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1. i(cosx+e*):?
dx
. T(X,y)=e"sIn(X), fina of of
X' oy
3. Cosh(x) = ? (hyperbolic cosine)
4. ( (y) = IOM f (X, y)dX what is the dummy variable x or y ?
5. I:IOyldxdy = J'Olf dydx =?

6. Ify=+1-x*,find the arc length from (0,1) to(1,0).
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Input OQutput
Numerical Software number — number 3 — 3 — 9
Symbolic Software Symbol — Symbol (atb) *—a*+2ab’+h’

Available symbolic software

Mathematica

Macsyma
Maple
Reduce
Derive

Y N -
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The Mathematica Journal, Wolfram Research, 2005.

ﬁ@fé’a‘{, Macsyma I'FDE'J%‘EEJ, 1985

==, ByE8 537 Lecture Notes on Mathematica.

[+, Macsyma 932 5T Mathematica(Symbolic) Maple, Reduce.

I T AT OIS £ S (i 1995,

%%?5,‘%33#71‘753«73 » Mathematica > fﬁrgl”ﬁ o L ’F 147 1993,

! ?ﬂ%ﬁ » Mathematica jig" [ 75—DSP Eﬁﬂﬁjﬂ » ZHE ’F'\,:I“‘ » 1994,
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RS2 TEC I

WA R BRIES

B2 NEEER =1k, HR—T7],
There is nothing more practical than the right theory; however,

whether the theory is right or not depends on the experiment.
REHRDTHIA, REHCHERRERE,

REFREITHIA, AR ARG R E,
THAREEFNITE, EARGEH, B aWEEFEX, BAlEPIE IR
N

TETRBHIEEYA, M RARKEE, (output, phenomenon)

W R, (input)

REMEECRMELE 7 (system identification)

input — black box — output

EARREZR 7 (real input)

Ehagz 7 #1t ?

HEE M TR, MR- TEER, ¥ ASHETE.
Bl RAEH %A Fo

HHIEATER 2 B

S T, BEIEE TERE,

TEUREYE BT R —EEE,

WA TRMESR TH (—)

R whymath.cte & Sep./8/796
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WA T BIESR

Function of space :

String subjected to external force

Function of time :

Fall of free body

mi(t) = mg
Function of space and time
Diplacement response of tall building

pii(x,t) = —ETy"" (z,t)

Wave phenoomenon

pii(z,t) = BAU" (z,1)

—HE: plate

=#: solid(dam)
B#EH: x or t (ODE)
% x and t (PDE)

VAT TRBESR T8 (—)
HFrE at.ctx @%:Sep./éﬁ/’%




AR BER

independent variable x,t (master set)
dependent variable f(x,t) (slavery set)
function of time f(¢)

function of space f(x), 1-D, 2-D, 3-D
function of space and time f(x,1)

unit step function

jump function, tan 'z, Heaviside function
impulse function

Dirac-delta function

symmetric and antisymmetry

function decomposition, unique, loading pattern
trivial function

even or odd

filter function

inverse function, one to one

real or complex

function generator

WA TARBRIES TH (—)

g function.ctx & :Sep./8/796
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WA R BRIER

o HHRME (HEH )

mi(t) = mg

o MumEE (BIHAT)

mi(t) = mg — bv?

o HREFIIIRIE

mi*0(t) +mglsin(f) =0

o HHRE

mi(t) + ka(t) = 0

o ERIRE

Li(t)+ Ri(t)+ é](t) _ B

o HKFE

h(t) = —kVh

o MEMERME

y'(2) = kv/1+ (v (2))?

o FEH

y = —ay(t)

WA TRMIER T8 (—)

R mathl — 1.ctx BHg: Sep./8/°95
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Applications of ODE I

AR BRIER

mixing of solution

aQ Q
—r = 10— 5.Q(0) = 100

If Q(t) = 150, find ¢;. (nonhomogeneous standard first order ODE)
leakage through an orifice

T(2yR—y’)dy = —mr’\/2gy dt, y(0
If y(ts) = 0, find t;.(separable)

dissolving of a solid in a liquid

aQ  k
dt 120

If Q(12) =4, find k = 3In(9/8). (separable, fraction type)

50 (20-Q)(40-Q),Q(0) = 0

heat loss from a pipe

Q dr
a7 = < 7ry) =T,
27k r’ (ro) =T
(separable)

laminar fluid flow

d  dv —7(po — p1) e B
dr( dr) o ,v(0) = finite,v(a) =0
(separable)

orbital motion

(Bernoulli form)

exponetial population growth

dN r
L __N.NO)=N
dt 100 (0) 0

(separable)

e A finite population model

dN
—= = (a=bN)N,N(0) = Ny
(separable)

WA TARBRIER TH (—)

7h&:appl.ctr #E: Sep./8/'96
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WA IR BIER

Method I:

Governing equation:

mi(t) + kx(t) =0
subjected to

x(0) = zo, 2(0) =

Physical point: equlibrium of Newton’s law
Mathematical point: second order linear ODE subjected to two initial conditions

Method I1I:

Governing equation:

1 1 1 1
§m:i:2(t) + §/€x2(t) = émjzg + 5/%3

subjected to
z(0) = xg

Physical point: Conservation of mechanical eneregy (strain enegy and kinetic energy)
Mathematical point: first order linear ODE subjected to one initial condition

Method III:

In senior high school, we used projection concept to understand the motion of SHM.

WAF TRBRER TH (—)
e freef.ctx BfE: Oct./8/799
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Differential equation

The equation which contains the differential operator with respect to unknown function
is called differential equation.

Mass inertia
mi(t) =myg

Difference equation

The equation which contains the difference operator with respect to unknown sequence
is called difference equation.

yn+1_yn:O,n:O,1,273,"'

Integral equation

The equation which contains the integral operator with respect to unknown function is
called integral equation.

Material inertia
t
[ = rtriar = e
0

Integral-differential equation

The equation which contains the integral and differential operators with respect to
unknown function is called integral-differential equation.

Mass and material inertia
t
mit)+ [ (¢~ )y(r)dr = (e
0

ODE, PDE
Order
y = ay (first order)
i = —gR?/r* (second order)
Z(t) —3x(t) +x(t) = cos(t), (second order)
[y"x]>/? —2y" = cos(z), (Fourth order)
F(x,y,y,....,y"(x)) = 0 (nth order)
Linearity (linear or nonlinear)

Y1, Yo satisfy homo. linear ODE — y,+ys satisfy homo. linear ODE

Homogeneity(homogeneous or nonhomogeneous)

WAT TRRER TH (—)
71E kindl.ctx #1E: Sep./8/'96 1.7
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WARIE R BRIES

Problem statement

d
d—gt/ = ay,y(0) =yo

Method 1: by view
y(t) = yoe™

Method 2:separation of variables

dy

= ay, y(O) = %Yo
/ 4y / ol
In(y) =at+c
(t) at+c Keat
y(0) = o — y(t) = e = yoe

Method 3: series solution
y(t) = yo+yrt+yot®+- - Fynt" +---

Y(t) = yr+2yat +- -yt -
ay(t) = ayo+ayit+-- -+ aypt"+- -
Comparing the coefficients, we have

1 n
Yn = —,Oé Yo
n.

y(t) = yoe

Method 4: succesive iteration method

1 1
yn(t) = Yo +y0at+ Eyo(at)z + gy()(Oét)S +---
y(t) = yoe'
WAFTRBEIER TH (—)

218 fourm.ctx EE: Sep./8/°96



%E%'fﬁ x07 xl) Lo+
Tpy1 = g(wn)
W HER: | ¢/ (z0) |< 1, 7RER
(1= f(0)) < 1,— f'(z0) >0

Examples: 22 —3 =0

xo = 2.0 initial guess:

Case 1. z = 1(z + 2) (OK)
Case 2: z =22 + 2 — 3 (NG)
Case 3: z = 2 (NG)

BB 10(1), v1(2), 22(2), - -

T (t) = Flza(t)}

T e 175 TR

kalt) = mi(t) — /_ h x(_”) du

™

FEEN 2o, 21(t), T2(t), - -

State: point, function and vector.

WA TRBRIESR T8 (—)
e iter2.cte B1E: Sep./8/'98
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Table 1: Sucgessive iteration method for nolinear algebraic equation, ordinary dif-
ferential equation ,and vector equation

Question f(z) y(t) = ay(t) i(t) = AZ(t)

Operaton algebraic ntegration integration

Modified |zny1 = go(z) | Ynya(t) = Fligaiti 1 8.0 = Pla,)

form
! ‘
Convergence | | g () |< 1 ? ?
State point function vector

where F{y(t)} denotes functional of y(t)

in f:/ctex/hoo/ab.te

¥ y=x b 4 Fea
T y=s P TN
y=8(x)
Xo X Xza i X Xa X X
@ |gl@)]<1 (®) |g(@)]<1
: y Y=x

A

\y =89

Xz X; Xg 0L

®Yy

Xy o Xp X2 i
@©) |g(@)|>1 (@) g |>1

B— E#AAE
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P(t) = P(1)(3 - 6P)

Three cases of initial conditions:
Case 1: unreasonable

P(0) <0
Case 2: grow to be saturated

0<P(0)<§

Case 3: decay to be saturated

P(0) > g

general solution is :

Asymptotic population= k.

dy/dx = vy,y(1) = 2

dy/dr = x/y,y(1) =0

dy/dx = 2* +y*,y(0) = 1

AT TRBES TH (—)

7h&: fieldl.ctx BHE: :Sep./24/°96
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P(t) = P(t)(8 - 6P) (1)
Three cases of initial conditions:
Case 1: unreasonable
P(0) <0
Case 2: grow to be saturated
0< P(0) < ?
Case 3: decay to be saturated
¥
8 !
P(0) > =
0) >3 ’/ \
general solution is : o /N2 i
B & 1

P(t)

Ay ¥ g
Asymptotic population= &. \\i : ,
ymp pop 3 .. | // .

S+ <A™

dy/dz = zy,y(1) = 2 (2)
yp c=1/3 c=213
\ G
/' _c-w  dy/dz=1z/y,y(1) =0 (3)
P2
W dy/do = o+ 17,y(0) = 1 (@)

solution
T curve

WA THRBRIESR T8 (—)
[ 7£#% : c:/ctex/course/field1.te] [#E#:Sep./24/°96]
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1. The four ODEs are defined as follows:

y =P (1)
v =y —4)(y—4) (2)
e )
y=14+z+y (4)
y =y(l-y) (5)
y' =y (6)

The solutions are plotted in the following figures. Write down the corresponding characters (a),
(b), (¢) and (d) in the table.(100%)

Table 1: Solutions mapping to each ODE
ODE | Eq.(1) | Eq.(2) | Eq.(3) | Eq.(4) | Eq.(5) | Eq.(6)
Fig. a b ¢ d h f

— VFAT T2 — 2007 JA{ERE]Z by Chen for ODE mmmm—
[ 74 : ¢ /ctex/course/mathl/direct07.te] [ &A% :Oct./30/°07]
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Separation of space and time

[, y) = 9(@)h(y) <= [ foy = fofy
Proof: =

[ fay = ghgshy

foty = guhghy

Proof: «—
For nontrivial case f(x,y) # 0,

_ ffxy_fa:fy_ _ﬁ&
ffmy—fzfy—OHw—o— E)y{f}
(=) =aw

2 (in(f(a,)) = afa)

tnlf(a.) = [ )iz + ()
F2,y) = eap®@ + eqp®
[,y) = ®(x)¥(y)
Example: separable
flz,y) =222 +y—a’y+ay—20—2 = (—2®+2+1)(y—2)

fo =40 —2xy+y—2

fy = 1—a2?+x
foy = 20 +1
ffa:y:fxfy

Example: not separable

flz,y) =1+uzy

fxy =1
[ foy # faly

WA LRBRIER T8 (—)
ifg sep2.ctx BEfE: Sep./8/°96 1-17
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Geometry meaning : surface description

z=g(z,y)

Contour line : z =constant

c= g(ﬂ:,y)

Steep descent or no descent :

Az dg dg
Ac 0 e :H—ay y = Vg-(dz,dy)

Corresponding ODE :

_0g

dy _ oz
9y
dx B

Corresponding ODE :
Mdx+ Ndy =0

Corresponding pair :

dg dg
M= =X
8x’N Oy

Test criteria :

oM _ N
oy  Ox
Examples :

(1—sin(x)tan(y))dx + (cos(z)sec*(y))dy = 0

M = 1—sin(x)tan(y), N = cos(x)sec*(y)
oM _oN
oy  Ox

1-18



Find g(z,y) :

&9 1~ sin(a)tan(y)
g(z,y) = x+cos(x)tan(y) + P(y)
g‘i = cos(x)sec’(y) + P'(y) = cos(z)sec*(y)

P(y) = constant
g(z,y) = x+cos(x)tan(y) +c
where ¢ is determined by initial or boundary conditions.

WAT T RBIESR TH (—)
g exactl.ctx BAE: Sep./8/796
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Exact form frpir
(D) z(xy) = x* + y?

Z=C¢C
dz=0
dz = 2xdx + 2ydy = 0
> - x
dx -y
Mdx + Ndy =0
M=2x, N= 2y
Lucky a—M = a—N =>» exact form
oy ox

HMFHSE] z(x,y) ; such that

a_y
OX
a
oy

QZ(X,y): X2 + yZ

Exact2007.doc Eﬁﬁﬁi

v

1-20



Exact form-parameter
Xy TR

yA

S~

> X
Plane curve (T 18 T %)
[x() , y(®)]

X(t) =t AT E

yo=t R

yA
fract .
y=x [~ [t
> X
x(t)=cost O
I HEE 7 ;
y@)=sint [ PEIRIR
yA

Fr(l*;ipfﬂxz-pyzzl
I[E%— Hthb [l /////—N\\\\
Sl g \J > X

X(t) =t AT E T

yo=r TR

Ya
fraet
y=XJI G- e
> X
1 Z HrESdoc BPEEREY
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Exact form-parameter

i xy-z I

el

v
<

X
Spatial curve (%[ # g %)
[x(t) . y(t) . z()]

x(t) = cost CE
y(t) =sint (DR E =

z(t)=3 >y

x

X
z=100-x*—-Vy* > z(x,y) , z/ \t
\ /

NIRRT P Y
A Z
100 \b
X
2(t)=100-a°
X(t) = acost
y(t) =asint
Pl ]
X Y z(t) =100 — a?

7 2100~ a’ |- [T RRSEIMATS - T 25 a o -
2 Z HrESdoc BPEEREY
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Exact form-parameter

» X
ODE
Solution < ODE
z(x,y)=C Solution
z(x,y)=C
yV
B PTHE] 2()=2[x(1).y(1)]
4]2=C
C=z[x(t),y(t)]
dc_dz _
dt dt
C =z(t) =100 — x*(t) — y*(t)
 dC o oy x(t) ) dx(t) zy_dy(t)i dz(t) _,_odzdx  ozdy
odt dt o dt oxdt oydt
L dx dy | " oz 7 |
P 2X—+2 . Ml Zdv=
e i XV =0
xdx + ydy =0 §<:> i """"""" P
Ay x 5 oy T
—1dx oy Cax
------------------------------------- o
dy _M(x.y)
dx  N(xY)
oM 6N
NAHI= > —+—=0
HIBIIE oy ax
3 Z HrESdoc BPEEREY
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1. Solve the following ordinary differential equations.

2 (1)
dy _ y? — 22 )
dx 2ry
% — 2 2_45?;2 (3)
dy _ 22— g2 n
dx 2zy

Plot the solutions and indicate the orthogonal relationships.

ODE Eq.(1) Eq.(2) Eq.(3) Eq.(4)
Separable No No No No
Exact No No Yes Yes
Integrating factor y 2 2 1 1
Homogeneous Yes Yes Yes Yes
Solution 2?2 +y? =2ky | 22+ y? = 2kz | 2%y — y—; =c m—; —zyl=c
Orthogonality Eq.(2) Eq.(1) Eq.(4) Eq.(3)

Figures:

WM T.%2— 2007 #5453 [K ¥ by Chen for ODE
[ 74 : ¢ /ctex/course/mathl/inte07.te] [##E:Oct./30/°07]
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Surface representation

z=2(z,y)

Contour line governed by the following ODE

0z

dy _ —%
0z
dz 5

Steep descent line governed by the following ODE

0z

aw_ %

dr &=
Ex.1 z=z2(x,y) = x2+2—yy2—l

Contour line

dy_xz—yz—l

dx —2xy
(x—h)?+y*=h"—1
Steep descent line

dy 2y
dr 22 —y2—1

2yt —1=2ky

Ex.2 z = z(z,y) = 2% + 9*

Contour line

dy —x
dr  y
24y = B2

Steep descent line

dy _y
dr =z
y=kz

AR LRBRIER T8 (—)
g trajl.ctx B1E: Sep./8/°96 1-25
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Methods of solution for the first order

NTOUHRE ODEI1.ppt
J.T. Chen &Y .W.Chen
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population explosion model: growth rate is proportional to current population

P(t) = aP(t),a >0

population decay model: growth rate is proportional to current population

P(t) = aP(t),a <0

population saturated model: growth rate is proportional to quadratic form of population

P(t) = P(t)(6—4P)

Three cases of initial conditions:

Case 1: unreasonable

P(0) <0

Case 2: grow to be saturated

B

0 < P(0) 5

Case 3: decay to be saturated

P(0) > g

general solution is :

Asymptotic population= 5
Use Mathematica to plot the curves.

Existence and uniqueness for a solution(if f, f, are differetial)

dy/dx = f(x,y),y(xo) = yo — an existent and unique solution

AT LAMES T8 (—)
R growl.ctx B Sep./8/°96
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.~ (ODE)2007

G 2

I TR

dy
— — _ay, y(0)=
A y, ¥(0) =y,

ciz
mmy:—mg y(0) = ¥,

y(0) = vq
[H] kL my +ky =0, y(0) = y,
y(0) = v,
s me“+mglsind =0, 6(0) = 6,
69(()) — CUb

IS ppt SRl 2007/9/28
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e Physical phenomenon : Case 1: Fall of free body
ERYEEE: pivoting machine, paper
Case 2: Population dynamics:
N EEKE |
Case 3: Cooling :
e Mathematical model :
Case 1: Fall of free body

mit(t) = —GMm/r?

If r is near the surface of the earth, we have

r(t) = R+ h(t)

where R is the radius of the earth and A is elevation. Therefore, we have

h(t) = —GM/(R+ h(t))?

Since h << R, we can reformulate the above equation to

- —GM R? R?
h(t) = T 2 —9(

TR

r2

Case 2: Population dynamics:

y(t) = ay(t),y(0) = yo

Method of solution:

(1). Grossman

(2). Successive iteration method(mathematica plot)
(3). Series solution

Case 3: Newton’s law of cooling:

WA TARBRER T8 (—)
e mathphys.ctx 5. Sep./8/796 1-30
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Euler method

2—5 = f(xo, Yo)

(1 f (o, yo) Az + yo (1)

v = flz1,y1)Az + 1 (2)

ys = f(x2,92)Az + yo (3)

ys = flos,y3)Az + ys (4)
— .. (5)

Yn = [(Tn-1,Yn-1)AT + yn_1 (6)

Questions:
What happens if Az is very large ?
What happens if Ax is very small ?

VAT TRBES TH (—)
R numl.ctx BfE: Sep./8/°96
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Mathematical modeling

y, System Yy, system
Equilibrium (E) Max point (M)
16y, =2"9.8" vy, 16y, =2 9.8" (y, +1)
2nd order -
1 ¥(0)=1 y,(0)=0
Physical ODE ) z
pl’ Obl em y(0)=0 (exam) | ¥5(0)=0 (HW)
dv, dv
v, —=1.23y v, —2 =123y, +1
1st order tdy, ' vy, Y2t
ODE dyl _ 2 dy _
e =1.114/y?- 1 (exam) El =111y +2y (HW)
Y2 2nd order ODE 2nd order ODE
Comments (homogeneous ODE) (non-homogeneous ODE)
Y1 (non-homogeneous BC) (homogeneous BC)
M _____ -
o . 1 q sh-'(y) V,.=8.80 m/sec
O ==dy =cosh"*(y 2.
Vo= Yo+l m t..=2.5 sec

©2003 Brooks/Cole, adivision of Thomson Learning, Inc. Thomson Learning,, isatrademark
used herein under license.
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Homogeneous function with m degrees:

f()\.fl?l, >\x27 e 7)\xm) - )\mf(l'l,l’g, e 7xm)

Homogeneous differential equation f(x) = 0:

a2y (z) + a1y (x) + agy(z) = f(x)

Nonhomogeneous differential equation f(z) # 0:

agy” (x) + ary'(z) +agy(x) = f(x)

Homogeneous function:

M(z,y) = M(A\z, \y)

N(z,y) = N(Az, \y)

Transformation from nonseparable problem to separable problem:

dx N(z,y)

dy  —M(Ly/a) _
dx N(1,y/z)

Setting y = ux, we have

Fy/x)

Then the nonexact form can be reduced to
zdu = (F(u) —u)dx

1 1

VAT TARBRIESR TH (—)

#rg:homol.ctx #H&: Sep./8/°96
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linear first order ODE
y(z) +a(x)y(z) = f()

Linearity :
U1(z) +a(z)y(z) =0
() + ala)ua(e) =0
Y(z)+a(z)Y(z) =0
Y(z) = y1(x) +y2(2)

y1 and yo are solutions — Y (z) is solution.
Method 1: integration factor for a(z) = a only
e“y(x) + e ay(z) = e* f(x)

d{e™y(x)} .
 dr e f(x)

e y(x) = /e“xf(x)dx#—c
y(zr) = e‘“”/eaxf(x)dx+ce_“x

Method 1: integration factor for a(x) only
efa(m)d:cy(x) +€fa(x)dxa(x)y($) _ 6fa(x)dxf(x)

d{e) *@dzy ()}
dx

el a@dey (1) = /ef a@de f (1) dx + ¢

_ ef a(z)dzf<x>

y(m) = e_fa(a?)dx/efa(x)dizf(x)dx_i_ce—f a(z)dx

Method 2: variation of parameters a(z) only

y(z) = u(x)v(z)

w' +u'v+a(z)uw = f(x)
w' + (u' +a(z)u)v = f(x)

w' = f(z)

(v +a(x)u) =0

u(z) = cye I o@i

v = fo) = e O ()

1

v(x) = E / el @ £(1Yda 4 ¢,

8]

y(r) = 6_'['1(90)“{/6-[ o@Dz () dx} 4 ce” ] @@)de

1-34



WA TRBES TH (—)

h& odel.cte BE: Sep./8/'96

1-35



RERT D TS I2RVISIRTSE I

WA R BRIES

1. Transformation of dependent variable: nonseparable to separable
Transformation from nonseparable problem to separable problem:

If M(z,y) and N(x,y) are homogeneous with the same degrees, we have

dr N(z,y)

dy  —M(Ly/a) _
dx N(1,y/z)

Setting y = ux, we have

F(y/x)

d d
& :u—i-x—u

dx dx

Then the nonexact form can be reduced to

xdu = (F(u) —u)dzx

1
de = mdu

(z,y(z)) — (x,u(x)) where u(z) = y(x)/x.

