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a b s t r a c t

A time-domain boundary element method (TDBEM) for transient dynamic analysis of two-dimensional

(2D), homogeneous, anisotropic and linear piezoelectric cracked solids is presented in this paper. The

present analysis uses a combination of the strongly singular displacement boundary integral equations

(BIEs) and the hypersingular traction boundary integral equations. The spatial discretization is

performed by a Galerkin-method, while a collocation method is implemented for the temporal

discretization. Both temporal and spatial integrations are carried out analytically. In this way, only the

line integrals over a unit circle arising in the time-domain fundamental solutions are computed

numerically by standard Gaussian quadrature. An explicit time-stepping scheme is developed to

compute the unknown boundary data including the generalized crack-opening-displacements (CODs)

numerically. Special crack-tip elements are adopted to ensure a direct and an accurate computation of

the dynamic field intensity factors (IFs) from the CODs. Several numerical examples involving

stationary cracks in both infinite and finite solids under impact loading are presented to show the

accuracy and the efficiency of the developed hypersingular time-domain BEM.

& 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Piezoelectric materials are widely applied in smart devices and
structures like transducers, actuators and sensors due to their
inherent coupling effects between mechanical and electrical
fields. Dynamic crack analysis in piezoelectric solids is of
considerable importance in the fields of fracture and damage
mechanics, design and optimization as well as non-destructive
material testing of piezoelectric structures [22]. Analytical
solutions are available only for very simple crack geometries
and loading conditions, so that numerical methods are needed to
solve more general problems. Several numerical methods have
been developed to solve the resulting initial-boundary value
problems for 2D dynamic crack analysis in piezoelectric solids.
The finite element method (FEM) has been applied by Enderlein
et al. [9,10]. Meshless approaches have been successfully applied
by Liu et al. [23] for time-harmonic problems and Sladek et al.
[31–33] for transient problems. An attractive method for the
solution of dynamic crack problems in piezoelectric solids is the
boundary element method (BEM). Although the boundary
element method has been successfully applied to dynamic crack
ll rights reserved.

n.de (M. Wünsche),

(A. Sáez),
analysis in homogeneous, isotropic and linear elastic solids since
many years (e.g., [1,8]), its extension and applications to generally
anisotropic and piezoelectric materials is not straight-forward,
because the required dynamic fundamental solutions do not have
closed-form expressions and are mathematically complex, which
affects an easy and efficient numerical implementation. Dynamic
fundamental solutions for piezoelectric materials in the fre-
quency-domain and the time-domain have been presented by
Daros et al. [4,5], Denda et al. [6], Khutoryansky and Sosa [20,21],
Norris [26] and Wang et al. [35]. To circumvent this difficulty,
dual reciprocity BEM formulations based on the corresponding
static fundamental solutions have been developed by Dziatkie-
wicz and Fedelinski [7] and Kögl and Gaul [19]. However, in this
method interior nodes are necessary to describe the inertial
effects accurately and the radiation conditions at infinity are not
automatically satisfied.

Two-dimensional frequency-domain BEM using time-harmo-
nic dynamic fundamental solution have been presented by Denda
et al. [6] for eigenvalue analysis, and by Gross et al. [15] and Sáez
et al. [28] for time-harmonic crack analysis. A time-domain BEM
for transient dynamic analysis of a cracked piezoelectric solid has
been presented by Garcı́a-Sánchez et al. [11,13]. In these works
the convolution quadrature formula of Lubich [24,25] has been
adopted for the temporal discretization, which requires the
Laplace-domain instead of the time-domain fundamental solu-
tions, while a collocation method has been implemented for the
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Fig. 1. A cracked piezoelectric solid.
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spatial discretization. A comparative study of the time-domain
BEM using the convolution quadrature formula of Lubich,
frequency-domain and Laplace-domain BEM for transient dy-
namic crack analysis in anisotropic solids can be found in Garcı́a-
Sánchez et al. [12]. Meanwhile, a comparative study of the
classical time-domain BEM and the time-domain BEM using the
convolution quadrature formula of Lubich for transient dynamic
crack analysis in anisotropic solids has been recently presented by
Wünsche et al. [36], where the spatial discretization is performed
by a Galerkin-method in both variants.

In this paper a dual time-domain boundary element method
(TDBEM) [17,18] for transient dynamic crack analysis in two-
dimensional (2D), homogeneous, anisotropic and linear piezo-
electric solids is presented. Both infinite and finite cracked solids
subjected to impact loading are considered. A combination of the
classical displacement boundary integral equations (BIEs) and the
hypersingular traction BIEs is applied in the TDBEM to solve
the initial-boundary value problem. In contrast to [17] where
traction and displacement BIEs are used over crack-faces, in this
work only traction BIEs are used over the crack-faces while the
displacement BIEs are used only over external boundaries. The
spatial discretization is performed by a Galerkin-method while a
collocation method is adopted for the temporal discretization. The
time-domain dynamic fundamental solutions derived by Wang
and Zhang [35] are implemented. For the spatial discretization of
the boundary values, two different shape functions are applied.
On the external boundary and on the crack-faces away from the
crack-tips, standard linear elements are adopted, while special
crack-tip elements are introduced at the crack-tips to describe the
local square-root behavior of the generalized crack-opening-
displacements (CODs) properly. Analytical techniques are used
in the present time-domain BEM to directly compute the strongly
singular and hypersingular boundary integrals without regular-
ization. By using linear temporal shape functions, the time
integrations can also be carried out analytically. Subsequently,
only the line integrals over the unit circle arising in the time-
domain fundamental solutions need to be computed numerically
by standard Gaussian quadratures. An explicit time-stepping
scheme is developed to compute the unknown boundary data.
To demonstrate the accuracy and the efficiency of the present
TDBEM, numerical results for the dynamic field intensity factors
(IFs: stress and electric displacement intensity factors) are
presented and compared with the results obtained by the finite
element method and other BEM formulations.

