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1. (1 − x2)y′′(x) − 2xy′(x) + 2y(x) = 0

(a)Using series form:

Let

y(x) =
∞∑

n=0

Cnx
n

y′(x) =
∞∑

n=0

nCnx
n−1

y′′(x) =
∞∑

n=2

n(n − 1)Cnx
n−2

H���,
∞∑

n=2

n(n − 1)Cnx
n−2 −

∞∑
n=2

n(n − 1)Cnx
n − 2

∞∑
n=1

Cnx
n + 2

∞∑
n=0

Cnx
n = 0

∞∑
n=0

(n + 2)(n + 1)Cn+2x
n −

∞∑
n=0

n(n − 1)Cnx
n − 2

∞∑
n=0

Cnx
n + 2

∞∑
n=0

Cnx
n = 0

(n + 2)(n + 1)Cn+2 = [n(n − 1) + 2n − 2]Cn = (n + 2)(n − 1)Cn

Cn+2 =
n − 1

n + 1
Cn

C0 = C0, C1 = C1

C2 = −C0, C3 = 0, C4 =
−1

3
C0, C6 =

−1

5
C0 · · ·

�j��55�j

y(x) = C1x + C0(1 − x2 − x4

3
− x6

5
− x8

7
− · · · )�
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(b)Using Wronskian (make it to be a first order ODE):

�j��ªZ�Ñ

y′′(x) − 2x

1 − x2
y′(x) +

2

1 − x2
y(x) = y′′(x) + P (x)y′(x) + Q(x)y(x) = 0

One complementary solution

y1 = x

¢

W ′ + P (x)W = 0

W = C exp[−
∫

P (x)dx] =
C

x2 − 1
(1)

Wronskian

W =

∣∣∣∣ x y
1 y′

∣∣∣∣ = xy′ − 1y (2)

â (1)(2) )

xy′ − y =
C

x2 − 1

y′ − 1

x
y =

C

x(x2 − 1)

j,�ø¼ ODE

1

x
y=−C

2
(ln |1 − x| − ln |1 + x| − 1

x
) + C∗

ø,�¬i5úb�bú x = 0 d� �b�Ç

=−C
2

[(−x
1
− x2

2
− x3

3
− x4

4
− · · · ) − (x

1
− x2

2
+ x3

3
− x4

4
+ · · · )] + C∗

=−C
2

[(−2x
1
− 2x3

3
− 2x5

5
− 2x7

7
− · · · + 1

x
] + C∗

y=C(1 + x2 − x4

3
− x6

5
− x8

7
− · · · ) + C∗x = Cy2 + C∗y1

the other complementary solution is y2=1 − x2 − x4

3
− x6

5
− x8

7
− · · · �
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(c)Using Variation of parameters:

�j��ªZ�Ñ

y′′(x) − 2x

1 − x2
y′(x) +

2

1 − x2
y(x) = y′′(x) + P (x)y′(x) + Q(x)y(x) = 0

Assume y2(x)=u(x)y1(x), where y1(x) = x

then u(x)=
∫

1
y2
1
e−

∫
p(x)dxdx

∴ y2(x)=x
∫

1
x2 e

∫
2x

1−x2 dx
dx

=x
∫

1
x2 e

− ln(1−x2)dx

=x
∫

1
x2

1
1−x2 dx

=x
∫

( 1
x2 + 1

1−x2 )dx

=x
∫

( 1
x2 +

1
2

1−x
+

1
2

1+x
)dx

=x[− 1
x
− 1

2
ln(1 − x) + 1

2
ln(1 + x)]

¢� �Ç�

ln(1 − x) = −1 − x2

2
− x3

3
− x4

4
− x5

5
− x6

6
− x7

7
− · · ·

ln(1 + x) = x − x2

2
+ x3

3
− x4

4
+ x5

5
− x6

6
+ x7

7
− · · ·

∴
y2(x)=−1 + x2 + x4

3
+ x6

5
+ x8

7
+ · · ·

�j��5j

y(x)=C0(1 − x2 − x4

3
− x6

5
− x8

7
− · · · ) + C1x

ª� (a)(b)(c) , !�îó°�
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2. −x2y′′(x) − 2xy′(x) + N(N + 1)y(x) = 0