2. Transformation of independent variable(Cauchy-Euler equation): variable coef. ODE
to const. coef. ODE

Variable coefficient ODE :
t24i(t) +aty(t) +by(t) = 0
Change of independent variable:
t=e" z=In(t)
Constant coefficient ODE :
Y7 (2)+(a—1)Y'(x)+bY () =0
(t,y(t) — (2, Y (2)) where Y(z) = y(t).

WA TARBRER T8 (—)
fEfg trans f2.ctx BA&: Sep./8/'96
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1. Transformation of dependent variable(Bernoulli equation) : nonlinear form to linear

y(x) +a(r)y(r) = f(r)y"(z)

Change of dependent variables: nonlinear transformation
2(2) =y " (@)

Linear ODE : standard form
2x) +(1=n)a(z)2(z) = (L=n)f(z)

Special case : nonlinear form
y(x)+alx)y(z) = f(x)ylny)

Change of independent variables: nonlinear transformation

Linear ODE : standard form

5(2) +ale) = f(2)2

2. Transformation of independent variable(Cauchy-Euler equation): variable coef. ODE
to const. coef. ODE

Variable coefficient ODE :

t24i(t) +aty(t) +by(t) = 0
Change of independent variable:

t=¢€" x=In(t)

Constant coefficient ODE :

Y7 (2)+ (a—1)Y'(x) +bY (z) =0

3. Integral transformation of independent variable(Cauchy-Euler equation): diff. operator
to algebraic operator

F(s) = /000 y(t)e *dt

R LRBRIESR T8 (—)
g trans f1.ctx BfE: Sep./8/°96 1-37
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1. Transformation of dependent variable(Bernoulli equation) : nonlinear form to linear

y(a) +az)y(r) = f(x)y"(x)

Change of dependent variables: nonlinear transformation
2(z) =y 7"(2)

Linear ODE : standard form
2z) +(I=n)a(z)2(z) = (1 =n)f(z)

Special case : nonlinear form
y() +alz)y(z) = f(x)ylny)

Change of independent variables: nonlinear transformation

Linear ODE : standard form

2(x)+a(x) = f(x)z

2. Example: logistic population model
Bernoulli ODE :

y — Ay = By’
Separable ODE :
y = Ay - By* = (y)(A— By)
Change of independent variable:
u=1/y
ODE for u :
u' + Au= B

Solution:

1
(BJA) + ce4=

u(z) =

WA TABRIER T8 (—)
#rE:logl.cte HE: Jul./8/°99 1-38
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Existence :

Any solution which satisfies the governing equation, initial condition and boundary
conditions is a solution for that problem.

Algebraic equation — number

Differential equation — function

Uniqueness :

First, we assume two solutions, and then prove that the two are the same.

Physically realizable :

Physical constraint, casaul effect.
Response occurs after the excitation.
Examples:

Case 1: No real solution

7 +3=0

Case 2: One trivial solution y(t) = 0.
7 +y’ =0
Case 3: One solution
J+3y=0,y(0) =1
Check the solution ?
Solution group, undetermined coefficient
Complete solution=complementary solution(homo. + parti.)
Singular solution (y = cx + 2¢?) with y(1) = —1/8
y =y +2(y')°

y(r) = —2*/8

Nonunique solution

WA TRBIES TH (—)
iHg exist.cte BHE: Sep./8/796
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Definition: normal ODE

A linear differential equation is normal on an interval [ if and only if its coefficient
functions and its nonhomogeneous term, if it has one, are continuous and the value of
leading coefficient is never zero on I.

Existence theorem:

If xg is contained in an interval over which the ODE is normal, and if ko, k1, -+ , k.1
are arbitrary real numbers, then there exists exactly one solution y(x) on I such that
y(wo) = ko, ' (x0) = k1, -+ ,y" D (x0) = k1.

Solution families:

y1 () satisfy n'* homogeneous ODE
Yo () satisfy n'* homogeneous ODE
- satisfy n'® homogeneous ODE
yn () satisfy n'* homogeneous ODE
y,(z) satisfy n nonhomogeneous ODE

Then, the general solution can be written as
y(x) = cyr(z) +coya () +- - -+ cpyn(x) +yp(x)

Y1,Y2 - - - Yn are called complementary solutions.
yp is called a particular solution.
y(x) is called a general solution.

c1,Co - - - ¢, are determined by the n initial conditions.

AT TRBES TH (—)
g existl.cte BE: Sep./8/796
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Separation of space and time

x:space, t:time, X;(z):mode, T;(t): generalized coordinate

[z, t) = X(2)T(t)

fla,t) = ZXi(fC)Tz(t)

fla,t) = ZXi(x)TZ(t)
Example:

flz,t) =t

flz,t) = sin(x—t) = sin(z)cos(t) —cos(x)sin(t)

. — tp,
f,t) = \/1+t2—2tx ;
1
flat) = o= =
-z
Example:
d
WD _ flo.y) = Xy )
dy /
—— = | X(v)dx+c
/Y(y) ()
case 1:
dx
=tv1—2?
dt
/ ! d /tdt+ (t) = si (t2+ )
xr = ¢ — z(t) = sin(=+c
i 2
case 2: Escape velocity
: R?
P(t) = )
do(t R?
oy =20 __ R

1-41



o dv(t)dr  R?

ot) = dr dt grz

, du(t) R?
0(t) = o U= 9y
2 2
v? = g +C
,
At time t = 0,

t=0,7(0) = Rv(0) =vy — C=—-29R+v]
Escape velocity, r = 0o, v = 0 to determine the vy

Vo = 2gR

WA TARBRIES T8 (—)
g sepl.cte #RE:Sep./8/796
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Clairaut’s #5 FE=:
1
— ) — o
Yy Y 4y
General solution:
1
Yy =xc— 102, for any c
Singular solution y = y(z) by parameter representation

z = x(c),y = y(c)

Two conditions must be satisfied if (z(c),y(c)) is intersection point with the same tangent

line
y(e) = 2(e) e~ 1 (1)
dy

I @)= ¢

By considering

dy _dy(c)/de B S
dr ’(x(c),y(c))_ d(E(C)/dC |(1’(c)7y(c))— c—Y (C) =CcT (C)

Eq.(1) can be differentiated with respect to ¢, we have

y'(c) =2'(c)c+x(c) — %c

Therefore, we have
1 1
z(e) = 5ey(c) = ¢

The singular solution is y = 2.

direct solution for the ODE:
Setting ¥’ = p, we have
1

_ __2
y=2xp 4p
dy , 1
A — Z9
d p+xp 4]9
1

/

—Zp) =0
p(z 229)

P=0 — plx)=c —ylr)=cr+k
p=2z —y(x)=12"+k 1-43

where k; and ks can be determined by substituting into Clairaut’s equation.



Exercise: y = xp — eP where p = y/. Solve the general solution and singular solution.

WA LRBRESR T (—)
g clal.cte BHE:Sep./8/°96
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Bernoulli equation : nonlinear form
y() +alz)y(x) = flx)y"(z)

Change of variables: nonlinear transformation
2(2) =y " (@)

Linear ODE : standard form
)+ (1 -n)a(z)z(r) = (1-n)f(z)

Special case : nonlinear form
y(@) +alz)y(z) = f(x)yin(y)

Change of variables: nonlinear transformation
z(x) = In(y)

Linear ODE : standard form
2(x)+a(x) = f(x)z

Ricatti equation : nonlinear form for control theory
y(x) = P(z)y* +Q(x)y + R(z)
R(z) =0 — Bernoulli equation
R(z) #0 — how to solve

Clairaut equation :
y=xy(x)+ f(y)

Examples :

Bry(x) +y(r) = 2%y (x)
y(@) +y(x) = 2y’ (2),

y(@) +y(r)/z = y*(@)in(z),y(1) = 1
Determine a(x), f(z) and n.

Determine the solution.

R LARBRIESR T8 (—)
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Envelope by a family of geometry unit I
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Clairaut’s 4> HfER:

1

_ r 2
y=ry =3y

General solution:

1
Yy = xc—ZCQ,for any c

Singular solution y = y(z) by parameter representation
z=x(c),y =y(c)

Two conditions must be satisfied if (z(c),y(c)) is intersection point with the same tangent
line

y(e) = a(c)e— e (1)

y ’
x(c C c

By considering

dy _ dy(c)/dc 3 S
dar ’(m(c),y(c))— de(C) de |(x(c),y(c))— cC—Y (C) =CT (C)

Eq.(1) can be differentiated with respect to ¢, we have

y'(c) =a'(c)c+x(c) — %c

Therefore, we have

1 1,

x(c) = ic,y(c) =7C

The singular solution is y = 2.

Mohr-Columb criterion
(=P +y = (@)
2(x—a)+2y =2r(a)
The envelope is a straight line.
Monge cone
z—2z = p(s)(x—x0) +q(s)(y — Yo)
0= p/(s)(x—x0) +4'(5)(y — ¥o)
We have the envelope of Monge cone.

WA TARBRIER TH (—)
e :envlop.ctr BE: Sep./8/796 1-48
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A HERAM (v, y) de+N(z,y) dy = OEFIEEEE, (AT HEHRE— ER#Bu (v, y), BEuM do+
uN dy = 0B IESE, Al

HE =

3_M7£3_N qe OlpM] _ OuN]
0 ox dy ox

AL (z, y) B AR CESHAF (Integrating factor).
B2y doe + x dy = ONBIESHER, HE Lo, RIEE—EE5AERX
2vy dr+ 1% dy = d(x%y) = 0

IRElxE AR 2y dox + x dy = O —{EFES R T
BBRESRFESR, u(z, y) FERE

OoluM]  O[uN] oM o ON o
oy o Moy TMay Ty TG
ol op  OM ON
N Ge Moy =1 Gy o)

WR—FE R TER, TE K, SEE AR S, A TRAFIREREN AHER — Hlu(z,y) R
B, y, v+ yBHay KEH, BORTIEEALE

A A8 K BT
OM _ON

OM 9N .

D — f(y) el fWdy
OM _ON .

oM _ N

BB ) | ol

BHRF: dy/dx = a(x)y (case 1)
BEHHRF: 2™y" (Kaplan)

AR LRBRIESR T8 (—)
g exact2.ctr BAE: Sep./19/°02
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Second order nonlinear ODE:

y”:c /1"‘3//2

Boundary conditions:

Solve first order ODE again:

y? = (cy+1)>—1

Setting new variable u

u=cy+1

First order ODE change to

cosh™(u) = cx + k

cosh(cx+k)=u=cy+1

k=0, since y(0) =0

1-50



Final solution:

y(x) = %{cosh(cx) -1}

WAF TRBRER TH (—)
F7Hg cable.ctx RE: Nov./1/798
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— kB {h £ =
I PARLES PU——

L BRI FTRR ey +p(2)y = o() 28 y(o) = oty = e TP [o [ e/ P8 g() dr ]
2 Bernoulli's 523y’ + p(2)y = q(z ) " (n#0,1)

3.Riccati’'s ife=:y/ + p(z )Z/ + q(2)y* = r(x)

4.Clairaut’s HifE=:y = =y’ + q(v/)

1. —BEEMSHFERZERM (2, y)dx + N(x,y)dy =0 v = f(z,y)
fRETAR:
(a) FIETRERTEERE? BRERBERAEX?
(b) #IETRERIEAHER? EFASHEESHTF?
(c) PIETR SR &R EMIA?
(d) ARG R—FERE. FEREREREEMS ER?

2. —FEBRMEEMS HERY + p(x)y = q(2)
i\\fﬁy(:[;) =Y —+ Yp = e—fp(a:)da? [C + f e]p(i)dﬂ?q(x) dx]
3. —FEFERR RS TR
(a) Bernoulli’'s ARy + p(x)y = q(x)y” (n #0,1) = Fo(z)=y'™
AR —FE R o TR
(b) Riccati's Ry + p(a)y + q(x)y® = r(z) = ¥ y(r) = y(2) + v(z)
MR Bernoulli’s AR (FeBEHKE My (x) )

(c) Clairaut’s ARy =2y’ +q(v) = Fo=1y
A —a Rk — B

4. —HERREAERE . —EEESTER — RAEENRESEREGR
5. HEMHER:

R LA 2 B AR

gt A BAE— %

IEZCHALER

T — Picard’s Bk, Bk

(a
(b
(c
(d

~— ~— ~—

R LRBRIESR T8 (—)
g summaryl.ctz BRE:Sep./8/796
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1
O——dp =cosh™(x)
Vpi-1
p = cosh(X)

d cosh(x)
dx

yp°-1=snh(x)

1 1 )
A dp =y snh(X)dx= x = cosh*
O\/ﬁ P CW(X) (x)d (p)

= §inh(x)

cosh™ (x) =g = In(x £ Vx2 - 1)
cosh(q) = x
e’ +e " =2x
e - 2xe" +1=0

2X +/4x%% - 4
2

e = x+4/x*-1
q=In(xxvx*- 1)

e’ =

NOV.1/2003 coshdoc
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. Casuality in Modelling I

l—

Viscous Damping 4 Coulomb Damping Hysteretic Dampiﬁg

Casuality O.K. Casuality ?

r — E =) =

S.S. Rao (1990) ?
J. Argyris (1991) ?

ML’I +ku = P(t)
BEM GROUP ‘U‘
Yot
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First order ODE

Y +a(z)y = f(x),y(xo) = yo
Second order ODE

y'+a(@)y +b(z)y = f(2),y(z0) = yo,y (o) = 1
nth order ODE

Y (@) Fan_1(2)y" )+ Far (@)Y (2) +ao(x)y(x) = f(x)
initial conditions:

n—1

y(iﬂo) = yoﬁyl(ﬁo) =Y, Y ($0) = Yn—1

Homogeneous if f(z) = 0, otherwise nonhomogeneous.

Linearity if y; and yo both satisfy the homogeneous ODE, then y; + y, satisfies the homo-
geneous ODE.

Existence and uniqueness theorem: if ag(x),---a,_1(z), f(z) are all continuous on the in-
terval (z1, z3).

No. of independent solutions
y —y=0
Sol.: y(z) = e*,e™ ", cosh(x), sinh(z) all satisfy the ODE
only two conditions to determine the coefficients.
what is wrong 7
Linear independence and dependence
c1y1(x) + cayo(z) = 0 — only choice of ¢; = ¢ = 0.
1y (x) + coyo(z) =0 — ¢4 £ 0 or c3 # 0.
Vector space : (0,1) and (1,0)

xT

Function space : €*, e, cosh(zx) and sinh(x).

WA TR ESR T (—)
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Complementary solution

Sol. : yp(x) =€, 7", cos(x), sin(x), cosh(z), sinh(z)

Only four functions are independent to match four conditions.

Particular solution

Sol. : y,(z) = —1

Any particular solution plus a complementary solution is another particular solution.

Example:

u'(x) = sin(x)

u(z) = a+br — sin(z)
where a and b are determined by boundary conditions or initial conditions.
Extension to integral equation:

u(z) = {u(s)dUéZ’I) —u'(s)U(s,z)} |5 —i—/o7T U(s,z)sin(s)ds,0 <z <

1
U(s,x):§\x—s\

Complementary sol.:

dU (s, x)

u(x) = {uls) == —u'(s)U(s,2)} 5

Particular sol.:

u(z) = /07r U(s,x)sin(s)ds = —sin(x)+7,0 <z <7

AR TRBRESR T8 (—)
e partil.cte R Sep./8/°96 2-3
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Initial value problem ; ODE with initial conditions at initial of time ¢ = 0

dy
2 9y =0.y(0) =2

T4+5&+x(t) = 0,2(0) = g, 2(0) = o
General form: Governing equation
ao(2)y™ +ar (2)y" D+ ap (0)y (@) +an(2)y = f(x)

Initial conditions
y(20) = ko, v/ (x0) = k1, -+ ,y" D (xo) = Ky

Boundary value value problem : ODE with boundary conditions at boundary of space
x=0,1[

string sujected to loading

d*y
— =1,9(0)=0,y(1) =0

dx?

beam sujected to loading

d4y " b
1= 13(0) =0,47(0) = 0,5(1) = 0,5 (1) = 0

Sturm-Liouville problem : ODE with boundary conditions at boundary of space x = a,b

Governing equation

ao(z)y” (x) +ar(2)y (z) +az(z)y(x) = f(x)
Boundary conditions

ary(a) —agy(a) =0

Bry(b) — Bay(b) = 0
where of + a3 # 0,3 + 32 # 0.

No. of conditions = No. of undeterined coefficient of complementary parts

WA TARBRIER T8 (—)
g bupivpl.cte BHE: Sep./8/796
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. Vector space vi,Va, V3, Vg -
. function space f1, fo, f3," -

. Linear independence for vector space

vy = (1,0),va = (0,1)

. Linear dependence for vector space

vi=(1,1),va = (2,2)

. Linear independence for function space

fi(z) =€, fo(x) =€

. Linear dependence for function space

fi(x) =e", fo(x) = e, f3(x) = cosh(x)

. Linear independence for function space and vector space

cifi(z)+eafo(z)+ - -tenfu(x) =0 implies ¢ =co=c3=---=¢,=0

c1vi(x)+cava(x)+- -+, vy, =0 implies ¢ =co=cg=---=¢, =0

. Linear dependence for function space and vector space:

Functions f1, fo,- - f, are linearly dependent on an interval [ if and only if there exists
c1,Co, -+ ,Cy at least one of which is not zero, such that every x in I,

crfi(@)+ceafa(z) +esfa(x) teafa(@)+- - Fenfulz) =0

. inner product of vectors, determinant of vectors and Wronskian of function space

V11 V12 V13 f 1 f 2 f 3
V21 V22 V23 |, f { f 5 f ?,)
V31 Us2 Uss {/ é’ ?/,/

WA THRBER TH (—)
g indepl.ctx BERE: Sep./8/°96
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. Given a second order ODE
F(t) 4+ 28wi(t) +w’z(t) =0
. General solution

x(t) = e

. s must satisfy

24+ 2ws+w?=0

. Two roots are

s1=(=6+/& - 1w

55 = (== V€ — 1w

. If 0 <€ < 1, two solutions are

21 () = 21 (t) Fizy(t) = e cos(y/1 — €2t)+ie I sin(y/1 — £2t)
Ty (1) = 2op(t)+izg;(t) = e cos(y/1 — £2t) —ie ¥ sin(\/1 — £2t)
. Substituting the two solutions into the ODE, we have

G (8) 426 wity, (1) +w? e, (8) +i{E 1 () 28w (8) +w?r; (t) } = 0+0
Gor (1) +28wdia, (1) +wma, () +i{E0; () +28wiba; (t) 4w’ o (t) } = 040i
. Two complementary solutions are

21.(t) = e *cos(/1 — £2t)

Too(t) = e sin(y/1 — £2t)

WAW TRBER TH (—)
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mck System2007/11/19 yu &

MX + cX+ kx =0 < X+ 2EoX + @*X =0

=2Ew — £ damping ratio (Fe & 1t )

3|=~3lo

=’ - w:natural frequency (p 2X48 %)
>0 physically realizable(diverge) » £<0 physically unrealizable(converge)

sub — damping critical damping over — damping
0.99.9 < ¢ <1.00.1

Oscillation 4 -k # (& 3p)
X X
1 1
gt
0.5 X(t)=¢€" 0.5 x(t)=te
: ‘ t : - |
1 2 3 4 5 1 2 3 4 5
-0.5 -0.5
-1 -1
X X
1 \ 1
X(t) = cos(10t)e™ i X(t) =sin(10t)e™
05| 1 0.5 |
| ARTA
LN R
BN - t RNVAR . t
1 /o2~ 3 4 5 1) /2 3 4 5
: \J
0.5 | | 05 |
L/ /
-1 -1
X . X : "
X(t) = cos(10t)e X(t) =sin(10t)e 7\
‘\ 7\
2| AR
~ ‘\ ~/\
. ~_ /[ \ Lt o~ N\ t
1 ) 4 1 2\ 3 4
\J \ b \
20 \/
\
ol ol v
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1. Step 1: given one complementary solution, y;.
2. Step 2: solve another complementary solution y, = yyu;.
3. Step 3: solve another particular solution y, = y1v1 + yavs.

