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1. Given a second order ODE

ẍ(t)+2ξωẋ(t)+ω2x(t) = 0

2. General solution

x(t) = est

3. s must satisfy

s2 + 2ξωs+ω2 = 0

4. Two roots are

s1 = (−ξ +
√

ξ2 − 1)ω

s2 = (−ξ−
√

ξ2 − 1)ω

5. If 0 < ξ < 1, two solutions are

x1(t) = x1r(t)+ix1i(t) = e−ξωtcos(
√

1− ξ2t)+ie−ξωtsin(
√

1− ξ2t)

x2(t) = x2r(t)+ix2i(t) = e−ξωtcos(
√

1− ξ2t)−ie−ξωtsin(
√

1− ξ2t)

6. Substituting the two solutions into the ODE, we have

ẍ1r(t)+2ξωẋ1r(t)+ω2x1r(t)+i{ẍ1i(t)+2ξωẋ1i(t)+ω2x1i(t)} = 0+0i

ẍ2r(t)+2ξωẋ2r(t)+ω2x2r(t)+i{ẍ2i(t)+2ξωẋ2i(t)+ω2x2i(t)} = 0+0i

7. Two complementary solutions are

x1c(t) = e−ξωtcos(
√

1− ξ2t)

x2c(t) = e−ξωtsin(
√

1− ξ2t)
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