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SUMMARY

In this paper, Laplace problems are solved by using the dual boundary element method (BEM).
It is found that a degenerate scale problem occurs if the conventional BEM is used. In this case,
the influence matrix is rank deficient and numerical results become unstable. Both the circular and
elliptical bars are studied analytically in the continuous system. In the discrete system, the Fredholm
alternative theorem in conjunction with the SVD (Singular Value Decomposition) updating documents
is employed to sort out the spurious mode which causes the numerical instability. Three regularization
techniques, method of adding a rigid body mode, hypersingular formulation and CHEEF (Combined
Helmholtz Exterior integral Equation Formulation) concept, are employed to deal with the rank-
deficiency problem. The addition of a rigid body term, c, in the fundamental solution is proved to
shift the original degenerate scale to a new degenerate scale by a factor e−c. The torsion rigidities are
obtained and compared with analytical solutions. Numerical examples including elliptical, square and
triangular bars were demonstrated to show the failure of conventional BEM in case of the degenerate
scale. After employing the three regularization techniques, the accuracy of the proposed approaches
is achieved. Copyright � 2004 John Wiley & Sons, Ltd.

KEY WORDS: boundary element method; degenerate scale; degenerate kernel; hypersingular formula-
tion; CHEEF concept; Fredholm alternative theorem; SVD updating document

1. INTRODUCTION

During the last three decades, boundary element method (BEM) has been recognized as an
acceptable tool for engineering analysis [1, 2]. However, there still exists some pitfalls imbed-
ded in the BEM, e.g. rank-deficiency problems. The well-known one is the fictitious (ir-
regular) frequency in the exterior acoustics. Burton and Miller [3] solved the problem by
combining singular and hypersingular equations with an imaginary constant. Chen et al. [4]
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extended the Burton and Miller method to filter out the spurious eigenvalues in the multiply
connected eigenproblem. Schenck [5] proposed a Combined Helmholtz Interior integral Equation
Formulation (CHIEF) method, which is easy to implement by applying the integral equation
on a number of points located outside the domain of interest. It is efficient to overcome the
problem of non-unique solutions in case of fictitious frequency, but it still has some draw-
backs since the chosen point may fail. How to determine the number of points and how to
choose their positions were discussed by Chen et al. [6]. In a similar way for the interior
eigenproblem, the CHEEF technique [7] instead of the CHIEF concept was applied to filter
out spurious eigenvalues successfully by adding constraints from the points outside the domain
in the multiple reciprocity BEM [8], real-part BEM [9] and imaginary-part BEM [10]. Rank-
deficiency problems also occur when BEM is applied to deal with crack or corner problems.
Dual formulation in conjunction with the hypersingular equation has received much attention
in the last decade. A review article can be found in Reference [11].

In the BEM implementation, the rigid body motion or the so-called constant potential test is
always employed to examine the singular matrices of strongly singular kernels and hypersingular
kernels for the problems without degenerate boundaries. Lutz et al. [12] termed it a simple
solution. Based on this concept, diagonal terms of a singular influence matrix can be easily
determined. Singular matrix occurs physically and mathematically in the sense that the non-
unique solution for the singular matrix implies an arbitrary rigid body term for the interior
Neumann (traction) problem. However, the influence matrix of the weakly singular kernel may
be singular for the Dirichlet problem [13] when the geometry is special. The non-unique
solution is not physically realizable but results from the zero singular value in the influence
matrix by using the BEM. From the point of view of linear algebra, the problem also originates
from the rank deficiency in the influence matrices. For example, the non-unique solution of a
circle with a unit radius has been noted by Petrovsky [14] and by Jaswon and Symm [15].
The special geometry which results in a non-unique solution for a potential problem is called
‘degenerate scale’. The term ‘scale’ stems from the fact that the numerical instability of a unit
circle of radius 1 m (1 cm) disappears if the radius of 100 cm (0.01 m) is used in the BEM
implementation. Christiansen [16, 17] termed it a critical value (C.V.) since it is mathematically
realizable. In real implementation, we need to avoid the number one for the circular radius
using the normalized scale. The numerical difficulties due to non-uniqueness of solutions have
been solved by using the necessary and sufficient boundary integral equation (NSBIE) [18–21]
and boundary contour method [22]. Also, the degenerate scale of multiply connected problems
was discussed for the Laplace equation by Tomlinson et al. [23]. The non-unique solution in
biharmonic problems was also studied by Mitra and Das [24] and Christiansen [16]. Chen
et al. [25, 26] studied the degenerate scale for the simply and multiply connected problems by
using the degenerate kernels and circulants in a discrete system for circular and annular cases.
Mathematically speaking, the singularity pattern distributed along a ring boundary resulting in
a null-field interior solution introduces a degenerate scale. This concept was also extended to
study the spurious eigenvalues for annular cavities by Chen et al. [4]. The similar application to
the two-dimensional elasticity was addressed in Reference [27]. A rigorous study was proposed
mathematically by Kuhn [28] and Constanda [29, 30] for the occurring mechanism of the
degenerate scale. SVD technique has been used to detect the non-unique solution in case of
degenerate scale [17, 31]. A complete collection of integral equations and functional equations
for solving torsion problem has been written down in Reference [32]. However, very few
numerical results to deal with the degenerate scale or critical value have been worked out. Two
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methods to eliminate degenerate scale, scaling method and restriction method were discussed
by Christiansen [33]. He also investigated the condition number of the influence matrix of
the fictitious BEM and null-field approach [34]. Here, three regularization techniques will be
employed to avoid the zero singular value. One alternative to treat the problem is to superimpose
a rigid body term in the fundamental solution for the BEM formulation. Although the original
degenerate scale problem can be circumvented for the special geometry, the new degenerate
scale will be proved to move to another size. Another alternative of hypersingular formulation
is employed to avoid the zero eigenvalue in paying the price of determining the Hadamard
principal value. By adopting the CHEEF concept for obtaining an independent constraint, we
can also deal with the degenerate scale problems free of hypersingularity.