4. Example :
2?y"(x) — 4y —6y = —6 (1)

(a). Assume the y = 2™ for the complementary solution, determine n. (5%)
(b). If y1(x) = I is one of the complementary solution, please determine the other one ys(z)

by method of variations of parameters, yo(z) = y1(x)u1(x). Please find uy(z). (5%)
(c). Solve the particular solution by y,(x) = yi(z)vi(x) + ya(2)ve(z), where

Y10} + y2vg =0

—6

’ o ror
Y11+ YaUy = )

Please determine vy, vy and y,. (5%)

(d). By changing variable, x = €' and y(z) = y(e') = Y (¢), then determine the ODE for Y (¢)
and solve Y (t) and y(x). (5%)

(e). By taking the Laplace transform twice with respect to Eq.(3), derive the results. (5%)

WA TRBRIESR T8 (—)
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Statement of problem

Given two solutions y; and y, satisfy
ag(x)y" (x) + ar(x)y'(x) +az(2)y(x) = 0
Find a solution y,(x) satisfy
ag(x)y" (x) + a1 (2)y (z) +az(x)y(z) = f(x)

Review of linear algebra:

Given
ax+by =c
asx + by = co

The solution of (z,y) is

TA
Y7A
where
A= (llbg — agbl

Al = Clbg — Cle

AQ = a1C2 — G2C1

Setting

Yp = U1Y1 + U2l

Y, = Uy + Uy +uryy + usly

To solve y,(z) is changed to solve u; and wus.



Two degrees of freedom, u; and us, must be determined. By setting the first constraint,

Uiy +upyz =0
Eq.(5) can be reduced to

/ J—

Y, = U1y + Uayy
Differentiating = again, we have
Yy = UhY) - usys +uryy + ugys
Substituting Eq.(8) and (7) into Eq.(1), we have
ao(uiyy Husys +uryy +usys) +ai (Y +Husys) +as(wiyi Husye) = f(z)

Eq.(9) can be reformulated to

ur(ao(2)yy (x) + ar(2)y (z) + az(z)y: (v))
+ us(ao(2)yy () + a1 (2)ya(7) + as(x)ys(x))

+ ao(uly] +upyy) = f(x)

Since y; and yo are solutions of homogeneous ODE, we have

f ()

Qo

’o ror
UrYy +uslys =
Two equations are summarized

Yy + youy = 0

’o ror
Yuy + Youyg =
Solve u} and u), first, we have

Wi

!
U, = —-:
! W(Z/h 3/2)
oo W
2 W(yh yz)

where W (y1, y2) is Wronskian determined by

W (y1,y2) = y1ys — 21!

Wi = =y f(x)/ao(x)
Wy = y1f()/ao(z)

WAT TABES TH (—)
7 vapl.ctx FE:Sep./8/796

(6)

(7)
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SLEENERIT

AR BRIER

Since y; and y are complementary solutions for ODE, we have

Yi(x) + a(x)yi(x) +b(z)y(z) = 0 (1)
Yo (x) + a(z)ys(x) + b(x)y2(z) = 0 (2)

Eq.(1) X y2 - Eq.(2) x y;, we have

d%{yly; —yiy2} +a(@){yyy — iy} =0
By setting the Wronskian
Wi(z) = Wy, y2) = y1y; — 11y
W (z) satisfies the following first ODE
W'(z)+a(x)W(x) =0
The solution is
W(z) = ke / al@)dz

Without loss of generality, given two degrees of freedoms, u; and uy, must be determined.
By setting the first constraint,

ULY1 + Usls = ¢ (3)
we have
uyyy +ugyy = f(z) —a(z) c (4)

where c is arbitrary constant. Two equations are summarized

Yl +youy = ¢ (5)
yiuy +ysuy, = f(z) —a(z) c (6)

Solve u} and u}, first, we have

—f(x)ys Yp + ays
ul = +c
! W(yhyz) ( w )
oo @y yi+ay1)
? W(y1>y2) W

The two additional terms containg c¢ are present. It is interesting to find that

ot el

h=c |14 )(ef a(:r:)da:) = C(Z/Zef a(z)d:p)/

yi + ay, €f a(z)dz
1%,% ef a(z)dz

They can be cancelled each other.

MR TARBRIES T8 (—)
#h& vap2.ctx #E: Sep./8/°96 2-11
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W

Mtz %73 §32% Nov. 26, 2007

<
A5
pJ

y"+a(x)y +b(x)y = f(x)
Y. =GY, +CY,

”

=y, +a(x)y, +b(x)y, =0 (1)

Y, +a(x)y, +b(x)y,=0 -=(2)

(1)*y2 _(2)*Y1:0

”

1 !

Vi¥s = Vi Y, +a(><)[yly2 -V yz}o

w(x) + a(x)w(x)=0

=ked ™ et

’IAJ Yo = WY, WY,

! ! ! ! !

Yo =U Y +Uy Y, +U Y, +UL Y,

! ! !

Yy, =uy, +u,y, +C(X)

n ! ! ! ! 14 n

Yo =U Yy, U Y, +UY, +UY, +C’(X)

B P 2 RfREIRGESY)

Y, Y, +aX)y, v, +b(X)y,y, — ¥, v, —al(x)y, y, —b(x)y,y, =0

2-12



=

U Y, +U, Y, +UY, +U,y, +c(x)+ a(x)|:u1 i tUYy, + C(X)J +b(xfu,y, +u,y,]=f(x)

u, [yln + a(x)yl' + b(x)yl} +U, [yzn + a(x)yzr + b(x)yz}

! ! ! !

+u Y, +U, Y, +a(x)c(x)+c'(x)= f(x)
LU Y, +U, Y, = F(X)-a(x)C(x)-c(%)

u, Y, +U, y, =c(x) --(1)

ul’ yl’ + uzlyz' = f(x)—a(x)e(x)-c'(x) --(2)

D*y, —2)*y,
=Su Yy, WY, Y, =cx)y, - f(x)y, +a(x)e(x)y, +c(x)y,

W09 = =109y, +el(x) ya +alxly, |+ ¢y,

\ [y; - a(x)y2 :| C’(X)YZ

+c(x) +

W) wWx)

—f (X)YZ

wWx)

'
u =

(2) * y1 - (1) * y1
= U Y, UL, Y, = f(x)yl - a(X)C(X)yl - C’(X)yl - C(X)yl

, W0 = £ (9, ~clx) v +aly, |-y,

_ f(y

7w

-c(x)

2-13



ST N L P T
I ) R Y () R TR (% R F
r—f(X)y, X[ Jaxx B alx)ox

ul - V\(X) + K |:yze( } +_C(X)yze[

iy Oy, o

% =) (x) W) e w(x) e

u =/— \f/\/((i))yz dx + %I c(x)d[yzej a(x)dx} + %I [c’(x)y2 ol a(x)dx}dx

U, :I ::N((X))yz dx + kC( )y2 J ——I[ ( ) J (X)dx:ldx+%J‘[C,(X)yzeja(x)dledx

U, :J' — ;([:())yz dX+%C(X)yze[a(X)dX

u, =f%dx—%jc( )d[yl oJ et }——f[ ¢(X)y.e .[(x)dx:l

u, :j% dx — %C( )yl J. a(x)dx +%I[C'(X)yleja()()dledx—%I[C'(X)yleja()()dx:ldx

u, :J- f(X)yl dx — %C( )yl J' a(x)dx

Wx)

2-14



Yo =Wy T U Y,

(TS
= 1j_ f(X)y2 dx+y, | f(X)Y1 dx

wx) wWx)

< ple(x) B %J/:"“Fé}% > [NIFER]0 4

Variation-parameter.doc Bﬁf—%\;};’ﬂi}g@?ﬁ;j e Tt *ZEEFJJ*E'J i A A
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Solving another comp. sol. using Wronskian I

AR BRIER

Given y; is one complementary solution for ODE,
Yi(@) + a(z)yy () + b(@)y(z) = 0 (1)
solve another complementary solution 5. By setting the Wronskian
W(x) = W(y1,92) = 119> — Y1¥2,
W (zx) satisfies the following first ODE
W'(z)+a(x)W(x) =0
The solution is
W (z) = ke[ o@de

Therefore, we have first order ODE for y, as follows:

/ y& ko _ [ a(z)dz

Yo— —Y2 = —e¢ 2

? Y1 ? Y1 2)
Example:

y//+3y/:2yzo

Sol: y; = e™*, yo(x) satisfies

—e % ke
Y, — — = —e /3d
e e
y§ + Y = ke=2®
Yy = ce "4+ Ke 2
Exercise:
2%y (x) — dry' — 6y = —6, (3)

(a) if y1(x) = L is one of the complementary solution, solve y, using Wronskian.

WA LARBRIER T8 (—)
g vap3.cte B Sep./8/796
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Wronskian 7

ik

?

(D Fjpz i p kit

Vi Yo cennnnne A .
. , ‘ |
Y1 N Y, = A
b | (nONZErO S
y]_ y2 cees yn

(2)d - HE Y - 5

y +p(X)y +q(x)y=0
i Y.
Y Y
W + p(X)W =0 —>W — y,(given y,)

W =

(3)d &4 5 - &

y +p(X)y +a(x)y= f(x)
Yo =Wy, +U,Y,

{ylul' +y,U, =0 %{yl yzHul}:{o}
y1IU1' + yzyuzl = f yl, yz' uz' f

_>u1"u2‘ _)UI’UZ — yp = y1U1+ y2U2

Wronskian2007. doc % & #
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FERBUE-KITE I

AR BRI

FEE PREUE nfEH REUTER

any ™ + a1y ay Fary +agy = f(x)

HIFER iRy, I E f (2) BRAER R FTEL, BATRIARER f (2) AR B GR, Bk —EESHHE TR
REZHARY,, REAARKTLUREELRE, K Hy,o HEBRAFEREE (method of

undetermined coefficients).

DARETE FREUR KR IERT, B ARV y, BRI A T &

/() yp(2)
" kna™ 4 kp_12™ 4 -+ kx4 kg
e et

sin ax k1 cos ax + ks sin ax

CoSs ax k1 cos ax + ks sin ax

e sinaz | e {cos ax (k,x" + kp_12" "t + -+ kw4 ko) +

sinaz (L,a™ + by 2™+ -+ b+ g) }

z"e cosax

sinax (bpx" + by 2" P+ o+ b+ L) }

e {cos ax (kpx™ + kp_12™t + - 4 kyw + ko) +

Examples: (FFEREBIE) #y” + 9y = cos 3z + 2xe”
HREAERN + 9 = 0ZRBN = £30, TERERS

yn() = ¢1 cos 3x + o sin 3
RIBRERBUE, BRI A
Yp(x) = z(acos 3z + bsin3z) + (kx + £)e”.
RAERR, &

{[—6asin 3z + 6bcos 3z — Yax sin 3z — 9bx cos 3z + 2ke” + (kx + ()e”]

+ 9z(a cos 3z + bsin 3x) + 9(kx + £)e” }
= 6bcos 3z — 6asin 3x + 10kze” + (2k + 100)e”

= cos3z + 2ze”

bR Ba =0, b=L k=1 ¢=—L 7

T . z 1
Yp = Esm?)x—l—(g—%)
RRBIE y = yn + yp = 1 cOs 3T + cosin3x + L sin 3z + (£ — )

(LML)

WA TARRESR T (—)
#1:.COEFF1.ctx #f&: Sep./8/796
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A= SPREARAARSELRRE [0 2K

M H:emmIesm
A B:EwBISH

HEFM 1
- —MEROEIFR, GRE—RPREm , RERZHERE, (25%)
HRKanEl -
CERPREmSYER - H—EREME, A—LEKRRE, RREBZEBRE (B
REBRHEB0.01 ) o

= —WXRmE2FR, BGRE2 RERBm , LERKZ—HESABHZREP , RE
RZMEUBRERREEE—EEZIVE , MERRDAGB HFEA , ¥RTREE

(254 )
= —ERARLEIF S, BRORZHAOBSEBASLE , R EBS BRAL RH
BAEN (35%)
—~BREEBNEL R, VA V. RAEEBAGE , AR
() & a2 X B -
CIB L% B3ERl ik (Approximate — impulse method ) REMEZ BALL B ¢ (257)
[ 1 i 2
- t : ﬁ_ﬁ
ET m K=y P : R
e ]
L - ‘m, ET e S
— 4 — ,
E:- X ———#l
& 3 I 4
CL hpd) HENIER, KRE=M o ——f
: f// l—\
%oyl
+ dj‘%“ Ry ~ 2
Y S T
A4 N e Péy=FulHeos £ 1)
= Kips
LMt R Fo =tookip
TR TR A
— 2 —tH 51=lws.|15x?r-in" T.=£x8H

AT =242’ Kip 2-19



T % . 1 3B
2 5. 1 B94520143
WL L R I
pEp - 2008/03/26
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I 7 A 18T A+ 3B l’t’]f“fy’} A
FERR =R [1] > 3/26 & 5°9A1B94520143 e e

1. ¥05EE x5 y'+cy'+y=0 y(0)=1 y(0)=0

Fizdl c=25,c=2c=1@sy(t) -

i

4
Sol. )c=25= y(t)=§e 2 ——¢e

(2Q)c=2=y(t)=e"+te™

L \/§ 1—1t_ \/§

() c=1= y(t)=e 2 cos(7t)+§e 2 sm(Tt)

D 4 1 ez iR Y ARS P E y(O) R F g B E F 0
At=0.1, N =100

—#—0=25
—&5— o=

GIAF RO M > - B2 8 E 0 P AR ERE R B %G
TR A FREIRS R & .
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I 7 A 1N A% 3B Pﬂf“fy’} A
FERR =R [1] > 3/26 & 5°9A1B94520143 e e

3.d 2. ehf2 45 4 i R E eidR 1) >0 0.010. 11 > T |y(t)| <0.01 -

F-i5y=0015E 8> gtE P Higtgg [ 20001 -

(DF c=25pF> 98t HirtgHF 4> ¢ [ 7 0.01 -

(2)% C=2pF » 9 L6.T4)i HIRIFR4:E 137001 -

(3)% c=25pF > ) 25~62F)fs Hirtg ] 37 0.01 > £ 6.2 )1 (& 4

tg g ~ 7001 E D87 Ftc B Rbgx -] 3+0.01 -

2-22



L AT A P T 3B i

RIS [1] > 3/26 & FHFIBO4520143 iR

L3 e=2 38 y0)=22y(0)=—2fz % » f -y [ 7

y'(0)=0ehfz— Az Mk @[t my(t) EFteng i |-

a2 | 1 1 1 1 | | 1 |
a

d BT B FliidREGAEE SR o d R0 - Banded

SR tE A - koo @ BB A€ STPF R 4o A ARITHN0 o
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L A iy A 38 e
R (CH[1] 0 3/26 0 FHFBOA520143  f Fd F

5. w3 1l.enfz » PUBFRECH B BEE RGNS A E

T A G L2 2 SRR RS 0 P E T A e
YO o 2 b ERL o RBFHES S g BT e

S ih -
c={5.0, 2.5, 2.25, 2.0,1.75,1.50,1.25,1.0, 0.5, 0.0}

RV UER FCEA RGP BIRS iR IFEC B A %
2 B (S B A G PR A 4 A ARITT0 0 %0 c=0pF S B S

P by = FHP ML o
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st 7 A 2P JPYE T A E 3B R
FERG (= [1] > 3/26 & 5°:B94520143 ik £ 4
clear 420
t=sym("t")
delta=0.1;

it c"2-4>0
L1=(-c+(c"2-4)"0.5)/2;
L2=(-c-(c"2-4)"0.5)/2;
cl=det([s,1;v,L2])/det([1,1;L1,L2]);
c2=det([1,s;L1,v])/det([1,1;L1,L2]);
Y=cl*exp(L1*t)+c2*exp(L2*t)
for N=1:100
X(N)=N*delta;
Y1(N)=cl*exp(L1*N*delta)+c2*exp(L2*N*delta);
end
elseif c"2-4==0
L1=-c/2;
cl=det([s,0;v,1])/det([1,0;L1,1]);
c2=det([1,s;L1,v])/det([1,0;L1,1]D);
Y=cl*exp(L1*t)+c2*t*exp(L1*t)
for N=1:100
X(N)=N*delta;
Y1(N)=cl*exp(L1*N*delta)+c2*N*delta*exp(L1*N*delta);
end
elseif cN2-4<0
L1=(-c+i*(4-c"2)"0.5)/2;
L2=(-c-1*(4-c"2)"0.5)/2;
cl=det([s,0;v,1])/det([1,0;-c/2,1]);
c2=det([1,s;-c/2,v])/det([1,0;-c/2,1]);
Y=cl*exp(-c/2*t)*cos(((4-c"2)"0.5)*t/2)+c2*exp(-c/2*t)*sin(((4-c"2)"0.
5*1t)/2)
for N=1:100
X(N)=N*delta;
Y1(N)=cl*exp(-c/2*N*delta)*cos(((4-c"2)"0.5)*N*deltas/2)+c2*exp(-c/2*N*
delta)*sin(((4-c"2)M0.5*N*delta)/2);
end
end
plot(X,Y1l)
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2008.3.8

B » FiER
BERE TR H1]

A IEPMP F R RS &
. Ii‘ﬂ’/\flﬁﬁ ,: wl..
yeerey=0 Y01 Y00

P Lenz iR st AR E YR F tehg it T RE F 0
For e

A EE- At E y(A)yRAY ~y(BAL ...y(NAL) ~y(At) -
b U
B. ;F/E ;Ln B AR ’\‘ v o '&rlﬂ@w;ﬁ ﬁ(m& {2

cd 2.0f3 E 35 0 e pR AR $ chdR 10 3 0.01 0 Tr|y(t)|<0.01 ;

T =20 R Y(0)=22 y(0)=-2f3 % > T e 1
y'(0)=0erjz— Aed h kvt |y F t e it ]

R LR FUBEIRE C AR EERG O 4P
R &g é“ﬁ 188 2973 B eofe st > B T A ¢ e
YO & SR h - ERL o BB HERSEN G 3T F

et o

c={5.0, 2.5, 2.25, 2.0, 1.75, 1.50, 1.25, 1.0, 0.5, 0.0}

B2 p#p . 2008. 3. 26
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u(t) / u(0)

Critically damped, { = 1
Overdamped, { = 2

e

Underdamped, { = 0.1
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R MR B N

Complex Variable and Harmonic Vibration

B

ok

B9 EGT 9P s A MRALAFIGR v EY BLEEAEME R
P B EHIGT BT RFELR By EARE YD LA E Y B A RAT LM
EEF o R A AR T A BRE BRET drh o Ak vy F1 K2
FEEHEOEE A P EAF Y gk iidF o P Sl ERF A o AF
poo g o R F e A S’ 2 o Mg hhe B
Nﬁ& Prelt o FEZNEFTSFIRRREEE c GZATFRINE BB T

% 12% % 54, May 1986)

MRS A TRE ) P MRS E S - EERF I F A H AT
(R ER S PR SRR IERE LRSS SR RSN TS ¥ &
Bodra 5 EmerE s F RS BRI S LAY REARR AR A - e A
2 P X A B RERA RGN hE T ERERRE S X R D H A
RopREFolrg> 3 R2E AL BT L hir Bk {2 > H i
Pl Bl BEALEREE S 2 G ARGR AL TP o AR Bl 17 SR
Bz 22 o X FIfikiRE 2 G- RS ITLAH L EALFREEYFLT
- A& o

EEHREFEL A

- v

- ¥ = 2 4 (aunit harmonic force) ¥ % 7 5

2-28



A
2
T T=22
< > ®
\ s/\\ /\ / f\
A A
N \ [ \
. \ [ [
t=0 _° \\' | | | _
t

Bl H i+ ;E‘_eiwti b |

KoY e B A fdadior i=v-1 0 @ ® A4 F (rad/s) o t & B (sec) o

A FET RN (DL 4 plt)2 £ 720 %% 47 p(t) £2rel® o5z
A pt)i-BHFmE > F- BREFSE &L PE A e'® — cos wt +isin wt %
- BATEC R ZEN - BRESPEE R RM(DAEPASFELRT? 2

p(t)v%e SAPTMGE R API T B E B2 mP o

Bl it - BApR > RyAZFHdh | A i nlkdh e BtF - BER
Bl oz i vF P

g FRERAt=0F Ee ERFER €L M EHTe
4 wiEd 0 A IIIFEE‘?F'&I,LLE,@»’ ERﬁﬂ"Liﬁ-?}a}t’\?ﬁC@l_}?\E
T\ﬁ']%]l,_}ﬁl/f_’ R%P7J}}s,\? ,‘?(5,_55

fi‘é’;’%_??\‘ﬁ\e ]%]21
SBccoswt 2 A % 0 # il de % b4 p(t)=coswt 0 B dp =BT &7 5
eia)’[ y oty p( )/@;;‘»’-"\ Ia)t, B P4 N T
p(t)=R, (')
(2)
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Fh-l dht o Fpte B IER EAS vl

AR P2 BRI ZIHESINGt o BN ()T - Bt
2_kmiE 0 T AR A p(t)ﬁﬁ"‘-l

el e p(t)er-iel? s A ppE o T

Bl iF —

,\~
SN
S
—
I
™
Eﬁ
e
C“:
'y
=
4.
S

p(t) = (p1 + 'pz) et

A iE- i (B AAAPE) B P (TIRIGIP, B AP P, AR O, 4
Bl 3477 > dodep 2 305 & o RIA AR b — RIUN o RS 2 )R] 4

SRR ] TN SR
R

p(t)=R,[(p, +ip, )" ]

= p, cosat - p, sinot

=P, cos(a)t + Hp)
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p(0)=Re| (1 +ip2)e!* |
A A
A A\
/ \ [
// | / \ J, \\
| ‘ \\ c“ “\ s} \
‘ I Fo [
\ Y W A
\ \ [ \ | o
\ ) ‘ t
N
\ | \ J‘ ‘ ‘ \)
R
\ J \ / \ / \
\/ AV} \Vi

W3+ £(p +ipp)e! 2 4p - B4 p(t)=p, cos(wt+8,) 2 12

bsd py & op(t) 2 R1E 0 0, £ p(t) 2 AR ik 40T ST

pO = pl2 + p22 ........................................................................ (7)
tan Hp P
P,

