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1. If g(x) = 1
2
(x + 3

x
), determine g(g(g(· · · g(2)))) =? and g(g(g(· · · g(−2)))) =? (5 %)

If yn+1(x) =
∫ x

0
2s yn(s)ds + 1, find y1(x), y2(x) and y3(x) (3 %) determine limn→∞ yn(s) =? (7 %)

where y0(x) = 1.
Ans:

√
3 and −

√
3

Ans: ex2

2. Solve the Euler-Cauchy equation (20 %) x2y′′(x)− 3xy′(x) + 4y(x) = 0, using (1). y1(x) = xm,
(2). Solve another complementary solution by using L’Hospital’s rule, (3). Solve another com-
plementary solution by using y2(x) = y1(x)u1(x). (4). Solve another complementary solution by
using Wronskian.
Ans: y1 = x2, y2 = x2ln x

3. Explain the excitation, beating and resonance mathematically and physically. (10 %)
Ans: Ìcƒ2

4. Given the following ordinary differential equations,and fill in the table (36 %)

dy

dx
=

2xy

x2 − y2
, (1)

dy

dx
=

y2 − x2

2xy
, (2)

dy

dx
=

−2xy

x2 − y2
, (3)

dy

dx
=

x2 − y2

2xy
, (4)

ODE Eq.(1) Eq.(2) Eq.(3) Eq.(4)
Separable No No No No

Exact No No Yes Yes
Integrating factor y−2 x−2 1 1

Homogeneous Yes Yes Yes Yes

Solution x2 + y2 = 2ky x2 + y2 = 2kx x2y − y3

3
= c x3

3
− xy2 = c

Orthogonality Eq.(2) Eq.(1) Eq.(4) Eq.(3)

5. Given the following first order ODEs,

y′1(x)+ y1(x) = 2 cos(x)

y′2(x)+ y2(x) = 2 sin(x)

y′3(x)+ y3(x) = e−x

solve their particular solutions :
(a). Rewrite y1(x) = A cos(x− α), where A > 0, 0 < α < 2π, determine A and α. (5%)
(b). Rewrite y2(x) = B sin(x− β), where B > 0, 0 < β < 2π, determine B and β. (5%)
(c). Solve y3(x). (10 %)
Ans:
(a). y1 = cos(x) + sin(x) =

√
2 cos(x− 45o), A =

√
2, α = π/4.

(b). y2 = sin(x)− cos(x) =
√

2 sin(x− 45o), B =
√

2, β = π/4.
(c). y3(x) = xe−x.
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