In this paper, we will focus on the analytical investigation for the phenomenon of degenerate
scales in the BEM for torsion problems in continuous and discrete systems. The degenerate scale
for the elliptical bar under torsion will be derived analytically in a continuous system by using
the elliptical co-ordinate. Circular domain is a special case for check. The degenerate kernel
and circulant will be employed to derive the degenerate scale in the continuous and discrete
systems, respectively. Also, the addition of rigid body term c in the fundamental solution will
be proved to move the original degenerate scale to the new degenerate scale by a factor of e−c.
In the discrete system, the Fredholm alternative theorem in conjunction with SVD updating
document will be employed to find the degenerate scale and the corresponding spurious mode.
The relation between the spurious mode and unitary vector in SVD will be constructed. Also, we
will propose three alternatives, method of adding a rigid body mode, hypersingular formulation
and CHEEF technique, to overcome the non-unique solution in the numerical implementation.
Method of adding a rigid body mode in the fundamental solution can shift the zero singular
value in the conventional BEM. Instead of using the conventional BEM, the second equation in
the dual BEM, i.e. hypersingular formulation, can avoid the zero singular value. By using the
CHEEF technique, the addition of a constraint by collocating the points outside the domain can
promote the rank of the singular matrix. Numerical examples, torsion problems of elliptical,
square, triangular bars, will be demonstrated to see the numerical instability for the degenerate
scale problems. The treatment for the suppression of numerical instability will be done.

2. DUAL BOUNDARY INTEGRAL FORMULATION AND
DUAL BEM FOR TORSION PROBLEMS

In mathematical physics, many engineering problems can be described by the Laplace equation.
For simplicity, torsion problem is considered here. The torsion problem of a bar with an arbitrary
cross section in Figure 1 can be formulated by the Poisson equation as follows [35, 36]:

�2u∗(x1, x2) = −2, (x1, x2) ∈ D (1)

where u∗ is the torsion (Prandtl) function, ∇2 is the Laplacian operator and D is the domain.
The boundary condition is

u∗(x1, x2) = 0, (x1, x2) ∈ B (2)

where B is the boundary. Since Equation (1) contains the body source term which results in
a domain integral by using the BEM, the problem can be reformulated to

�2u(x1, x2) = 0, (x1, x2) ∈ D (3)
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Figure 1. Figure sketch of the torsion problem.

and the boundary condition is changed to

u(x1, x2) = ũ, (x1, x2) ∈ B (4)

where the torsion function u∗ can be obtained from u by superimposing ũ, u = u∗ + ũ and
ũ = (x2

1 + x2
2 )/2.

This new model for the torsion problem using Equation (3) is the Laplace equation subject
to the Dirichlet data of Equation (4), which is very easy to implement using the DBEM,
e.g. the BEPO2D program can be used in this study [37]. The torque, Mz, can then be
determined by

Mz =
∫∫

D

(x1�23 − x2�13) dx1 dx2 (5)
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where �23 and �13 are the shearing stresses determined by �23 = −�G�u∗/�x1 and �13 =
�G�u∗/�x2, in which G is the shear modulus and � denotes the twist angle per unit length.