........................................................................... (8)
AN (D) BTN A

~ e R B AP AP 4D, ok TR A
o FERt=02 =¥ 4B 3977 > BR Fhz & & 5 gp ot B AR P 2
HE AW 4 m T i a4 p(t)=p, coslat +6,) 2 A o
ek F o Bt R (AEL - B HAp Bk S AnE S
MEHHY 2 - w g2 g

R 5 E(- RBEXRO=0) RIH A
o B3 2 A0 ) P BT AR K e b e P -

£ 2 4p T F

PG AT B T 20 B
ARIZ o R @iFAA RV L e th% T2 0 MTE A R B Ao 1 4F oA T
- B AER > A T LA ATEARY 0 F R EA T A B R

- B- B Ad R EAR D AT 0 BiFH S 25N G

ERE

my + ¢y + ky = p(t)
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[T 1

L) ()

%]5 "ﬁ{ﬁdﬁ{ﬂ o

PRI m ok pU)REAFR R CBRZAA Y, Y, yRAER @
BE o

;9= EF“%mE'J%aET;V:
y+2§a) y+a) y_prE:) ......................................................... (10)

PR o RA PRI ERAER S E=c/2me, o

P05 - 82— Az KA SN s A H R
y(t):yh(t)+yp(t) .................................................................. (1)

b3y (t) & & % = 2 (homogeneous solution) » y,(t) & 4 % f#(particular
solution) « F 5y, %2 ¢4 p(t) @b » @ 2 FIER 5t g (T » orL§ pF
Bt e >y, 2 18% ﬁ}uﬁ% AR SRS SRR %‘rmﬁ*(tranment solution) » ¥
Hereb 4 mheex f£p d k& j2(free-vibration solution) o y, fgr ¢k 4 p(t)
2N G Mo et F R RAE A Fly, 2 BB 2 ER 0 AN
y(t)=y,(t) > ty,~ 4 5 84 f2(steady-state solution) » FJH g ¢k 4 2 a55¢
7 B wr fLo 414k B f2(force-vibration solution) o ™ 24 i k34 2 4o e 1
WA AR R Y, () 2 A A R

ek pt)dE- 2 s o BHF L 00 &7 e (5)2 4 B A
T2 RIERfRY, ()”‘f\? "UAF B o e
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SFEFAERLIEARAY )T NUDEAF 2 ALL PRI E? - Lkks
=R e ¥l B &rp(t)é Fs? thw”\ (sinawt & cosawt ) » B
Wi Y, (1) 7 5 #3255 (T Asinot+ Beosat ) o 1 & 3ty (t) 2 ff 3475
ﬁrﬁﬁﬁﬂﬁﬂﬂ’¢<ﬁ;:§w§$@»iupﬁﬂa@%g%%o&&
PGB - B H IR G KRB o Aed - A oM F B A PO RCT
REEH S - T 0 oAk B F o PIR I B - s AT
B BFPBRIIBELFERT A CFL AR TR FLF g AL
Gro X deN PRI - 5 EFREADHRY > APL - 2k av#;’n(?'wtﬁq)k-ff:ﬁ;
st o e AL B~ (input) p(t) 2 #% 21 Coutput) y,(t) & F k% (o e 47
F)zpmg s o apt)ey, ()2 iipe > wa HFREAR o %] 2 A
[l 4 f*fiu p ke > et iE— ekt p(t)4est (5)#r5F o R yp(t)f]fu? ezt (12) %
Fodrk k2 R 5 R BlE Ty, (t) 2 p(t) 2 Ap AP e o SRR 2T AL
BAAAEAZARRTF] BRERETT D U230 H A

P12 R N (P2 E NP s Bt BT R 2 e BuR
CRC R B 3504 SLPRGE UL Al

(' mao® + k)yl -Cowy,=pP,
Coy, + ( mae?® + k)y2 =p,

X(13)7 B 2By N e

- mz);+ k) ( m'a‘jf’Jr k)} {;z} _ {Ez} .......................................... (14)

D7 KRBy 2y, 5

B ( mae? + k)pl +Ccap,
W_(wmf+ky+@wy

B -Ca)pl—i—(-ma)z + k)p2
2= Tma? +K)% (o)

T Y, ()2 % F (TIRIE) Y & AR ik O, ] 5

2 2 p
0= 1 , = L0, (16)
Yo TN Y o k) (ca)?
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_ _ 2
taneypzﬁ: Ca’p12+( MO K0Py (17
Y, (-ma?+k)p, +cop,

ETAS

EEV p(t)}. yp(t)fl’@i 3 TF 5|J1 ;\?—3-

p(t)= Re[(p1 + ipz)e“”t]: P, cos(a)t + 49p)

....................................... (18)
y,(t)= Re[(yl + iyz)e"‘"]: Yo cos(a)t + eyp)
A5 ~U6) ~ AT e B i
- (- £2)p, + (28)p,
ma,| (-5 f + (226 |
................................................... (19)
y, = -(228)p, + - 8*)p,
ma,’| (- + (2297 |
yo — . po ................................................... (20)
ma,” \J(L- 87)+(2£B) 2
tand,, = “@EAIP AL BIPs e (21)

- 5*)p, +(228)p,
PR R RS B0, -

brkfER c 3R 0 W E=0 > Bltand,, =tand, > =2y (t) £ p(t) = 4p =48

- B-Rpd R AR5 T oW, k ¢ % p(t)E E4eT AT 0 (D)
Ay, ()2 Herehd p(t)z Ap bl (50 2 () 124 vfer 4 2 8F 4 2% 2

W =49.6x10° Ib
k =100x10° Ib/in
¢ =1125Ib-s/in
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p(t)=p, sin(et+6, )
p, =1000x10° Ib
o =15rad/s

o==
6

i :

OEX ZRE-EY S I

p(t)=po sin(a)t+30°) =po (g sinawt +%cos a)t)

—(p, +ip, )"
LV
=Po _500x10%Ib
P =" x
D, =- £ . =-866x10° I

o 4 p() Bhhdn B E 4 % 4oB] 6 7T

_W _49. 6x10°
©32.2x12

3
o, _\/7 1{100X10 =27.9rad/sec
128.4

=128.4 Ib-s*/in

£e 1125
2ma)n 2><128.4>< 27.9
1) 15
=—=—"-=054
P o 279

n

¢ DF Ry 2y, 5 ¢

y; =3.9in
y, =-13.1in

R AGER - S

Yo = 1/ylz + y22 =13.7in
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tand,, =72 =-3.36 (% 4 %)

Y1

ey, ()2 k)5

y,(t)=13.7sin(et +16.57" )in

A

BI62®TANETHS plt)2 £ apy,t)2 40 e m o =2y (1)1 p(t)

22 &R G

AG=73.43 -60" =13.43

Al Al
0 P, R, 0 Y1 R,
A\ 16571y,
P2 :
g, b
B6 4 p(t) 2 4p - W7 4 y,(t) 240 =W

(2) 4 fi(t)=my, (t)=-ma®y,(t)
s fi(t) gy () F w0 Tip = £180° 0 @ fF A 2 -
#=t5 amplitude) F 4= :

A
~
bo

+

F =mo’y,
=128x(15)° x13.7 = 395.79x10° Ib

a4 fu(t)=cy,(t)=-icoy,(t)
seripe i 4 f(t)ey () 4p £ 90° > f(t)dg s y, (1) 90° » 4o @ 8 #r7 >

9
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PR 4 2% ] FideT o

F,=coy,

=1125x15x13.7 =231.19x10° Ib
g4 f(t)=ky,(t)
s sEE 4 f () ey () F s Grizk) B4 ] 407
Fs = kyo

=100x10°x13.7 =1370x10° Ib
Bl vpend 2 @BE 4 2w BB 87 0 0 =2 K £ £ e p(t)

B(edes ]2 4pin)e

AL

16.57°

B8 fi.fq & fsx 48/

p d =& (Free Vibration)

B 52 - RA Y R kSRR DR TELATES Y pt)=02 58 (14)
P =p, =00 413 REF A RNz BEdL2 FAAREENTE &

&

(_ ma)z + k)2 +(CC{))2 Y (22)

FPRAFLIRBOATTZ - B pd R k2 F 3 258 (frequency equation) ©

10
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PG/ LR

mCOZ FIC@W -K =D ceeeeceeceenneieiieiieiieiieiiiiiietactaseasesencescescncencens (23)
BEH G

> i2i§a)na)-a)n220 ............................................................... (24)

BN LR AR AR A BRI R RS .

;\(24):;-:’& ll“ﬁi 7f§_\ ’ ﬁﬁq;a)-&r'f ‘\.m_'——r :

Fla — Sk g Sz R R 1 0(PECT0) 0 & (25)F B =

1589 @ bk k2 e R 5 (damped frequency) b e 5

iz pd e (ALY ()T AADEFL P

yh(t)z(yl |y2) T (28)

ENCIRE ER SRS STV 28 S

BN (30) %~ (29 @y, ()2 2 5

yh(t):e'gwnt (ASina)dt+BCOSC€)dt) ............................................. (31)

;\<31)#&A£ B""'1 a2 ,:‘ ,/L,\Zt’;'*lir,u_,, ], j_£7 o

v

doir M2 RO SR 0 A - EIER K st(undamped system) o T E=0 o %
11
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0=, » #1331 %

yh(t):ASina)nt-f-BCOS(t)nt ...................................................... (32)

12
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Complex variable for ODE(= =" 4]l

Realx1 + Imaginaryxi

Il

mv(t) + cv(t) + kv(t) =P cosat — mz(t)+cz(t)+kz(t) =P € «— mv(t)+cv(t)+kv(t) =P sina t

! Il

V. (t) = P,cosat + Q. sinat z(t) = Ze” v (t) = P, cosat + Q, sinat
LR (1) Z=2,+i S )
T k(-p) +(268) 2 B Lll-F) - k(-p) +2p)
L) k (1-p°) +(258) o - Ry w15y
"k (1- B +(288) AW 7220 Lk (1-p2) +(228)
K(L-p) +(2)

= where = w\/7 A)

5—_\/% 2ma, ()_F% (1;,82) ~[cos@t +isinat]
k (1-8%) +(2£p)
il (2¢5)

[cosat +isinat]

K(@—p) +(228)

4 & ODE-R. PPT 3 V4] £
2-40




Complex variable for ODE

Realx1 + Imaginaryxi

1 & 1

P, 2 . P 2 -
p=2((-p) +(228)")" | p=2(a-p) +(225))
Z=P,-1Q,=pe
Z(t) = pe’e”
v, (t) = pcos(at + 0) _ p® v (t) = psin(at + 0)
0=tan‘1—%=tan‘1 W25 (9:tan‘1—&=tan‘1 _ 2P
R L . 1- 4
Im Im Im
A A A
P i z, =R sinat P, psin(at + 0) P
~L.
1 Pim input T Im output ot +6
— — —
Re z, = P cosat Re pcos(@t+60)  Re
Complex Re input Re output

M=1: £=0.1: k=1: 6 =-7.5946°

F & ODE-R. PPT Ei, 11’ ] 2
-4




RS — SR Hh-B 58, FHEEHIR
WATER BER

Two sources: external excitation or free vibration with two near frequencies
External excitation

#(t) +w?z(t) = Fcos(Qt)

General solution

: F
x(t) = crcos(wt) +cosin(wt) + mcos(fbﬁ)
Initial conditions to determine ¢; and ¢
2(0) = 0,3(0) = 0
Total solution
x(t) = L{cos(Qt) —cos(wt) }
(W)
Stage 1: excitation
(1) = g feos(92) — cos(eon)}
x(t) = (=) cos cos(w
Stage 2: beating (w = Q)
(1) = g {cos() — cos(on)}
x(t) = =) cos cos(w
—2F Q Q—
x(t) = - QQ)sin( ;—w)tsin( u))t — beating
2F
x(t) = 222 sin(wt) sin(et)

Ft
x(t) = 2—sm(wt) — resonance
w

where ) — w = 2e.

Stage 3: resonance (w = ()

F
x(t) = m{cos(@t) —cos(wt)} — oo

Ft
x(t) = 2—3m(wt) — 00,as t — 00
w

WA TARBRIESR T (—)

g vibl.cte BRE: Sep./8/796
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RS — SR Hh-B 58, FHEEHIR
WATER BER

Two sources: external excitation or free vibration with two near frequencies

case 2: free vibration with two near natural frequencies (pendulum)

wy=4/2

! L
g k a?
/L4122
w2 L YmIe

Initial conditions to determine coefficients
61(0) = 6,,6,(0) = 0
02(0) = 0,92(0) =0

General solution

1 1
0,(t) = éﬁocos(wlt) +§€ocos(w2t)

1 1
Oo(t) = ieocos(wlt) - éﬁocos(wgt)

General solution for beating as 7’7‘“1‘222 is very small
01(t) = HQCOS(WQ it )t cos(w2 e )t
B (1) = Bysin( 2=y sin(P2E 4Ly,

2

As n’i‘fQ = 0, reduce to simple pendulum.
01(t) = bpcos(wit)

Excitation case by support motion instead of external excitation

WA TARBRIER TH (—)
g vib2.cte BERE: Sep./8/796
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RS — SR Hh-B 58, FHEEHIR
WATER BER

Two sources: external excitation or free vibration with two near frequencies

External excitation

#(t) +wx(t) = Feos(wt)

By variation of parameters:

x(t) = ujcos(wt) +ugsin(wt)

Two constraints:
cos(wt)uj + sin(wt)uy, =0
—wsin(wt)uj +wcos(wt)uy = Feos(wt)

Solve u}, uf

uy(t) = %sin(%}t)

(1) = %(1 + cos(2uwt))

Solve w1, usg

F
uy(t) = @cos(th) +c

F 1
ug(t) = ﬂ(t—i- %sz’n(th)) +co

Particular solution contains a complementary solution:

Ft F
x(t) = Q—Sin(wt) + Fcos(wt)
w w

Particular solution:

Ft
x(t) = 2—5m(wt) — resonance
w

WA TARBRIESR TH (—)
g vibd.cte BHE: Sep./8/796
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National Taiwan Ocean University _ ¥ - \
MSVLAB - N X
Department of Harbor and River Engineering
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7o

14:55-15:00, Dec. 13, 2006
(e 7>2F2007-0de.doc)
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e |

A RIp A -

r .
-
o ____output
—_input
No Damping Damping Resonance

fp H‘i FIRI=E R =, %WF H23+4 =3, pp.76-79, 1986.

2-46


http://msvlab.hre.ntou.edu.tw/grades/complex/nodap-t.wmv
http://msvlab.hre.ntou.edu.tw/grades/complex/dap-t.wmv
http://msvlab.hre.ntou.edu.tw/grades/complex/resonance-t.wmv

output

nput  No Damping

.
.

Imaginary

2-47


http://msvlab.hre.ntou.edu.tw/grades/complex/nodap.wmv

output

input Damping

Real

Imaginary 248


http://msvlab.hre.ntou.edu.tw/grades/complex/dap.wmv

output

input Resonance

Real

_Imaginary 249

«


http://msvlab.hre.ntou.edu.tw/grades/complex/resonance.wmv

EATRBRA A FA FREREFTRE

IR R H R bk 52

http://ind.ntou.edu.tw/~msvlab/

E-mail: jtchen@mail.ntou.edu.tw
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(LEFGHE

(JIEFIUR

(WAKBTTEE
B RaE
(FisiIk
(FiFEEE
| ErEESE
(FRIRABER
\(JFasirEE
(SR EHATY
(ABBRSTER
== =
(LEIEAE
(SAFEEE

BERRREY BEY By By

0611408
061147
&1
e 1A
DEA1401
0611401
DEA0S0
De10027
DEA02S
DeA 024
DeA0 3
DeA0 3
oeAa 1
DeA27
DeA27

Fapers

s ETEIERE Y 5550 (since 2003.00.17

WHEFIERE Eral S5FEN - FHEERF A | BHIET @ £EE - Efvg » {AiES - Tk @ FEE

HEPEESESREE S PDE « f5EE Anchat Reader fE iSRS

ICOME 2006 B E 52 $FEEEE Plenary lecture

BRTEEA P2 TR AL A T

S S ENRS RS E ek A TIS S E RSk FIAH - SEsHE T

T 28— (11585 _E72E-02E T 8 (— HHhE » 70 SRAOMELA00HE  SERET AL 20 | (el |
AR R E ST 0B rE |

SR EH T B E LTS

T Els B MR R SR S B S i

5B S R B RS RN SEE S LR E [ BT R R AR
FEATEEES - B - BEE - 52 S s s S s R E e s
#E BRNEE A BESHEHSSSAL L YRS

SRR BHE e I e — i e B R e
FEHEREEEE L ARER

RS ETEN RS o R ST EEAE T IS

SfEem R s me e A = s Alledi MH,  Chen ] T, , Power H

SR TR R R E B BB M, Alisbadi MH, Mukheried, Chen I T, Tanska M, 2-51



iR ER-FEIE I

WA R BRIES

Frame indifference: objectivity

Problem: a SDOF mass-spring system with a mass m and a spring constant & in equilibrium.
A half mass drops out suddenly, Please describe the vibration phenomenon.

Reference 1: x1(t) positive downward from original length of spring

governing equation %:’tl(t)+k;x1(t) = g
initial conditions x1(0) = mg/k,%1(0) =0
m

: m
solution x1(t) = Z_IfCOS(wlt)+2_/€g >0, for any t

where w? = 2k /m.

Reference 2: x4(t) positive downward from equilibrium point

governing equation %:ﬁg(t)—i—k(xg(t)—i—mg/k) = %

initial conditions x2(0) = mg/k,i2(0) =0
solution xo(t) = @cos(wlt) 9

2k 2k

Reference 3: x3(t) positive downward from the lowerest point

governing equation %ig(t)+k(x2(t)+2mg/k;) — g

initial conditions x3(0) = —mg/k,3(0) =0

3
solution x3(t) = %cos(wlt) - %
Discussions:
m 2m

All the three solutions are the same in the physical sense.
All the three solutions obeys the objectivity, i.e. frame indifference

Please plot the three solutions by mathematica.

WA TRBES TH (—)

g vib3.cte BERE: Sep./8/796 252
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YRR BRIES

IREN=Z0Mh- 5. IHEEIIR (using Laplace transform)

Two sources: external excitation or free vibration with two near frequencies

External excitation

#(t) +w?z(t) = cos(wt)

Initial conditions:

By taking Laplace transform, we have

S

2 2 _
(S +w )X(S) = m

Method 1: using L{tf(t)} = —F'(s)

X6) = G oy
—1 —2s
X =5 ety
X(s) = 5—1)6%{—(52 )

Method 2: using convolution

1 S
(s2 + w?) (8% + w?)

X(s) =

x(t) :/0 MCOS(MT)dT

w

Total solution:

.
x(t) = %sm(wt) — resonance

VAT TRMIER T8 (—)

T#1E wib5.cte BHE: Sep./8/796
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== e ie-EEdlIoiE I

AR BRIES

Bessel function

Lengndre function

Jy(x)

Fu(x)

membrane vibration

Gaussian integration, spherical harmonic

ZIZ'Qy” + .flfy/ + (.TQ _ VQ)y =0

(1 -2y —2zy + (n)(n+ 1)y =0

)+ (@ =%)y=0

L{(1— a2y} +nln+ 1)y =0

x = 0 regular singular

x = 0 ordinary point

y(r) = Ziio ™"

y(z) =00 cpx”

JPaJ;Vajﬁay%>Jbay6

P,(x),n € N,nnot € N

00 n x/2)2"
Jo(@) =] /2 P (1)

Po(w) = g g { (2 — 1)}

2nn! dx™

IS wdy(@) Jo(z)dz =0

f—ll Py(z)Pj(x)dx =0

WAT TRBES TH (—)

7HE:besl.ctx BAE: Sep./8/'96
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AR BER

Mechanical system (m, c, k)

mi(t) +ci(t) + kx(t) = p(t)

Electrical system (L, R, C')

LI(t)+RI(t)+CI(t) = E(t)

AT T RBES TH (—)

g elecl.ctx BHE: Sep./8/'96
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x*y"+axy'+by=0 V'+p(X)y+qy=0

D y=x" @ vy, Yo=YiU,
m(m-1)+am+b=0 yu +[2y, +p(X)y,Ju; =0
y=Xx" y=Xx™ u, Y.

@ vy, . Y.EVL u'=v
y”+§y’+x—b2y=0 yV'+[ 2y;+p(¥) y, Jv=0

u, Y, v
u'=v u=[ vdx y,=yu,
YV +(2y; + % yv=0
Y (3) W(x) _ g oo
W:Ivdx y,= Y, U, VY, Yy, =60

3 W(x)=e'""

—J.;dx

Y. Y- VY1 Y. =€

[ Ilp=alx q=b/x]
[ ] (1) (2) (3) (

(mat ho)2@m2z/ 10/ 30
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() -

2003.

9~2004.

— 2 " ’ _
If Y =X is one complementary solution of A=X)Y" =2XY'+2y=0 £inq the other

!

3
one. (1) Y2 = Y1Y (2)Wronskian (3)( Y
@) Y, =Yy,u

(L1—x*)xu" +(2-4x*)u =0

u=v
(L—x*)xv +(2-4x*)v=0
ve K

x*(1—x?%)

u:'[vdx:_—1+ln‘/1+—x+c
X 1-x
1+X
:1+xln‘/—
Y, 1—x

(2) Wronskain

, 2X 1
W — w=0->w(x)=
1—x? ) 1—x?
W= Yoy = ViYe =3
R

1+x
:1+xln1/—
Y, 1—x

(3) (ﬁ) :_yZyi+yly‘2 __W

Y; yr A
1
Y, = yl_[_ZWdX
A

1+x
=1+xIn,/——
Y, 1-x

B 2003

(Legendre.doc)
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Forced vibration of m,c and k system

X(t)

_\A/\/_

m éeim

C

mX+cx+ kx=€” m=1k=1 Q=3

Phase lag between [input «+««-- ] and [output ceee-- ]
No Damping Damping No damping & renonance
Q:w:JE
(c=0) (c=0), c=1 m
(c=0)
4 A
S B Ll

¢ =0,m7,2m7...

