
H1L, Find the directional derivative of f 

Hx, yL in H1, 0L and H0, 1L directions where f Hx, yL = 2 x − 2 y
sol :

f
”

 Hx, yL = 2 i
”

− 2 j
”

n1
”÷÷÷ = I1 i

”
+ 0 j

”M , n2
”÷÷÷ = I0 i

”
+ 1 j

”M

∇f ⋅ n1
”÷÷÷ =

∂ f

∂ n1
”÷÷÷ = I2 i

”
− 2 j

”M⋅ I1 i
”

+ 0 j
”M = 2

∇f ⋅ n2
”÷÷÷ =

∂ f

∂ n2
”÷÷÷ = I2 i

”
− 2 j

”M⋅ I0 i
”

+ 1 j
”M = −2

H2L, Find the derivative for f HzL = z2 for
H1L ∆z = ∆x
H2L ∆z = ∆ y

Verify the Cauchy Riemann equation
sol :

f HzL = u Hx, yL + v Hx, yL
f HzL = z2 = Hx + y L2 = Hx2 − y2L + H2 x yL
u Hx, yL = Hx2 − y2L , v Hx, yL = H2 x yL

f' HzL = lim
∆z→ 0

f Hz + ∆zL − f HzL
∆z

=

lim
∆x→ 0

f Hz + ∆xL − f HzL
∆x

= lim
∆x→ 0

u Hx + ∆x, yL + v Hx + ∆x, yL − u Hx, yL − v Hx, yL
∆x

= lim
∆x→ 0

Hx + ∆xL2 − y2 + 2 Hx + ∆xL y − Hx2 − y2L − H2 x yL
∆x

=

lim
∆x→ 0

2 x ∆x + 2 ∆x y

∆x
= 2 x + 2 y = 2 z

f' HzL = lim
∆z→ 0

f Hz + ∆zL − f HzL
∆z

= lim
∆y→ 0

f Hz + ∆yL − f HzL
∆y

=

lim
∆y→ 0

u Hx, y + ∆yL + v Hx, y + ∆yL − u Hx, yL − v Hx, yL
∆y

= lim
∆x→ 0

x2 − Hy + ∆yL2 + 2 x Hy + ∆yL − Hx2 − y2L − H2 x yL
∆y

=

lim
∆x→ 0

−2 y ∆y + 2 x ∆y

∆y
= 2 x + 2 y = 2 z

So f' HzL = 2 z
Cauchy Riemann equation :

9
∂u
∂x

= 2 x = ∂v
∂y

∂u
∂y

= −2 y = − ∂v
∂x

H3L, Find the derivative for f HzL = z̄ for
H1L ∆z = ∆x
H2L ∆z = ∆ y

Verify the Cauchy Riemann equation
sol :

f HzL = u Hx, yL + v Hx, yL
f HzL = z̄ = x − y −2 = x − y
u Hx, yL = x , v Hx, yL = −y

f' HzL = lim
∆z→ 0

f Hz + ∆zL − f HzL
∆z

=

lim
∆x→ 0

f Hz + ∆xL − f HzL
∆x

= lim
∆x→ 0

u Hx + ∆x, yL + v Hx + ∆x, yL − u Hx, yL − v Hx, yL
∆x

= lim
∆x→ 0

Hx + ∆xL − y − x + y

∆x
= lim

∆x→ 0

∆x

∆x
= 1
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f' HzL = lim
∆z→ 0

f Hz + ∆zL − f HzL
∆z

=

lim
∆y→ 0

f Hz + ∆yL − f HzL
∆y

= lim
∆y→ 0

u Hx, y + ∆yL +  v Hx, y + ∆yL − u Hx, yL −  v Hx, yL
 ∆y

= lim
∆x→ 0

x − Hy + ∆yL − x + y

∆y
= lim

∆x→ 0

− ∆y

∆y
= −1

So f' HzL = 不存在

Cauchy Riemann equation :

9
∂u
∂x

= 1 ≠ ∂v
∂y

= −1

∂u
∂y

= 0 = − ∂v
∂x

H4L, Find the derivative for f HzL = Re 8z< for
H1L ∆z = ∆x
H2L ∆z = ∆ y

Verify the Cauchy Riemann equation
sol :

f HzL = u Hx, yL + v Hx, yL
f HzL = Re 8z< = x
u Hx, yL = x , v Hx, yL = 0

f' HzL = lim
∆z→ 0

f Hz + ∆zL − f HzL
∆z

= lim
∆x→ 0

f Hz + ∆xL − f HzL
∆x

= lim
∆x→ 0

u Hx + ∆x, yL − u Hx, yL
∆x

= lim
∆x→ 0

Hx + ∆xL − x

∆x
= lim

∆x→ 0

∆x

∆x
= 1

f' HzL = lim
∆z→ 0

f Hz + ∆zL − f HzL
∆z

= lim
∆y→ 0

f Hz + ∆yL − f HzL
∆y

= lim
∆y→ 0

u Hx, y + ∆yL − u Hx, yL
 ∆y

= lim
∆x→ 0

x − x

∆y
= lim

∆x→ 0

0

∆y
= 0

So f' HzL = 不存在

Cauchy Riemann equation :

9
∂u
∂x

= 1 ≠ ∂v
∂y

= 0

∂u
∂y

= 0 = − ∂v
∂x

H5L, Find the derivative for f HzL = Im 8z< for
H1L ∆z = ∆x
H2L ∆z = ∆ y

Verify the Cauchy Riemann equation
sol :

f HzL = u Hx, yL + v Hx, yL
f HzL = Im 8z< = y
u Hx, yL = y, v Hx, yL = 0

f' HzL = lim
∆z→ 0

f Hz + ∆zL − f HzL
∆z

= lim
∆x→ 0

f Hz + ∆xL − f HzL
∆x

= lim
∆x→ 0

u Hx + ∆x, yL − u Hx, yL
∆x

= lim
∆x→ 0

y − y

∆x
= lim

∆x→ 0

0

∆x
= 0

f' HzL = lim
∆z→ 0

f Hz + ∆zL − f HzL
∆z

= lim
∆y→ 0

f Hz + ∆yL − f HzL
∆y

= lim
∆y→ 0

u Hx, y + ∆yL − u Hx, yL
 ∆y

= lim
∆x→ 0

Hy + ∆yL − y

∆y
= lim

∆x→ 0

∆y

∆y
= −

So f' HzL = 不存在

Cauchy Riemann equation :

9
∂u
∂x

= 0 = ∂v
∂y

∂u
∂y

= 1 ≠ − ∂v
∂x

= 0
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