As compared with previous BEM approaches, the present
formulation is computationally faster than the ones based on
working either in the frequency or Laplace domains and
subsequently applying the FFT or inverse Laplace transform
[12,28]. It is applicable to both finite and infinite piezoelectric
solids and there is no need to define internal nodes in the domain,
as compared to the dual reciprocity BEM approaches previously
mentioned [7,19].

With respect to the formulations based on direct integration in
the time domain, they are generally faster but the spatial and
temporal discretizations must fulfill certain limitations in order to
maintain the stability of the result [8]. Such limitations are less
restrictive in the case of the present collocation-Galerkin BEM
[36], in such way that computational costs become comparable.
Besides, if the dual BEM is considered to circumvent the
degeneration of the crack problem, computation of the hypersin-
gular integrals arising in the formulation [11–13] is less involved
in the case of the collocation-Galerkin BEM, since the strength of
such hypersingular kernels is equivalent to the Cauchy principal
value integrals in the collocation method [14,3], so that standard
continuous elements may be used for the spatial discretization of
the crack-faces.
Formulations based on Lubich’s quadratures to compute the
convolution integrals in the time domain BEM [11,13] are
extremely stable and the spatial and temporal discretizations
are rather independent. However, their computational cost is
much larger than in the present collocation-Galerkin BEM [36].
2. Problem statement and time-domain BIEs

Let O be a homogeneous, anisotropic and linear piezoelectric
solid with boundary G that contains a crack of arbitrary shape, as
shown in Fig. 1. In the absence of body forces and electrical
charges, using the quasi-electrostatic assumption and the
generalized notation introduced by Barnett and Lothe [2],
the equations of motion and the constitutive relations can be
written as

siJ;iðx; tÞ ¼ rd
�

JK
€uK ðx; tÞ; ð1Þ

siJðx; tÞ ¼ CiJKluK;lðx; tÞ; ð2Þ

where r is the mass density and the generalized displacements uI ,
the generalized stresses siJ , and generalized elastic matrix CiJKl;
containing mechanical and electrical variables, are defined as
following:

uI ¼
ui; I¼ 1;2; displacements;

f; I¼ 4 electricpotential;

(
ð3Þ

siJ ¼
sij; J¼ 1;2; stresses;

Di; J¼ 4 electric displacements;

(
ð4Þ

CiJKl ¼

cijkl; J;K ¼ 1;2; elasticity tensor;

elij; J¼ 1;2; K ¼ 4; piezoelectric tensor;

eikl; J¼ 4; K ¼ 1;2;

�eil; J¼ K ¼ 4 permitivity tensor:

8>>>><
>>>>:

ð5Þ

and the generalized Kronecker delta d�JK is defined by

d�JK ¼
djk; J;K ¼ 1;2;

0 otherwise:

(
ð6Þ

By virtue of the symmetry of elasticity, piezoelectric and
permittivity tensors, the generalized elasticity tensor satisfies
the following symmetry condition

CiJKl ¼ ClKJi: ð7Þ

Throughout the analysis, a comma after a quantity designates
spatial derivatives, while superscript dots stand for temporal
derivatives of the quantity. Lower case Latin indices take the
values 1 and 2 (elastic), while capital Latin indices take the values
1, 2 (elastic) and 4 (electric). Unless otherwise stated, the
conventional summation rule over repeated indices is implied.
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The cracked solid O satisfies the initial conditions at t¼ 0

uIðx; t¼ 0Þ ¼ 0; _uIðx; t¼ 0Þ ¼ 0; ð8Þ

the boundary conditions on the external boundary Gb ¼Gu
S
Gt

uIðx; tÞ ¼ uIðx; tÞ; xAGu; ð9Þ

tIðx; tÞ ¼ t Iðx; tÞ; xAGt ; ð10Þ

with tI being the generalized tractions vector

tIðx; tÞ ¼ sjIðx; tÞejðxÞ; ð11Þ

where ej denotes the outward unit normal to the boundary, Gt

represents the external boundary where the generalized tractions
tI are given and Gu is the external boundary where the generalized
displacements uI are prescribed. On the crack-faces Gc ¼

Gc þ
S
Gc� , with Gcþ and Gc� denoting the upper and the lower

crack-face (Fig. 1), null or self-equilibrated mechanical tractions
are considered, while two different electric boundary conditions
are applied:
�
 Impermeable crack: the electric crack-face boundary condi-
tions are given by

DiðxAGcþ ; tÞ ¼DiðxAGc� ; tÞ ¼ 0: ð12Þ

Permeable crack: the electric crack-face boundary conditions
�

are given in such case by

DiðxAGcþ ; tÞ ¼DiðxAGc� ; tÞ; fðxAGc þ ; tÞ ¼fðxAGc� ; tÞ: ð13Þ

In this paper the problem is addressed by a dual BEM formulation
[13,17], so that the time-domain displacement BIEs for a cracked
solid are applied on the external boundary Gb

cIJuIðx; tÞ ¼

Z
Gb

½uG
IJðx; y; tÞ � tIðy; tÞ�tG

IJ ðx; y; tÞ

� uIðy; tÞ�dGyþ

Z
Gcþ

tG
IJ ðx; y; tÞ � DuIðy; tÞdGy;xAGb: ð14Þ

In Eq. (14) uG
IJðx; y; tÞ and tG

IJ ðx; y; tÞ are, respectively, time domain
displacement and traction fundamental solutions, cIJ is the free
term, the asterisk ‘‘ � ’’ denotes the Riemann convolution, and
DuIðx; tÞ are the generalized crack-opening-displacements (CODs)
defined by