¢ =0,m,27...

Amplitude change : %

Phase lag : ¢ =

™

. 1
Amplitude change : —
p ge NG
Phase lag -
A
| o
I\ --I/ | -
-8

Amplitude change : t

2w

Phase lag - ¢ :gw

P F R

% % CV-0ODE-2011. doc

=m 2 %% Sep.28.2006 updated

2011
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BB B B /1 ettt b bR e bbb e bbb 3
L SO 6
Scalar, Vector and TENSOT (1) ....ecviieeieeie et 15
Scalar, Vector and TENSOT (1) ..cvvoeeieecece e 16
FAFFRIFHPAIRE 17
15 () SRS SPRRSRURPTSTSPRTN 18
13 (I | SRRSO 19
Eigenvalues & EIgENVECIONS ........cccveiiiiiiiice et 20
eigenvalue applicatioN(L) .......ccooiveieiie e 21
eigenvalue appliCatioN(2) .......cveiveie i s 24
Frednolm = 3 — FIZ e 28
Cayley-Hamilton ZIZZE BT ..o et 30
MOMENT OF INEITIAL ...c.vevveie e bbb 31
A B T MOMENE OF INEITIAL.....cciiiiicice e 32
P E R AR 39
FEAEAE(R Z 3 GEIE) v 40
3 R (P TR ) oo 41
A <SSP 42
HEIMITIAN MALTIX....eteitiieiic e sre s nre s 65
FE P 1 SKY HNE(F B BOSION) eovvivieiiiiciieect e 66
Role Of €IgeNVECIOr FOr AL........oiiee e 67
B I BT R L 7 AT N s 68
LG U 0] V7o) [ TSSO SURSUPSRRP 69
R BB T 2 o0 2N e re e 71
FAETE B*3 B Z et ns 72
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B S B ERTIR R AR AR N TIZ 2 B 74

A new point of view for the polar decomposition using singular value decomposition
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[P EIEERRE: PRl 4 po )RR 2B(2008)

a=(-141,b=(010),c=(100)

1L o=

2. a-b=

3. axb=
4. @X?'QZ

5 a,b,c arelinear independent? (Yes or No)

4 2
10. A:{2 J is singular ¥ ('Yes or No)

11. Ax=0,Find x(x=0)

4 2
12. V= AV | find eigenvectors and eigenvalues.

2

IS (T 2—?@1’4%{%?5}%3%?&#&1 FHEEE [2008 7+ F[H £, © Test2008.doc/5 3y A 5] # ]
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BEDH-LIEHE (2
WA T % BRIES

e Vector :

© X N e g W=

—_
e

directional cosines

inner product(work,projection)
outer product(area vector,moment)
unit vecor

maginitude, length

point description

projection theorem

triple product

line description

plane description

e Vector space:

© X N oW

—_
e

linear combinations
subspace

basis

dimension

linearly dependent
linearlly independent
Gram-Schimidt process
orthogonal

row vector, column vector

functional space

e Tensor :

1.
2.
3.
4.

rank 0 — scalar(length, enengy, work)
rank 1 — vector(position,displacement, velocity, acceleration)
rank 2 — moment of inertia, stress and strain

transformation law

WA TRBRIES MEM-TREHE ()

g vectorl.ctx BfE: Sep./8/°95
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Wz S@siEA 8 hiAs 2B 1aEd (-) St S fio
7 & (tensor) 22 H 3 ¢
R g 'rhq!% 2§ fz2 &% E o (Transformation law)
AN R ARk RGP - FpskE (e ) PR A o

X, X, _ X,
A X2 A
X -
X
0
>X, 'Xl
new
original
B l-a @ 1-b B 1-c
Bix
- > 7 FRRIEFIT 7 ARk SURRIFF > STRRLE R B R R R G
SREEM GREpE o
X cos(d) sin(0) L
Y,| |-sin(@) cos(d) (1)

PRdcR s =click g FRHBREZHE 2 fE#H e E (- BRE)MF- = (4o (1)

. " , L cos(d) sin(9) | .
N RBEE PR ERZ = S = ¢ B o
PR EEMEENNGE 2 {—sin(e) cos(e)} & 3

& #% =L (Transformation matrix) :
FTERER e > VA ATEMT M AT o WP 4T o

FRHEELLI[L] BpAF L A7 0@ 6 2 ATIRE E jRhend & o R
L; = COS(Hij) 2
PO L G

[cos( ) cos(6, )} {cos(e) sin(&)}

cos(d,,) cos(d,,) sin(d) cos(#) )
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ABSTRACT: In this study, we developed a computer program to simulate the trans-
formation of plane stress by using Visual Basic.NET. We applied the equations of stress
transformation to plane stress problems to calculate the stresses with respect to the 1—2 axes,
which are rotated counterclockwise through an angle 6 about the x—y origin, and showed the
visual results on the screen. In addition, we used animation to observe the change of plane
stress. This program was then used in teaching courses, such as Mechanics of Materials and
Linear Algebra. Use of the software may help students to understand principal stresses,
principal axes, Mohr’s circle, eigenvalues, eigenvectors, similar matrices, and invariants. ©2008
Wiley Periodicals, Inc. Comput Appl Eng Educ 17: 25—-33, 2009; Published online in Wiley InterScience

(www.interscience.wiley.com); DOI 10.1002/cae.20180

Keywords: plane stress; principal stresses; principal axes; Mohr's circle; eigenvalues;

eigenvectors; similar matrices; invariants

INTRODUCTION

Computer simulations are methods to help students
understand a new concept quickly. They have been
proven to be an efficient tool both in teaching and self
learning [1]. Many researchers have developed
computer software for educational purposes. Vidaurre
et al. [2] developed simulation programs for curve
fitting, wheel motion, and frictions. Lee [3] developed

Correspondence to W.-P. Lee (wplee @fcu.edu.tw).
© 2008 Wiley Periodicals Inc.

a series of physics simulations. Chimenti and Ochs [4]
developed a 3-D simulator for moments of inertia.

This article reports on a digital simulation for the
transformation of plane stress. We chose this topic
because this simulation can be used to teach many
concepts that are not straightforward for students to
comprehend.

In linear algebra, students who learn eigenvalue
problems for the first time usually have difficulties in
understanding the problems. However, eigenvalue
problems are very important in science and engineer-
ing. So, we designed a simulation to illustrate
the eigenvalue problem through plane stress

25



26 LEE ET AL.

transformation. For each different problem, eigen-
values usually have special physical meanings. More-
over, the corresponding eigenvectors usually indicate
directions that have special meanings. If a graphical
demonstration is given, students will then have a
better understanding of the meaning of eigenvalues
and eigenvectors.

Teachers generally agree that some concepts in
eigenvalue problems often confuse students. There-
fore, we try to provide a tool for students to observe
the meaning of the problems. With Visual Basic.NET
[5] as our platform, we use transformation of plane
stress problems to illustrate eigenvalue problems.
The stress status in an infinitesimal element of a
continuum material can be described as a symmetric
matrix [6]. Through graphical illustration, students
can easily understand some difficult concepts of
eigenvalue problems, such as: similar matrices,
physical meaning of eigenvalues, physical meaning
of eigenvectors, invariance of trace, invariance of
determinant, principal stress, principal direction,
maximum shear stress, average stress, etc.

THEORY IN TRANFORMATION OF
PLANE STRESS

The theory of transformation of plane stress has been
developed for a long time and is well established [6].
We will briefly state it for convenience.

A general three-dimensional state of stress of an
infinitesimal element in a continuum material can be
expressed by nine stress components G; (where i,
j=x, y, or z), as shown in Figure 1. According to
conventional subscript notation, when i = j, the stress

Cyy g’
v
G}-z G‘x}-
G.ZY .{fxx Z
.
Gy | 7F

G‘?
b
Figure 1 General three-dimensional stresses acting on an

infinitesimal element of a continuum material with respect
to the x—y—z axes.

component is a normal stress; and when i#j, the
stress component is a shear stress. The first subscript
represents the direction of the outward normal to the
face on which the stress component acts, and
the second subscript refers to the direction in which
the stress component itself acts [7].

It is to be noted that 6;; is equal to G;; because of
the reciprocity of shear stress. This means that if we
write G;; in matrix form, it will be a symmetric matrix.
It is also to be noted that o;; is a tension stress when its
value is positive and G;; is a compressive stress when
its value is negative. On the other hand, o is a shear
component no mater whether its value is positive or
negative.

In our study, we will concentrate on plane stress
problems instead of general three-dimensional prob-
lems because two-dimensional plane stress problems
are easier to explain to students and easier to illustrate
on a computer screen.

In order to describe the stress state of an
infinitesimal element of a continuum material under
plane stresses, we need a 2 by 2 stress matrix:

oo {cxx ny] (1)

Oyx Oy

The four entries in the stress matrix (1) represent
the stresses acting on the element with respect to the
x—y coordinates and are shown in Figure 2. The
values of o, and G, are the same, due to reciprocity
of shear stresses in Mechanics of Materials. Hence,
the stress matrix (1) is symmetric. That is, there are
only three independent entries in the stress matrix.
The normal stresses acting on the opposite side of the
element are equal because the element is vanishingly
small.

If we describe the stress state of the element using
a new 1-—2 coordinate system, which is rotated

T yy
i

5"] o
T xx AT
i
G-‘ X l l
Xy
T
T yy

Figure 2 The plane stresses acting on an infinitesimal
element of a continuum material with respect to the x—y
axes.



counterclockwise through an angle 6 about the x—y
origin, we need another 2 by 2 symmetric matrix:

o = {G” 6‘2} 2)

G211 O22

The four entries in the stress matrix (2) represent
the stresses acting on the element with respect to the
1—2 axes and are shown in Figure 3. Similarly, there
are only three independent entries in the stress matrix,
since the matrix is symmetric. The 1—-2 axes are
rotated counterclockwise through an angle 0 about the
Xx—y origin.

The two stress matrices mentioned above actually
describe the same physical phenomenon with respect
to different coordinate systems. Therefore, they are
related to each other. We will now derive the relation
between them.

Consider the vanishingly small element shown in
Figure 4. The inclined surface has an outward normal
pointing to the 1 axis, which is rotated from the x axis
counterclockwise through an angle 0. From the force
equilibrium equations in the horizontal direction and
vertical direction, we can obtain the following
equations

o1 cosO — oyp sin 6
0s 6 cos 0 3)
RS UL
w Y cos®
A A
o11 sin6 + o1, cos 0
cos 0 cos 0 4)
oA GuAS®
v P cos®
F v
2
T22
2 o 1
#21 0'12 11
8
a | "
X
a1l Ty
T3

Figure 3 The plane stresses acting on an element with
respect to the 1-2 axes. The 1-2 axes are rotated
counterclockwise through an angle 6 from the original
X—y axes.
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where A is the area of the vertical surface shown in
Figure 4 [8].
Simplifying the above two equations, we have

G11c080 — G128in 0 = G,,cos O + Oy,sin O (5)

G118in0 + ©1c08 0 = G,cos 0 + Oysin®  (6)

Solving the system of linear Equations (5) and
(6), we have

O] = 0,,c0820 + 26,,sin0cos O + nysinze (7)

G12 = (Gyy — Gy )sin 0.cos O — G,y (sin’0 — cos0),
(8)

The value of G5, can be derived from Equation
(7) by changing 0 to 8+ 90°, since the 2 axis is 90°
counterclockwise from the 1 axis. Thus, we have

G2 = G,sin’0 — 20,,sin Ocos O + ,,c0s%0,  (9)

Equations (7—9) state the relation between the
two stress matrices and are widely used in Mechanics
of Materials [6—9].

As can be seen from Equation (7), the normal
stress is a function of 0. That is, the normal stress
varies with angle 0. The maximum and minimum
values of the normal stress are called the principal
stresses. If we differentiate G;; in Equation (7) with
respect to 0 and set it equal to zero, we obtain

d
% = — (O — Oyy)sin 26 + 26,,c0s20 = 0. (10)

':r]{}{

O xy
F vy

Figure 4 The stresses acting on an element with an
inclined side whose normal has an angle +6 from the x axis.
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Solving the above equation, we have

20,
tan 20, = Oy

Oxx — ny ’ (1 1)
in which 0, is used in place of 0 to denote the angles
defining the principle axes.

From Equation (11), two values of 0, can be
obtained. The two 0, differ with an angle 90° from the
definition of tangent. For one of the two values of 0,,
the normal stress is a maximum, and for the other the
normal stress is a minimum. That is, when G reaches
its maximum, G,, will reach a minimum because the
two 0, differ with an angle 90°. Similarly, if oy, is
a minimum, G,, will be a maximum. Substituting 0,
into Equation (8), we can also find that when the
normal stresses reach maximum or minimum, the
shear stress will be zero.

Rearranging Equations (7) and (8), we can obtain

Gyx + Oy 2 Gyx — Oy 2
-2 s - (255

(12)

The above equation is a circle of radius
\/ (o — Oy)/ 2)% + o2, with a center at ((Gy + Gyy)/
2, 0). It was developéd by Mohr and is called
Mohr’s circle [6]. Mohr’s circle provides an alternative
way to solve stress transformation problems. This
graphical illustration, although developed more than
100 years ago, is still widely used in engineering. Thus,
we also provide this circle in the program for user
reference.

Summarizing Equations (7—9) in linear algebraic
form, we have the following equation:

Ot O12| _
O12 Ox

. ~1 .
cos® —sin0 Gix Oy ||cos® —sin®
sin® cos© Gy Oy || sin® cos |’

(13)
or in simplified form
o =T 'oT
Note that the first matrix in the right hand side of
Equation (13) is an inverse of a transformation matrix

T. In some articles [10], the inverse is replaced by a
transpose as follows:

[G 1 on ] B
G2 O22
. t .
cos® —sin@| [Oxy Oy ||cos® —sin®
sin® cos® | o, Oy || sin® cosO

| a9

Equations (13) and (14) are both correct, because
the transformation matrix 7 in these two equations is
an orthogonal matrix. That is, the two columns in the
transformation matrix 7 are orthogonal to each other
and have unit length. In linear algebra, the inverse of
an orthogonal matrix equals its transpose.

We can also find two invariants /; and I, from
Equations (7-9).

I, = 011 + G2 = Oy + Oy, = trace(c) = trace(c”)
(15)

2
* (16)
= det (o) = det (¢')

From Equation (15), we note that when o is a
maximum, G,, will be a minimum, since the sum of
o1 and o5, iS an invariant.

In linear algebra, a general eigenvalue problem
can be stated as

2
I, = 061162 — 6], = 6,0y, — C

Ax =, (17)

where A is an n by n matrix, A is the eigenvalue of A,
and the vector x is the corresponding eigenvector of A.
Note that if x is a zero vector, Equation (17) is
automatically satisfied. However, if x is a zero vector,
it is not an eigenvector by definition [11].

In our case, the matrix A is replaced by the 2 by 2
stress matrix with respect to the x—y axes. The explicit
form of the eigenvalue problem becomes

[% %l [xl_ :x[xl'. (18)

Oxy Oyy .X2_ .X2_

Moving the right hand side to the left, we have

[cm—x cng] (19)

Oy Oy — M| [ X2

In order to get a nonzero solution of x; and x, for
the above system of linear equations, the determinant
of the matrix in Equation (19) must be zero. Thus, we
have

W — (0w + Oy)h + (OxOyy — G)zcy) =0 (20

Equation (20) is called the characteristic equation.
The roots of the equation are the eigenvalues. Because
the characteristic equation of the two-dimensional stress
matrix is second order, we have two eigenvalues,
namely A, and A,. Substituting the two eigenvalues into
Equation (19), we can solve the corresponding two
eigenvectors: ¢; and e;. Thus, we have

Oxx  Oxy _
|:ny G),),}el_klel (21)



Gy Oy
€y = 7\.26‘2 (22)
[ Oxy Oy } - -

Rearranging Equations (21) and (22), we obtain

Bl ;ﬂﬂe_l e_z]_l[z” g"’l[e_l o]
xy yy
(23)

Comparing Equations (13) and (23), we note that
if we choose an appropriate angle 0, the trans-
formation matrix in Equation (13) will consist of the
eigenvectors in its columns, and the left hand side of
Equation (13) will be diagonalized.

Since the two stress matrices describe the same
phenomenon, they share many common properties. In
linear algebra, the two matrices are called similar
matrices. They have the same eigenvalues, the same
trace, the same determinant, but different eigenvec-
tors. Although their eigenvectors are different in
mathematical form, the directions of the eigenvectors
are actually the same in real space.

It is also to be noted from linear algebra that the
two similar matrices of size 2 by 2 have two
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invariants, namely: trace and determinant [11]. The
two invariants can be derived from Equation (20).
Their mathematical expressions are stated in Equa-
tions (15) and (16).

For three dimensional stress problems, we will
still obtain an equation similar to Equation (13).
However, we will have three eigenvalues and three
eigenvectors. We will also have three invariants for
three dimensional problems.

PROGRAM IMPLEMENTATION

A digital simulation program was then written from
the above theory by using Microsoft Visual.Basic.-
NET. Figure 5 shows the appearance of the program
on the screen. The stress matrix with respect to x—y
axes can be entered from the lower left corner. Also,
the angle of 1—2 axes with respect to the original x—y
axes can also be entered from the lower left corner. We
can now click the “calculate” button to calculate the
stress matrix with respect to 1—2 coordinates. Then
the computer will calculate the new stress matrix

- ]
i denol ‘ deno5 |
denn? ‘ denob |
denod ‘ denoT |
demnod
-
fest 4] | | slow
o, =[50 wa o, =60 npa mlwlm ﬂimﬁisﬁ o, = [150.00 s o, =[50.00 wps
Ty ~B0wrs Cw= [0 wpa  amimation| "FERZ®| o FT00 o, =000 ws
angle &= ) clear | Find A, e
A= e = A= €= A= e' = Ay= e?_’=
trace= determinant= 1races deterninant= ﬂ

Figure 5 The appearance of the program on the screen. The stress matrix with respect to the x—y
axes can be entered from the lower left corner. The angle of 1—2 axes with respect to the original x—y
axes can also be entered from the lower left corner.
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automatically. The results of the new stress matrix will
be shown on the lower right corner of the screen. A
graphical illustration will also be plotted on the large
upper left panel.

As can be seen from Figure 5, the original stress
matrix and the angle in this particular case is selected
to be

150 50
~ 150 70

} (MPa), and 6 = 0°.

If we press the “principal stresses’ button, the
software will calculate the eigenvalues and the
corresponding eigenvectors of the original stress
matrix 6. The graphical results and the new stress
matrix ¢’ will be shown in Figure 6. For the
stress problem, the eigenvalues represent the principal
stresses and the eigenvectors represent the directions
of the principal axes.

As can be seen from Figure 6, the shear stress is
zero if we describe the stress state of the infinitesimal

element with respect to the 1—2 axes. The stress
matrix with respect to 1—2 axes, shown in the lower
right quadrant, is a diagonal matrix. The angle is
25.67° in this particular case. That is, when the 1—2
axes are rotated 25.67° from the x—y axes counter-
clockwise, the shear stress will be zero; the normal
stresses reach maximum or minimum values and are
called the principal stresses.

If we press the “Find A, e” button, the program
will calculate the eigenvalues and the corresponding
eigenvectors for both of the matrices and will show
the numerical values at the bottom of the screen. As
can be seen from Figure 6, the two matrices have the
same eigenvalues but different eigenvectors. Although
the eigenvectors are different in mathematical form,
they point to the same direction in real space. For
example, the first eigenvector e; = (0.90,0.43)" in the
x—y coordinate system points in the same direction as
¢} = (1.00,0.00)" in the 1—2 coordinate system. The
traces and determinants of the two matrices are also

shown at the bottom of the screen.

demol | denod
demonZ | denod |
demod | demoT |

=t |

trace=  ZZ0 determinant= BO00

animation
speed
fast 4] | »| slom
principal
o, =150 s T ™ [e0 HFPa palculete stresses o, = |174.03 wpa o; =10.00  jpa
- - mazimm shear
T =[50 W T = J!_j.'g WPs animation T o, = [0.00 ps o, =[45.87 e
angle 8 =[t. 87 ——
B clear Find &, e
0. 30 -, 43 : : L.00 : . 0. 00
A =lTan3e - A,=95.97 €3 = A =174.08 ¢' = A= 597 &'
: o043 ¥ BN} 0. 00 = Lo

trace= Z20.00 determinant= 8000, L6 BALL

Figure 6 The appearance of program if the “principal stress” and the “Find 4, ¢’ buttons have
been pressed. The two stress matrices are similar. The angle is 25.67° in this particular case. The
principal stresses are 174.03 and 45.97 MPa.
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The value of the angle 25.67° can be calculated
from Equation (11):

1 1<2><50

2\ T50-70

~ 25.67°
; ) ~zsar

or from the eigenvector.