By employing the Green’s second identity and Equation (1), the area integral in Equation (5)
can be transformed into a boundary integral and a domain integral as follows [35]:

Mz =
∫∫

D

(x1�23 − x2�13) dx1 dx2

= −�G

∮
B

ũ
�u∗

�n
dB − �G

∫∫
D

(x2
1 + x2

2 ) dx1 dx2 (6)

The induced area integral of the second term on the right-hand side of the equal sign in
Equation (6) can be reformulated into a boundary integral again by using the Gauss theorem
as follows [35]:

−�G

∫∫
D

(x2
1 + x2

2 ) dx1 dx2 = −�G

16

∮
B

�{(x2
1 + x2

2 )2}
�n

dB (7)

The torsion problem can be simulated by using the mathematical model of the Laplace equation
as shown in Equation (3). Now, we will consider the boundary integral formulation for numerical
analysis. Using the Green’s identity, the first equation of the dual boundary regular integral
equations for the domain point x can be derived as follows:

2�u(x) =
∫

B

T (s, x)u(s) dB(s) −
∫

B

U(s, x)
�u(s)

�ns

dB(s) (8)

where

U(s, x) ≡ ln(r) (9)

T (s, x) ≡ �U(s, x)

�ns

(10)

in which r is the distance between the field point x and the source point s, and ns is the
normal vector for the boundary point s. After taking the normal derivative of Equation (8), the
second equation of the dual boundary regular integral equations for the domain point x can be
derived as

2�
�u(x)

�nx

=
∫

B

M(s, x)u(s) dB(s) −
∫

B

L(s, x)
�u(s)

�ns

dB(s) (11)

where

L(s, x) ≡ �U(s, x)

�nx

(12)

M(s, x) ≡ �2
U(s, x)

�nx�ns

(13)
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in which nx is the normal vector for the field point x. Equations (8) and (11) are coined the
dual boundary regular integral equations for the domain point x. The explicit forms of the
kernel functions can be found in Reference [37]. By tracing the field point x to the boundary,
the dual boundary singular integral equations for the boundary point x can be derived as

�u(x) = C.P.V.

∫
B

T (s, x)u(s) dB(s) − R.P.V.

∫
B

U(s, x)
�u(s)

�ns

dB(s) (14)

�
�u(x)

�nx

= H.P.V.

∫
B

M(s, x)u(s) dB(s) − C.P.V.

∫
B

L(s, x)
�u(s)

�ns

dB(s) (15)

where R.P.V., C.P.V. and H.P.V. denote the Riemann principal value, Cauchy principal value
and Hadamard or Mangler principal value, respectively. After discretizing the boundary into
2N boundary elements, Equations (14) and (15) reduce to

[U ]2N×2N {t}2N×1 = [T ]2N×2N {u}2N×1 (16)

[L]2N×2N {t}2N×1 = [M]2N×2N {u}2N×1 (17)

where [U ], [T ], [L] and [M] are the four influence matrices which can be found in Ref-
erence [37], {u} and {t} are the boundary data for the primary and the secondary boundary
variables, respectively.

To determine the torsion rigidity using Equation (6), the following boundary integral can be
integrated numerically as follows:∮

B

ũ
�u∗

�n
dB =

∮
B

ũ
�u

�n
dB −

∮
B

ũ
�ũ

�n
dB =

2N∑
j=1

ũj

[(
�u

�n

)
j

−
(

�ũ

�n

)
j

]
lj (18)

where (�u/�n)j is the normal derivative of u for the j th boundary element, lj is the length
of the j th boundary element and another boundary integral in Equation (7) can be discretized
as follows: ∮

B

�{(x2
1 + x2

2 )2}
�n

dB = 4
2N∑
j=1

(
�ũ2

�n

)
j

lj (19)

3. PROOF OF THE EXPANSION RATIO OF e−c FOR THE NEW DEGENERATE
SCALE AFTER ADDING A RIGID BODY TERM c IN THE FUNDAMENTAL SOLUTION

For a two-dimensional potential problem, there exists a unique solution for �1(s) satisfying

u(x) =
∫

B

U(s, x)�1(s) dB(s), x ∈ B (20)

where B is the normal boundary with the enclosing domain D. For simplicity, we can assume
a constant potential field since it is a ‘simple solution’ for the Laplace equation. Equation (20)
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reduces to

1 =
∫

B

U(s, x)�1(s) dB(s), x ∈ B (21)

When the degenerate scale Bd occurs, the non-unique solution of Equation (21) implies that

0 =
∫

Bd

U(s, x)�1(s) dB(s), x ∈ Bd (22)

has a non-trivial solution for �1(s), where Bd is the boundary of degenerate scale using the
fundamental solution U(s, x) = ln(r) [13, 15–17, 32–34].

For determining the degenerate scale systematically from one trial of a normal scale, we
provide a flowchart as shown in Figure 2(a) and the numerical results as shown in Table I.

Theorem
The boundary of g(x1, x2) = 0 shown in Figure 2(b), which is a degenerate scale us-
ing the fundamental solution (U(s, x) = ln(r)) is changed to a new degenerate scale of
g(x1/e−c, x2/e−c) = 0 using the modified fundamental solution (U∗(s, x) = ln(r) + c).

