
Deverived the fundamental solution of
d4 U Hx, sL

dx4
= δ Hx − sL, −∞ < x < ∞,

by using Fourier transform, inverse Fourier transform and residue theorem.
H1L.Is U Hx, sL singular ?
H2L.Is U Hx, sL symmetric?
H3L.Is U Hx, sL degenreate form?
H4L .3 D Plot U Hx, sL and contou plot.

Sol :
Fourier transform

d4 U Hx, sL
dx4

= δ Hx − sL

H kL4 U
¯

 Hk, sL = − ks

U
¯

 Hk, sL =
1

k4
 − ks

Inverse Fourier transform

U Hx, sL =
1

2 π
 ‡

−∞

∞ 1

k4
 k Hx−sL k

let k z
1

2 π
 ´

1

z4
 z Hx−sL k = 0

Taylor' s series

k Hx−sL = 1 + H  Hx − sLL z +
1

2!
 H  Hx − sLL2 z2 +

1

3!
 H  Hx − sLL3 z3 + ∫∫

HaL, 上半面

´
1

z4
 z Hx−sL k =

‡
c1

+‡
c2

+‡
cρ

A 1

z4
+

1

z3
 H  Hx − sLL +

1

2 z2
 H  Hx − sLL2 +

1

6 z
 H  Hx − sLL3E k + ‡

cR

= 0

‡
cρ

A 1

z4
+

1

z3
 H  Hx − sLL +

1

2 z2
 H  Hx − sLL2 +

1

6 z
 H  Hx − sLL3E k

set z = ρ θ, dz = ρ θ dθ

= ‡
π

0

A 1

ρ4 4 θ
+

1

ρ3 3 θ
 H  Hx − sLL +

1

2 ρ2 2 θ
 H  Hx − sLL2 +

1

6 ρ θ
 H  Hx − sLL3E ρ θ θ

= ‡
π

0

A
ρ3 3 θ

+
ρ2 2 θ

 H  Hx − sLL +
2 ρ θ

 H  Hx − sLL2 +
6

 H  Hx − sLL3E θ

=
ρ3

 ‡
π

0

Hcos@3 θD − sin@3 θDL θ −
Hx − sL

ρ2
 ‡

π

0

Hcos@2 θD − sin@2 θDL θ −

 Hx − sL
2 ρ

 ‡
π

0

Hcos@θD − sin@θDL θ +
Hx − sL3

6
 ‡

π

0

1 θ

=
−2

ρ3
+
Hx − sL

ρ
+

π Hs − xL3

6

1

2 π
A‡

C1  +C2

+i
k
jj −2

ρ3
+
Hx − sL

ρ
y
{
zzE +

Hs − xL3

12
= 0

1

2 π
A‡

C1 +C2

+i
k
jj −2

ρ3
+
Hx − sL

ρ
y
{
zzE =

Hx − sL3

12
, x > s

HbL, 下半面

´
1

z4
 z Hx−sL k =

‡
c1

+‡
c2

−‡
cρ

A 1

z4
+

1

z3
 H  Hx − sLL +

1

2 z2
 H  Hx − sLL2 +

1

6 z
 H  Hx − sLL3E k − ‡

cR

= 0
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−‡
cρ

A 1

z4
+

1

z3
 H  Hx − sLL +

1

2 z2
 H  Hx − sLL2 +

1

6 z
 H  Hx − sLL3E k

set z = ρ θ, dz = ρ θ dθ

=

−‡
π

0

A 1

ρ4 4 θ
+

1

ρ3 3 θ
 H  Hx − sLL +

1

2 ρ2 2 θ
 H  Hx − sLL2 +

1

6 ρ θ
 H  Hx − sLL3E ρ θ θ

= −‡
π

0

A
ρ3 3 θ

+
ρ2 2 θ

 H  Hx − sLL +
2 ρ θ

 H  Hx − sLL2 +
6

 H  Hx − sLL3E θ

= −
ρ3

 ‡
π

0

Hcos@3 θD − sin@3 θDL θ +
Hx − sL

ρ2
 ‡

π

0

Hcos@2 θD − sin@2 θDL θ +

 Hx − sL
2 ρ

 ‡
π

0

Hcos@θD − sin@θDL θ −
Hx − sL3

6
 ‡

π

0

1 θ

=
2

ρ3
−
Hx − sL

ρ
−

π Hs − xL3

6

1

2 π
A‡

C1 +C2

+i
k
jj 2

ρ3
−
Hx − sL

ρ
y
{
zzE −

Hs − xL3

12
= 0

1

2 π
A‡

C1 +C2

+i
k
jj −2

ρ3
+
Hx − sL

ρ
y
{
zzE =

Hs − xL3

12
, x < s

U Hx, sL = 9
Hx−sL3

12
, x > s

Hs−xL3

12
, x < s

= 9
− s3

12
+ s2 x

4
− s x2

4
+ x3

12
, x > s

s3

12
− s2 x

4
+ s x2

4
− x3

12
, x < s

so U Hx, sL is regular.
U Hx, sL is symmetric.
U Hx, sL is degenerate form.

U1@x_, s_D := IfAx > s,
1

12
 Hx − sL3, 0E

U2@x_, s_D := IfAx < s,
1

12
 Hs − xL3, 0E

Plot3D@U1@x, sD + U2@x, sD, 8x, 0, 10<, 8s, 0, 10<, ViewPoint → 8−1.3, −2.4, 1<D
ContourPlot@U1@x, sD + U2@x, sD, 8x, 0, 10<, 8s, 0, 10<D
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