DuIðx; tÞ ¼ uIðxAGcþ ; tÞ�uIðxAGc� ; tÞ; xAGc: ð15Þ

The traction fundamental solutions tG
IJ ðx;y; tÞ are obtained by

substitution of the displacement fundamental solutions into (2)
and (11) to yield

tG
IJ ðx; y; tÞ ¼ CqIKreqðyÞu

G
KJ;rðx; y; tÞ: ð16Þ

The time-domain traction BIEs are obtained by substituting
Eq. (14) into Eqs. (2) and (11). Taking into account the boundary
conditions the resulting BIEs can be applied on either of the crack-
faces (say Gc þ ) to yield a complete set of independent [13,17] for
the displacements and the tractions on Gb and the CODs on Gc

tJðx; tÞ ¼

Z
Gb

½vG
IJðx;y; tÞ � tIðy; tÞ�wG

IJðx; y; tÞ

� uIðy; tÞ�dGyþ

Z
Gcþ

wG
IJðx; y; tÞ � DuIðy; tÞdGy;xAGcþ ; ð17Þ

where vG
IJðx; y; tÞ and wG

IJðx; y; tÞ are the traction and the higher-
order traction fundamental solutions, which are defined by

vG
IJðx; y; tÞ ¼�CpIKsepðxÞu

G
KJ;sðx; y; tÞ; ð18Þ

wG
IJðx; y; tÞ ¼�CpIKsepðxÞCqJLreqðyÞu

G
KL;srðx; y; tÞ: ð19Þ

The displacement BIEs (14) are strongly singular, while the
tractions BIEs (17) show a hypersingular behavior as x-y.
Furthermore, in this work a spatial Galerkin-method is
implemented, so that the time-domain BIEs (14) and (17) are
treated in a weighted residual sense [30,36], to yieldZ
Gb

cðxÞuJðx; tÞdGx ¼

Z
Gb

cðxÞ
Z
Gb

½uG
IJðx; y; tÞ � tIðy; tÞ�tG

IJ ðx; y; tÞ

� uIðy; tÞ�dGy dGxþ

Z
Gb

cðxÞ
Z
Gcþ

tG
IJ ðx; y; tÞ

�DuIðy; tÞdGy dGx; ð20Þ

Z
Gcþ

cðxÞtJðx; tÞdGx ¼

Z
Gcþ

cðxÞ
Z
Gb

½vG
IJðx; y; tÞ

� tIðy; tÞ�wG
IJðx; y; tÞ

� uIðy; tÞ�dGy dGxþ

Z
Gcþ

cðxÞ
Z
Gcþ

wG
IJðx; y; tÞ

�DuIðy; tÞdGy dGx; ð21Þ

where cðxÞ is the test or weight function. Here, cðxÞ is chosen to
coincide with the spatial shape function employed for the
interpolation of the boundary values.
3. Time-domain dynamic fundamental solutions

The time-domain dynamic fundamental solutions for homo-
geneous, anisotropic and linear piezoelectric solids are not
available in explicit form. Here, the solutions derived by Wang
and Zhang [35] using the Radon transform technique are
implemented. Such solutions are expressed in the 2D case by a
line integral over the unit circle as

uG
IJðx; y; tÞ ¼

HðtÞ

4p2

Z
jnj ¼ 1

X3

m ¼ 1

Pm
IJ

rcm

1

cmtþnðy�xÞ
dn; ð22Þ

where HðtÞ, cm and Pm
IJ ðnÞ denote, respectively, the Heaviside step

function, the phase velocities of the elastic waves and the
projection operator (see Appendix A.1 for details).

Integrating Eq. (22) by parts with respect to the time and
applying the properties of convolution integrals, the time-domain
displacement fundamental solutions can be split into a singular
(static) part plus a regular (dynamic) part as

uG
IJðx; y; tÞ � f ðtÞ ¼ uS

IJðx; yÞf ðtÞþuR
IJðx; y; tÞ �

_f ðtÞ; ð23Þ

where the superscripts S and R stand for static (singular) and
dynamic (regular) parts, respectively.

Similarly, the traction and the higher-order traction funda-
mental solutions can also be divided into their singular static and
regular dynamic parts as

tG
IJ ðx;y; tÞ � f ðtÞ ¼ tS

IJðx; yÞf ðtÞþtR
IJðx; y; tÞ �

€f ðtÞ; ð24Þ

vG
IJðx; y; tÞ � f ðtÞ ¼ vS

IJðx; yÞf ðtÞþvR
IJðx; y; tÞ �

€f ðtÞ; ð25Þ

wG
IJðx; y; tÞ � f ðtÞ ¼wS

IJðx; yÞf ðtÞþwR
IJðx; y; tÞ �

€f ðtÞ: ð26Þ

The dynamic and static parts of the time-domain funda-
mental solutions can be found, respectively, in Appendices A.1
and A.2.

In addition, the time-domain fundamental solutions possess
the following spatial symmetry properties

uG
IJðx; y; tÞ ¼ uG

IJðy;x; tÞ; ð27Þ

tG
IJ ðx;y; tÞ ¼�vG

IJðx;y; tÞ ¼ vG
JIðy;x; tÞ; ð28Þ

wG
IJðx; y; tÞ ¼wG

JIðy;x; tÞ: ð29Þ
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4. Numerical solution procedure

A numerical solution procedure is developed in this section to
solve the time-domain BIEs (20) and (21). The procedure uses a
Galerkin-method for the spatial discretization and a collocation
method for the temporal discretization. In the following, some
details of the numerical solution algorithm are described.