(a) Using yn(x) =
∞∑

n=0

anx
n to solve :

y′n(x) =
∞∑

n=0

nanx
n−1

y′′n(x) =
∞∑

n=0

n(n − 1)anx
n−2

H���,

−x2

∞∑
n=0

n(n − 1)anx
n−2 − 2x

∞∑
n=0

nanx
n−1 + N(N + 1)

∞∑
n=0

anx
n = 0

∞∑
n=0

{−n(n − 1) − 2n + N(N + 1)}anx
n = 0

n2 + n − N(N + 1) = 0

n = N,−(N + 1)

yN(x) = aNxN

É?)øj�

(b) Using yn(x) =
∞∑

n=0

anx
−n to solve :

y′n(x) =
∞∑

n=0

−nanx
−n−1

y′′n(x) =
∞∑

n=0

−n(−n − 1)anx
−n−2
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H���,

−x2

∞∑
n=0

−n(−n − 1)anx
−n−2 − 2x

∞∑
n=0

−nanx
−n−1 + N(N + 1)

∞∑
n=0

anx
−n = 0

∞∑
n=0

{−n(n + 1) + 2n + N(N + 1)}anx
−n = 0

n2 − n − N(N + 1) = 0

n = N + 1,−N

y(N+1)(x) = a(N+1)x
−(N+1)

É?)øj�

(c) Using yn(x) =
∞∑

n=−∞

anx
n to solve :

y′n(x) =
∞∑

n=−∞

nanx
n−1

y′′n(x) =
∞∑

n=−∞

n(n − 1)anx
n−2

H���,

−x2

∞∑
n=−∞

n(n − 1)anx
n−2 − 2x

∞∑
n=−∞

nanx
n−1 + N(N + 1)

∞∑
n=−∞

anx
n = 0

∞∑
n=−∞

{−n(n − 1) − 2n + N(N + 1)}anx
n = 0

n2 + n − N(N + 1) = 0

n = N,−(N + 1)

yN(x) = aNxN

y−(N+1)(x) = a−(N+1)x
−(N+1)

ªJ)sj�
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(d) Using yn(x) =
∞∑

n=0

anx
n+r to solve :

y′n(x) =
∞∑

n=0

(n + r)anx
n+r−1

y′′n(x) =
∞∑

n=0

(n + r)(n + r − 1)anx
n+r−2

H���

−x2

∞∑
n=0

(n + r)(n + r − 1)anx
n+r−2−2x

∞∑
n=0

(n + r)anx
n+r−1+N(N+1)

∞∑
n=0

anx
n+r = 0

∞∑
n=0

{−(n + r)(n + r − 1) − 2(n + r) + N(N + 1)}anx
n+r = 0

∞∑
n=0

{(n + r)(n + r + 1) − N(N + 1)}anx
n+r = 0

I

p(n) = (n + r)(n + r − 1) + 2(n + r) − N(N + 1)
∞∑

n=0

{(n + r)(n + r + 1) − N(N + 1)}anx
n+r = 0

wN�j��£N�;

r(r − 1) + 2r − N(N + 1) = 0

r = N,−(N + 1)
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(i) r=N

p(n)anx
n+N = 0

p(n) = 0

n2 + (2N + 1)n + [(N2 + N) − (N2 + N)] = 0

n = 0,−(2N + 1)

an = 0, otherwise a0 6= 0

])

y0(x) =
∞∑

n=0

a0x
N

É?)øj�

(ii) r=−(N + 1)

p(n)anx
n−(N+1) = 0

p(n) = 0

n2 + (−2N − 1)n + [(N + 1)2 − (N + 1) − N(N + 1)] = 0

n = 0, 2N + 1

an = 0, otherwise a0 6= 0, a2N+1 6= 0

])

y0(x) =
∞∑

n=0

a0x
−(N+1)

y(2N+1)(x) =
∞∑

n=0

a(2N+1)x
N

ªJ)sj�
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