General nonlinear PDE I

L u(z,y):
Quasi-linear PDE:

a(z,y, u)u, + b(z,y, u)u, = c(x,y,u)
General nonlinear first order PDE:
F(z,y,u, ug uy) =0
Second order PDE:
AUy + blgy + Uy + dug, +euy, + f =0

II. General nonlinear PDE:
F(z,y,u,uyz,uy) =0

III. Given a one-parameter family plane elements, the plane elements envelopes the Monge
cone at (xg, Yo, 20) it is defined by

2=z = p(A\) (= — z0) + q(A) (y — ¥o)
0 =p'(A)(z —z0) + (M) (y — w0)
IV. Assume z = u(z,y) is a solution, it defines a surface
z=u(x,y)

i.e.

zo = u(To, Yo)
let

Po = uz(To, Yo)

o = Uy(%a 3/0)

V. The tangent plane at (xq, 3o, 20) is
2 — 20 = po(r — o) + ¢o(y — Yo)
But at (xg, 4o, 20), we should satisfy

F($an0; 20, D, Q) =0

The tangent plane intersect the Monge cone along a line. The line has a direction on the
plane, it is called the characteristic direction of the surface
VI. To find the characteristic direction (a,b, ¢), let p(\) and g(A) be the solution to

F (20,90, 20, (), q(X)) =0
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VIIL.
2= 20 = p(A)q (Ao) — q(Ao)p'(A)
z —z9 = —q (No)
y— 9o =p(Xo)
Since F(xg, Yo, 20,0, q) = 0, we have
Fyp/(3) + Fyg () = 0
Therefore, the characteristic direction at (xg, 3o, 20) is

T—To _Y—Y _ 22

A B  C
where
A=F,
B =F,
C =pF, +qF,
dz
R
dt P
dy
2 F
dt 7
du
i = ply, + qfy

Since F(z,y, u, u,, u,) = 0, we have

Fy + Fyug + Foug, + Fyuy, =0

Z—f = Fy,2(0,8) = zo(3)
% = Fy,2(0,5) = yo(s)
(cli_qtt = pF, + qF,, u(0,s) = uo(s)
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Figure:
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Examples: uj + uy, =1, u; = u,

Find the Monge cone and characteristic line
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