1. (1 -2y’ (x) — 229/ (x) + 2y(z) = 0

(a)Using series form:

Let
y(x) = Z Cpa"
n=0
y'(x) = Z nCpz"
n=0
y'(x) =) nn—1)Ca"?
n=2
RERK,
Z n(n —1)Cpa" 2 — Zn(n —1)Cpa" — 22 Cpax™ + ZZ Cpz" =0
n=2 n=2 n=1 n=0
Z(n +2)(n+1)Cpyoz™ — Z n(n—1)Cpz" — ZZ Cra™ + 22 Cpz" =0
n=0 n=0 n=0 n=0
m+2)(n+1)Cria=[n(n—1)+2n—2]C, = (n+2)(n —1)C,
n—1
Cn+2 - n+ 1Cn
Co=Co, C1 =04
—1 —1
Cy=—Cy, C3=0, Cy = ?Coa Cs = ?CO"'
A AR R
y(x):C'lzL‘—l—C'o(l—xz—x—;—%G—x—;— )o
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(b)Using Wronskian (make it to be a first order ODE):

RABNTREE

V() — o (@) 4 gyle) = o (@) + Py (1) + Qa)y(x) = 0

One complementary solution

=
X
W' 4 P(x)W =0
W =Cex [—/P(x)dm] __¢ (1)
N P 21
Wronskian
T Y| _
W=7 g | = ly (2)
W (1)(2) #
xy —y= ¢
y y_ xQ 1
1 C

SR
R EX—F ODE

1
Ey:%c(ln\l —z|—In|l+z|—3)+C*

HEX A HERESH ¢ = 0 BADRBEA

—C z x? x3 x4 z x? 3 x4 *
215 -5-T-)-G-F+5 -7+ )+C
—C i x? 2° a7 *
N N
y=C(l+2? -2 -2 & ..\ 1 Oz =Cy + C*yy
the other complementary solution is yo=1 — 2% — w—; — %6 — w—: —
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(c)Using Variation of parameters:

Je R TR B B

(@) + 1 gy(@) = 4'(2) + P}y (@) + Qa)y(z) = 0

Assume  yo(7)=u(z)y:(z), where yi(z)=1x
then  u(x)=/[ %effp(x)d;pdx
yo(z)=x [ x_lze./“%dxdx
:xf ?126_1n(1_x2)dx

11
—.Tf x2 1—1’2dx

F&: %) 3V
.1’2 .1’3 .1’4 .1’5 T T
(l-a)=-1-$-$-§-§-5-F--

$2 ZL” €T wr x x
ln(l—FQE):i—i—l—?—zﬁ-g—?ﬁ‘?—"'
pp(v)=—1+a2?+ L +2 + 2 4.

Al XA

s (a)(b)(c) , BRI,
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2. —2%y"(x) — 2zy/ () + N(N 4+ 1)y(z) =0

(a) Using yn(z) = Z a,x" to solve :

n=0

Y (x) = Znanx" !

n=0
yr(z) = n(n — 1)a,z" >

n=0

REVRR,
—m2z n(n — 1a,z" 2 — ZxZ na,z" ' + N(N + 1)2 apz™ =0
n=0 n=0 n=0

Z{—n(n —1)=2n+ N(N + 1)}a,z" =0
n=0

n*+n—N(N+1)=0
n=N,—(N+1)

yn(z) = ayzy

4
Rﬁé’{a '—ﬁzf?’o

(b) Using yn(z) = Zanaf" to solve :

n=0
y(r) =Y —na,x !
n=0
yn(x) = Z —n(—n —1)a,z "2
n=0
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RER,
—1'22 —n(—n — 1)a,x =2 QxZ —na,x "+ N(N + 1)2 apx " =0
n=0 n=0
Z{—n(n +1)+2n+ NN+ 1)}a,z™" =0
n*—n—N(N+1)=0
n=N+1—-N
Rﬁééa*ﬁgo
(c) Using yn(z) = Z a,x" to solve :
Y (x) = Z na,r" !
yn(z) = Z n(n —1a,z"?
REVRR,
—a? Z (n —1)a,z"" —2:1:2 nanx"_1+N(N+1)Z a,z” =0
> {-n(n—1)=2n+ NN + 1)}a,a" =0
n>+n—N(N+1)=0
n=N,—(N+1)
yn(z) = aya™
T TR AR
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d) Using y,(z) = a, """ to solve :
(d) g ynl(z) =

n=0
() =Y (n+r)a,a™t !
n=0
Yn () = Z(n +r)(n 41— 1)a,z" "2
n=0

REER,

_xQZ(n + 7’) (n +7r— 1)an$n+r—2_2xz (n + r)an37n+r_1—|—N(N—|—1)Z anmn-q—r -0
n=0 =0 —

i{—(n +r)(n+r—1)=2(n+7r)+ NN+ 1)}a,z"" =0

i{m +r)(n+7r+1)— NN+ D}la,a"" =0

n=0

4

p(n)=n+r)(n+r—1)+2n+r)— NN +1)

i{(n +r)(n+r+1) = N(N +1)}a,z"" =0

n=0

H A5 2 X R AR
r(r—1)+2r—N(N+1)=0
r=N,—(N+1)
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2+ 2N+ 1)n+[(N*+N)—(N*+N)| =0
=0,—(2N +1)

a, = 0, otherwise ay # 0

HAF
[e.e]
yo(z) = Z apx
n=0
SRR — R,

n?+ (2N -Dn+[(N+1)*~(N+1) = NN +1)]=0
n=02N+1

a, =0, otherwise ay # 0, asni1 # 0

WAF
o0
yo(x) = Zaox—(N—i-l)
n=0
oo
2N+l) Z a@2N+1)T
n=0
T AT AL,
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