Proof
If the degenerate scale Bd (g(x1, x2) = 0) occurs, the fundamental solution U(s, x) can be
modified to U(s, x) + c to avoid the singular case. In other words, there is a unique solution
�1(s) for the following equation:

1 =
∫

Bd

[U(s, x) + c]�1(s) dB(s) (23)

We expand the normal boundary Bd (U(s, x) = ln(r) + c) in Equation (23) to the ‘new
degenerate scale’, Bd∗ , by using the modified fundamental solution as shown in Figure 2(a).
The homogeneous Equation (23) reduces to

0 =
∫

Bd∗
[U(s d∗, x d∗) + c]�1(s d∗) dB(s d∗) (24)

where d∗ is the expansion ratio. In the new degenerate scale, Bd∗ , for the case of modified
fundamental solution (U(s, x) = ln(r) + c), it means that Equation (24) has a non-trivial
solution. By using mapping properties, dB(s d∗) = d∗ dB(s) and U(s d∗, x d∗) = U(s, x)+ln d∗,
Equation (24) reduces to

0 = d∗
∫

Bd

[(U(s, x) + ln(d∗) + c]�1(s) dB(s)

= d∗ ln(d∗)
∫

Bd

�1(s) dB(s) + c d∗
∫

Bd

�1(s) dB(s) + d∗
∫

Bd

U(s, x)�1(s) dB(s) (25)
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Since
∫
Bd

U(s, x)�1(s) dB(s) = 0 in the original degenerate scale, Equation (25) simplifies to

0 = d∗ ln(d∗)
∫

Bd

�1(s) dB(s) + cd∗
∫

Bd

�1(s) dB(s)

= (ln(d∗) + c)

∫
Bd

�1(s) dB(s) (26)

The expansion ratio, d∗, satisfying

d∗ = e−c (27)

results in a new degenerate scale in Equation (27). To demonstrate the accuracy of Equation (27),
a special case of circular bar will be discussed in the following section in detail. �

4. MATHEMATICAL ANALYSIS OF THE DEGENERATE SCALE FOR AN
ELLIPTICAL BAR UNDER TORSION

For an elliptical bar under torsion as shown in Figure 3(a), the governing equation is also

∇2u(x1, x2) = 0, (x1, x2) ∈ D (28)

To study the degenerate scale for an elliptical bar [38], we consider an infinite domain and
use the elliptic co-ordinate � and 	 defined by

z = k cosh 
, 
 = � + i	 (29)

where z is the complex plane (x1 + ix2), k is a constant and

x1 = k cosh � cos 	, x2 = k sinh � sin 	 (30)

The co-ordinate � is a constant and is equal to �0 on the ellipse of the semiaxes k cosh �0
and k sinh �0 as shown in Figure 3(b). If the semiaxes are given as � and �, k and �0 can be
determined by

k =
√

�2 − �2, �0 = tanh−1
(

�

�

)
(31)

We assume ui and ue, for the interior and exterior potentials as shown in Figure 3(b),
respectively,

ui(�, 	) = c1 (32)

ue(�, 	) = c2 + c3� (33)
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Figure 3. (a) Elliptical domain; (b) elliptical co-ordinate; (c) the null field for the elliptical domain;
and (d) the positions of the points (�0, 	) and (�0 + ��0, 	) in the elliptical co-ordinate.

where c1, c2 and c3 are coefficients, and the subscripts ‘i’ and ‘e’ denote the interior or exterior
point separated by the elliptical boundary � = �0, respectively. When � approaches infinity, we
have the asymptotic form

r = |z| = |k cosh 
| � k

2
e� (34)

and

� � ln(r) − ln

(
k

2

)
(35)

The exterior potential approaches ln r and the coefficient c2 must be chosen as c3 ln(k/2). The
potential in the exterior domain is

ue(�, 	) = c3

(
� + ln

(
k

2

))
(36)
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On the other hand, when � approaches �0 on the elliptical boundary, we have

ue(�, 	) = c3

(
�0 + ln

(
k

2

))

= c3

(
tanh−1

(
�

�

)
+ 1

2
ln(�2 − �2) − ln(2)

)
(37)

after using Equation (31). If we set

tanh(x) =
(

e2x − 1

e2x + 1

)
= � (38)

we have

x = 1

2
ln

(
1 + �

1 − �

)
= tanh−1 � (39)

By setting � to be (�/�), we have

tanh−1
(

�

�

)
= 1

2
ln

(
� + �

� − �

)
(40)

The exterior potential in Equation (37) becomes

ue(�, 	) = c3

(
1

2
ln

(
� + �

� − �

)
+ 1

2
ln(�2 − �2) − ln(2)