0.43
tan~! (W) ~ 25.67°

In this particular case, the principal stresses
are 174.03 and 45.97 MPa as shown in Figure 6. The
traces and the determinants of the two matrices are the
same regardless of the angle 0. Because the trace and
determinant do not vary with angle, they are called
invariants. The mathematical expressions of the two
invariants for this example are:

150 + 70 = 174.03 + 45.97
(150)(70) — (50)(50) ~ (174.03)(45.97) — 02
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If we press the ‘““maximum shear stress’ button,
the software will calculate the direction of the axes
and the corresponding stresses. The graphical results
are also shown in Figure 7. As can been seen from
Figure 7, the rotation angle is —19.33°. The shear
stress reaches a maximum value of 64.03 MPa. The
normal stresses with respect to the 1—2 axes are
equal and are both equal to 110 MPa. This value of
normal stresses is the average of the two original
normal stresses. Thus, when the shear stress reaches
its maximum, the normal stresses are equal to the
average stress. The mathematical expressions of the
two invariants for this example are:

150 +70 =110+ 110

(150)(70) — (50)(50) ~ (110)(110) — (64.03)(64.03)
If we press the “animation’ button, the software

will rotate the 1—2 axes automatically. The stresses

for every rotational angle will be shown in the lower
right quadrant and the graphical presentation will also

¥ demol | deno$
deno? I denob |
demod | denoT |
demod
Mohr's Circle
(110,64.03) 'l%
X (70,500 ¢ ,—t-"_.}'_“--\._\‘
AT e
/ % \
| S
L, r
animaticn \\ \ /‘
spee \\ ] /x
- -~
fast 4] | +| slom (UUTE._K[EF]F (150,50
principal
G, =[150 wpa &, =[50 aloulate | o1 ecses &y, = [110.00 ypa
Ty T, =0 animation | "n ™| 5 - [L03 wa o, =[110.00 wpa
angle 8 =[T7g 4% T
= LE clear | |Find 4, e
. 0.71 -0.71
0,50 -0, 43
2 =170038 = 1 =4597 A'—1me.03 g = Al g5.97 &=
: o043 i 0.80 0.7L - 0l
trace= 220 determinant= 8000 trace= Z2Z0.00 determinant= 8000, L6 BALL

Figure 7 The appearance of the program if the ‘“maximum shear stress” button is pressed. The
shear stress reaches a maximum value of 64.03 MPa, while the two normal stresses are equal to 110
MPa. The rotational angle is —19.33°. The two stress matrices are similar.
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be plotted. The rotational speed can be controlled by
the “animation speed” controller.

Because some students are not familiar with the
topics, they may have difficulties when entering the
initial values. Seven ‘““demo’ buttons are provided in
the upper right corner. If the students press one of the
seven buttons, the software will enter values of a
special case automatically. The seven demo buttons
give case of pure tension, pure compression, pure
shear, and some general cases.

The Mohr’s circle will also be provided in the
lower right corner for every special case if the mouse
moves over the lower right Mohr’s circle plotting
panel. Mohr’s circle is an alternative way to solve
plane stress transformation problems. In Mohr’s
circle, the horizontal axis represents normal stress
while the vertical axis represents shear stress. A shear
stress, which tends to rotate the infinitesimal element
clockwise, will be drawn above the horizontal axis. As
can be seen from Figure 7, a point denoted as “x” has
coordinates (150,50) on the Mohr’s circle. This means
that the normal stress is 150 MPa, and the shear stress
is 50 MPa, which tends to rotate the infinitesimal
element counterclockwise. Therefore, the point “x” is
drawn below the horizontal axis. If we rotate 38.66°
(twice of 19.33°) clockwise from the “x” point, we
will reach the bottom of the circle, denoted as ““1”° in
the Mohr’s circle panel, which gives us the normal
stress as 110 MPa and shear stress as 64.03 MPa
counterclockwise.

STUDENT EXPERIENCE

This software was used to teach courses such as
Mechanics of Materials and Linear Algebra. The
students used different sets of stress matrix values and
rotational angle values to observe the relations among
quantities. The preliminary results are quite satisfac-
tory. Most students have very positive responses to
this software.

In Mechanics of Materials, students seem to have
higher interest levels since a graphical presentation is
provided. Last year, when we did not use this software
in teaching Mechanics of Materials, the average
feedback from the students at the end of the semester
was 3.94 on a 5 point scale. After we used this
software this year, the feedback was 4.12. Students
seem to have a better understanding of plane stresses,
principal stresses, principal axes, maximum shear
stresses, and transformation of stresses. Then we
include the stress transformation problems in the final
exam. However, the improvement in the final exam is
small. Last year, the average of the final exam was

63.5. This year the average is 64.1. This is probably
because we teach the two approaches in solving stress
transformation problems. Last year’s students con-
centrated on traditional Equations (7—9). Meanwhile,
this year’s students study both the traditional approach
and linear algebra approach (13), so the improvement
is small. Although the difference in exams is minor,
the linear algebra approach, Equation (13), is much
easier to memorize than Equations (7—9). Probably,
this software may help students more in the long term.

In Linear Algebra, students will realize that
eigenvalue problems can be applied in stress trans-
formation. Students will have a higher motivation to
learn how to solve eigenvalue problems. Before we used
this software in teaching Linear Algebra, the feedback
from the students at the end of the semester was 3.84 on
a 5 point scale. After we used this software, the
feedback was 4.22. The students tend to have a better
understanding of eigenvalues, eigenvectors, symmetric
matrices, similar matrices, orthogonality of eigenvec-
tors, linear transformation, invariants, and diagonaliza-
tion. Moreover, the improvement in the final exam is
quite significant. In our course schedule, eigenvalue
problems do not appear in the midterm exam, but they
play a major part in the final exam. Last year, the
average of the final exam was 65.5. This year, the
average was 72.3. This is probably because students
think eigenvalue problems are important.

In Taiwan, Students usually take Linear Algebra
during their first year and take Mechanics of Materials
during their second or third year in university. It is to
be noted that students in Taiwan take Linear Algebra
from the faculty of their own department, not from the
faculty of mathematics. Therefore, students who are
taking Linear Algebra in our departments understand
that they will have to learn plane stress transformation
at a later time.

This program is designed for students in engi-
neering who are studying Mechanics of Materials or
Linear Algebra for the first time in the university level.
If this program is used to teach students in other fields,
such as mathematics, the instructors may have to
explain concepts in mechanics very clearly.

It is generally not easy to compare the responses
from students because the students are different
from year to year. The analysis of responses from
students is still quite preliminary. We intend to continue
to study students’ responses to improve our software.

CONCLUSIONS
This computer program provides a powerful tool for

students to understand transformation to plane stress
problems. It calculates the stresses with respect to the
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1-2 axes, which are rotated counterclockwise
through an angle 6 about the x—y origin, and shows
the visual results on the screen. In addition, students
can use animation to observe the change of plane
stress. This program can also find the eigenvalues and
eigenvectors of the two stress matrices. The program
was used in teaching courses, such as Mechanics of
Materials and Linear Algebra. The students’ motiva-
tion was highly increased. The students tended to have
higher interest levels and tended to have a better
understanding of principal stresses, principal direc-
tions, Mohr’s circle, eigenvalues, eigenvectors, sim-
ilar matrices, and invariants.
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Scalar, Vector and Tensor'

1

(~a,~a); ) (0. , o

x1-%9 coordinate system -z, coordinate system

1.

Square ABCD can be described in 129 and x ), coordinates.

(1).
(2)-
(3)-

(4).

Express the coordinates for A’, B’, C' and D’ in terms of z/, z}, coordinate system.
Determine the length of AC and BD in both coordinates. Discuss the result.

— —
Determine the vectors of AC' and BD in both coordinates. Also, find the inner

and outer products of AC and BD. Any difference between the two coordinate
discriptions? Find the area of ABC'D.

If a vector can be expressed by (v, v9) and (v}, v}) in x; —z5 and x| — 2, coordinate
system, respectively, find the matrix T if

=]

. Find ]11, 112, ]21 and [22 if Iij = fA (L’Zl'JdA
. Find [1/1/, [1/2/, [2/1/ and [2/2/ if Ii’j’ = fA .fL',L/.fL'j/dA

. If moment of inertia can be expressed by Iy, I12, Io1, oo and Iy, Lo, Iors, Ioor in

x1 — x9 and x| — x4, coordinate system, respectively, find the matrix A if

Ly Ty r| In o
=A A
[ [2/1/ 12/2/ :| 121 [22

. Compare ]11 + IQQ with 11/1/ + 12/2/

. Compare
Ly Iip , L Ty
det with  det
‘]21 I3 Ly Iy

(10). Find the eigenvalues and eigenvectors for the two matrix.

2. Classify all the calulated quantities to scalar, vector or rank-2 tensor.

Tensor rank name physical quantity
0 scalar
1 vector
2 tensor(2)

WA TABRIES REDN

rE tensorl.ctx BRE: Mar/1/°96
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Scalar, Vector and Tensor I

T Ty Ty

X1

(~a,~a)b ) (a,~a) , o

xr1-To coordinate system :1:’1—3:’2 coordinate system
(1). Scalar transformation
c=c

2). If a vector can be expressed by (vi,v2) and (v}, v5) in x; — 29 and 2} — 2/, coordinate
Y 1, U2 1 2
system, respectively, find the matrix 7" if

= 0 )

(3). If moment of inertia can be expressed by I11, I1, Io1, Ioo and Iyryr, Iyror, Inns, I in @y — o
and x| — !, coordinate system, respectively, find the matrix A if

Il/ll [1/2/ t Ill [12
=T T
[12'1' 12/2/} ) {121 Ly ][ |

WA LARBRIESR REST ()
Fig tensor2.cte B Mar./1/796
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Bl o @< Fipia 1 ey o7slif 4 F 3# % (tensor) |

Are they tensors ?

(a) (x2 ,-x1) (b) (&2 ,x) (c) (x%x)

2 —
(d) [Tii] = [ " Xlzxz}
— XX, X
(e) Stress, strain, traction, displacement vector, force vector,
(f) moment of inertia ?
(2) |ij = j(r25ij — Xin)dA dynamics

[ giE]s5emEa > P12 2007/9/11 > #ifi € + elasticity-2007/tensor-what.doc ] Bﬁi}%‘(iﬁi‘fyﬁﬁﬁs’%ﬁ?&
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. Find eigenvalues of A.

. Find eigenvectors of A.

. Find A3 — A2 — A+ 1.

. Find C and D, such that AC' = CD.
. Find e?.

. Find A%,

. Find sin(A).

. Find A2

. Find rank of A.

). Find nullity of A.
). Is A singular ?

. Find eigenvalues of A.
. Find eigenvectors of A.

. Find C and D, such that AC' = CD.

-2
A= 0
0

. Find eigenvalues of A.

. Find eigenvectors of A.

. Find C and D, such that AC' = CD.
. Find A0,

o o
N )

|

WA TRBIER - TREEE (D)
R math2ex1.cte . Mar/18/°96
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Why matrice ?

10.

. Force equilibrium
. Flow equilibrium

. Least square

Quadratic form
Grapph theory
Game theory

Geometric interpretation

. Numerical method

. Magic squares

16 2 3 13
5 11 10 8
9 7 6 12
4 14 15 1

Linear transformation (y = Ax)

Matrice operation:

10.

. Addition (C=A+B)
. Multilpication (E=AB)

. Decomposition (F=RU=VR)

Transpose (G = CT)

. Eigenvalues and eigenvectors (Ax = Ax)

Similar matrices and diagonalization (AC=CD)

Inverse, determinant and Cramer’s rule (A™!, detA)

Symmetric matrices and orthogonal diagonalization (AT = A = ®T D)
Singularity, rank and nullity

e, matrice differential equation and Cayley-Hamilton theorem (x = Ax)

VR LRBIES SR TRHE (Z)
e matricel.ctx BRE: Mar./16/796
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Eigenvalues & Eigenvectors

(1) moment of inertia (mechanics of materials)

. y .
y X
major axis
minor axis
N " X

€ross section

(2) coordinate transformation

. y .
y X
ax> +bxy +cy’ =d?
X2 y2
> x 374‘7:1
a b

(3) Stress & strain(Mohr circle)

/ \\UX,%) /
(ay,—ax\y\J (IY’E')\

(4) Deformation
A

v

\\(lx,m

(a) Rotating and stretching
(b) Stretching and rotating

(5) Free vibration (natural frequency and natural mode) Two DOFs

HRE JTCHEN EETIES Eigen08.doc 7 B¢~ FEF
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NORMAL MODES

frequency corresponds to a solution where the string and rod are moving with
opposite phase and x; : x; = 9.359 : —16.718. The two situations are shown in
figure 9.1.

In connection with quadratic forms it was shown in section 8.17 how to make
a change of coordinates such that the matrix for a particular form becomes
diagonal. In exercise 9.6 a method is developed for diagonalising simultaneously
two quadratic forms (though the transformation matrix may not be orthogonal).
If this process is carried out for A and B in a general system undergoing stable
oscillations, the kinetic and potential energies in the new variables #; take the
forms

T=) wif =n"Mn,  M=diag (... an), (9.11)

1

V=> vn;=n'Nn,  N=diag (v.v2....vN), (9.12)

and the equations of motion are the uncoupled equations
uiiq'i—l—vmi:O, i = 1,2,...,N. (913)

Clearly a simple renormalisation of the #; can be made that reduces all the y;
in (9.11) to unity. When this is done the variables so formed are called normal
coordinates and equations (9.13) the normal equations.

When a system is executing one of these simple harmonic motions it is said to
be in a normal mode, and once started in such a mode it will repeat its motion
exactly after each interval of 2m/w;. Any arbitrary motion of the system may
be written as a superposition of the normal modes, and each component mode
will execute harmonic motion with the corresponding eigenfrequency; however,
unless by chance the eigenfrequencies are in integer relationship, the system will
never return to its initial configuration after any finite time interval.

As a second example we will consider a number of masses coupled together by
springs. For this type of situation the potential and kinetic energies are automat-
ically quadratic functions of the coordinates and their derivatives, provided the
elastic limits of the springs are not exceeded, and the oscillations do not have to
be vanishingly small for the analysis to be valid.

» Find the normal frequencies and modes of oscillation of three particles of masses m, pm,
m connected in that order in a straight line by two equal light springs of force constant k.
( This arrangement could serve as a model for some linear molecules, e.g. CO,.)

The situation is shown in figure 9.2; the coordinates of the particles, x;, x;, x3, are
measured from their equilibrium positions, at which the springs are neither extended nor
compressed.

The kinetic energy of the system is simply

T = im (%] +p%3 +53),

326
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9.1 TYPICAL OSCILLATORY SYSTEMS

m. k ,le‘ k 'm
W@
L L L
71 X2 ?3

Figure 9.2 Three masses m, um and m connected by two equal light springs
of force constant k.

@ e @O

) OO0

Figure 9.3 The normal modes of the masses and springs of a linear molecule
such as CO,. (a) w?> = 0; (b) w?> = k/m; (¢) w? = [(u+ 2)/ul(k/m).

whilst the potential energy stored in the springs is
V =1k [(x2 = x1)* + (x3 — x2)°] .

The kinetic- and potential-energy symmetric matrices are thus

1 0 0 1 -1 0
a="(0o . 0. B2kl -1 2 =
200 0 1 2V 0 -1 1

From (9.10), to find the normal frequencies we have to solve |B — w?A| = 0. Thus, writing
mw?/k = J, we have

1—2 —1 0
-1 2—usz -1 =0,
0 —1 1—2

which leads to A =0, 1 or 1+ 2/u. The corresponding eigenvectors are respectively

1 1 1
x=L 1], x=L 0 s x3=; —2/u

The physical motions associated with these normal modes are illustrated in figure 9.3.
The first, with 1 = w = 0 and all the x; equal, merely describes bodily translation of the
whole system, with no (i.e. zero-frequency) internal oscillations.

In the second solution the central particle remains stationary, x, = 0, whilst the other
two oscillate with equal amplitudes in antiphase with each other. This motion, which has
frequency w = (k/m)"/?, is illustrated in figure 9.3(b).

The final and most complicated of the three modes has frequency o = {[(x +

327
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NORMAL MODES

2)/u](k/m)}/%, and involves a motion of the central particle which is in antiphase with
that of the two outer ones and which has an amplitude 2/u times as great. In this motion
(see figure 9.3(c)) the two springs are compressed and extended in turn. We also note
that in the second and third normal modes the centre of mass of the molecule remains
stationary. €

9.2 Symmetry and normal modes

It will have been noticed that the system in the above example has an obvious
symmetry under the interchange of coordinates 1 and 3: the matrices A and B,
the equations of motion and the normal modes illustrated in figure 9.3 are all
unaltered by the interchange of x; and —x3. This reflects the more general result
that for each physical symmetry possessed by a system, there is at least one
normal mode with the same symmetry.

The general question of the relationship between the symmetries possessed by
a physical system and those of its normal modes will be taken up more formally
in chapter 25 where the representation theory of groups is considered. However,
we can show here how an appreciation of a system’s symmetry properties will
sometimes allow its normal modes to be guessed (and then verified), something
that is particularly helpful if the number of coordinates involved is greater than
two and the corresponding eigenvalue equation (9.10) is a cubic or higher-degree
polynomial equation.

Consider the problem of determining the normal modes of a system consist-
ing of four equal masses M at the corners of a square of side 2L, each pair
of masses being connected by a light spring of modulus k that is unstretched
in the equilibrium situation. As shown in figure 9.4, we introduce Cartesian
coordinates x,, y,, with n = 1,2,3,4, for the positions of the masses and de-
note their displacements from their equilibrium positions R, by q, = x,i + y,j.
Thus

r,=R,+q, with R,=+Li+Lj

The coordinates for the system are thus xi,y;,X»,...,ys and the kinetic en-
ergy matrix A is given trivially by Mlg, where I is the 8 x 8 identity ma-
trix.

The potential energy matrix B is much more difficult to calculate and involves,
for each pair of values m,n, evaluating the quadratic approximation to the
expression

2
by = %k (‘rm — 1y — [Ry — RnD .
Expressing each r; in terms of q; and R; and remembering that |R,, — R,| >

328
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NORMAL MODES

frequency corresponds to a solution where the string and rod are moving with
opposite phase and x; : x> = 9.359 : —16.718. The two situations are shown in
figure 9.1.

In connection with quadratic forms it was shown in section 8.17 how to make
a change of coordinates such that the matrix for a particular form becomes
diagonal. In exercise 9.6 a method is developed for diagonalising simultaneously
two quadratic forms (though the transformation matrix may not be orthogonal).
If this process is carried out for A and B in a general system undergoing stable
oscillations, the kinetic and potential energies in the new variables »; take the
forms

T=> wif =n"Ma, M =diag (u.f,....1tx), (9.11)
V= Z vii =n'Nn, N =diag (vi,v2....vx), (9.12)

and the equations of motion are the uncoupled equations
i =00, =12, 0., N, (9.13)

Clearly a simple renormalisation of the n; can be made that reduces all the y;
in (9.11) to unity. When this is done the variables so formed are called normal
coordinates and equations (9.13) the normal equations.

When a system is executing one of these simple harmonic motions it is said to
be in a normal mode, and once started in such a mode it will repeat its motion
exactly after each interval of 2z/m;. Any arbitrary motion of the system may
be written as a superposition of the normal modes, and each component mode
will execute harmonic motion with the corresponding eigenfrequency: however,
unless by chance the eigenfrequencies are in integer relationship, the system will
never return to its initial configuration after any finite time interval.

As a second example we will consider a number of masses coupled together by
springs. For this type of situation the potential and kinetic energies are automat-
ically quadratic functions of the coordinates and their derivatives, provided the
elastic limits of the springs are not exceeded, and the oscillations do not have to
be vanishingly small for the analysis to be valid.

» Find the normal frequencies and modes of oscillation of three particles of masses m, pm,
m connected in that order in a straight line by two equal light springs of force constant k.
This arrangement could serve as a model for some linear molecules, e.g. COa.

The situation is shown in figure 9.2: the coordinates of the particles, x;. x». x3, are
measured from their equilibrium positions, at which the springs are neither extended nor
compressed.

The kinetic energy of the system is simply

T =im (& +p%3+43), f’/ IQ‘L
320 sk
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9.1 TYPICAL OSCILLATORY SYSTEMS <
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Figure 9.2 Three masses m, um and m connected by two equal light springs
of force constant k.

/
oy oyomiid__ [
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" DA~ O -

l
10l s - 2
(b) C._.\ J‘\-\,"‘—O—/\"\-'L{: ) [_ s >

===

(c) 6*%'.\\!"'-‘;-5—/\\/\\‘/—'3

- == s o

Figure 9.3  The normal modes of the masses and springs of a linear molecule
such as CO;. (a) w* = 0; (b) w® =k/m: (¢) @* = [(u+ 2)/u](k/m).

whilst the potential energy stored in the springs is . '{ ‘\i: = WM "C
V.= %k [[.\'3 = R < (g — _\-3]:] : )
The kinetic- and potential-energy symmetric matrices are thus

10 0 fi g
A=2(0 u 0], Bt boh—dmitd etk
210 0 1 2% 0. Lyl

From (9.10), to find the normal frequencies we have to solve |B — w?A| = 0. Thus, writing
ma [k = /. we have

which leads to 2 =0, 1 or 14 2/u. The corresponding eigenvectors are respectivel
P! g P y

1 l 1

i I 2 | 3 1 /
X = — 1 = X = — 0 o X = — *2’“ &

V3 ( 1 ) V2= Vi@ \ v

The physical motions associated with these normal modes are illustrated in figure 9.3.
The first, with 4 = m = 0 and all the x; equal, merely describes bodily translation of the
whale system, with no (ie. zero-frequency) internal oscillations.

In the second solution the central particle remains stationary, x; = 0. whilst the other
two oscillate with equal amplitudes in antiphase with each other. This motion, which has
frequency @ = (k/m)"/2, is illustrated in figure 9.3(b).
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NORMAL MODES

The final and most complicated of the three normal modes has angular frequency
@ = [(p + 2)/ultk/m)}'?, and involves a motion of the central particle which is in
antiphase with that of the two outer ones and which has an amplitude 2/ times as great.
In this motion (see figure 9.3(c)) the two springs are compressed and extended in turn, We
also note that in the second and third normal modes the centre of mass of the molecule
remains stationary. <

9.2 Symmetry and normal modes

It will have been noticed that the system in the above example has an obvious
symmetry under the interchange of coordinates | and 3: the matrices A and B,
the equations of motion and the normal modes illustrated in figure 9.3 are all
unaltered by the interchange of x; and —x;. This reflects the more general result
that for each physical symmetry possessed by a system, there is at least one
normal mode with the same symmetry.

The general question of the relationship between the symmetries possessed by
a physical system and those of its normal modes will be taken up more formally
in chapter 29 where the representation theory of groups is considered. However,
we can show here how an appreciation of a system’s symmetry properties will
sometimes allow its normal modes to be guessed (and then verified), something
that is particularly helpful if the number of coordinates involved is greater than
two and the corresponding eigenvalue equation (9.10) is a cubic or higher-degree
polynomial equation.

