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linear first order ODE

ẏ(x)+a(x)y(x) = f(x)

Linearity :

ẏ1(x)+ a(x)y1(x) = 0

ẏ2(x)+ a(x)y2(x) = 0

Ẏ (x)+ a(x)Y (x) = 0

Y (x) = y1(x)+ y2(x)

y1 and y2 are solutions → Y (x) is solution.

Method 1: integration factor for a(x) = a only

eaxẏ(x)+ eaxay(x) = eaxf(x)

d{eaxy(x)}
dx

= eaxf(x)

eaxy(x) =

∫
eaxf(x)dx+ c

y(x) = e−ax

∫
eaxf(x)dx+ ce−ax

Method 1: integration factor for a(x) only

e
∫

a(x)dxẏ(x)+e
∫

a(x)dxa(x)y(x) = e
∫

a(x)dxf(x)

d{e
∫

a(x)dxy(x)}
dx

= e
∫

a(x)dxf(x)

e
∫

a(x)dxy(x) =

∫
e

∫
a(x)dxf(x)dx+c

y(x) = e−
∫

a(x)dx

∫
e

∫
a(x)dxf(x)dx+ce−

∫
a(x)dx

Method 2: variation of parameters a(x) only

y(x) = u(x)v(x)

uv′ +u′v +a(x)uv = f(x)

uv′ +(u′ +a(x)u)v = f(x)

uv′ = f(x)

(u′ + a(x)u) = 0

u(x) = c1e
−

∫
a(x)dx

v′ = u−1f(x) =
1

c1

e
∫

a(x)dxf(x)

v(x) =
1

c1

∫
e

∫
a(x)dxf(x)dx+ c2

y(x) = e−
∫

a(x)dx{
∫

e
∫

a(x)dxf(x)dx}+ce−
∫

a(x)dx
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