)

= c3 ln

(
� + �

2

)
(41)

For the continuity of displacement across the boundary, the displacement by approaching from
the exterior domain must equal to the potential by approaching from the interior domain. We
have

c1 = ln

(
� + �

2

)
c3 (42)

and the potential can be written as

ui(�, 	) = c3 ln

(
� + �

2

)
(43)

ue(�, 	) = c3

[
� + 1

2 ln(�2 − �2) − ln(2)
]

(44)

The degenerate scale occurs for the interior null field when the relationship between � and �
is � + � = 2, i.e. c1 = 0. In such a case, the strength of the singularity along the elliptical
boundary cannot be determined in BEM implementation. This is the reason why a degenerate
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scale occurs. The fields for ui and ue are shown in Figure 3(c) for contour and three-dimensional
plots. It is found that the null field is obtained in the ellipse. From Equations (30) and (31),
the tangent vector t̃ and normal vector ñ in Figure 3(d) can be derived as follows:

t̃ = (−k cosh �0 sin 	, k sinh �0 cos 	) (45)

ñ = (k sinh �0 cos 	, k cosh �0 sin 	) (46)

The exact solution for the normal flux on the boundary is

�u(�0, 	)

�ñ
= �1(	) = u(�0 + ��0, 	) − u(�0, 	)

r(�0, 	; �0 + ��0, 	)

= 1√
�2 cos2 	 + �2 sin2 	

(47)

where r(�0, 	; �0 + ��0, 	) is the distance between the two points (�0, 	) and (�0 + ��0, 	) in
the elliptical co-ordinate, as shown in Figure 3(d). When � approaches �, the elliptical boundary
becomes a circle and the degenerate scale is found to be � = � = 1. The result is the same
in comparison with the degenerate scale in [14, 15]. Equation (47) reduces to �1(	) = 1 for
the circle.

5. SPECIAL CASE—A CIRCULAR BAR WITH A RADIUS R

When � equals to � in the elliptical case, it becomes a circular bar. The null field of Figure 3(c)
is simplified to Figure 4 where ue(�, 	) = ln r can be obtained from Equation (37) by setting
� = � = R. The degenerate scale occurs at the radius of one. In this case, �(	) = �(	) = 1.
For the discrete system of 2N boundary elements, the influence matrix of [U ] is a symmetric
circulant which can be decomposed by using SVD technique as

[U ] = [�][�][�]T (48)

where the singular values in the [�] matrix are

n =




2�R ln(R), n = 0

−�
R

|n| , n = ±1, ±2, . . . , ±(N − 1), N
(49)

After adding a rigid body term, c, in the fundamental solution, the influence matrix [U ] is
modified to

[Ur ] = [U ] + c∗{�1}{�1}T (50)
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Figure 4. The null field for the circular domain.

where uniform mesh results in

{�1} = {�1} = 1√
2N




1

1

...

1

1




2N×1

(51)

Copyright � 2004 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2005; 62:233–261



DEGENERATE SCALE PROBLEM 247

We can easily obtain

c∗ = 2cNl = 2�r∗c (52)

In order to demonstrate that the rigid body term c can shift the degenerate scale R = 1 to
another place R = r∗, the minimum singular value of the influence matrix [Ur ] becomes zero,

2�r∗ ln(r∗) + c∗ = 0 (53)

Using Equation (52), we have

2� r∗ ln(r∗) + c2� r∗ = 0 (54)

Equation (54) yields

r∗ = e−c (55)

Equation (27) is obtained again using the BEM. In the same way, we can prove Equation (27)
in the continuous system. First, we define a boundary integral operator U which maps one
boundary density function p(s) to another boundary density function q(x) as

U(p(s)) = �q(x) (56)

where the boundary integral operator, U, is defined as

U(�(s)) =
∫

B

U(s, x)�(s) dB(s), x ∈ B (57)

In this case, the associated eigenfunction for the zero eigenvalue is �(s) = 1, i.e.

U(�(s)) = ��(x) =
∫

B

U(s, x)�(s) dB(s) = 0, x ∈ B (58)

When the degenerate scale occurs, the eigenvalue, �, is zero. By using the degenerate kernel
function for the fundamental solution added by a rigid body term, c, [37], we have

U∗(s, x) = U∗(R, �; �, �) (59)

= ln R −
∞∑

m=1

1

m

( �

R

)m
cos(m(� − �)) + c (60)

where x = (�, �) and s = (R, �). For the circular case of radius one, the zero singular value
results in a degenerate scale. After adding a rigid body term, c, the minimum singular value
shifts to

∗
1 = 2�R ln(R) + 2�Rc (61)

We can obtain the radius with a unit length (free of rigid body term) is shifted to e−c (after
adding a rigid body term c) for keeping the zero singular value, see Figure 5. In order to
demonstrate that the rigid body term c can shift the degenerate scale (R = � = 1) to another
place (R = r∗). Equation (61) can be rewritten as

2�r∗ ln(r∗) + 2�r∗c = 0 (62)
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Figure 5. The first minimum singular value versus scale by using the conventional BEM
(UT formulation) and adding a rigid body term for the circular bar.