Consider the problem of determining the normal modes of a system consist-
ing of four equal masses M at the corners of a square of side 2L, each pair
of masses being connected by a light spring of modulus k that is unstretched
in the equilibrium situation. As shown in figure 9.4, we introduce Cartesian
coordinates X, ., with n = 1,2.3,4, for the positions of the masses and de-
note their displacements from their equilibrium positions R, by q, = x,i + v.j.
Thus

r.,=R,+q, with R,=+Li+Lj

The coordinates for the system are thus xp.yj,X2....,ys and the kinetic en-
ergy matrix A is given trivially by Mlg, where Iy is the 8 x 8 identity ma-
trix.

The potential energy matrix B is much more difficult to calculate and involves,
for each pair of values m.n. evaluating the quadratic approximation to the
expression

2
by = %k (lrm —Xnl — R — Rnl) .
Expressing each r; in terms of g; and R; and making the normal assumption that

R
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Fredholm alternative theorem :

Solve A>~< :p )

(1) detA=0 > X can be obtained by Cramer’s rule.

(2) detA=0 -

b-w =0 — infinite solution
b-w#0 — no solution

where A’y =0.

|
'—\
)
o
>
2
=3

N

Solve

|
'—\
)
o

X < X
w

o T O
w

[ e S =

1
0 1

, by usin
1M o y g
0 [-1

12 6 -12 6
Let A<| 8 74 0 -2 » det(A)=0
6 -12
6 2 -6 4
12 -6 12 6
A y-0 6 -4 6 2 V-0
- - -12 6 -12 -6|- -
6 -2 6 4
-1
-1 0
—>yf:C1 0 +C 1 =C1y{1+C21//~2 » C,C,eN
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(1) W~1'

(2) W~1'

©)) W~1'

Ax=b — x=C,

(4) W~1'

(5) W~1'

P O, OO FkF Ok kPP P P

#0 > ¥,

#0 > ¥,

=0 — no solution

S
%{—/

(0,1,0,1)

=0 — no solution
Y,

v,
=0 — infinite solution

P Ok, O O - O B

N

1
2
-1, ¢c,c,en
0
0

o » O B

1 #0 — no solution

o O

=0 — no solution

NTOU HRE Prof. J.T. Chen

[ Fredholm2008.doc] Jan., 04, 2008
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© Cayley-Hamilton % 3@

AY = Ay & (U- DR =0

a, — 4 ajy a,
ay; ay — A - a,,
det|d - a1 =| . =0
3171 3172 ann - 2’

A" = A"+ A" =g A" (=D, = 0
AT =" AT =g A"h (D, = 0
A" ="+ A" - (=D e, = 0

AT =A™ e A=A (-D'c, =0

2l

#e b N B A s N

Ao 07 Ao 0 Ao 07 Ao 07 1 - 0
R -l R +o |t —c |t (D, b1 i =]0]
0 - A 0 - 4 0 - 4 0 - 4 0 - 1

D"~ clz)”*”1 + 60" -0 (D', =[0]

SEREP L ERE L]

PD"P™ = e PD"' P+ ¢, D" PT — PO P (<D e, PIPT = [0]
A" = A" + A = e (D el = (0]

Cayley-Hamilton.doc.yu &J
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Moment of inertia<

>

Engineering moment of inertia

Mathematical moment of inertia

y X 2 1
X / 1
<Definition> <Definition>
:Qysz li = @ (2d -xx)ﬂA
= QA = QA
= QudA - QX %dA
= ¢dA - QXeXdA
N2
= Q)(1 dA
<Relation> <Relation>
|- =1,cos’q +1,snq 111 = 1, cos’q +1,,9n2q
- 2l,,9nq cosq +21,,9nqcosq
I =1,8n%q +1, cos’q 122 = 1,9n2q +1,,008%q
+2l,,9nq cosq - 21,,9nqQ cosq
I5 = 1«8nqcosq - 1, sng cosy 112 =-1,,9nq cosq + | ,,9nq cosq

+ Ixy(coszq - s'nzq)

+ Ilz(coszq - s'nzq)

€ 1pU_

& - 0~

glar |20

écosq Snquél,;

& snq cosqll,

N4 . T
l,uécosq sSnqu
I22£’ sng COSQH

Ger e

Feb.27/2004

i nerti a.
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2.8 Hydrostatic Force on a Plane Surface

2.8 Hydrostatic Force on a Plane Surface 57

Diaphragm
stor

Armature
\

Diaphragm

Link pin
Beam (strain gages deposited on beam)
(b)
M F | | 1 (@) Two different sized strain-gage pressure transducers

(Spectramed Models P10EZ and P23XL) commonly used to measure physiological
pressures. Plastic domes are filled with fluid and connected to blood vessels through a
needle or catheter. (Photograph courtesy of Spectramed, Inc.) (b) Schematic diagram of
the P23XL transducer with the dome removed. Deflection of the diaphragm due to
pressure is measured with a silicon beam on which strain gages and an associated
bridge circuit have been deposited.

V2.3 Hoover dam

When determining
the resultant force on
an area, the effect of

armospheric pressure

often cancels.

S s KA T2 06 A e s

When a surface is submerged in a fluid, forces develop on the surface due to the fluid. The
determination of these forces is important in the design of storage tanks, ships, dams, and
other hydraulic structures. For fluids at rest we know that the force must be perpendicular
to the surface since there are no shearing stresses present. We also know that the pressure
will vary linearly with depth as shown in Fig. 2.16 if the fluid is incompressible. For a hor
izontal surface, such as the bottom of a liquid-filled tank (Fig. 2.16a), the magnitude of the
resultant force is simply F, = pA, where p is the uniform pressure on the bottom and A is
the area of the bottom. For the open tank shown, p = yh. Note that if atmospheric pressure
acts on both sides of the bottom, as is illustrated, the resultant force on the bottom is sim

ply due to the liquid in the tank. Since the pressure is constant and uniformly distributed over

the bottom, the resultant force acts through the centroid of the area as shown in Fig. 2.16a




58 Chapter 2 M Fluids at Rest—Pressure and Its Effects

Free surface Free surface
p=0 9 ] [ 0 y I

| i ‘
[ Specific weight = y | Specific weight = y 1
\ ‘ > |
h F p=vyh ‘

| R / ‘

p=7h
s
PRER 200 |
| 2
£N p=0 /) p=0 VAN
(a) Pressure on tank bottom (b) Pressure on tank ends

(@) Pressure distribution and resultant hydrostatic force on the
bottom of an open tank. (b) Pressure distribution on the ends of an open tank.

- As shown in Fig. 2.16b, the pressure on the ends of the tank is not uniformly distributed.
The resultant force

e Determination of the resultant force for situations such as this is presented below.
of a static fluid on a

plane surface is due For the more general case in which a submerged plane surface is inclined, as is illus-
e hviostone trated in Fig. 2.17, the determination of the resultant force acting on the surface is more in-
pressure distribution volved. For the present we will assume that the fluid surface is open to the atmosphere. Let

The magnitude of

on the surface. the plane in which the surface lies intersect the free surface at 0 and make an angle 6 with
the resultant fluid

this surface as in Fig. 2.17. The x—y coordinate system is defined so that 0 is the origin and ; )
Jorce is equal to the

pressure acting at
the centroid of the

y is directed along the surface as shown. The area can have an arbitrary shape as shown. We
wish to determine the direction, location, and magnitude of the resultant force acting on one

area multiplied by

ee rface p) 4 0,
v Free surface p 0 the total area.

™

Centroid, «

s .
156 Location of
¥ resultant force
A (center of pressure, CP)

Notation for hydrostatic force on an inclined plane

surface of arbitrary shape.




The magnitude of
the resultant fluid
Jorce is equal to the
pressure acting at
the centroid of the
area multiplied by
the total area.
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side of this area due to the liquid in contact with the area. At any given depth, h, the force
acting on dA (the differential area of Fig. 2.17) is dF = yh dA and is perpendicular to the
ant force can be found by summing these differ-
In equation form

surface. Thus, the magnitude of the result
ential forces over the entire surface.

JA

Fp = I vh dA = I Yy sin 6 dA
JA

where 4 = y sin 6. For constant v and 6

Fr = ysin 6 I ydA (2.17)
JA

The integral appearing in Eq. 2.17 is the first moment of the area with respect to the x axis.

SO We can write

’ ydA =y A
JA

where y, is the y coordinate of the centroid of are

a A measured from the x axis which passes
through 0. Equation 2.17 can thus be written as

Fr = yAy.sin 6

or more simply as

Fr=vyh A

where £, is the vertical distance from the

fluid surface to the centroid of the area. Note that
the magnitude of the force is independe

nt of the angle 6 and depends only on the specific
weight of the fluid, the total area, and the depth of the centroid of the area below the sur-
face. In effect, Eq. 2.18 indicates that the magnitude of the resultant force is equal to the
pressure at the centroid of the area multiplied by the tot
that were summed to obtain Fr
be perpendicular to the surface.

al area. Since all the differential forces
are perpendicular to the surface, the resultant Fr must also

Although our intuition might suggest that the resultant force should pass through the

centroid of the area, this is not actually the case. The y coordinate,
can be determined by summation of moments
resultant force must equ

Vg, of the resultant force
around the x axis. That is, the moment of the
al the moment of the distributed pressure force, or

Fryp = I ydF = ’ Y sin 6 y* dA
JA JA

and, therefore, since F,, = YAy, sin 0

The integral in the numerator is the second moment of the area (moment of inertia), I, with

respect to an axis formed by the intersection of the plane containing the surface and the free

surface (x axis). Thus, we can write

Use can now be made of the parallel axis theorem to express I, as

I, =1, + Ay
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where I, is the second moment of the area with respect to an axis passing through its cen-
troid and parallel to the x axis. Thus,

YR = ik + .
Equation 2.19 clearly shows that the resultant force does not pass through the centroid but
is always below it, since I,./y.A > 0.

The x coordinate, x, for the resultant force can be determined in a similar manner by
summing moments about the y axis. Thus,

Frxg = l v sin 6 xy dA
The resultant fluid JA
force does not pass .
and, therefore,
through the cen-
troid of the area.

! Xy dA
JA

ARViic i ¥
y.A VA

where 1, is the product of inertia with respect to the x and y axes. Again, using the parallel
axis theorem,' we can write

where I, is the product of inertia with respect to an orthogonal coordinate system passing
through the centroid of the area and formed by a translation of the x—y coordinate system. If
the submerged area is symmetrical with respect to an axis passing through the centroid and
parallel to either the x or y axes, the resultant force must lie along the line x = x,, since I,
is identically zero in this case. The point through which the resultant force acts is called the
center of pressure. It is to be noted from Eqs. 2.19 and 2.20 that as y, increases the center
of pressure moves closer to the centroid of the area. Since y. = h./sin 6, the distance y. will

increase if the depth of submergence, h,, increases, or, for a given depth, the area is rotated
so that the angle, 6, decreases. Centroidal coordinates and moments of inertia for some com-
mon areas are given in Fig. 2.18.

The Three Gorges Dam The Three Gorges Dam being con-  surface sluice gates. The maximum discharge capacity is
structed on China’s Yangtze River will contain the world’s 102,500 cubic meters per second. After more than 10 years of
largest hydroelectric power plant when in full operation. The construction the dam gates were finally closed, and on June
dam is of the concrete gravity type having a length of 2309 10, 2003, the reservoir had been filled to its interim level of
meters with a height of 185 meters. The main elements of the 135 meters. Due to the large depth of water at the dam and the

project include the dam, two power plants, and navigation fa-  huge extent of the storage pool, hydrostatic pressure forces
cilities consisting of a ship lock and lift. The power plants will have been a major factor considered by engineers. When filled
contain 26 Francis type turbines, each with a capacity of 700  to its normal pool level of 175 meters, the total reservoir stor-
megawatts. The spillway section, which is the center section  age capacity is 39.3 billion cubic meters. The project is sched-
of the dam, is 483 meters long with 23 bottom outlets and 22  uled for completion in 2009. (See Problem 2.108.) Il

Il that the parallel axis theorem for the product of inertia of an area states that the product of inertia with respect to an orthog-

\xes (x—y coordinate system) is equal to the product of inertia with respect to an orthogonal set of axes parallel to
the origin ind passing through the centroid of the area, plus the product of the area and the x and y coordinates of the cen
troid of \ hus, 1 I A

X

The 4-n
the incl
(= 9.
horizont
the shaft
sultant f
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gate.

SOLl
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and sinc
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(EXAM?L 2.6

The 4-m-diameter circular gate of Fig. E2.6a is located in
the inclined wall of a large reservoir containing water
(7 = 9.80 kN/m”®). The gate is mounted on a shaft along its
horizontal diameter. For a water depth of 4, = 10 m above
the shaft determine: (a) the magnitude and location of the re-
sultant force exerted on the gate by the water, and (b) the mo-

ment that would have to be applied to the shaft to open the

gate.

SOE, UTI(

] (a) To find the magnitude of the force of the water we can ap-
i ply Eq. 2.18,

Center of
g ssure
Fp = yh A A%

(a)
and since the vertical distance from the fluid surface to the cen-

troid of the area is 10 m it follows that
Fr = (9.80 X 10° N/m?)(10 m)(47 m?)
1230 X 10° N = 1.23 MN
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To locate the point (center of pressure) through which Fp

acts, we use Egs. 2.19 and 2.20,
XR = r X YR =Y,
y. A ey A

For the coordinate system shown, xp = 0 since the area is

| symmetrical, and the center of pressure must lie along the di-
1 ' =
| ameter A-A. To obtain yg, we have from Fig. 2.18
‘ 4
7R
: [
;1 4
‘#
| and y, is shown in Fig. E2.6b. Thus,
!

(m/4)(2 m)x 10 m
(10 m/sin 60°)(47 m?)  sin 60
0.0866 m + 11.55m = 11.6 m

YR

and the distance (along the gate) below the shaft to the center of

pressure is
yr — Y. = 0.0866 m

We can conclude from this analysis that the force on the gate
due to the water has a magnitude of 1.23 MN and acts through

a point along its diameter A-A at a distance of 0.0866 m (along
the gate) below the shaft. The force is perpendicular to the gate
surface as shown.

By repeating the calculations for various values of the depth
to the centroid, &, the results shown in Fig. E2.6d are obtained.

Note that as the depth increases the distance between the cen-

ter of pressure and the centroid decreases.

e

A large fish-holding tank contains seawater (v = 64.0 Ib/ft?)
to a depth of 10 ft as shown in Fig. E2.7a. To repair some dam-
age to one corner of the tank, a triangular section is replaced

The various distances needed to solve this problem are shown in
Fig. E2.7b. Since the surface of interest lies in a vertical plane,

y, = h, = 9 ft,and from Eq. 2.18 the magnitude of the force is

Fr = vh A
\ (64.0 1b/fE)(9 ft)(9/2 ft*) = 2590 Ib
Note that this force is independent of the tank length. The result
is the same if the tank is 0.25 ft, 25 ft, or 25 miles long. The y co-

ordinate of the center of pressure (CP) is found from Eq. 2.19,

¢ Pressure Force on a Plane Triangular Surface

@5
0.4

B s
a2

(10m, 0.0886 m)
0.1
0
0 B 10 15 20 25 30
h., m

b
T
|

(b) The moment required to open the gate can be obtained
with the aid of the free-body diagram of Fig. E2.6¢. In this
diagram W is the weight of the gate and O, and O, are the
horizontal and vertical reactions of the shaft on the gate. We

can now sum moments about the shaft

>M, =0

and, therefore,
M= B )
= (1230 X 10° N)(0.0866 m)
=1.07 X 10°N-m Ans

with a new section as illustrated. Determine the magnitude and
location of the force of the seawater on this triangular area.

and from Fig. 2.18

so that

81/36 ft* ;
S — + O ft
(9 £t)(9/2 ft?)

= 0.0556 ft + 9 ft = 9.06 ft
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— Pn=%2n:n-2”1...---%ﬂg

Eigen Problem

A oo /g4s "
Jiﬁﬁ Tjégﬁﬁ m,y," =-Ky; +K, (Y, —VY;)

m,y," =-K,(Y, -¥,)

—(k, +k k
= ylII = Myl + _2y2
m, m,
-k
:—l + 2
Y. 2y1 m, Y.
_(kl +k2) kz
Y1 m m, (Y
:> — 1 1
{yz } k_2 —k, [yj
m, 2
= k, =3 , k,=2 , m=m,=1
= ez A0
Y. 2 -2y,
"Iéf {yl(t)}_{a}em — [yl }:—a)z{a}em
Yo.(t)] LB Y, B
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g
Il
|
62
N
> R,
5

— |:y1(t):|={l:|eit +{2 :|eiJ§t
yo(t)] |2 -1

K358 SR

(HIR):
HOMEWORK:
=fREE

m1y1" = _klyl + kz(yz _yl)
I'nzyzu = _kz(yz _yl) +k3(y3 _yz)

msY3II = _ks(ys _yz)

—(k, +K K
— y1": (l 2))/1_+'_2y2+0y3
1 ml
K —K K
Y, ==Ly, +—2y,+—2y,
m2 2 2
) K Kk
Ys =0y1+m—23y2 —m—zys
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—(ky+ky) Kk, o |
1] m m K
Y1 1 L Y1
K ~(k, +k,)  k
:> (L . 2 2 3 3
{yi] m, m, m, yz}
Ys 0 k_3 LS s
i 3 3
% X E =
HOMEWORK:
X' 2 0 1|x 2 01
y|=[0 2 ofy| A={0 2 0] R e* Re~
z 0O 0 3|z 0O 0 3
det|A-11|=0
2-1 0 1
= 0 2-41 0 |=0
0 0] 3-1
= A=223
B EE: f(X)=(2-%x)’(B=X)Q(X)+ px? +qgx +r

ERAEEME: f(A)=(2-ARB-AQ(A)+ pAZ +gA +r1i

Mo f(A) =22-A)(-1)(-1)Q'(A) +2pA +q

4 0 5
= A*=|0 4 O
0 09

e* =(2-%)%(3-x)Q(X) + px* +qx +r
&) e’ =2(2-x)Q'(x)+2px +q
p=-2e%+e?
x=223 KA = q=92-4¢°
r =4e®-9e?

% {

O oN
w o r

0
2
0

e? =(2-A)*(3-A)Q(A) +(-2e® +e>)A? +(9® —4e°)A +(4e> —9e?)I
e’ 0 e®-e?
=0 e’ 0
0O O e’
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AL, BB a-a, B A -a

d a b
{ﬁlJ A.,=|a e c]
b c f
REB a--a, Bl A=-A H i=j B a,-0
0O a b
17)7-“ A,=l-a 0 c]
-b -c O

EEIAToRAYEBR R EHIER
C=S+A , sA¥YEER 6 AAREEIER

1 . Ll
S=E(C+C) , A—2(C c™)
FEHA:
T_i TT_E T T _1 T _
S —2(C+C) _2(0 +C )_2(0 +C) =S
T 1 T T_l T _ T =l T __
A —E(C—C) _2(c c™) 2(c C)=-A
L EEE)
HOMEWOREK:
Vi 2
vV =|V, ) w=|w, ) @ xV = Av *Aﬁﬁﬁﬁ
Vs @3

i ]k

= oxV=|w, 0, 0=(oN;—oN,)i+(oy,—oV;)]+(oy, —oNv)K

Vi Vp V3

la b ¢ a b clv,| [av,+bv,+cv,
=% A=|d e f|Av=|d e f vV, [=|dv, +ev, + fv,
g h

[ gv, +hv, +iv,

_ghi V,



M HE

= a=e=i=0, b=-0,,c=0, , d=0,

0O -w;, o,
= A=| o, 0O -
-0, o 0
HOMEWOREK:
X, @,
X' = wX y  Xg =X, , O=|o, H ol + o)+l =1
X3 W3

A — X[t , B X (1) =(0,0,,05) x(X3,%5,%5)
)4 X(t)=eAtX0 %Hﬁ efe”)T =1 o

X' =wxX =AX

0 -w;, o,
= A=| o 0O -
-0, o 0
~(@; +o3) 0,0, 0,03
A= oo, —(@ +wf) 0,0,
0,03 W, 03 ~(0f +03)
= det|A-Al|=0 = A1=04

A A EE

p=1-( 5 )
e® =0p+0qg+r .
e =(-1)p+ig+r EMAAEE q =%
e =(-1)p+(-)g+r r=1

FERHAN: cost=l—%t2+£t4—l

4 6!

. 1 1 1
sint :t—§t3+—t5——t7+...

5 7
O O e
TR 3l
1 1

i tiote ot e dys Sty
1 2 3! 4! 5! 6!
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:coslt+isin'i 1
,it_ __. __. 2 __. 3
e _1+1!(|t)+2!(|t) +3!(|t) + ...

-ttty e o Lys Lie
12 3! 4! 5! 6!

