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Two sources: external excitation or free vibration with two near frequencies

External excitation

ẍ(t)+ω2x(t) = Fcos(Ωt)

General solution

x(t) = c1cos(ωt)+c2sin(ωt)+
F

(ω2 − Ω2)
cos(Ωt)

Initial conditions to determine c1 and c2

x(0) = 0, ẋ(0) = 0

Total solution

x(t) =
F

(ω2 − Ω2)
{cos(Ωt)−cos(ωt)}

Stage 1: excitation

x(t) =
F

(ω2 − Ω2)
{cos(Ωt)−cos(ωt)}

Stage 2: beating (ω
.
= Ω)

x(t) =
F

(ω2 − Ω2)
{cos(Ωt)−cos(ωt)}

x(t) =
−2F

(ω2 − Ω2)
sin(

Ω + ω

2
)t sin(

Ω− ω

2
)t → beating

x(t) =
2F

(2ω)(2ε)
sin(ωt) sin(εt)

x(t) =
Ft

2ω
sin(ωt) → resonance

where Ω− ω = 2ε.

Stage 3: resonance (ω = Ω)

x(t) =
F

(ω2 − Ω2)
{cos(Ωt)−cos(ωt)} → ∞

x(t) =
Ft

2ω
sin(ωt) →∞, as t →∞
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