Equation (62) yields

r∗ = e−c (63)

6. DETECTION OF DEGENERATE SCALES AND DETERMINATION OF SPURIOUS
MODES BY USING THE SVD UPDATING DOCUMENTS AND THE FREDHOLM

ALTERNATIVE THEOREM

6.1. Fredholm alternative theorem

The linear algebraic equation [K] {u} = {b̄} has a unique solution if and only if the only
continuous solution to the homogeneous equation

[K]{u} = {0} (64)

is {u} ≡ {0}. Alternatively, the homogeneous equation has at least one solution if the homoge-
neous adjoint equation

[K]H{�} = {0} (65)
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has a non-trivial solution {�}, where [K]H is the transpose conjugate matrix of [K] and {b̄}
must satisfy the constraint ({b̄}H{�} = 0). If the matrix [K] is real, the transpose conjugate of
a matrix is equal to its transpose only [39], i.e. [K]H = [K]T. By using the UT formulation,
we have

[U ]{t} = [T ]{u} = {b̄} (66)

According to the Fredholm alternative theorem, Equation (66) has at least one solution for {t}
if the homogeneous adjoint equation

[U ]T{�1} = {0} (67)

has a non-trivial solution {�1}, in which the constraint ({b̄}T{�1} = 0) must be satisfied. By
substituting b̄ = [T ]{u} in Equation (66) into {b̄}T{�1} = 0, we obtain

{u}T[T ]T{�1} = 0 (68)

Since {u} is an arbitrary vector for the Dirichlet problem, we have

[T ]T{�1} = {0} (69)

where {�1} is the spurious mode. Combining Equations (67) and (69) together, we have

[[U ]T

[T ]T

]
{�1} = {0} or {�1}T[[U ] [T ]] = {0} (70)

Equation (70) indicates that the two matrices have the same spurious mode {�1} corresponding
to the same zero singular value when a degenerate scale occurs. The former one in Equation (70)
is a form of updating term and the latter one is a form of updating document. By using the
SVD technique for the [U ]T and [T ]T matrices, we have

[U ]T = [�U ][�U ][�U ]T

[T ]T = [�T ][�T ][�T ]T
(71)

where {�1} is imbedded in both the matrices, [�U ] and [�T ], with the corresponding zero
singular value in the matrices, [�U ] and [�T ], respectively. Since {�1} is one of the left unitary
vector of [�U ] matrix with respect to the zero singular value, we have

[U ]T{�1} = 0{�1} (72)

where {�1} and {�1} are the pair of non-trivial spurious modes which satisfy

[U ]{�1} = 0 {�1} (73)

The {�1} in Equation (73) for the discrete system and �(	) in Equation (47) for the continuous
system will be examined in the following numerical examples. To sum up, rigid body mode
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{1, 1, . . . , 1, 1}T and spurious mode {�1} satisfy

[T ]




1

1

...

1

1




= [U ]




0

0

...

0

0




(74)

[T ]




0

0

...

0

0




= [U ]{�1} (75)

respectively.

7. THREE REGULARIZATION TECHNIQUES TO DEAL WITH DEGENERATE
SCALE PROBLEMS IN BEM

7.1. Method of adding a rigid body mode

Since the [U ] matrix is singular in case of the degenerate scale, the modified fundamental
solution can be added by a rigid body term c,

U∗(s, x) = U(s, x) + c (76)

The influence matrix [U ] is modified to [U∗], where the component form for the element is

U∗
ij = Uij + clj , (i, j = 1, . . . , 2N) (77)

The zero singular value in [U ] moves to a non-zero value for [U∗]. To demonstrate the
effectiveness, the minimum singular value after the modified fundamental solution will be
shown in the numerical examples.

7.2. Hypersingular formulation

Instead of using the Equation (16) in the conventional BEM, the second equation of Equa-
tion (17) in the dual BEM is used. To demonstrate the idea, the singular value for the [L]
matrix will be shown to be non-zero no matter what the expansion ratio is in the following
numerical examples.
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7.3. CHEEF concept

Since the [U ] matrix is singular, the rank is deficient. In order to promote the rank, the
independent constraint is required. To resort to the null-field integral equation by collocating
the point outside the domain, we have

〈w〉{t} = 〈v〉{u} (78)

where 〈w〉 and 〈v〉 are the influence row vectors by collocating the exterior point in the
null-field integral equation. By combining Equations (16) with (78), we have[[U ]2N×2N

〈w〉1×2N

]
{t}2N×1 =

[[T ]2N×2N

〈v〉1×2N

] {
u
}

2N×1 (79)

According to the Equation (79), we can obtain the reasonable solution by using either the least
squares method or the SVD technique.