=cost—isint

p=1-cost
= g =sint
r=1
= e’ =(1-cost)A% +(sint)A +1

(1-cost)(w?-1)+1 (l-cost)m,m, +w,sint (1-cost)w,w,; —m,Sint
e™ =|(1-cost)w,mw, —w; sint (1-cost)(w? -1)+1 (l-cost)m,w, +w,sint
(1-cost)m,w; + w,sint (1-cost)w,w; —, Sint (1-cost)(w? -1) +1

(L-cost)(w?-1)+1 (1-cost)ww, —w,sint (1-cost)ww, +w,sint
=|[(1-cost)wm, + wysint  (1-cost)(@wf —-1) +1 (1-cost)w,w, — @, Sint
(L-cost)mw, — w,sint (1-cost)w,w, + @, sint  (1-cost)(w: —1) +1

eAt(eAt):

AU BHEHER e(e”™)’ =1
BERE+2EH , FTEE/DD
R—. e’ =(1-cost)A% +(sint)A +1

(e™)T =(1-cost)(A?)" +(sint)(A)"T +1T

0 -w;, o,
A=l @, 0 -ol|.B—REBE[E A" --A
-0, 0 0
~(0; +03) 0,0, w, W3
A= oo, —(@? +w?) 0,0, A HRBERE (A% A2
W03 CPL ~(0f +03)

e’(e™)” =(1-cost)?A%(A?%) +(sin®t)AAT +1% +(1—-cost)(sint)A’AT +
(1-cost)A? +(1—cost)(sint)A(A®)" + Asint +(1-cost)(A%)" + AT sint
=(1-cost)*A* —(sin®t)A® + 1% —(1-cost)(sint)A®> - A3(1-cost)sint + Asint
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+(1-cost)A% —Asint
X A*rA-=0 A® = A =  A*=_A2
:> eAt(eAt)T :I

IEXEMEER R'R=

[ cosa sina

R, - }akﬁﬁﬁﬁﬁﬁo

| —-sina cosa

la b ¢
R;s: R=|d e f
g h i
a b cja d g 1 00
RR"=|d e f|b e h|=1=/0 1 0
g h i|c f i 0 01
= a’+b*+c® =1

d?+e?+f? =1
g>+h?+i? =1
ad +be +cf =0
dg+eh +fi=0
ga+hb+ic=0

NEARME , AMEEERX = ERZHE

WV T

H=1-2 v BAE
VARY;

S5 (Mirror) R EE:
Hy=p X H(Hy)=y

H2=1 B HHT =

WEER—MRy |, DURE—HENY |, By EBLER
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3
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3 3 3 3
2
3]
12 2]
9 9 9
- w244
9 9 9
2 4 4
9 9 9]
12 2] [7 -4 -4]
100 |9 99/ |9 9 9
I R
0o0l) 1244 |-4 -8 1
9 9 9] |9 9 9
HHT =1 , Br=n" EXH¥#BE
)
L T A
T T\T
HT:IT—&/Z\T/V o2 vty AEARR T E
RY VAR,
2
:I_ TTvT
VT_V(V)
v
WA AT )
YARY,
7R VYA
HH =( - | -
( VT-V)( VT-V)
VYA YYAA
- TyT A T
VIV VTV xVT Y
VTV =V LV =) ARENER
- T T
E3t AW aw
VAIRYARAVAIRY
—12 =] [LEEE:
i ® ov-lg)
B
a 2
< O I
oy LP _ @t pE @t p
a’ + p? 01 off B?

a’+p? a’+p?
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= ot+pr=1 Blv A—EBENmE
H:[ﬂz—az —Zaﬂ}

-20f o’ -p°
Homework:
W,
BHiR—V = w,| B o?+0d+0?=1
@3
;
KH? =12V
V' .V
B WA
a) 1+ 0% + 0%
=1 —2{(02] @, a)3
1 0 0 0,0, 0,0,
=0 1 O 2w1w2 0 0,0,
0 0 1 0,0, 0,0, O
_1—20112 -20,0, —20,0,
=|-2w,0, 1-205 -20,0,
-20,0, -20,0, 1-202
0O -w, o,
= A=| o, 0 -
-0, O 0

(L-cost)(w -1)+1 (l-cost)w,w, +w,sint (1-cost)w,w, —w, sint
e’ =|(1l-cost)w,w, —w,sint  (1-cost)(w? -1)+1 (1-cost)w,w, + o, sint
(1-cost)w,w; +w,sint (1-cost)w,w, —w, Sint (1-cost)(w; -1) +1

:{I,‘ﬁ t=nr H%.It'

2
207 -1 20,0, 20,0,
Arx 2
eV =| 20,0, 2w;-1 20,0,

20,0, 20,0, 205 -1

b

e =M = -M=H
MMT =1 =  (-M)(-M)" =(-1)(-)MMT =MM " =1
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Hermitian matrix

Real matrix Complex matrix
a a+hi
A=A" 1 isrea A= A" (Hermitian) A isreal
2 2
q =XxX=xX X X =Xx=X X
(Z(.}/)ZXT.y (i(.}/):iT.y
A" - A= | (orthogonal ) AT . A= (unitary, )

(AY)-y=x(A"Y)

(AX)-y=x(A"Y)

A=—-AT (anti,skew)

A1=0

-8 -rv O

0O a p
-a 0 vy

— A= AT (skew-Heritian)

ai d+ei  f+gi
—d+e bi h+ ji

—f+gi —h+ji i

detA=+1 , A isorthogonal
Ais orthogonal

/IA:il y

detU =+1 , U isunitary
|1a=1 , Uisunitary

Hermit03.doc

919 5 15
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Role of eigen vector for e

HEA T 1% PR 1 5% B i) K

governing equation:

T=x—2y

y=3r— 4y
A matrix:

(1]

eigenvalues of A
Ar=-—1, Aa=-2
eigenvectors of A
x; = {1,1}, x3 ={2,3}
eigenvectors of et

x; = {1,1}, x3=1{2,3}
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Matrix function:

Continumm mechanics:
U=+vC
Dynamics and control:

t
x(t) = eftxy + / e (1) dt
0

Rigid body dynamics:
A=—-AT

State equation:

x = Ax
d.’I,'l(t)
=anTy + -+ a1ty
di 1171 1
d.’L’Q(t
= Q911 + -+ 2, Ty,
dzs(t
x;t( ) = 03171+ + 03T,
dx,,(t) P
= Gp1T st AT
di 171

If A is a constant matrix, the solution is
x(t) = e*'x,
If A is a function of time, the solution is
FW1)F(Wa)F(Ws) -« F(W,) - -

Example 1: Euler-Cauchy equation

Example 2: Bessel equation

Example 3: Lengendre equation

Change to third order ODE, have a 3 by 3 matrix with variable A.

WA TRBRIER T8 (—)

[ F#4% © c:/ctex/course/state3.te] [#HE:Dec./28/°96]
1
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W= o@sF 8951485 2008 1 &85 (- )

Gauss pivoting by using dummy link and dummy variable

0 1
Given |1 0
1

o R

p
(1) Using Gaussian elimination to find < q

r

0
1
1

ok B
o -

0 11 0]fp] [0
qp=40—2250 1 1 qr=40
r 0

[
[HEN
—

= fJ-1;, fis arbitrary
1

= O T

(2) By introducing a dummy variable s such that s=p ,

1 1 1 -1ifp 0

1 1 0 0]fqg 0] _. P
we have = .Find <q

1 0 -1 O0|r 0 i

-1 0 0 S 0
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0
0

1
1

-1
-1
p+q+r-—s

g-r+s-t

0 1
00
01

H

- J=3r+2s-t
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) Bl

PR e £ b SR B Lk

A3kE (Jan. 09, 2008) Y
Original equation X2+ xy+y =1 xy =1
Quadratic form 1 U2 x| 0 1/2{[x|
(169%) t y}[1/2 1 Hy}_l { ’y}[l/z 0 Hy}_l
[A] [1 12 [o 12
0%) [ ]_L/z 1} [ ]_L/z o}
1 1
[Ald =4 A=—and ¢ = i A=-—- and ¢= \/E
(12%) 5 NG
1 1
[Alg = %8 _3 V2 1 2
e /12_5 and @_i ﬂz_z and @_i
(12%6) > 2
D] 1/2 o} and D] -2 0
0 3/2 0 12
[Al[®]=[@][D] (11 11
(249) [®]= V2 2 _| cos(45’)  sin(45’) [@] 2 2 _| cos(45")  sin(45")
° 11 —sin(45°) cos(45°) 11 —sin(45°) cos(45°)
L V2 2 | V2 2]
{X}=[®]{§} {X}_ cos(457)  sin(45°) {X} {X}_ cos(457)  sin(45°) {Y}
y (0%) ¢ y| | -sin(45") cos(45°) ||V y| | -sin(45") cos(45°) ||V
New system 4|2 0 x| Y2 0 x|
(16%) {X’Y}{ 0 3/2}{7}_1 {X’y}{ 0 1/2}{7}_1
d y
Figure : “
(10%) - -1 1 2 3
-1
-2 X

%< A and ¢ are eigenvalue and eigenvector, respectively.

) Erfiig= = =% .doc

Quiz 2007-16s.doc 2008/1 SK/i
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-1 1 .
=—-—adj(A
deta 24N
&1 82 &3
A=lay ap ag
a1 azgy as3
7
T a [23 (23 (23 (23 AT
a2 @3 (A1 3 (a1 @2 AR B Iz I
ag; ags| [z ass| [z as: an B2 923 21><722 @
adj(A) ([P A3 A @iy A A agr 432733 31><732 ag
a3 ag3| [a31 as3 331 a3 all a3 A1 A2 4
a1 @2\ |1 &3] |21 &2 a a P P a
a1 axp 321 a3 |A1 a2 | 22 23 2l G
a3l 932 433 431 932 433
Faddz doc 1Z#fE yutli
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WA ETD : — 261 —

ERENSHBRRED > EARBINO THUIMS HRRX

dx,

—— = anXy + awuxg oo + a1:Xa
dt

dxa -

R = anXi feereereasscsraanasn 4+ A3nXa,
dt

dXs )

mes = B gy Ky 3 b GapXa
dt

dxa

T An1 X1 FAgzXateee+ Ays%s

jdt

MANEDBESE | 5 =x,(0)

X2 =x2(0)
LA

;ll :»Xn(O:

RAESH » TEK

X,
dx X3
——Ax x(0)y=4_ 1%
at = j :
Xa
x, (1)
x,(t)
Krpx= :
X, (1)

A= ( ay Jaxs BH
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Lt S R B
x(t)=e' x(0)

EEH e RERMENBLEEER - MAEHENHEE > 30RE [ 1 SR LERS
#( similar matrix JEBMY » £l EAFAERERHIIRARENS » REDES
e —RFAZR - BBEKAFERBAGESLNT ¢

— oA E
HABE] 1 ]FaE—HmA » dTRhKE ( eigenvalues ) BRFHMAE ( eigenve-
ctor ) BHEFFRBLA@T :
AC=CD ( similar form )
HbDBEHHBHENK HASME

C B A RS K2 IER
Bl BATTRAXBENTZER ¢

SEBABEERT (A) » WK HARTIRX ( series ) HFr@T :

Q0

f(AY= X p,A! ( ps BRR)
o0

= Z p: ( CDC-*)' (HPHOERA)
1=0 i_AR

= OZ? o] ,E CDC-! ) (CDC? )revvrases (CDC-!)( cDC-!? )‘

i=0

o0
£ p, CD'C-!

i=0

oQ
=C( Z p.D' yCc-!

1=1
NRBDSH LM D' AEELR  SE0FARELK > BRULD - HBE—RLF :
(MBS A= | —2]
1 3
R f(A)=et=1
(&) : B Al‘._:l}.,
Bl (A-21)x=0 , R—HaENIS

2 det |A—-21|=0
ol i=1 or 2
HEEZBRERNER
2 1

"é'iil: x:{ } A=2, x:{ }
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sermps o | ° —2Y [ 2 1| | 2 1] {1 0
‘ 1 3J 1 —1| |{-1 =1l jo 2
1

2 1 O
& B AC=CD , K& C= , D=
AR AG - W ‘ Hrh [_ L - l] [ 0 2]

BE
00 1
f(A)=e*= L —A"
n=90 n!
oo 1
=C{ Z — (D)=} C!
n=oﬂ'
[z 1) (e 0 { 11
T -1 o et -1 -2
[ 2e e 11
B —e —e? -1 -2
2e—e? 2e—32 e’
= BHAE-
-e+e? —et+2e?
= ~ SRRt EIRA R A

EEHER AFNSAREAOBRAEE - o F: M —El{(x) KR (x—2 )

MEBRABf(a) ] BAVREBTA
f(x)=(x—a)Q(x)+1f(a)

EFQ(x)BES f(2) BRE  ARERBBE-XAH » HBRAMR—KX LIE-3:4
TR f(x)=(ax?*+bx+c)Q(x)+px+q

AR Q(x)BEX px+qRHA -

MBEABRE x HBER » KBRS - (3 LEAXRXKES {BEERAT
RoMEFFWRAZ) o
7RED f(A)=(aA*+bA+cl )Q(A) +pA+ql

a,b,c,p,qBRFEH

e { 1 BB S

A-BEAERNTRRE 1 HER KRB AM -

FIR SRS LAEE—XRNT :

-2

0
(R ] Em A:[I 3} s Ret =12
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(v
B h-BTEnsnEn g - FEETRE S FNEEFEX ( Characteristic Equat-
ion ) * FHEE T4

0-2 +2
=0
i 3—2
KN ARAR 12 —31+2=0 s A*—3A+21=0
M f(AY=(A*—-3A+21)QCA)+pA+ql
B SO ( W = B ) WS BE K

f(x)=(x*—-3x+2)Q(x)+px+aq
e*=(x*-3x+2)Q(x)+px+gq

el=p+q p=e’—e
HﬁxZI,ZR]\,{ ﬂﬂ@{
e*=2p+q g=2e—e?
¥p, qfRER
et = (A —3A+2I)Q{A)+(e?*—e)A+(2e—e* )1
=(e'—e)A+(2e—e?* )1 (- AT-3A+21=0)
[O —2] {Ze—e' 0 ]
=(e*—¢ge) +
(1 3 0 Z2e-—g?
0 —26& +2e [Ze—-e’ 0
= -+
[e’-—e 3e -36] 0 Ze—e’]

2e—e?! —2e?'+2e
- [e P _ e 2el —e ]
HFE A S EEE - BEFEE AT -
MU LSRR BANBRE Y A8 > HAMEE 2EEBBEYM : e ,sinA
s AV s SR EBR» F—FEAXBERNEEAGHBERERERE » #—BHETRER
PO » ML MBS LR AMS ERERERPO IR » FFTRE R P HRE et
ZRIBARKRAGUT GBS - BEXBRE > URR AR I (x)H (x—a ) HEKX
TR () (RI(x)ZHRPILE(x—a YHAX > EER—BW - ER LAMBEERG »
EERRS—HHEERERCEE - RETHTHEAERKAENAF - L DM A EET
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ENPEAK

1.C. RAY Wylie, “ Advanced Engineering Mathematics " Mc -Graw Hill, 1982.
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A NEW POINT OF VIEW FOR THE POLAR
DECOMPOSITION USING SINGULAR
VALUE DECOMPOSITION

J.T. Chen®, C.F. Lee, S.Y. Lin

Department of Harbor and River Engineering
National Taiwan Ocean University
Keelung, TATWAN

Abstract: In this paper, the singular value decomposition and polar
decomposition in continuuin mechanics are compared with and the re-
lation is constructed. The matrix analysis is studied and the geometric
interpretation is explained. The dual bases can be extracted from the
right and left vectors of singular value decomposition. An illustrative
example of the simple shear case is shown to see the validity of the
proposed formulation.

AMS Subject Classification: 74A05, 15A90
Key Words: continuum mechanics, matrix eomputation, singular
value decomposition

1. Introduction

The polar decomposition theorem in the continuwm mechanics can be
found in the textbooks [1, 2, 3]. It is well known that the deforma-
tion gradient (F) can be decomposed into (VR) or (RU), where R is
a rotation matrix, U and V are stretching matrices. The former one
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258 J.T. Chen, C.F. Lee, 8.Y. Lin

(VR) can be explained that the total deformation process can be de-
composed into rotation first and then stretching, while the latter one
(RLJ) is stretching first and then rotation. In the matrix computation,
singular value decomposition (SVD) [4] is a very powerful technique for
the matrix decomposition and has been applied to engineering problems
successfully [5, 6. However, the relation between the SVD and the polar
decomposition was not discussed before and their geometric interpreta-
tions in continuum mechanics were not fully understood to the authors’
best knowledge.

In this paper, singular value decomposition technique is employed to
understand the deformation mechanism in continuum mechanics. The
role of the right and left unitary matrices in the singular value decompo-
sition and their relation to the orthogonal matrix (If) in polar decompo-
sition will be examined. Omue illustrative example with plane deforma-
tion, will be demonstrated to show the deformation mechanism by using
the SVD technique. It is shown that the two unitary matrices (© and W)
in SVD provide dual bases for the deformed and undeformed systeins.
If the deformed and undeformed infinitesimal elemnents are expanded
according to the dual bases, the transformed coordinates between the
deformed and undeformed states can be mapped by a diagonal matrix
only.

2. Polar Decomposition and SVD Technique

From the textbooks on continuum mechanics [1, 2, 3], we have
F = RU = VR, (1)

where F is the deformation gradient matrix, which maps undeformed
element dX to deformed element dx (dx = FdX), I is an orthogonal
matrix, [ and V are positive definite symmetric matrices. The U, V

and R matrices can be obtained by
U=VFTF, (2)
V =VFFT, (3)

R=FU"", (4)
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where the superseript “T™ denotes the transpose of a matrix. By em-
ploying the SVD technique [4], the F' matrix can be decomposed into

F=axuT, (5)

where ¥ is a diagonal matrix with elements of singular values of F', & and
U are the right and left unitary matrices, respectively. By substituting
Eq. (5) into Egs.(2) and (3), we obtain

U=unel, (6)
V=0oxeT, (7)

By substituting Eq.(6) into Eq.(4), we have
R=2ow" (8)

According to the property of SVD, we have
Fii = aidi, (9)
FT¢; = o3, (10)

where o; is the ith singular value of F, ¢ and t; are the ith column
vectors for © and W, respectively. According to Eqgs.(6) and (7). it
is easily found that U/ and V' matrices have the same singular values
(eigenvalues) (o;) and their eigenvectors are v; and ¢;, respectively. If
the undeformed element, dX, is expanded in terms of the ¢; (i = 1,2,3)
bases, we have the new coordinate, dY,

dY = ¢"dX. (11)

Similarly, the deformned element, dx, can be expanded in terms of ¢;
(¢=1,2,3) bases and the new coordinate for dy is

dy = ®Tdx. (12)

According to dx = FdX, the formula between the transformed coordi-
nates, dy and dY, can be derived as

dy = £dY. (L3)

It is found that the two transformed vectors (dy and dY) can be mapped
by the diagonal matrix (X) only.
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3. An Illustrative Example

Considering a simple shear problem [7] defined by

2
T = ;{]+7§}:2, (14)
Iz = X'.Z! [15]
r3 = Xj, {15}
we have
- 2 -.
1 A 0
o 01 0 : (17)
H @ I
1 2 N
U = VFTF=| 2 2,3 , (18)
0 0 1
81 0] [ cos(-30°) —sin(-30°) O]
B = -1 %’1 i - sin(—30°) cos(—30°) O (19)
0 0 1 0 0 1
i ) L i
[ 5v/3 b
Wy 0
| 3
v = FR'=| 3 F ¥ (20)
0 0 1
L |
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Based on the SVD technique, F' can be decomposed into

where

@] =

[2]" =

[ V3

1
z'iu
hi ]
i £ v
g 3 i
M3
T T3
|
2 2
0 -1
L
|
2 2
¥vi o1
2 2
0 0

'v3 0 01 4 £ o]
0 |- § o
0 1 0 0 -1
[ cos(30°) —sin(30°) 0O
_ | sin(30°) cos(30°) 0O
0 0 5|
v3 0 07
1
0 73 0 1
0 0 1
1 1 cos(—60°) —sin(-60°)
sin(—60°)  cos(—60°)
0 0

0

0

=1
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(21)

(22)

(23)

(24)

By substituting Eqs.(22) ~ (24) into Egs.(6) ~ (8) and comparing
with the results of Eqs.(18) ~ (20), the relations between (U, V, R) and
(®,%,¥) in Eqs.(6) ~ (8) are all verified. The dual bases for the unde-
formed (1,12, 13) and deformed states (¢, ¢2, ¢3) are shown in Figure
1{a). For the undeformed vector ), the deformation process (F' = RU)
can be decomposed into stretching with ratio v/3 and then rotation —30
degrees as shown in Figure 1(b). A reverse process (F = VR) can be
understood that rotation —30 degrees first and then stretching with ra-
tio /3 as shown in Figure 1(c). By considering the undeformed vector
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at the corner of the square as shown in Figure 1(b),
i T =
dX = (1,1,0) (25)

we have the transformed vector by using Eq.(11),

1 : -
dy =23 1-+8 \p (26)
2 2
By substituting dY into Eq.(13), we have
3+v3 -3+v3 ..
dy = ( , ,0)7. (27)

2 6
By substituting dy in Eq.(27) into Eq.(12), we have

dxz{l-t—\%?liﬂ}r, (28)

which is exactly the same as FdX. Although the derivation is lengthy,
the geometric interpretation in the rotation and stretching stages is clear.
Also, the relation of polar decomposition in continuum mechanics and
SVD in linear algebra is constructed.

4. Concluding Remarks

The mechanism of deformation can be understood by using the SVD
technique instead of polar decomposition in this paper. The relation
between the matrices in the SVD and those in the polar decomposi-
tion was constructed. Also, the deformation stages of stretching and
rotation were clearly interpreted in the shown example for plane defor-
mation. Dual bases for the deformed (¢;) and undeformed () states
are unbedded in the two unitary matrices of ® and ¥. The transformed
coordinates for the deformed state can be mapped into that of the de-
formed state by a diagonal matrix if the dual bases are adopted.
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ta ¥1(60°)
i7" $1(30°)

¢3 =1y = (0,0,-1)T

(1,+/3,0) 1
145,1,0
(0,1,0) { ‘fr 1 ,0) 0,1,0) |— (v3,1,0)
" (215,1,0) -
(0,0,0 0,0 } O B .
*(1/ x)/itl 0) ) ( 1;\}*(1 0)
o(1,1/4/3,0) o(1,1/+/3,0)

Figure 1{a): The dual bases for the deformed shape
and undeformed shape.

Figure 1(b): The undeformed shape (solid line) and
deformed shape (dotted line).

Figure 1(c): The undeformed element ( ﬁ, 1,0)

|
and deformed element (1, ,Tﬁﬂj
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