4.1. Spatial and temporal discretizations

The external boundary Gb and the crack-face Gc þ are
discretized using straight elements.

The time t is divided into K equidistant time-steps.
The boundary variables and the generalized CODs are

approximated by the interpolation functions as shown next for
displacements:

uIðy; tÞ ¼
XK

k ¼ 1

XEb

e ¼ 1

XN

a ¼ 1

ce
aðyÞj

kðtÞuea;k
I ; ð30Þ

where ce
aðyÞ and jkðtÞ are the spatial and the temporal shape

functions, Eb is the number of elements of Gb and N is the number
of nodes of each element.

For spatial discretization linear shape functions are adopted
for elements away from crack-tips. For elements adjacent to the
crack-tips ‘‘square-root’’ shape functions are implemented to
describe the local behavior of the CODs properly. These shape
functions allow an accurate and direct calculation of the dynamic
field intensity factors from the numerically computed CODs.

The temporal discretization is performed using linear shape
functions as following:

jkðtÞ ¼ 1

Dt
f½t�ðk�1ÞDt�H½t�ðk�1ÞDt��2ðt�kDtÞHðt�kDtÞ

þ½t�ðkþ1ÞDt�H½t�ðkþ1ÞDt�g: ð31Þ

The above described discretization scheme leads to the following
system of linear algebraic equations

CuK
¼UStK�TSuKþTSDuKþ

XK

k ¼ 1

½UR;K�kþ1tK�TR;K�kþ1uKþTR;K�kþ1DuK �; ð32Þ

DtK
¼VStK�WSuKþWSDuKþ

XK

k ¼ 1

½VR;K�kþ1tK�WR;K�kþ1uKþWR;K�kþ1DuK �:

ð33Þ

In Eqs. (32) and (33), the superscripts S and R denote the
corresponding matrices resulting from the static and the dynamic
parts of the time-domain fundamental solutions.

According to Eqs. (20) and (21) the matrices arising in Eqs. (32)
and (33) involve double integrals, which is common in the
Galerkin-method due to the additional boundary integration. The
second boundary integration reduces the strength of the strongly
singular and the hypersingular kernels in the traction funda-
mental solutions, so that the intensity of the hypersingular
integrals is comparable to the Cauchy principal value integrals
in the collocation method [14,3]. Therefore the Galerkin-method
allows the use of standard continuous elements for the spatial
discretization of the boundary and the crack-faces, which reduces
the number of the unknown boundary values in comparison to
the discontinuous approximation in the collocation method
[28,13]. Analytical techniques are used for a direct evaluation of
the strongly singular and the hypersingular boundary integrals.
The double integrations lead to different types of singularities. A
review on different possibilities to compute the hypersingular
integrals especially the singular double-integrals in the Galerkin-
method has been presented by Gray [14]. Since linear temporal
shape functions are used, all arising time integrations in the time-
domain BIEs (20) and (21) can be performed analytically, which
enhances the efficiency of the present time-domain BEM. Only the
line-integrals over the unit-circle in the time-domain fundamen-
tal solutions have to be computed numerically, which can be done
by standard Gaussian quadratures.

4.2. Time-stepping scheme

By using the causality and the time-translation properties of
the time-domain fundamental solutions as well as the zero-initial
conditions (8) and by invoking the boundary conditions (9), (10)
and the crack-face boundary conditions (12) or (13), Eqs. (32) and
(33) can be summarized and recast into the form

N1xK ¼!1yKþ
XK�1

k ¼ 1

ðKK�kþ1tk�HK�kþ1ukÞ; ð34Þ

where Hk and Kk are the system matrices, uk is the vector
containing the generalized displacements on external boundaries
and the generalized CODs on crack-faces, tk is the generalized
traction vector, N1 and !1 are the rearranged system matrices and
xK and yK are, respectively, the vectors containing the unknown
and prescribed boundary data.

The computation of the unknown boundary data at the K-th
time step as a function of the previous-ones is carried
out following an explicit time-stepping scheme obtained from
Eq. (34)

xK ¼ ðN1
Þ
�1 !1yKþ

XK�1

k ¼ 1

ðKK�kþ1tk�HK�kþ1ukÞ

" #
: ð35Þ

5. Computation of dynamic field intensity factors

The crack-tip fields for the generalized displacements (3) in a
plane linear piezoelectric solid were derived by Pak [27] and Suo
et al. [34]. Such fields show the well-known square-root behavior
that, in this paper, is properly modeled by the implementation of
square-root shape functions at the elements containing the crack-
tip, as described in the previous section.

The dynamic field intensity factors (IFs) are directly evaluated
from the computed generalized CODs at the interior node of the
crack-tip element by an extrapolation method from

KIIðtÞ

KIðtÞ

KIV ðtÞ

8><
>:

9>=
>;¼

ffiffiffiffiffiffi
2p
l

r
H

Du1ðl; tÞ

Du2ðl; tÞ

Dfðl; tÞ

8><
>:

9>=
>;; ð36Þ

where l is the length of the crack-tip element; KI and KII are the
mode-I and mode-II stress intensity factors, respectively; KIV is
the electric displacement intensity factor; and the matrix H is
defined by

H¼ ½ReðiGJ�1
Þ��1; ð37Þ

where the tensors G and J, depending on the materials properties,
can be computed from the following eigenvalue equation:

ð38Þ

with L, M and N being the tensors defined in (A.18).
6. Numerical examples

In the following, numerical examples are presented to show
the accuracy and the efficiency of the developed time-domain
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BEM. For the sake of clarity, the following contraction index
notation will be used for the elastic stiffness and piezoelectric
tensors

Cijkl-Cab; elij-ela; ð39Þ

where

a¼
i if i¼ j;

9�ðiþ jÞ if ia j;

(
b¼

k if k¼ l;

9�ðkþ lÞ if ka l:

(
ð40Þ

To indicate the ratio between the mechanical and the electrical
impacts, the following parameter is introduced

k¼ e22

e22

D0

s0
; ð41Þ

where s0 and D0 are the loading amplitudes.
In all the examples, the dynamic mode-I and mode-II stress

intensity factors and the dynamic mode-IV electrical displace-
ment intensity factor are normalized by

K�I ðtÞ ¼
KIðtÞ

Kst
I

; K�IIðtÞ ¼
KIIðtÞ

Kst
I

; K�IV ðtÞ ¼
e22

e22

KIV ðtÞ

Kst
I

; ð42Þ

with Kst
I ¼ fs0

ffiffiffiffiffiffi
pa
p

, where f ¼ 1 when mechanical loading is
applied and f ¼ k for the case of pure electrical loading; and a is
the half-length of an internal crack or the length of an edge crack,
as detailed in the geometry of each example.

To ensure the stability of the explicit time-stepping scheme,
the spatial size of the elements and the time-step cannot be
chosen independently [8,16]. As for homogeneous, isotropic and
linear elastic solids, the following relation is used in the present
x1

x2

aa

D(t)

Po
lin

g 
di

re
ct

io
n (t)

Fig. 2. A finite crack in an infinite linear piezoelectric solid subjected to an impact

loading.

Fig. 3. Normalized dynamic IF
time-domain BEM

l¼
cmaxDt

le
; ð43Þ

where le represents the element-length and cmax denotes the
larger one of the velocities of the quasi-longitudinal and quasi-
transverse waves

cL ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
C22=r

p
; cT ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
C66=r

p
: ð44Þ

It has been reported in [8] that good results can be obtained by
using l� 1. Anyway the spatial Galerkin-method improves the
stability of the explicit time-stepping scheme significantly while
the computational time is comparable with the collocation
method [16,36]. Numerical investigations of cracked anisotropic
solids subjected to impact loadings confirm a stable time-
stepping scheme for lZ0:6 [36]. The following examples are
computed using a time-step range of 0:7rlr2.

6.1. A finite crack in an infinite plate

In the first example, we consider a finite crack of length 2a in
an infinite linear piezoelectric solid (Fig. 2) subjected to an impact
tensile loading sðtÞ ¼ s0HðtÞ and an impact electrical loading
DðtÞ ¼D0HðtÞ, where s0 and D0 are the loading amplitudes and
HðtÞ is the Heaviside step function.

The crack is discretized into 20 elements and a normalized
time-step of cLDt=a¼ 0:05 is chosen. Plain strain condition
is assumed and Barium Titanate ðBaTiO3Þ is considered in the
numerical calculations, which has a mass density of
r¼ 5800 kg=m3 and the following material constants

C11 ¼ 150:0 GPa; C12 ¼ 146:0 GPa; C22 ¼ 44:0 GPa; C66 ¼ 66:0 GPa;

e21 ¼�4:35 C=m2; e22 ¼ 17:5 C=m2; e16 ¼ 11:4 C=m2;

e11 ¼ 9:87 C=ðGV mÞ; e22 ¼ 11:2 C=ðGV mÞ: ð45Þ

A comparison of the normalized dynamic intensity factors
obtained by the present time-domain BEM using impermeable
electric crack-face boundary conditions (12) with those of Garcı́a-
Sánchez et al. [11] for combined mechanical and electrical
loadings is presented in Fig. 3. Benchmark results by Shindo
et al. [29] for pure mechanical impact are included in Fig. 3. The
normalized dynamic mode-I and mode-IV IFs of the present
TDBEM are in good agreement with the reference results for all
considered loadings. Only a small deviation in the arising time
s for k¼ 0, 0.5, 1 and 1.5.
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of the maximum mode-I IF is observed for all k�values. The
dynamic mode-II IF vanishes, since no shear stress components
are induced for the applied tensile loading in the case of a
transversely isotropic material behavior. As shown in Fig. 3, the
variation of the loading parameter k has a clear influence on the
normalized dynamic mode-I and mode-IV IFs. The variation of
the mode-I IF with time is similar to that previously observed for
isotropic solids. It increases until reaching the maximum values
and then decreases to attain their corresponding static values in
the large-time limit. The dynamic overshoot of the mode-I IF
increases or decreases with the intensity of the electrical impact.
In contrast, the mode-IV IF is only weakly dependent on the time,
which is a consequence of quasi-electrostatic assumption of the
electrical field. However, it shows a stronger dependence on the
load parameter value k.
h

2a

w

x1

x2

D(t)D(t) Poling direction

(t) (t)

Fig. 4. A rectangular plate with a central crack under impact loading.

Fig. 5. Normalized dynamic IFs

Fig. 6. Effects of different electrical crack-face
6.2. A central crack in a rectangular plate

In the next example let us consider a homogeneous and linear
piezoelectric rectangular plate with a central crack of length 2a as
shown in Fig. 4. The cracked plate is subjected to an impact
tensile loading sðtÞ ¼ s0HðtÞ and an impact electrical loading
DðtÞ ¼D0HðtÞ.

