Þ

v0y ¼ v0: ð59Þ
ine. MFS with SLFS. The jumps in derivatives coincide with the artificial boundary

nterline. MFS with DLFS. The jumps in the derivatives coincide with the artificial

quare centerline. MMFS with SLFS. The jumps in the derivatives coincide with the

uare centerline. MMFS with DLFS. The jumps in the derivatives coincide with the

roblems by the modified method of fundamental solutions:
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B. Šarler / Engineering Analysis with Boundary Elements ] (]]]]) ]]]–]]] 7
A circular hole GI (internal boundary) with radius r0, centered
at the point pc with coordinates pcx ¼ (pþx þ p�x )/2, pcy ¼ (pþy þ p�y )/2
with Neumann boundary conditions

F
N
½pxðGI

Þ;pyðGI
Þ� ¼ 0; p 2 GI ; ð60Þ

is inserted into the square. The solution of the potential field for
r05p0 equals to

F ¼ v0yðpy � pcyÞ 1þ
r2

0

ðpx � pcxÞ
2
þ ðpy � pcyÞ

2

" #
; ð61Þ

with v0y defined from Eq. (43). The respective analytical solution
for the velocity field is

v x ¼ �v0x
2v0yr2

0ðpx � pcxÞðpy � pcyÞ

ðpx � pcxÞ
2
þ ðpy � pcyÞ

2
; ð62Þ

vana y ¼ v0x 1þ
r2

0

ðpx � pcxÞ
2
þ ðpy � pcyÞ

2

" #
�

2v0yr2
0ðpy � pcyÞ

2

ðpx � pcxÞ
2
þ ðpy � pcyÞ

2
:

ð63Þ

We set r0 ¼ 0.05 m, p0 ¼ 0.5 m for defining the geometry. The
square sides are virtually divided into 50 equal length segments
Fig. 5. (a) Calculated potential as a function of the square width at the square centerlin

square centerline. MFS with DLFS. (c) Calculated potential as a function of the square wi

of the square width at the square centerline. MMFS with DLFS.
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and the collocation points are placed at each of the segment
centers. The total number of discretisation points on the external
boundary is set to NE

¼ 200. The presented results are not
sensitive to further increase of the number of exterior boundary
nodes. In case of the MFS, the source points are moved for 5 nodal
distances in the direction of the outward normal on the external
boundary. In case this distance was more than 10, the results
became unsymmetric, indicating the ill conditioning of the
matrix. In the case of the internal boundary, the source point
boundaries are put on the artificial boundary with radius r0sor0.
The distances between the source points on this boundary and the
distances between the source points and the corresponding
collocation points are forced to be the same, i.e.

r0 � r0s ¼ 2pr0s=NI : ð64Þ

From this equation, the radius of the circle on which the source
points are distributed, is calculated as

r0s ¼
r0

1þ ð2p=NIÞ
: ð65Þ

In the MMFS, the source points are coincident with the
boundary points. The root mean square (RMS) error of the
e. MFS with SLFS. (b) Calculated potential as a function of the square width at the

dth at the square centerline. MMFS with SLFS. (d) Calculated potential as a function
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Fig. 8. Calculated y component of the velocity on the circle. MMFS with SLFS.
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numerical solution is defined as

Frms ¼
XNI

n¼1

1

NI
½FðpnÞ �FanaðpnÞ�

2

� �1=2

; ð66Þ

vx rms ¼
XNI

n¼1

1

NI
½vxðpnÞ � vx anaðpnÞ�

2

� �1=2

; x ¼ x; y; ð67Þ

vrms ¼ ðv
2
x rms þ v2

y rmsÞ
1=2: ð68Þ

The RMS errors of the potential and velocity components as a
function of the discretisation density NI are, in the case of the
MMFS with SLFS, given in Table 1, and with DLFS in Table 2. One
can observe monotone convergence of the results with finer
discretisation. The results of the MMFS with SLFS are slightly
better than the results of the MMFS with DLFS. A comparison
of respective errors of the absolute velocity for the MFS and the
MMFS with two different types of fundamental solutions
weighting is represented in Table 3. One can observe almost
the same results when using the MFS with SLFS and DLFS. The
potential, velocity components, and absolute value of velocity are
better predicted by the present MMFS than in the classical MFS in
all attempted discretisations. Among the two MMFS variants, the
results with SLFS are better than the results with the DLFS. The
Fig. 6. Calculated potential on the circle. MMFS with SLFS.

Fig. 9. Calculated absolute value of the velocity on the circle. MMFS with SLFS.

Fig. 7. Calculated x component of the velocity on the circle. MMFS with SLFS.
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preferable choice among the four variants is thus the MMFS-SLFS.
Fig. 3 represents the potential field of the four solution procedures
used. Fig. 4 represents the calculated potential as a function of the
square height at the square centerline as a function of the four
variants. Fig. 5 represents the calculated potential as a function of
the square width at the square centerline. Figs. 6–9 represent the
calculated potential, velocity components, and absolute velocity
as a function of the inner boundary position. The most accurate
solution (MMFS with SLFS) is for NG ¼ 128 plotted in Figs. 6–9.
5. Conclusions

In recent years, the MFS has proved to be an effective
alternative to the boundary element method for certain problems.
Due to its advantages with respect to the simplicity of formulation
and the fact that the distribution of the calculation nodes is truly
meshless, the method is an ideal candidate for also solving
moving and free boundary problems. Its main drawback is the
‘‘artificial boundary issue’’. This issue has been overcome in this
work through the MMFS concept, first developed in [19,20]. In this
paper, their concept has been used with the SLFS and the DLFS for
the first time for potential flow problems, where the accurate
representation of the derivatives in addition to the potential on
roblems by the modified method of fundamental solutions:
Bound Elem (2009), doi:10.1016/j.enganabound.2009.06.008
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the boundary plays an important role. The desingularisation of the
potential has been in the present work made through direct BEM
integral equations and the assumption of a straight line boundary
geometry between the boundary points. The desingularisation of
the spatial derivatives has been made in an indirect way through
the constant potential field concept. Only the discretisation nodes
on the real boundary are thus required. Both approaches differ
from the previous two pioneering works on the subject [19,20]. In
addition, this paper extends the MMFS to potential flow situa-
tions. The potential and the components of the flow field are
calculated more accurately with the MMFS than with the MFS in
all discretisations used. The represented developments can be
straightforwardly upgraded to axisymmetric problems [16] by the
inclusion of the axisymmetric fundamental solution. The flow
physics can be extended to Navier–Stokes flow by the strategy,
proposed in [24] which uses the dual reciprocity with radial basis
functions. The axisymmetric radial basis functions, such as thin
plate splines [25] and multiquadrics [26] can be used for this
purpose in axisymmetric problems.
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[22] Šarler B. Desingularised method of double layer fundamental solutions for
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