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Sturm-Liouvilli System

Function ODE p(x) q(x) ρ(x) λ

Legendre polynomial (1− x2)y′′ − 2xy′ + N(N + 1)y = 0 1− x2 0 1 N(N + 1)

Bessel function x2y′′ + xy′ + (x2 − ν2)y = 0 x x 1
x

−ν2

Simple Harmonic Motion function y′′ + ω2y = 0 1 0 1 ω2

Hermite function y′′ − 2xy′ + 2αy = 0 e−x2
0 e−x2

2α

Laguerre function xy′′ + (1− x)y′ + ny = 0 xe−x 0 e−x n

Chebyshev polynomial (1− x2)y′′ − xy′ + n2y = 0 1√
1−x2 0 1√

1−x2 n2

Strum-Liouville ODE

(py′)′ + qy = −λρy

py′′ + qy′ +λρy = 0

(Fp)y′′+(Fr)y′+Fqy +Fλρy = 0

Fp = p, Fr = r, Fq = q, Fλρ = λρ

py′′+ ry′+ qy +λρy = 0

p′ = r, (Fp)′ = (Fr), F ′p+Fp′ = Fr

pF ′ +(p′− r)F = 0

F = e−
∫ p′−r

p
dx
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