In the numerical calculations the geometrical data
h¼ 20:0 mm, 2w¼ h and 2a¼ 4:8 mm are assumed and Zirconate
Titanate (PZT-5H) is investigated, which has a mass density of
r¼ 7500 kg=m3 and the following material properties

C11 ¼ 126:0 GPa; C12 ¼ 84:1 GPa; C22 ¼ 117:0 GPa;

C66 ¼ 23:0 GPa;

e21 ¼�6:5 C=m2; e22 ¼ 23:3 C=m2; e16 ¼ 17:0 C=m2;

e11 ¼ 15:04 C=ðGV mÞ; e22 ¼ 13:0 C=ðGV mÞ; ð46Þ

where the poling direction of the material coincides with the axis
x2 normal to the crack line (y¼ 0 in Fig. 4, y being the angle
between the x2�axis and the poling direction of the material).

The external boundary is discretized into a uniform mesh with
an element-length of 1.0 mm to totalize 120 linear boundary
elements and the crack is divided into 12 elements. A normalized
time-step of cLDt=h¼ 0:04 is chosen and plane strain condition is
assumed.

Numerical results obtained by the present time-domain BEM
are compared in Fig. 5 with those obtained using the commercial
FEM program ANSYS for different loading cases k and
impermeable electrical crack-faces for y¼ 03. Only FEM results
for k¼ 0:5 and k¼ 1:0 are included for the sake of clarity. In the
for k¼ 0, 0.25, 0.5 and 1.

conditions on the normalized dynamic IFs.
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FE calculations the element type PLANE223 is chosen and quarter-
point elements are implemented to describe the local behavior of
the CODs at crack-tips properly. The dynamic IFs are computed
directly by the CODs. The FE mesh used consists of 4459 elements.
Normalized dynamic mode-I and mode-IV IFs are in good
agreement for all considered loadings. The dynamic mode-II IF
vanishes, since no shear stress components are induced in the
case of a transversely isotropic material behavior. The peak values
of the normalized dynamic IFs decrease with increasing electrical
loading. It can be observed that, when applying an electrical
impact, i.e. ka0, the normalized dynamic mode-I IF starts from a
non-zero value at t¼ 0. This value is proportional to the electrical
impact. This is due to the quasi-electrostatic assumption on the
electrical field, which implies that the cracked plate is
immediately subjected to an electrical impact and therefore the
crack opens at t¼ 0. In contrast, the elastic waves induced by the
mechanical impact need some time to reach and excite the crack,
as clearly observed for the k¼ 0 case.

To illustrate the effects of the different electrical crack-face
conditions, given in Eqs. (12) and (13), on the dynamic IFs several
computations have been carried out. The numerical results of the
present time-domain BEM for k¼ 0 and 1 are presented in Fig. 6.
The values of the normalized dynamic mode-I IF induced by a
pure mechanical and a combined mechanical/electrical impact
loading are very similar without a significant difference between
Table 1

Normalized static intensity factors for different rotation angles y.

y (deg) K�I K�II K�IV

0 1.05 0.00 �1.03

30 1.05 0.00 �0.90

60 1.05 0.00 �0.53

90 1.05 0.00 0.00

Fig. 7. Comparison of the normalized dyna
the impermeable and the permeable electrical crack-face
conditions. In contrast, the values obtained for the normalized
dynamic mode-IV IF are very different for the impermeable and
the permeable cracks. This is due to the fact that the impermeable
crack shields the electric induction, while the permeable crack
does not induce such shielding.

Next, the influence of the orientation of the material poling
direction with respect to the axis x2 on the IFs is investigated. The
comparison of the normalized dynamic IFs for different rotation
angles y¼ 03, 303, 603 and 903 is presented in Fig. 7. To point out
the influence of the scattered wave fields on the dynamic results,
the corresponding static IFs are additionally presented in Table 1.

The computed results are compared in Fig. 7 with those
obtained using the FEM code ANSYS. Only FEM results for y¼ 603

and y¼ 903 have been included for the sake of clarity. Good
agreement between both sets of results is observed for all the
cases.

A variation of the angle y leads to different poling direction
referring to the crack-faces, which results in decreasing electrical
IFs for increasing angles y. In the case of y¼ 903 the electrical
intensity factor is zero since the piezoelectric effect vanishes for a
crack-face tangential to the poling direction. In contrast to the
static loading case, the dynamic mode-I and mode-II IFs show a
significant dependence on the angle y, which is induced by the
scattered wave fields.

6.3. A rectangular plate with a pair of interacting collinear cracks

In the following example a pair of interacting collinear cracks
in a homogenous, linear piezoelectric rectangular plate subjected
to an impact tensile loading sðtÞ ¼ s0HðtÞ and an impact electrical
loading DðtÞ ¼D0HðtÞ on the upper and lower boundary is
investigated.

The geometry of the problem is shown in Fig. 8, with the
following geometrical data: h¼ 16:0, w¼ 20:0, d¼ 12:0 and
mic IFs for different rotation angles y.
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2a¼ 4:0 mm. The material is a Barium Titanate with the material
constants given in Eq. (45). The spatial discretization of the
external boundary of the plate corresponds to a uniform mesh
with 144 elements, while both cracks are divided into 15
elements. A time-step cLDt=h¼ 0:04 and plane strain condition
are assumed in the numerical calculations.

