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1.f(x) =

{
0 − 1 < x < 0
x 0 < x < 1

, x ∈ [−1, 1]

(a) please use the Fourier series to expand f(x) and plot the function.

ie.

y(x) =
6∑

n=0

[an cos
2nπx

T
+ bn sin

2nπx

T
)]

where T=2

Sol:

y(x) = a0 +
∞∑

n=1

[an cos(
2nπx

T
) + bn sin(

2nπx

T
)]

where T = 2

a0 =
1

2

∫ 1

−1

1 xdx =
1

2

∫ 1

0

xdx =
1

4

an =
2

2

∫ 1

−1

x cos(nπx)dx

=

∫ 1

0

x cos(nπx)dx

= [
x

nπ
sin(nπx) +

1

(nπ)2
cos(nπx)]|10

=
1

(nπ)2
cos(nπ)− 1

(nπ)2

=
1

(nπ)2
[(−1)n − 1]

bn =
2

2

∫ 1

−1

x sin(nπx)dx

=

∫ 1

0

x sin(nπx)dx

= [− x

nπ
cos(nπx) +

1

(nπ)2
sin(nπx)]|10

= − 1

nπ
cos(nπ) = −(−1)n

nπ



yn(x) =
1

4
+

3∑
n=1

[
(−1)n − 1

(nπ)2
cos(nπx) +

−(−1)n

nπ
sin(nπx)]

y0(x) =
1

4

y1(x) =
1

4
− 2

π2
cos(πx)

y2(x) =
1

4
− 2

π2
cos(πx) +

1

π
sin(πx)

y3(x) =
1

4
− 2

π2
cos(πx) +

1

π
sin(πx)

y4(x) =
1

4
− 2

π2
cos(πx) +

1

π
sin(πx)− 1

2π
sin(2πx)

(b) Please use the Legendre polynomial to expand f(x) and plot the function.

ie.

y(x) =
6∑

i=0

CiPi(x)

where Pi(x) is an i th order Legendre polynomial.

Sol:

y(x) =
∞∑
i=0

CiPi(x) =
∞∑
i=0

(∫ 1

−1
Pi(x)f(x)dx∫ 1

−1
P 2

i (x)dx

)(
1

2ii!

di

dxi
(x2 − 1)i

)

C0 =

∫ 1

−1
(1)xdx∫ 1

−1
(1)2dx

=
1

4

C1 =

∫ 1

−1
(x)xdx∫ 1

−1
(x)2dx

=
1

2

C2 =

∫ 1

−1
[1
2
(3x2 − 1)]xdx∫ 1

−1
[1
2
(3x2 − 1)]2dx

=
5

16

C3 =

∫ 1

−1
[1
2
(5x3 − 3x)]xdx∫ 1

−1
[1
2
(5x3 − 3x)]2dx

= 0



C4 =

∫ 1

−1
[1
8
(35x4 − 30x2 + 3)x]dx∫ 1

−1
[1
2
(35x4 − 30x2 + 3)]2dx

= − 3

32

C5 =

∫ 1

−1
[1
8
(63x5 − 70x3 + 15x)]xdx∫ 1

−1
[1
2
(63x5 − 70x3 + 15x)]2dx

= 0

C6 =

∫ 1

−1
[1
8
(35x4 − 30x2 + 3)]xdx∫ 1

−1
[1
2
(35x4 − 30x2 + 3)]2dx

= − 3

32

P0(x) = 1

P1(x) = x

P2(x) =
1

2
(3x2 − 1)

P3(x) =
1

2
(5x3 − 3x)

P4(x) =
1

8
(35x4 − 30x2 + 3)

P5(x) =
1

8
(63x5 − 70x3 + 15x)

P6(x) =
1

16
(231x6 − 315x4 + 105x2 − 5)

yi(x) =
6∑

i=0

CiPi(x)

y0(x) =
1

4

y1(x) =
1

4
+

1

2
x

y2(x) =
3

32
+

1

2
x +

15

32
x2

y3(x) =
3

32
+

1

2
x +

15

32
x2

y4(x) =
15

256
+

1

2
x +

105

120
x2 − 105

256
x4

y5(x) =
15

256
+

1

2
x +

105

120
x2 − 105

256
x4

y6(x) =
25

256
+

1

2
x +

525

128
x2 − 2625

256
x4 +

231

32
x6



2. Compare the accuracy of Fourier series and Legendre polynomial.

Sol:

(a)Fourier series approach∫ 1

−1

[f(x)− y6(x)]2dx =

∫ 0

−1

[f(x)− y6(x)]2dx +

∫ 1

−1

[f(x)− y6(x)]2dx = 0.0288531

(b)Legendre polynomial approach∫ 1

−1

[f(x)− y6(x)]2dx =

∫ 0

−1

[f(x)− y6(x)]2dx +

∫ 1

−1

[f(x)− y6(x)]2dx = 0.000254313

Compare with the results of (a) and (b) getting the accuracy of Legendre polynomial
is better then that of Fourier series.

½×´	Í 2001 �û�T�ü5¡5j� by Chen series solution for ODE
æf:ma3− 04s.ctx �f: Nov./03/01



-1 -0.5 0.5 1

-0.4

-0.2

0.2

0.4

0.6

0.8

1

FIGGURE 1. : Legendre polynomial y0 = â
i=0

0
ci Pi
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FIGGURE 2. : Legendre polynomial y1 = â
i=0

1
ci Pi

Legendre.nb 1
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FIGGURE 3. : Legendre polynomial y2 = â
i=0

2
ci Pi
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FIGGURE 4. : Legendre polynomial y3 = â
i=0

3
ci Pi

Legendre.nb 2
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FIGGURE 5. : Legendre polynomial y4 = â
i=0

4
ci Pi
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FIGGURE 6. : Legendre polynomial y5 = â
i=0

5
ci Pi

Legendre.nb 3
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FIGGURE 7. : Legendre polynomial y6 = â
i=0

6
ci Pi

Legendre.nb 4
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FIGGURE 8. : Fourier series y0 = a0
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FIGGURE 9. : Fourier series y1 = a0 + â
n=1

1 @an Cos HnpxL + bn Sin HnpxLD

Fourier.nb 1
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FIGGURE 10. : Fourier series y2 = a0 + â
n=1

2 @an Cos HnpxL + bn Sin HnpxLD
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FIGGURE 11. : Fourier series y3 = a0 + â
n=1

3 @an Cos HnpxL + bn Sin HnpxLD

Fourier.nb 2
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FIGGURE 12. : Fourier series y4 = a0 + â
n=1

4 @an Cos HnpxL + bn Sin HnpxLD
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FIGGURE 13. : Fourier series y5 = a0 + â
n=1

5 @an Cos HnpxL + bn Sin HnpxLD

Fourier.nb 3
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FIGGURE 14. : Fourier series y6 = a0 + â
n=1

6 @an Cos HnpxL + bn Sin HnpxLD

Fourier.nb 4