8. NUMERICAL EXAMPLES

In this section, three cases including elliptical, square, triangular bars are considered.

8.1. Elliptical bar

For the elliptical bar with axes � m and � m (� = 3�) under torsion, the analytical solution
for the conjugate warping function is [36]

u(x1, x2) = �2(2�2 + x2
1 − x2

2 ) + �2(−x2
1 + x2

2 )

2(�2 + �2)
, (x1, x2) ∈ D (80)

and the boundary flux is

�u

�n
= − (�2 − �2)(−�2x2

1 + �2x2
2 )

(�2 + �2)

√
�4x2

1 + �4x2
2

(81)

The torsion rigidity, Tr, is

Tr = G
��3�3

�2 + �2 (82)

The non-trivial boundary mode {�1} obtained in Equation (73) in the BEM and the analytical
solution �1(	) using Equation (47) matched well in Figure 6. Good agreement for the numerical
data of Equation (70) and the exact solution for the spurious mode is obtained in Figure 6.
Table II shows the torsional rigidity obtained by using different approaches. The conventional
BEM can work well for the normal case. However, the numerical instability results in a
deteriorated solution using BEM when the degenerate scale (� + � = 2) occurs in the shadow
area of Table II. Good agreement was obtained in comparison with the analytical solutions
after using the regularization techniques as shown in Table II.
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By using the conventional BEM, the zero singular value occurs in case of degenerate scale.
After adding the rigid body term, c, in the fundamental solution, the zero singular value moves
to another place by a factor e−c instead of the original one as shown in Figure 7(a). To
investigate how seriously the rank deficiency behaves, we plot the second minimum singular
value versus the expansion ratio in Figure 7(b). It indicates that the rank is deficient by
one only. This supports us that only one CHEEF point is sufficient. The zero singular value
disappears in Figure 7(c) for the [L] matrix in the hypersingular formulation. In order to avoid
hypersingularity, the CHEEF method by collocating one point outside the domain can promote
the rank as shown in Figure 7(d). Since no zero solution outside the domain can be found in
Figure 3(c), the selected CHEEF points are always valid.

8.2. Square bar

For the square bar with area 4a2 m2 under torsion, the analytical solution for the conjugate
warping function is [36]

u(x1, x2) = a2 + 1

2
(x2

1 − x2
2 ) − 32a2

�3

∞∑
n=0

(−1)n�n cosh(�nx2) cos(�nx1)

(2n + 1)3 cosh(�na)
, (x1, x2) ∈ D (83)
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Figure 7. (a) The first minimum singular value versus scale using the conventional BEM (UT formu-
lation) and method of adding a rigid body term; (b) the second minimum singular value versus scale
using the conventional BEM (UT formulation); (c) the first minimum singular value versus scale by
using the hypersingular equation (LM formulation); and (d) the first minimum singular value versus

scale by using the conventional BEM (UT formulation) and CHEEF method.

where

�n = (2n + 1)
�

2a
, n = 0, 1, 2 . . . (84)

The boundary flux is
�u

�n
= �u

�x1
nx1 + �u

�x2
nx2 , (x1, x2) ∈ B (85)
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where

�u

�x1
= −x1 − 32a2

�3

∞∑
n=0

(−1)n+1�n cosh(�nx2) sin(�nx1)

(2n + 1)3 cosh(�na)
(86)

�u

�x2
= x2 − 32a2

�3

∞∑
n=0

(−1)n�n sinh(�nx2) cos(�nx1)

(2n + 1)3 cosh(�na)
(87)

and nx1 and nx2 are the components of the normal vector on the boundary.
The torsional rigidity, Tr, of a square bar is

Tr = 16k1Ga4 (88)

where

k1 = 1

3

(
1 − 192

�5

∞∑
n=0

tanh(�na)

(2n + 1)5

)
(89)

Table II shows the torsional rigidity by using different approaches. In the same way, the
conventional BEM (UT formulation) cannot obtain the acceptable results for the case of the
degenerate scale as shown in Table II. Figure 8 shows the spurious modes of {�1} and {�1}.
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Figure 9. (a) The first minimum singular value versus scale using the conventional BEM (UT formu-
lation) and method of adding a rigid body term; (b) the second minimum singular value versus scale
using the conventional BEM (UT formulation); (c) the first minimum singular value versus scale by
using the hypersingular equation (LM formulation); and (d) the first minimum singular value versus

scale by using the conventional BEM (UT formulation) and CHEEF method.