The corresponding numerical results are presented in Fig. 9 for
different loadings. Only one of the tips (tip B) is taken into
consideration for the sake of brevity. Once more, the normalized
mode-I and mode-IV dynamic intensity factors obtained by the
present time-domain BEM agree well with the FEM results using
ANSYS. Only FEM results for pure mechanical and pure electrical
loading are included for the sake of clarity. The FE mesh used
consists of 9691 elements. Since no shear stress components are
induced and the material investigated is transversely isotropic,
the mode-II IF vanishes for all the considered loadings. The global
behavior observed in the different curves is similar for the applied
loadings, with just a significant change in the peak values. As in
the previous examples, the dynamic mode-I IF induced by the
pure mechanical impact loading ðk¼ 0Þ is zero until the elastic
waves arrive at the crack-tips near cLt=h¼ 0:5. After this instant,
the curves increase rapidly. However, the normalized dynamic IFs
induced by an electrical loading start from a non-zero value due
to the quasi-electrostatic assumption and, as in the case of a pure
mechanical loading, they increase rapidly after cLt=h¼ 0:5. Since
the geometry of the cracked plate and the external loading are
(t)

h

x1

x2

D(t)

D(t)

w

2ad

Po
lin

g 
di

re
ct
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n 2a

Tip B

(t)

Fig. 8. A rectangular plate with a pair of interacting cracks.

Fig. 9. Normalized dyn
symmetric with respect to the vertical midline, the dynamic IFs of
both cracks are identically.
6.4. A rectangular plate with a pair of interacting edge cracks

In the last example, a homogeneous and linear piezoelectric
rectangular plate with a pair of interacting edge cracks is
considered. As depicted in Fig. 10 the cracked plate is subjected
to an impact tensile loading sðtÞ ¼ s0HðtÞ in the normal direction
to the crack-faces and an impact electrical loading DðtÞ ¼D0HðtÞ.

The cracked plate has the geometrical data h¼ 20:0, w¼ 15:0
and a¼ 5:0 mm. Two different crack separations are considered in
order to illustrate the crack interactions, with values d¼ 0:0 and
10:0 mm. The material is the same PZT-5H considered above but
with the poling direction rotated by an angle y¼ 453 with respect
to the x2�axis, which is normal to both cracks. The external
boundary is divided into a uniform mesh with 70 elements, while
both cracks are discretized by 20 elements. A normalized time-
step cLDt=h¼ 0:08 is chosen in the numerical calculations. Plane
strain condition is assumed.
amic IFs for Tip B.

x1

x2

(t)

w

a

D(t)

a

D(t)

d

2

h

2

h

Poling direction

Fig. 10. A rectangular plate with a pair of interacting edge cracks.
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The corresponding numerical results under impermeable
electrical crack-face condition and a loading parameter k¼ 1 are
shown in Fig. 11. Due to the geometry of the cracked plate and the
external loading, the dynamic IFs obtained at both crack-tips are
identical. The normalized dynamic IFs obtained by the present
time-domain boundary element method (TDBEM) show a good
agreement with the FEM results using ANSYS with a FE mesh
consisting of 8759 elements. Some small deviations are observed
for both distances d. The global behavior of the normalized
dynamic mode-I IFs is similar for both considered distances d.
Since an electrical impact is applied the normalized mode-I
dynamic IFs start from a non-zero value. In comparison to the
results for two central collinear cracks in a rectangular plate,
shown in Fig. 9, the normalized dynamic mode-II and mode-IV IFs
show a more complex behavior, which is presumably induced by
the rotation of the material axis with y¼ 453 to the crack-faces.
7. Conclusions

This paper presents a time-domain BEM for 2D transient
dynamic crack analysis in homogenous, anisotropic and linear
piezoelectric solids.

On the external boundary of the cracked solid the classical
displacement BIEs are applied, while on the crack-faces the
hypersingular traction BIEs are used. The dynamic time-domain
fundamental solutions for homogenous, anisotropic and linear
piezoelectric solids derived by Wang and Zhang [35] are
implemented in the present time-domain BEM. The spatial
discretization is performed by a Galerkin-method with linear
elements and square-root crack-tip elements adjacent to the
crack-tips. The use of crack-tip elements ensures a direct and an
accurate calculation of the dynamic intensity factors from the
numerically computed generalized crack-opening-displacements.
A collocation method with linear shape function is applied for the
temporal discretization. With the exception of the line integrals
over a unit circle arising in the time-domain fundamental
solutions, the temporal and the spatial integrations are computed
analytically which makes the present time-domain BEM particu-
larly attractive. Due to this special feature, the present Galerkin-
BEM is computationally comparable to the widely used colloca-
tion method, although the Galerkin-method involves double
integrals rather than the single integrals appearing in the
collocation method. Analytical integration of the boundary
integrals is only possible for straight elements, while numerical
integrations would be necessary for higher order curved elements,
with the corresponding increase in the computational cost. The
present time-domain BEM is general and has no limitations on
the material anisotropy, the configuration of the cracks and the
dynamic loading conditions. Numerical examples are presented
and discussed to verify the accuracy and the efficiency of the
present time-domain BEM for transient dynamic crack analysis in
2D infinite and finite piezoelectric solids. The effects of the
combined application of electrical and mechanical impact load-
ings, different electrical crack-face conditions and the poling
direction on the dynamic intensity factors are investigated.
Comparisons of the present numerical results with those obtained
by other methods show a good agreement.
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Appendix A

A.1. Regular part of the time-domain fundamental solutions

The regular (dynamic) part of displacements fundamental
solution in Eq. (23) can, unfortunately, not be expressed in a
closed-form. For the 2D case it is given by the following line
integral over a unit circle:

uR
IJðx; y; tÞ ¼

HðtÞ

4p2

Z
jnj ¼ 1

X3

m ¼ 1

Pm
IJ

rc2
m

logjcmtþnðy�xÞjdn: ðA:1Þ

The term Pm
IJ ðnÞ present in (A.1) is the so-called projection

operator and cm are the phase velocity of the waves.
The projector operator can be obtained as following:

Pm
IJ ðnÞ ¼

Em
ij ðnÞ

Em
kkðnÞ

; I; J¼ 1;2;

�
Em

iqðnÞGq4ðnÞ

G44ðnÞEm
kkðnÞ

; I¼ 1;2; J¼ 4;

G4pðnÞEm
pqðnÞGq4ðnÞ

G2
44ðnÞE

m
kkðnÞ

; I¼ J¼ 4;

8>>>>>>>>><
>>>>>>>>>:

ðA:2Þ

where

GIJðnÞ ¼ CkIJlnknl ðA:3Þ

and

Em
ij ðnÞ ¼ adj½ZijðnÞ�rc2

mdij�; ðA:4Þ

with

ZijðnÞ ¼GijðnÞ�
Gi4ðnÞG4jðnÞ

G44ðnÞ
: ðA:5Þ

Regarding the phase velocities, they are computed from the
following eigenvalues equation

det½ZijðnÞ�rc2
mdij� ¼ 0: ðA:6Þ

Similarly to the displacements, the regular dynamic parts of
the tractions and the higher-order traction fundamental solutions
can be expressed as

tR
IJðx; y; tÞ ¼

HðtÞ

4p2

Z
jnj ¼ 1

X3

m ¼ 1

Qm
IJ

rc2
m

logjcmtþnðy�xÞjdn; ðA:7Þ

vR
IJðx; y; tÞ ¼ �

HðtÞ

4p2

Z
jnj ¼ 1

X3

m ¼ 1

Rm
IJ

rc2
m

logjcmtþnðy�xÞjdn; ðA:8Þ

wR
IJðx; y; tÞ ¼ �

HðtÞ

4p2

Z
jnj ¼ 1

X3

m ¼ 1

Sm
IJ

rc2
m

1

cmtþnðy�xÞ
dn; ðA:9Þ

where

Qm
IJ ðn;eÞ ¼ CqIKreqðyÞnrP

m
KJðnÞ; ðA:10Þ

Rm
IJ ðn; eÞ ¼ CpIKsepðxÞnsP

m
KJðnÞ; ðA:11Þ

Sm
IJ ðn; eÞ ¼ CpIKsepðxÞnsðxÞCqJLreqðyÞnrðyÞP

m
KLðnÞ: ðA:12Þ
It should be remarked that the dynamic parts of the time-domain
fundamental solutions are regular except on the wave front
cmtþn � ðy�xÞ ¼ 0.
A.2. Singular part of the time-domain fundamental solutions

The singular part of the time-domain fundamental solutions
(23) corresponds to the static fundamental solutions for homo-
geneous, anisotropic and linear piezoelectric solids, which can be
given in explicit form as [6,35]

uS
IJðx; yÞ ¼

1

p
Im

X3

m ¼ 1

AIJðZmÞ

@ZDðZmÞ
log½dmðy�xÞ�þFIJ ; ðA:13Þ

with

AIJðZÞ ¼ adj½GIJð1;ZÞ�; d¼ ð1;ZÞ; ðA:14Þ

DðZÞ ¼ det½GIJð1;ZÞ�: ðA:15Þ

In Eqs. (A.13)–(A.15), DðZÞ is a polynomial of sixth order with real-
valued coefficients. It has three complex roots Zm and three
complex conjugates of Zm, which are determined by the following
characteristic equation

DðZmÞ ¼ 0: ðA:16Þ

In Eqs. (A.14) and (A.15) GIJð1;ZÞ is defined by

GIJð1;ZÞ ¼ LIJZ2þðMIJþMT
IJÞZþNIJ ; ðA:17Þ

with

LIJ ¼ C2IJ2; MIJ ¼ C2IJ1; NIJ ¼ C1IJ1: ðA:18Þ

The constant terms FIJ in the displacement fundamental solutions
uS

IJðx; yÞ are inessential for static problems, but they are required
for the dynamic time-domain BEM [6,35]

FIJ ¼�
1

p
Im

X3

m ¼ 1

AIJðZmÞ

@ZDðZmÞ
log½Zmþ i�: ðA:19Þ

Substitution of the displacement fundamental solutions (A.13)
into Eqs. (16), (18) and (19) yields the following explicit
expressions for the singular static parts of the traction and the
higher order traction fundamental solutions

tS
IJðx; yÞ ¼

1

p Im
X3

m ¼ 1

BIJðZmÞ

@ZDðZmÞ

dm � eðyÞ

dm � ðy�xÞ
; ðA:20Þ

vS
IJðx; yÞ ¼�

1

p Im
X3

m ¼ 1

BIJðZmÞ

@ZDðZmÞ

dm � eðxÞ

dm � ðy�xÞ
; ðA:21Þ

wS
IJðx; yÞ ¼�

1

p
Im

X3

m ¼ 1

CIJðZmÞ

@ZDðZmÞ

dm � eðxÞdm � eðyÞ

½dm � ðy�xÞ�2
; ðA:22Þ

where

BIJðZmÞ ¼ ðLIPZmþMIPÞAPJðZmÞ; ðA:23Þ

CIJðZmÞ ¼ ðLIPZmþMIPÞAPK ðZmÞðLJKZmþMJK Þ: ðA:24Þ

From the above Eqs. (A.13), (A.20)–(A.22) it follows that the static
displacement fundamental solutions have a weak logarithmic
singularity logjy�xj, the static traction fundamental solutions
have a strong singularity 1=jy�xj, and the higher order static
traction fundamental solutions have a hypersingularity 1=jy�xj2

at y¼ x, which require special attention in the numerical
implementation of the time-domain BEM.
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