In this case, no analytical solution can be compared with. By using the conventional BEM,
the zero singular value occurs in case of the degenerate scale. After adding the rigid body
term in the fundamental solution, the zero singular value moves to another degenerate scale
instead of original one as shown in Figure 9(a). To investigate how seriously the rank deficiency
behaves, we plot the second minimum singular value versus the expansion ratio in Figure 9(b).
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Table III. Torsion rigidities for a triangular bar using different methods.

Cross section

Normal scale Degenerate scale
Solution h = 3.0 h = 2.07

Analytical solution G

√
3

45
h4 G

√
3

45
h4

3.1177 0.7067
Direct BEM (UT) 2N = 90 3.1829 (2.09%) 1.1101 (57.08%)
Regularization methods
Direct BEM (LM) 2N = 90 0.6837 (3.25%)
Add a rigid body term

(c = 1.0) 2N = 90 Regularization 0.7035 (0.45%)
(c = 2.0) 2N = 90 techniques are 0.7024 (0.61%)

not necessary
CHEEF concept 2N = 90 0.7453 (5.46%)

CHEEF Point (15.0, 15.0)

Note: Data in parentheses denote error.

It indicates that rank is deficient by one only. This supports us that only one CHEEF point
is required. By employing the hypersingular equation in the dual BEM, it is found that the
singular value of [L] matrix for any scale is non-zero as shown in Figure 9(c). In order to
avoid hypersingularity, the CHEEF concept by collocating one point outside the domain can
promote the rank as shown in Figure 9(d).

8.3. Triangular bar

For the equilateral triangular bar with the height h m under torsion, the analytical solution
for the conjugate warping function is [36]

u(x1, x2) = − 1

2h
(3x2x

2
1 − x3

2 + hx2
2 − hx2

1 + h2x2), (x1, x2) ∈ D (90)

and the boundary flux is

�u

�n
= �u

�x1
nx1 + �u

�x2
nx2 , (x1, x2) ∈ B (91)
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Figure 10. Spurious modes of {�(U)
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1 } for the triangular bar of the degenerate scale.

where

�u

�x1
= − 1

2h
(6x2x1 − 2hx1) (92)

�u

�x2
= − 1

2h
(3x2

1 − 3x2
2 + 2hx2 + h2) (93)

The torsion rigidity, Tr, is

Tr = G

√
3

45
h4 (94)

Table III shows the torsional rigidity by using different approaches. In the same way, the con-
ventional BEM (UT formulation) cannot obtain the acceptable results for the case of degenerate
scale as shown in Table III. Figure 10 shows the spurious modes of {�1} and {�1}. In this
case, no analytical solution can be compared with. By using the conventional BEM, the zero
singular value occurs in case of the degenerate scale. After adding the rigid body term in
the fundamental solution, the zero singular value moves to another degenerate scale instead of
original one as shown in Figure 11(a). To investigate how seriously the rank deficiency be-
haves, we plot the second minimum singular value versus the expansion ratio in Figure 11(b).
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Figure 11. (a) The first minimum singular value versus scale using the conventional BEM (UT
formulation) and method of adding a rigid body term; (b) the second minimum singular value versus
scale using the conventional BEM (UT formulation); (c) the first minimum singular value versus
scale by using the hypersingular equation (LM formulation); and (d) the first minimum singular value

versus scale by using the conventional BEM (UT formulation) and CHEEF method.

It indicates that rank is deficient by one only. It is found that the singular value of [L] matrix
in the hypersingular equation for any scale is non-zero as shown in Figure 11(c). In order to
avoid hypersingularity, the CHEEF method by collocating one point outside the domain can
promote the rank as shown in Figure 11(d).
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9. CONCLUSIONS

In this paper, the numerical instability for Laplace problems with a degenerate scale by using
the conventional BEM was addressed. Torsion bar is chosen as an demonstrative application.
Instead of direct searching for the degenerate scale by trial and error, a more efficient technique
is proposed to directly determine the singular case since only one normal scale needs to
be computed. The degenerate scale for the torsion bar with an elliptical section was derived
analytically in the continuous system using the elliptical co-ordinate. For the discrete system, the
source of numerical instability is found to be the spurious modes (left and right unitary vectors
in SVD with respect to the zero singular value) which were obtained by using the Fredholm
alternative theorem and SVD updating document. To deal with the numerical instability due
to the degenerate scale, three approaches, method of adding a rigid body mode, hypersingular
formulation and CHEEF method, were successfully applied to remove the zero singular value.
Good agreement between the BEM results and the analytical solutions were obtained if the
regularization techniques are used. Numerical examples, including an elliptical bar, a square
bar and triangular bar were demonstrated to check the validity.
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